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ABSTRACT

This thesis investigates specific matrix decompositions within a specific alge-
braic structure. The research has been divided into two stages, based on algebraic

structure, as follows:

For matrices over division rings, we prove that every n Xn matrix over a divi-
sion ring, whose center contains at least n+ 9 elements, can possibly be expressed
as a product of three diagonalizable matrices. This thesis presents a necessary
and sufficient condition for the decomposition of a square matrix over a division
ring into a product of four Hermitian matrices and a special diagonalizable ma-
trix. Furthermore, we demonstrate that the Dieudonné determinant of Hermitian
matrices over a division ring is the commutator class that includes an element in

the fixed field, which is located inside the division ring.

For matrices over the quadratic ring of integers, we present a necessary and
sufficient condition for the decomposition of a specific 2 x 2 singular matrix into
a product of two idempotent matrices in a particular form. Applying the Florida
transform and Kronecker symbol, we derive a required condition for decomposing

a matrix into the specific form.



LIST OF CONTENTS

Chapter . Page
I INTRODUCTION ...ttt 1
II PRELIMINARIES ... .ottt 6

Basic Notations and Definitions ... 6
Matrices over division TINES. .. ..vvvvrerveierieiraenneenes 13
Quadratic ring of INtegers . ... .o.vvveiiiiia 20
Literature REVIEW . ..ovoveriniiiieneniin e 23

IIT DECOMPOSITION OF MATRICES OVER
DIVISION RINGS ..o\ttt 35
Some decomposition of matrices over division rings .......... 35
Hermitian matrices over division rings ............cooeeveeeees 37
Main tools and their applications ...........c.coiviiiaenen. 42

IV DECOMPOSITION OF MATRICES OVER
QUADRATIC RING OF INTEGERS........coiiiiiiiiinnn, 56
A special class of non-column-row MALTICES . vvvveernverennnes 56
Idempotent factorization ..........cooevaiiiiieeaieee 60
V DISCUSSION AND CONCLUSION .......ccovvvhiivineennns 79
REFERENCES ...\ttt 81

BIOGRAPHY ..ottt 87



CHAPTER I

INTRODUCTION

In mathematics, linear algebra is a branch originating from the method

of solving systems of m linear equations with n variables, such as:

01121 + a12T2 + -+ AnTn = b1
@91 T1 + QT2 + -+ + G2pTn = by (11.1)
am121 + amoTs 4+ AT = bm-

In order to efficiently verify and solve the previously mentioned systems, matrix
theory is a widely used tool for solving systems of linear equations in linear alge-
bra. This method provides a systematic means to express the previously provided

system of equations in the structure of a matrix equation as follows:

ai; a2 -+ Qin Ty by
Qg1 Qo2 '+ Qo2n )] ba ( 11 2)
Om1 Am2 " Qmn Tn bm

This form can be succinctly expressed as the equation Az = b, where Aisan mXxn
matrix, z is an n X 1 matrix, and bis an m x 1 matrix. This transformation simpli-
fies the system and facilitates the application of matrix techniques for analyzing
and solving the system of linear equations. For instance, when considering an
n X n invertible matrix A, it becomes evident that the system in equation (1.1.1)
yields a unique solution for each variable, specifically expressed as z = A~'b. Nev-
ertheless, a general system of equations may consist of a system with no solutions,
a system with a unique solution, or a system with infinitely many solutions. This
offers a challenge for mathematicians in their efforts to develop tools that assess
the feasibility of various systems of equations. One of the most powerful methods
in matrix theory for solving linear systems is matrix factorization. The majority
of effectively executed factorizations can be expressed as products of matrices, the

characteristics for which have been extensively analyzed.



Through the application of Gauss elimination, a given matrix A can be ex-
pressed as the product of a lower triangular matrix and an upper triangular matrix
(refer to Section 2.4 for further details). This process of factorization is referred
to as “LU decomposition”. If we can express a square 1 X 1 matrix A admit LU
decomposition, then the equation Az = b can be reformulated as LUz = b. By

U

defining Uz =y := | ! |, the equation Az = b is transformed into Ly = b, cor-

YUn
responding to the system of variables in y. By transforming the equation Ly = b

into a system of linear equations, we obtain the following equations:

hin = b
layn + oy = by
Isiyn + laoye + l3sys = b3 (1.1.3)
lnlyl + ln2y2 + e + lnnyn = bns

where L = (I;;). The authors in [1] demonstrate that Equation (1.1.3) provides the
value of y; for each 4 = 1,...,n. The value of y has been established. Therefore,

the equation Uz = y can also yield a solution for z.

In Section 2.4, it has been shown that not all matrices over complex numbers
can be expressed as the product of a lower triangular matrix and an upper trian-
gular matrix. In 1986, Ahmed Ramzi Sourour extended the existing restriction
to non-scalar invertible matrices. He [2] proposed that any non-scalar invertible
matrix can be expressed as a product of a lower triangularizable matrix and a si-
multaneously upper triangularizable matrix. In addition, the eigenvalues of each
of these triangularizable matrices can be determined (refer to Theorem 2.4.10 for

further details).

However, it is essential to recognize that not all matrices satisfy the require-
ments established by Sourour’s theory. It is a widely accepted fact that all non-
scalar invertible matrices over fields can be expressed in rational canonical form,
as demonstrated in Theorem 2.4.9. In 1969 Radjavi [3] proved that any square
matrix over the complex numbers can be expressed as a product of four Hermitian

matrices if and only if the determinant of the matrix is a real number, utilizing



the rational canonical form of matrices. Recently, Nan and You have extended
the factorization of sourour matrices by covering a particular group of matrices
over division rings (referring to Theorem 3.1.2). The results inspired us to extend

our investigation into the factorization of matrices over division rings.

In particular, when the matrix A in Equation (1.1.2) is an idempotent matrix
(A2 = A), this matrix holds significant importance in relation to Cochran’s The-
orem in statistics (see [4]). In [5], the authors presented numerous applications
of idempotent, including its relevance to Hamilton-Jacobi-Bellman equations, dy-
namic optimization, the Fokker-Planck equation, and stationary Schrodinger. Ap-
plying the minimal polynomial, it can be determined that the only invertible
idempotent matrix is the identity matrix. It is important to note that not every
singular matrix is idempotent. However, Erdos [6] established that any singular
matrix over fields can be expressed as a product of idempotent matrices (referring

to Theorem 2.4.14).

For a nonsingular square matrix A, the matrix A is said to have “idempotent
factorization” if it can be expressed as a product of idempotent matrices. Let
us examine the scenario where the matrix A in Equation (1.1.2) is in the form
C,C5 - - - Cy where C; is an idempotent matrix for i = 1,2,...,k. In this context,
we can analyze the implications and properties that arise from this formulation.

The following equations can be explored:

Az = b
CiCy-Crz = b
(C1) C1Cy- - Crz = (Ch)b
(C1C1) Co++-Crz = Cib
C,Cy--Crzx = Cib
b = Cid.

The above equations indicate that for the product of idempotent matrices A=
C, - - - C, the equation Az = b will have a solution z, if and only if the condition

C,b = b is satisfied.



One may also investigate the subsequent equations:
b = Az
= O Cp1Crz
= Cp-Cp1(CkCr)x
= C; - Cp1Ck (Crz)
= A(Cyz).

The above equations provide demonstrate that if 1, satisfies the equation Az = b,

then the transformation Crzo will also yield a solution to the equation.

In accordance with the study of idempotent factorization matrices over fields,
there is a focus on the investigation of idempotent factorization matrices within
specific integral domains. This includes research on Euclidean domains by Alah-
madi in [7], Bézout Domains by Ruitenburg in 8], as well as unique factorization
domains, projective-free domains, and PRINC domains discussed in [9] and [10].
Tn 2020, Cossu and Zanardo [10] researched the idempotent factorization of 2 x 2
column-row matrices over quadratic ring of integers. Moreover, in the same paper,
they claimed that non-column-row matrices of size 2 x 2 can possibly be written as
the product of two specific idempotent matrices (see Problem 4.1.2). This conjec-
ture (Problem 4.1.2) inspires an investigation into the idempotent factorization

of matrices over quadratic ring of integers.

This thesis has been structured as follows: Chapter II presents necessary
definitions along with notations required for this thesis. We also provide some
fundamental properties of matrices over division rings and the quadratic ring of
integers. The literature reviews concerning the fundamental decomposition of
matrices over fields are also presented in the final section of this chapter. Chapter
I11 investigates some decomposition of matrices over division rings. In that chap-
ter, the definition of Hermitian matrices over division rings and its Dieudonné
determinant will be provided. In the last section of chapter III, we introduce
enhanced methods for expressing matrix decomposition as a product of diagonal-
izable matrices and as a product of hermitian matrices together with a diagonal-
izable matrix where its Dieudonné determinant equals 1. Chapter IV explores a

special class of non-column-row matrices and provides a necessary and sufficient



condition on idempotent factorization of matrices over quadratic ring of integers.

Finally, Chapter V provides the conclusion of this thesis.



CHAPTER II

PRELIMINARIES

This chapter presents fundamental definitions and theorems useful to this
thesis and is organized into four sections. Section 2.1 explains the definitions and
basic concepts of rings, division rings, integral domains, and fields. In Section
2.2, we investigate the definition and specific properties of matrices defined over
a division ring. Section 2.3 investigates the quadratic ring of integers, address-
ing its definitions and related concepts, such as Diophantine equations and the
Kronecker symbol. Finally, Section 2.4 offers a thorough examination of existing
literature concerning the fundamental theorem for the decomposition of matrices

over complex numbers.

This thesis defines the fundamental mathematical symbols as follows: define
the symbols N, Z, Q, R, and C to denote the sets of all positive integers, integers,
rational numbers, real numbers, and complex numbers, respectively. For natural
numbers n and m, the set of all n X m matrices, as well as the set of all n X n
matrices, with each entry being an element of the complex numbers C, is denoted
by Mpxm(C) and My (C), respectively. Let n € N. The set of all n x 1 matrices

over the field of complex numbers C will be stated in the form of C™.

2.1 Basic Notations and Definitions

The abstract notation of abstract algebra will be the first topic that we
address in the following. However, in order to simplify the process of reading,
we will also provide some instances of definitions that the majority of people are
probably well familiar with. The proofs and additional characteristics of the defi-
nitions discussed in this section are available in the fundamental abstract algebra

textbook (refer to [11-15]).



In [11], a set is defined as a collection of objects. For instance, the set of
natura) numbers, represented as N, includes the objects 1,2,3,... and is formally
defined as N = {1,2,3,...}. For any set S5, the objects that consist of S are
referred to as elements. An element z is represented as x € S when it belongs to
the set S; on the other hand, if it does not belong, it is indicated as z ¢ S. As an
example, 5 € N whereas —5 ¢ N. An empty set is defined as a set that contains no
elements, which is represented by the symbol . Conversely, a set that contains at
least one element is referred to as a nonempty set. Let S, T be any sets. Aset T is
called a subset of S if every element of T is contained within S, which is denoted
as T C S; conversely, if this condition is not met, it is represented as T' ¢ S. The
Cartesian product of S and T is the set S x T'= {(s,t): s € § and t € T'}. The
relation * from S to T is a subset of S x T' and is denoted by s * ¢ if (s,t) € *;
otherwise, it is denoted as s ¥t. A function f: S — T isa relation such that for
each s € S, there exists a unique ¢t € T' such that s ft and denoted by f (s) =t.
A function f is said to be one-to-one (injective) if the condition f(s1) = f(s2)
implies that s; = sp for all 81,82 € S. Additionally, the function f is called onto
(surjective) if for every t € T', there exists an element s € S such that f(s) =t.
A function that acts with both one-to-one and onto properties is referred to as
bijective. A binary operation on S can be defined as a function that maps the
Cartesian product S x S to the set S. A function f is an involution function on
a nonempty set S if f(f (z)) =« for all z € S. For instance, addition (+) and

multiplication (x) are both binary operations on Z.

A nonempty set G together with a binary operation *; (G, %), is said to be a

group under the operation * if it satisfies the following conditions:

(G1) axbe G forall a,b € G,
(G2) (axb)xc=ax(bxd)forallabceq,
(G3) there exists an element e € G such that axe=¢exa =a for all a € G,

(G4) for any a € G, there exists be Gsuchthat axb=bxa=e.

The element e in (G3) is unique and is called the identity of the group G under

+ and the element b in (G4) is also unique and is called the inverse of a and



denoted by b =: a™!. A group (G, *) (G for short) is called an abelian group if
the equation a * b = b* a holds for all elements a,b € G. For instance, (Z, +) is
an abelian group under addition while (Z, x) does not form a group. However,
7* .= Z\ {0} is not a group under multiplication. In an algebraic structure
of nonempty sets S, T together with a binary operation +g,+7, respectively, a
function f : S — T is called a homomorphism function if flz+sy) = f(z)+r
f(y) for all z,y € S. A function f is called an automorphism function if f is a

bijective homomorphism function into itself.

In [11], a nonempty set R equipped with two binary operations, addition +
and multiplication x; namely, (R, +, x) =: R is defined as a ring if it satisfies

the following conditions.

(R1) (R,+) is an abelian group under addition,

(R2) ifa,b€ R,thena xb=:ab€ R (closure under multiplication),
(R3) if a,b,c € R, then (ab) ¢ = a (bc) (associativity of multiplication),
(R4) if a,b,c € R, then a (b+c¢) =ab+ac (left distributive law),

(R5) if a,b,c € R, then (a +b)c=ac+bc (right distributive law).

Specifically, we denote the additive identity of a ring R as 0, and the additive
inverse of an element a in R as —a. For instance, (N, 4, x) serves as an example
of a ring. The center of R, denoted Z(R), is defined as the set {z € R:az=
za for all a € R}. This set comprises all elements that commute with every
clement in R. A ring R is defined as a ring with identity if it contains a
unique element, denoted by 1, such that la = al = a for all a € R. For any
ring R, it is clear that 1 and 0 belong to Z (R). For elements a,b € R, a divides
b if there exists ¢ € R such that b = ac and denoted by a | b; otherwise, a {
b. In an algebraic structure of rings with identities R, S together with binary
operations +g, g and +sg,-s, respectively, a function f : R — S is called ring
homomorphism (homomorphism for short) if f(a+rb) = f (a)+sf(b), fa-rb) =
fla) -5 f(b) and f(1g) = ls for all a,b € R. A homomorphism f is a ring

automorphism (automorphism for short) if f is a bijective homomorphism from



R into itself. An automorphism f of R is called an anti-automorphism function
if f(a-gb) = f(b) r f(a)foralla,be R. Moreover, an element a € R is said to
be a unit if there exists an element b € R such that ab = ba = 1. Based on the
provided definition, we assign b as the inverse of a, represented as a~!. Denote
R* the set of all units in R. For instance, the set of all unit elements in Z is
{—1,1} while the set of all unit in N is {1}. Additionally, every nonzero element
in R is a unit element in R. A ring R is called a division ring (or skew field)
if it holds an identity element and every nonzero element is a unit. A ring R is
said to be & commutative ring if ab = ba for all a,b € R. In the context of a
commutative ring with identity R, R is said to be a field if évery nonzero element
within R serves as a unit. For any nonzero element a in commutative ring R, a
is said to be a zero divisor if there exists a nonzero element b € R such that
ab = 0. For instance, in Zg, the element 3 is a zero divisor since 3 x 2 = 0 while
5 is not a zero divisor. A commutative ring R is defined as an integral domain
if every nonzero element in R is not a zero divisor; that is, R contains no zero
divisors. It is widely understood that every finite integral domain is actually a
field. In particular, if the identity element 1 = 0, then, a = la = Oa = 0, for any
a € R. This implies that R = {0}. For instance, Q, R, and C are all examples
of fields while Z fails to meet the criteria for a field and is rather divided as an

integral domain.

Let S C R. A subset S of R is said to be a subring of R if S is a ring under
the same addition and multiplication as in R. A subring I of R is said to be
an ideal if I satisfies the absorption property; namely, ri,ir € I forallT € R
and for all i € I. For ideals I and J of R, the [+ J={i+j:i€1l,j€J}and
IJ = {iyj1 +igja+ - +indn i €L, Jk € J,n € N} are also ideals of R. It is true
that if a unit exists in an ideal I of R, then I = R. The set (a1 ={ray:r € R}
is an ideal of R and is referred to as a left principal ideal, with a; playing as
the generator. Similarly, the set (a1)r = {air:7 € R} also forms an ideal of R,
referred to as a right principal ideal, with a; serving as the generator. The set
(a) = {dpyriansi i, si € Bin € N} is an ideal of R and is referred to as a two

sided principal ideal, where a; represents the generator.
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For a commutative ring R, an ideal that is generated by a single element is
said to be a principal ideal. Additionally, for any commutative ring R, the set
(a1, Gz, ..., ak) = > i € RnE N} is also an ideal of R and is referred to
as a finitely generated ideal, as it is generated by ai,as, . . .,ax. For instance,
(2) = {2a: a € Z}, which stands for the set of all even numbers, is a principal
ideal of Z.

Let R be an integral domain. An element a € R is said to be an irreducible
element if it is a non-zero element that is not a unit and cannot be expressed
as the product of two non-unit elements. For instance, in Z, the number 8 is
reducible because it can be expressed as the product of 2 and 4; namely 8 = 2 x 4.
An element a in R is said to be a prime element if, for b,c € R, the condition
a | bc necessitates that either a | bor a|cholds true. A prime element can be
exemplified by a prime number within the set of integers, Z. In complex number
C, the number 3 is not a prime element, since 3 = (2 + \/——5) (2 — \/——5) The
specific class of integral domains are outlined as follows. In [16], the integral
domain R is said to be a Euclidean Domain if there is an integer-value function
defined on K* = K \ {0}; namely ¢ : K* = NU {0}, such that, for a,b € K*,

(1) e(a) < &(ab),

(i) there exist g,r € K such that a =bg+r and either r = 0 or £(r) < &(b).

The definition of special class of integral domains is presented in [17]: For any
integral domain R, if every ideal of R is principal, then R is said to be a principal
ideal domain. A ring R is said to be a Bézout domain when every finitely
generated ideal is a principal ideal. While a Priifer domain is characterized by
the property that every finitely generated ideal is invertible. An ideal I; is said
to be an invertible ideal if there exists another ideal I, for which the product
I,I, = R. An integral domain R is said to be a unique factorization domain if
every non-zero element of R which is not a unit can be written as a finite product
of irreducible elements of R. For instance, Z can be considered as an example of
a unique factorization domain. The standard division method in integers is just

formalized by the following theorem.
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Theorem 2.1.1. [18, Division Algorithm] Let a,b € Z with b # 0. Then, there

exist unique q,7 € Z such that
a="bg+7rand 0 < r < bl

Let a, b € Z be nonzero. The greatest common divisor of a and b, denoted
by ged(a, b), is described as the largest positive integer that divides both a and b.
For any common factor z of a and b, it follows that ¢ | ged(a, ). In order to find
the greatest common divisor of any two large numbers, Euclid, a Greek mathe-
matician, provided the algorithm for computing the greatest common divisor of

two integers by using the division algorithm as the following theorem.

Theorem 2.1.2. [19, Euclidean Algorithm/ Let a,b € Z be nonzero. Then, there

exist unique q;, 7; € Z such that
T = Tip1Qiv1 + Tig2 ond 0 < Tipo < Tigy

fori=0,1,...,n—2 whererg = a,11 = b and rpy1 = 0. Moreover, ged(a, b) =74,

where r,, the last nonzero remainder from the above algorithm. .

Application of the Euclidean Algorithm (Theorem 2.1.2) leads us to the sub-

sequent theory.

Theorem 2.1.3. [18, Extended Euclidean Algorithm/ Let a,b € Z be nonzero.

Then, there are integers = and y such that

ged(a, b) = az + by.

On the other hand, if ged(a,b) =: d | n, then there exists t € Z such that
n = dt. This implies that

n = dt
= (azx+by)t
= axt+ byt = aX +1Y,
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where X = zy and Y = yt. The equation n = aX + bY is known as a Linear
Diophantine equation in two variables (X and Y). The extended Euclidean
algorithm indicates that the linear Diophantine equation n = aX + bY has a
solution if and only if ged(a,b) | n. In addition, if (2o, ¥o) is a solution of n =

ay + by, then the set of all solutions is

{(:E,y)EZXZ::B:Q:O—I—%b,y:yO—k—dq,Elk;eZ}_

The following section will provide fundamental definitions in linear algebra
and matrix theory. The proofs and additional properties of the definitions dis-
cussed can be located in general textbooks such as: (14, 20-22]. Let V be a
nonempty set and I be a field. The set V is defined as a vector space over
F if it is equipped with a binary operation of addition + and a scalar multiplica-
tion - (- : F x V — V) that conforms to the following conditions:

(V1) u+veVforallu,v eV,
(V2) cweVforallveV and ceF,
(V3) (u+v)+w=u+(v+w)forallu,v,weV,
(V4) u+v=v+uforaluveV
(V5) there is 0 € V such that 0+v=vforallv e v,
(V6) for any v € V, there exists —v € V such that v + (—v) = 0,
(V7) c(u+v) =cu+cvforallu,v €V and c€F,
(V8) (a+b)v=av+bvforallveVandabel,
(V9) (ab)v=a(bv)forallveV anda,beF,
(V10) lv=v forallv € V.
The elements in V are referred to as vectors, while the elements in F are referred

to as scalars. For instance, the set of all matrices C" is a vector space over C.

Let S be a subset of V. The set S is said to be a subspace of V' if it is also a
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vector space over F. The set span(S) consists of all finite linear combinations of

vectors in S, defined as follows:
span(S) = {a1s1 + azSa+ -+ + anSn 1 a; € F,v; € V,n € N}.

Tt has been proven that span(S) is a subspace of V.l Let B = {v1,v2,...,Vn} be
a subset of V. The set B is said to be linearly independent if the equation
101+ -+ oty = 0 holds true, then ¢; = 0 for each 1; otherwise, if this condition
does not hold, then S is considered linearly dependent. If the set B is linearly
independent and span(B) = V, then the set B is called a basis of V, and we

denote the dimension of V as n, expressed as dim(V) = n.

2.2 Matrices over division rings

To prevent any possibility of confusion for readers, it is important to
mention that the symbol K in this thesis denotes a division ring, with its center
represented as Z(K) and K* = K\{0}. An element 2 € K is said to be a central
element if zy = yz for all y € K. For any a € K, an element a is said to be
a commutator element if a = zyz 'y~ for some z,y € K*. The commutator
subgroup of K is the subgroup under multiplication that is generated by all
commutator elements and is denoted by K¢ Denote A = (ai;) € Mixn(K) the

maitrix in the form

aixy 12 Q1n
o1 (22 Qon
aml Gm2 ' Omn

It is important to keep in mind that in a division ring K, the operation of mul-
tiplication is not restricted to the commutative property. This gap highlights
the necessity of expanding the core matrix operations, as outlined in [23]: Let

A= (aij),B = (bij) € men(K).

1. The addition of matrices.

If C' = (cy;) is obtained by the sum of A and B, namely, C = A+ B, then

cij = ag; + bij, for all 4,7,
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9. The scalar multiplication of a matrix by an element in K.
If C = (cy;) is obtained by the scalar product of A by the element c € K
from the left, namely C = cA, then

Cij = CQij, for all Z,j

Similar, the scalar product of A by the element ¢ € K from the right,

namely, C = Ac, is defined as follows: c;; = ai5¢ for all 4, 7.

3. The multiplication of matrices.
Let D = (di;) € Mypx(K). If C = (cij) is obtained by the product of A and
D; namely C = AD, then C' € My, with

cij = Z aixdr;, for all %,j.
k=1
4. The direct sum of matrices.
If C = (c;) is obtained by the direct sum of A and B, then C is the

block diagonal matrix where A and B appear as diagonal blocks, and the
A

remaining entries are zero, namely, C = = A® B.
0 B

5. The transpose of a matrix.
By interchanging rows and columns of a matrix A, we obtain the transpose

of A, denote A as follow:

ajy G2 *°r Om1
At — a1z G - Om2
A1n Q2n ' Qmn

For matrices A, B € M,(K) and scalar a € K, the following properties hold:
(A%)f = A, (A+ B)' = A*+B*, and (aA)’ = aAt. It is important to be aware that
the equation (AB)! = BtA* generally does not hold, since the elements in K do not
necessarily commute with one another in multiplicative operations. For any square
matrix X € M,,(K), if there is a Y € M,(K) such that XY =YX = I, then YV

is referred to as the inverse of X and is represented by ¥ =: X —1, Furthermore,
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it can be concluded that X is an invertible matrix. For matrices 4, B € M, (K),
it follows that the inverse of the product is given by (AB)™ = B7'A7}, and
the inverse of the inverse is expressed as (A‘l)_1 = A. Let vi,vq,...,0 € K"
be r rows vectors. They are called linearly dependent over K if there exist

a1, as, . ..,a. € K which all are not zero such that
a1v1 + agvg + -+ + a;vp = 0.

Let wy, Ws,..., W, € Mpyyi(K) be r column vectors. They are called linearly

dependent over K if there exist by, by, . .. ,b, € K which all are not zero such that
wiby + waby 4+« -+ + wrb, = 0.

Otherwise, they are linearly independent. For any A € M, xm(K), we define
the row rank of A as r if A contains 7 linearly independent row vectors. Similarly,
we define the column rank of A as s if A contains s linearly independent column
vectors. In [23], it is shown that the row rank and column rank of matrix A are
equal. The row rank and column rank of A are referred to as the rank of A,
denoted by rank(A). Denote GL,(K) the general linear group of degree n over
K, which consists of all invertible matrices in M, (K). Let X,Y € M, xn (K)
be matrices. The matrices X and Y are defined to be equivalent if there exist

matrices P € GLp,(K) and @ € GL,(K) such that
X = PYQ.

It is not hard to see that two matrices are equivalent if and only if they have the

same rank. Furthermore, for any matrix A € My,xn(K) with rank r, the matrix A
I

is equivalent to " . In [23], they also showed that the n xn matrix

m—rXn—r

A is invertible if and only if the condition rank(A4) = n holds. Let a € K and
let 7 € S, be a permutation. In this thesis, we define the following matrices for

consistent use throughout the contents of the thesis.

1. E;(a) is the matrix that is obtained by substituting a for the ij entry in

the identity matrix of size n,
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2. P, is a matrix obtained by permuting the rows of the identity matrix ac-
cording to the permutation 7 of the number 1 to n; namely Pr = (8;x(;))
where § is the Kronecker delta symbol.

The following propositions relate to the two matrices discussed above.

Proposition 2.2.1. [24] Leta,b€ K andm,0 € S,. Then, fori,j €N,

1. Eij(a)Ei;(b) = Ei(a+b).

2. E;(0) = I,

5. (By(@)™ = Bx(~a).

4. P.P, = Py,.

5. (Pr) ™ =pp-r = (Pr)"
Lemma 2.2.2. [24] Let A= (ai;) € Mp(K),a € K and 7 € S,. Then, fori #j,
the following are transforming from A by Eij(a) and Py.

1. Eij(a)A is a matriz that applies the left multiple of a from the j —th row to

the i—th row;

2. AE;;(a) is a matriz that applies the right multiple of a from the i—th column

to the j—th column;

3. PA(A (PW)—l) is a matriz that applies moving the i—th row (column) into

the position m(i)—th row (column,).

Let A, B € M,,(K). In [25], the matrices A and B are conjugate (similar)
if there exists X € GLn(K) such that A = XBX~'. A matrix A € M, (K) is said
to be a diagonalizable matrix if A is conjugate to a diagonal matrix; namely,
there exists X € GLn(K) such that A = XDX~! where D = diag (a1, .- ,Qy) 18
a diagonal matrix. For any square matrix A € M, (K), A is said to be a central
matrix if AX = XA for all X € My(K).
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Theorem 2.2.3. (cf. [26]) Let A € Mn(K) be a central matriz. Then, A = aly,
for some a € Z(K).

Proof. Let A = (ai;) be a central matrix in My(K). Then, AX = X A for all
X € Mp(K). Since Ej;(z)A = AE;(z) for 1 <4< nand for any z € K, we have
that a; is a central element in Z(K) for alli =1,...,n. Let Dy = (dy;) € M, (K)

be a diagonal matrix with dgr = 1 and zero otherwise. Since Dy A = ADy, for all

k =1,...,n, we have that A is a diagonal matrix. Moreover, for 1 <4,7 <mn,
AE;;(1) = E;;(1)A implies that a; = a;; and hence, A = al, for some a €
Z(K). O

The following section outlines the fundamental concepts of the definition of
determinant for matrices over division rings. For matrices over commutative rings
R with identity 1z, the determinant is the unique alternating R-multilinear form
that sends I, to 1z. For matrices over non-commutative rings, a generalization of
the determinant of matrices over division rings was proposed by Dieudonné [27]
in 1943. The following theorems are necessary to define a determinant function

on matrices over a division ring.

Theorem 2.2.4. [24, Bruhat normal form] Let K be a division ring and A €
GLn(K). Then, there ezists a unique diagonal matriz D and a unique ™ € Sp
such that

A= LDP,U,

where L is a lower triangular matriz and U is an upper triangular matriz with 1

as its diagonal entries, D = diag (u1,...,un) with u; € K*.

Based on Theorem 2.2.4, the following definition is defined:

Definition 2.2.5. [24] Let K be a division ring. The function et : M,(K) = K
defined by
0 if A¢ GL,(K
det(A) = ¢ (K)
sgn(m) [, wi #0  if A€ GLy(K),
where u;’s are the (non-vanishing) diagonal elements of the matrix D and 7 is the

permutation of the Bruhat normal form of A.
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According to Theorem 1.6 in [28], this function is zero for all singular matrices
in M (K). It is sufficient for determining the determinant for matrices in GL,(K).
It is important to note that this determinant function requires the multiplicative
property, specifically that det(AB) = det(A) det(B) holds for all A4, B € M, (K).

1 0 by O
Let ay, ag, by, by € KX andlet A= | B=|" € Mj(K). Through
0 5} 0 b2
. . aby 0 . "
direct calculation, we have that AB = . According to Definition
0 a2b2

2.2.5, it follows that et(A) = ayas, det(B) = biby, and Set(AB) = aibiaghy. We
observed that, in general, det(A)det(B) # det(AB), due to the non-commutative

structure of K. However, by the simple calculation, it is evident that

a1agbiby = @ (blazaglbl_l) asbiby
= a1b1a9 (a;lbflagbl) by
= qai1b1a2C by
= aibiay (sz’lcflb;l) Ciby
= arbiaghy (0102) )

where C; = ag b7 aghy, Cy = CF lbglClbz are commutator elements in K; namely,
C,,C, € K¢ The determinant function of matrices over a division ring, partic-
ularly the Dieudonné determinant, functions as a group surjective homomor-

phism expressed as
Det : GL,(K) — [K*] := K*/K®

which is induced by the function det as outlined in Definition 2.2.5 (see Definition

3 (page 135) in [24] for further information). So, for A € GL,(K), we denote
b

Det(A) = {az : x € K¢} =: [a] for some a € K*. Let A= ¢ € GLy(K). If

c d
a # 0, then we have

4 = a 0 1 —a b
¢c d—cath) \O 1

_ 1 0 a 0 1 —a '
ca”l 1 0 d—ca'b 0 1
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Consequently, Det(A) = [a (d — ca™'b)] = [ad — aca™*b]. If a = 0, then
0 b b 0 01
A= =
c d d c/\1 O
B 1 0 b 0 01
gt 1) \0 ¢/ \1 0/

Consequently, Det(A) = [—bc]. The Dieudonné determinants had been extensively
investigated in [28]. The following is a list of properties that we will use in our

thesis (see the details and proofs in [28]):

Proposition 2.2.6. Let A, B € M (K).

(D1) The Dieudonné determinant is a multiplicative function; namely, Det(AB) =
Det(A) Det(B), for A, B € Mu(K).

(D2) The Dieudonné determinant of any singular matriz is identically 0.

(D3) The Dieudonné determinant is snvariant under elementary row (column)

operations.

(D4) Det (A @ B) = [ab] for A € Mn(K),B € M, (K) with Det(A) = [a] and
Det(B) = [b] for some a,b € K*.

— -1 1
(D5) Let A = (a [ad — aca™'b] ifa#0,

C

b) € GLy(K). Det(A) =
d [—bc] ifa=0.

For matrices A € M, (K) and B € M,(K) with Det(A) = [a] and Det(B) = [b]
for some a,b € K*, it can be observed that A® B = (A& I) (I ® B). According
to Theorem 3.16 in [28], Brenner showed that Det(I @ B) = [o]. In addition, the
author [28] provided that Det(A @ B) = [+ab] where the factor &1 indicates the
sign of a permutation from the factorization of A® I and I ® B as a product of
elementary matrices. However, the factor £1 is in fact only 1, since we can apply

a similarity to transform A @ I into I @ A; namely, Y YA L)Y = (I, A)

0 I
where A € M(K) and Y = (I ) . By applying Lemma 3.14 in [28] which
s 0
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asserts that Det (I, @ A) = Det(A) and the multiplicative property of Dieudonné
determinant, Proposition 2.2.6 (D4) is obtained.

Let L = (lij) € GLy(K) be a lower triangular matrix. Consequently, l; is a
non-zero element for every i = 1,...,n. By applying Theorem 2.2.4, we identify
that L = LD, where T is a lower triangular matrix with all diagonal entries
equal to 1, and D = diag(li, la2, .- ,Inn). By Definition 2.2.5, we have that
det(L) = []i=q li- Thus, Det(L) = [liloa - - - lnn], TEpresenting the commutator
class that refers to the product of all diagonal entries of L. Similarly, for any

upper triangular matrix U = (ui;) € Mn(K ), Det(U) = [u11taz * * - Unn)-

2.3 Quadratic ring of integers

In mathematics, the complex numbers have a complex structure. They
are both an algebraically closed field (every nonzero polynomial over C has a root
in C) and a commutative algebra over R. Additionally, each rational number %,
for a,b € Z with b # 0, is algebraic since it is a root of a polynomial bz —a = 0.
Also, +1/2 are algebraic over R, since they are roots of 22 —2 = 0. The following

is the definition of special numbers in complex numbers.
Definition 2.3.1. [29] Let a € C. Then,
« o is said to be an algebraic number if it is a root of a polynomial equation
whose coefficients are integers,

. a is said to be an algebraic integer if it is a root of a monic polynomial

whose coefficients are integers,

+ o is said to be a quadratic number if it is a root of a polynomial of degree

two whose coefficients are integers,

+ a is said to be a quadratic integer if it is a root of a monic polynomial of

degree two whose coefficients are integers.
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In [30], many elements of the complex quadratic numbers are collected as

follows: Let D € Z\ {0,1} be a square-free integer. Then, the set
K :z@(\/ﬁ) = {a-l—b\/ﬁza,bEQ}

is called 2 quadratic number field. In particular, we refer to a real quadratic
number feld if D > 0 and an imaginary quadratic number field if D < 0. Let

— a+bvD € K. Then, in [30], @ is a root of Po(z) = 12 —2az+a?— Db? € Q[z].
It is straightforward to confirm that o/ = a — b/D serves as a root of Py(z) as
well. Furthermore, o/ has been identified as the conjugate of . The following
maps are defined on K. Let a =a + bW/D € K where D is a square-free integer.
In [30], the expression for the norm of a is given by |lal| = aa’ = a* — Db?. The
trace of « is given by Trx(a) = o+ o = 2a. The discriminant of « is defined
as dics(a) = (o — o )> = 4Db?. For instance, the conjugate, the norm and the
discriminant of @ = 2 + V3eQ (\/—?;) are

o = 2-3,

lal = aa’=(2+\/§)(2—\/§>=22—3=1,
Trx(o) = a+a’=<2+\/§)+<2—\/§>=4,
disc(e) = 4(3)(1%) =12,

respectively. Then, the subsequent property was obtained through direct compu-

tation.

Proposition 2.3.2. [30] Let o, B € K. Then, we have

1. fjeBll = lled - I81]-
2. Trx(a+ B) = Trrc(o) + Trx(B).
3. |la|l =0 if and only if @ = 0.
4. disc(a) = 0 if and only if o € Q.
The set of all integral elements in /C, namely, the quadratic ring of integer

Oy of a quadratic number field K, can be expressed explicitly depending on D as

the following theorem.
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Theorem 2.3.3. [30] The integral elements in K are given by

{a n b@} if D=2,3 (mod 4),
{a+l)2\/5 .a,b€Z,a=b (mod2)} ifD=1 (mod4).

Ok
In particular, Ok is an integral domain.

For each a = a+bvD € Ok, the norm ||a| = a®— Db? operates as a Euclidean
function. It has been established in [12] for negative integers and in [31] for positive

integers that Oy is a Euclidean domain for the values
D=-11,-7,-3,-2,—1,2,3,5,6,7,11,13,17,19, 21,29, 33,37, 41,57,73.

Furthermore, it is demonstrated in [32] that no other ring of quadratic integers
exists that is Euclidean with the norm providing as a Euclidean function. For each
o = a+b/D € O, it is understood that ||| = a® — Db?. On the other hand,
when we establish a square-free integer D and indicate specific integers llell =: N,
the challenge of determining the existence of integers a, b € Z that satisfy the
equation a? + b2D = N reduces to addressing a specific type of Diophantine
equation, referred to as generalized Pell’s equations. A necessary condition

for the solvability of generalized Pell’s equations is outlined below.

Lemma 2.3.4. [33] If the equation 12 — Dy? = N has a solution z,y € Z, then
w2 = D (mod Qo) has a solution where Qo = |N|.

In number theory, the Legendre symbol is defined as a function that can be
represented in the following. Let p be an odd prime integer and a € Z. In [30],
the Legendre symbol of a and p defined by

1 if pf{aand ais congruent to a perfect square modulo p
a
<5> ={¢ -1 ifptaand aisnot congruent to any perfect square modulo p
0 ifa=0 (modp).

The Kronecker symbol serves as a generalization of the Legendre symbol for

all integers, and it can be expressed as follows.
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Definition 2.3.5. Let a,b € Z. The Kronecker symbol of a and b is

1  if a is congruent to a perfect square modulo b,
a
('5> = ¢ —1 if a is not congruent to any perfect square modulo b,

0 ifa=0 (modbd).

From the aforementioned definitions and Lemma. 2.3.4, we derive the following

necessary instruments.

Lemma 2.3.6. Let N, D € Z which D is square-free. If (I%I) = —1, then the

equation 2 — Dy*> = N has no integer solutions.

The subsequent are the fundamental properties about the Kronecker symbol.

Proposition 2.3.7. [34] Let p,q € Z. Then, the following statements are true.

1. (%) =1 1if and only if g=4n+1.
2. (%) =1 if and only if g =8n = 1.
3. For any odd prime q, (%) = p*s (mod q). (Euler’s criterion)

p-1g-1 . ,
4. (%) (%) = (=1)7 % (quadratic reciprocal law).

2.4 Literature Review

This section presents the standard factorization of matrices over complex
numbers, as documented in various textbooks, including [14,21,22]. In this sec-
tion, we define = to represent the complex conjugate of the complex number C,
the operation * to denote the conjugate transpose operator of a complex matrix,
and the scalar function det : M,,(C) — C as the standard determinant function for
matrices over complex numbers. A matrix A € M,(C) is defined as nonsingular
if there exists a matrix B € M,,(C) such that the equation AB = BA = I, holds
true; otherwise, it is singular. Let us denote GLy(C) as the collection of nonsingu-

lar 7 x n matrices over C. Additionally, we will identify SL,(C) as the subgroup
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consisting of nonsingular matrices that possess a determinant equal to 1. We will
begin by recalling the fundamental definitions of various types of matrices, for
any A = (ai;) € M,(C),

A is a diagonal matrix if a;; = 0 for all 4 # j.

A is a scalar matrix if a; = a for some a € C and a;; =0 for all ¢ # 9.

A is a normal matrix if AA* = A*A,

A is a hermitian matrix if A = A%,

A is a positive semidefinite (PSD) matrix if z*Az > 0 for all z € C*,

A is a positive definite (PD) matrix if z*Az > 0 for all nonzero vector

z € C*,

A is a unitary matrix if AA* = A*A = I,

A is a symmetric matrix if A®* = A,

A is an orthogonal matrix if A'A = AA* = I,..

A is an idempotent matrix if A% = A.

A is an involution matrix if A%2 = I,,.

A is a nilpotent matrix if A* =0 for some k € N.

A is a unipotent matrix if (4 — I,,)* = 0 for some k € N.

Let A € M,(C). A nonzero vector ¢ € C" is said to be an eigenvector of A
corresponding to the eigenvalue X € C if Az = Az. In matrix factorization, one
decomposition that explicates important features, such as the eigenvalues and
eigenvectors of the matrix, is the diagonalizability. The matrix A is said to be a

diagonalizable matrix if A is similar to a diagonal matrix; namely, there exists
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X € M,,(C) such that
XTAX = . =: diag(A1, A2, - - s An), (2.4.1)

for some ); € C. Furthermore, for each column vector v; of the matrix X, v; is
an eigenvector corresponding to eigenvalue ;. In general, not all square matrices
are diagonalizable. The necessary and sufficient condition that delineates the
diagonalizability of a matrix, as stated in [14], is that a matrix A € M,(C) is
diagonalizable if and only if there exists a basis for C* formed completely of
eigenvectors of A. In particular, when the matrix X in the Equation (2.4.1) is a
unitary matrix, the decomposition is said to be unitary diagonalizable. For any
A € M,,(C), a matrix A is said to be a unitary diagonalizable matrix if there

exists a unitary matrix U € GL,(C) such that
A=UDU*

where D = diag(\1, Ag, - - -, \n) for some X; € C. A unitary diagonalizable matrix
can be exemplified by a set of all normal matrices, as outlined in the subsequent

theorem:

Theorem 2.4.1. [22, Spectral Decomposition] Let A € M, (C) with all eigenval-
ues A, ..., A\q € C. Then,

A is a normal matriz if and only if A= UDU",
where U € M,,(C) is a unitary matriz and D = diag(A, As, - -+, An). In particular,
A is a Hermitian matriz if and only if A is normal and A; are real numbers
and

A is a PD (PSD) if and only if A is Hermitian and A; are positive (nonnegative)
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foralli=1,...,n.

According to the aforementioned theory, by extracting the square root of the

eigenvalue ); of a Hermitian matrix A, we would observe that
A = U*DU

- U (@)2 U

= U*vDVDU

- U~/D(UU* VDU

= (vvDv) (vvDV)

= (vvDv) (vvDU) = B~
Assuming that A is Hermitian, according to Theorem 2.4.1, all ); are real, and
hence, v/ is also real. Based on Theorem 2.4.1, we can conclude that B is

a Hermitian matrix. Applying the similar procedure to a positive semidefinite

matrix and a positive definite matrix yields the subsequent result.

Theorem 2.4.2. [22, Uniqueness of Square Root] Let A € M,(C). IfAisa
Hermitian matriz, a positive definite matriz, or a positive semidefinite matriz, then
there exists a unique Hermitian matriz, a positive definite matriz, or a positive

semidefinite matriz, respectively, B € Mn(C) such that A= B%

In this context, the matrix B in Theorem 2.4.1 is referred to as the square
root of A and is denoted by A3. For any matrix A € M,(C), it is straightforward
to observe that A*A is a positive semidefinite matrix. According to Theorem 2.4.1,
all eigenvalues of A*A are nonnegative real numbers. Consequently, for each i,

Xi(A*A) is defined as a singular value of A and is denoted by 0;(A4). The

following decomposition has been well-known in linear algebra.

Theorem 2.4.3. [22, Singular Value Decomposition] Let A € M xn(C) with
nonzero singular value o1, ...,0.. Then, there ezists unitary matriz U € M,(C)

and unitary matriz V € M, (C) such that

D, 0O
0 0

v,

where D, = diag(o1,...,0r,) and the block matriz is of size m X n.
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In particular, when A € M,(C), both U and V' are unitary matrices of size

n X n. Then, we have
A=UDV =U (VV*)DV = (UV) (V*DV) =: WP,

where W is unitary matrix and P is positive semidefinite, as will be demonstrated

in the following theorem.

Theorem 2.4.4. [22, Polar Decomposition] Let A € Mn(C). Then,
A=WP =PV,

for some positive semidefinite matriz P and unitary matrices W, V.
Moreover, this theorem suggests that, for any A € M, (C),
“A is a product of two normal matrices”.

The decomposition of matrices into a product of Hermitian matrices was intro-

duced by Heydar Radjavi in 1968, as the following theorem:

Theorem 2.4.5. [8] Let A € Mi,(C). Then,
A is a product of four Hermitian matrices if and only if det(A) is real.

The key instrument for demonstrating Theorem 2.4.5, as outlined in (3], as

the following theorem.

Theorem 2.4.6. [3] Let A € M,(F). Then,
A is a product of two symmetric matrices over F.

The next results relate to the decomposition of matrices into a product of

positive definite (or semidefinite) matrices.
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Theorem 2.4.7. [35,36] Let A € M,(C). Then,
1. A is a product of four positive definite matrices if and only if det(A) > 0
and A is not a scalar al, where a <0.

2. A is a product of five positive definite matrices if and only if det(A) > 0.
However, Taussky [37] established the necessary and sufficient condition for
decomposing any matrix into a product of two positive semidefinite matrices: for
any A € M,(C), A can be expressed as a pfoduct of two positive semidefinite
matrices if and only if A is diagonalizable and possesses nonnegative eigenvalues.
Furthermore, the following findings were made public by Wu in 1988. In [38], Wu

established that the following propositions are equivalent: for any A € M,,(C),

1. A= XY for some positive semidefinite matrices X,Y,

2. A = XY for some positive definite matrix X and positive semidefinite

matrix Y,

3. A is similar to a nonnegative matrix.
In the same paper, Wu additionally provided that, for any singular matrix A,
A is a product of four nonnegative matrices,

and four is the smallest such number.

It is important to note that not every square matrix possesses the property
of diagonalizability. Nonetheless, every matrix defined over the complex numbers
has a Jordan canonical form. For any A € C, a matrix J,(A) € My(C) is

defined as a Jordan block if

Al 0
A

J.()) = 1

0 A

The theorem presented in [22] articulates that:
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Theorem 2.4.8. Let A € M,,(C). Then, there ezists a matriz P € GLn(C) such
that

PAPY=J, (M) @ ® Jn, (M),

where ny + - -+ +n, = n and \; represent the eigenvalues of A.

To investigate matrices with characteristic polynomials that split, it is possible
to derive the Jordan canonical form of a matrix over a splitting field, where each
polynomial can be expressed as a product of linear factors (in the form z — a for
some element a in a field). In general, a polynomial does not have to be expressed
as a product of linear factors, and additionally, matrices are not required to have
eigenvalues. However, for any matrix A € M., (F), the characteristic polynomial
f(z) of the matrix A factors uniquely as f(z) = (—1)" (1 (@)™ -+ (B(x))™,

where the ¢;(z) are all distinct irreducible monic polynomials for 1 <1 < k and

ny + - -- +ng = n. For ap,a1,...,ax—1 € F, the matrix
(00 0 -+ 0 —a )

10 0 -+ 0 -—-a1

A=]l01 0 --- 0 -—ag

KO 0 0 -+ 1 —ag

is called the companion matrix of the monic polynomial ¢ +ap_1zF o+
a1% + ao. For a field that is not a splitting field, every square matrix over the field

possesses a rational canonical form, as stated in the following theorem from [22]:

Theorem 2.4.9. [22] Every matriz over fields is similar to a direct sum of

companton matrices.

The previously mentioned theorems highlight the decomposition of matrices
via the application of eigenvalues, eigenvectors, or the characteristic polynomial.
In mathematics, the lower-upper (LU) decomposition involves factoring a square
matrix into the product of a lower triangular matrix and an upper triangular
matrix; specifically, a matrix A admits LU decomposition if A = LU for some a

lower triangular matrix L and an upper triangular matrix U. It is important to
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note that certain matrices cannot be represented as the product of L and U. For

instance, we now assume that there exist a, b, c, d,e, f € C such that

01 a 0 d e
10 b ¢ 0 f

By direct calculation, we have that

0 = ad
1 = ae
1 = bd
0 = be+cf.

Given that ad = 0, it follows that either a = 0 or d = 0. If ¢ = 0, this leads
to a contradiction, as it implies 1 = ae = 0. Likewise, if d = 0, it presents a
contradiction that 1 = bd = 0. Therefore, it can be concluded that S cannot
allow LU decomposition. In 1986, Sourour [2] generated unexpected progress by
expanding the LU decomposition for applying to any nonsingular matrices over

fields in the following form:

Theorem 2.4.10. [2] Let A € M, (F) be a non-scalar invertible matriz over a
field F and let a;,b; €T, for1 <t < n, such that det(A) = [1, aibi. There ezist
matrices B,C € M, (F) with eigenvalues ay,...,0n and by, ..., by, respectively,
such that A = BC. Additionally, matrices B and C can be determined such that

B is lower triangularizable and C is simultaneously upper triangularizable.

Furthermore, Theorem 2.4.10 can be applied in presenting several matrix
factorizations, such as Ballantine’s theorem in Theorem 2.4.7. Applying Theorem
2.4.10, he further established the conclusion presented in [39] which asserts that
for every matrix A € M, (F) with det(A) =1,

A is a product of three unipotent matrices.
Additionally, he reproved the decomposition presented in [39], demonstrating that

if A is a nonsingular matrix, then A is a product of two unipotent matrices.
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For a field FF, the collection of commutator clements of matrices over the field
Fis {XYX"'Y~!:X,Y € GL,(F)}. Moreover, Theorem 2.4.10 can be utilized
to substantiate the following assertions, as outlined in [40-42] as follows: Let

A € SL,(F). Consequently, the subsequent statements hold true.

1. If I has at least n + 1 elements, then A is a commutator of matrices in

GL,(F).

9 If F has at least n + 2 elements and A is a non-scalar matrix, then A is a

commutator of matrices in SLy(F).

3. If F has at least n + 3 elements and A is a non-scalar matrix, then A is a

commutator of matrices with arbitrarily prescribed nonzero elements.

In the same paper, he [2] presented a novel proof of the matrix decomposition
originally provided in [43] as follows: Let IF be a field containing at least n + 2
elements, and let A € M, (F). It follows that,

if det(A) = %1, then A is a product of at most four involution matrices.

The reviews indicate that a widely accepted strategy for maitrix decomposition
involves defining matrices as products of other matrices, each factor made distinct
by their significance and extensive study support. The following section outlines
the commonly used factorization of matrices over complex numbers and fields into
a product of specific matrices. It is important to note that not every square matrix
possesses the property of diagonalizability. However, every square matrix over a
field F, where the characteristic of I is not 2 and F # I3, can be expressed as a

product of two diagonalizable matrices, as demonstrated in the following theorem.

Theorem 2.4.11. [44] Let F be any field such that char(F) # 2 and F # Fs.
Then,

every square matrices over F is a product of two diagonalizable matrices.

In particular, ever square matrices over F3 is a product of three diagonalizable

matrices, and in general the number three is minimal.



32

According to the theorem in 2.4.6, the decomposition of matrices over complex
numbers as a product of symmetric matrices was specifically again dealt with by
Bosch in 1986. By using Jordan normal form, he [45] also proved the following

theorem.

Theorem 2.4.12. [45] Let A € M(C). Then,
A is a product of two complex symmetric matrices.
Moreover, for any A € Ma(R), A is a product of two real symmetric malrices.

The decomposition of matrices into a product of unitary matrices was inves-

tigated by Toyama in 1949, resulting in the statement of the following theorem.

Theorem 2.4.13. [46] Let A € My(C) be a unitary matriz. Then,
A is o commautators of unitary matrices if and only if det(A) = 1.

Furthermore, the decomposition of matrices into products of commutators,
where each component is a unipotent matrix, has been investigated. According
to the following statement, Baodong Zheng [47] was the first mathematician to
study it in 2002. Let IF represent either the set of complex numbers or the set of

real numbers. Then,

every matrix A € SLy(IF) can be expressed as a product of no more than two

commutators of involutions.
Afterwards, in 2021, Hou [48] showed that for any A € SL,(C),

A can be expressed as a product involving no more than two commutators

formed from unipotent matrices,

each factor having an index of 2. The investigation of matrix decomposition into
a product of nilpotent matrices was conducted by Wu [49]. In 1987, Wu stated
that for any A € M,(C) that is singular and not 2 x 2 nilpotent, then
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A is a product of two nilpotent matrices whose rank both equal to rank(A).

After that, Botha investigated the decomposition of matrices into a product of
nilpotent matrices with specified ranks as outlined in [50). He established that,
for any A € M,(C) that is singular and not 2 x 2 nilpotent and for any natural
numbers such that ny, no satisfy null(A) > nqy,ng > 1 and nq+ny 2 null(A), then

A is similar to N3Ny,

where the last (n; 4+ ny — n)—column of N; and the last (ny +ng — n)—tow of Np

are zero and null(A) = n.

The decomposition of matrices into a product of idempotent matrices was

introduced by Erdos in 1967, expressed in the following theorem.

Theorem 2.4.14. [6] Let A € My,(C) be singular. Then,
A is a product of idempotent matrices.

His work initiated the exploration of integral domains R that satisfy the prop-
erty ID,; specifically, for any singular matrix A € M,(R), A can be represented
as a product of idempotent matrices. After that, there are generalizations of
idempotent factorization matrices over fields to matrices over some special types
of integral domains, such as Euclidean domains by Alahmadi in [7], Bézout Do-
mains by Ruitenburg in {8], unique factorization domains, projective-free domains
and PRINC domains in [9] and [10]. The challenge of decomposing invertible
matrices into products of elementary factors has been a notable focus of investi-
gation throughout the years. The assignment of defining integral domains R that
satisfy the property GE,; specifically, for any nonsingular matrix A € M(R), 4
can be represented as a product of elementary matrices. The theorem has been
demonstrated using elementary matrices as outlined in [22]. Specifically, for any

matrix A € M,,(C), it holds that

A can be expressed as a product of elementary matrices if and only if A is

nonsingular.
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Furthermore, in the context of any Bézout Domain R, it can be observed that
the property ID leads to the conclusion that ID, holds true, while the property
GE, similarly results in the implication that GE, is valid for all n > 0 (refer
to [8,51] for further elaboration). Their research was driven by the exploration of
idempotent factorization of 2 X 2 matrices within the ring of integers of a quadratic
number field, as pursued by Cozzu and Zanardo. The authors demonstrated that
any column-row matrix can be expressed as a product of idempotent matrices.
The authors also examined the idempotent factorization of 2 X 2 matrices in a

specific form, as detailed in section 4.1.



CHAPTER III

DECOMPOSITION OF MATRICES OVER DIVISION

RING

This chapter is organized into three distinct sections. In Section 3.1, we
provide some decomposition of matrices over division rings. In Section 3.2, we
define Hermitian matrices and analyze several of their essential properties. In
Section 3.3, we provide improvements to the current theory and lemmas to sup-
port subsequent advancements in our studies. Furthermore, we provide a matrix
factorization expressed as the product of three diagonalizable matrices. Addition-
ally, we outline the essential and adequate conditions for matrix factorization of
a non-central matrix into a product of four Hermitian matrices and one diagonal-
izable matrix, where the Dieudonné determinant corresponds to the commutator
class including one. We denote K as a division ring with its center Z(K), where
K* = K\ {0}, and let K° represent the commutator subgroup of K. For elements
a,b € K, we define a to be conjugate to b if there exists an element z € K> such

that a = zbz L.

3.1 Some decomposition of matrices over division rings

The topic of matrix decomposition over division rings possesses a sub-
stantial historical background, encompassing a variety of different kinds of factors.
This chapter presents a concise overview of the research, which is detailed briefly
in the following sections. It is important to note that any matrix A e M, (K) can
have a maximum of n eigenvalues that are not conjugate (refer to [25] for further
information). Furthermore, if A possesses n nonconjugate eigenvalues, it follows
that A is diagonalizable. The subsequent criteria represent essential conditions

for the diagonalizability of specific categories of matrices.
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Lemma 3.1.1. ( [52, Lemma 3.2] and [25, Cf. Theorem 82.3]) Letn>1. IfA
is a lower or upper triangular matriz with pairwise nonconjugate diagonal entries
a1, 492, - - - »0nn € K and all except at most one algebraic over Z(K), then A is

similar to the diagonal matriz diag(ai1, ags, - - - ) Q) -

In addition to the diagonalizable matrix, the decomposition of matrices into
a generalized Jordan canonical form was provided by Pokovi¢ in [53]. A square

matrix A is a generalized Jordan matrix if A is a matrix of the form

a b 0 0
0 a b 0
0 0 a b

where b ¢ {az —za:z € K }. Among the most popular subjects in matrices over
division algebra is the decomposition of matrices into a product of commutators.
However, in order to investigate the decomposition of matrices as a product of
commutators, a more basic decomposition of the matrix is necessary. In 2019,
Egorchenkova and Gordeev [54] showed the following result: Let n > 2. Then,
for any non-central matrix A € GL,(K), there exist a; € K*fori=1,...,n,
P € GLyn(K), a lower triangular matrix L, an upper triangular matrix U with all

diagonal entries of L and U equal to 1 such that
PAP'=LDU

where D = diag(ay,...,an). In the same paper, they [54] also showed that any
non-central matrices in SLy(K) is a product of less than or equal to [-%5] where
¢ is the supremum of the smallest integer n such that any elements in K¢ can be
written as a product of n commutator elements in K, is called the commutator
width, and [] is the ceil function for n > 3. After that, in 2023, Bien et al. [55]
demonstrated the following result: Let K be a finite-dimensional division ring and
n be a positive integer. If K is algebraically closed, then every matrix in SLy(K) is
o commutator of elements from SLy(K). Following that, Bien et al. [52] modified
the factorization of matrices over finite dimension division algebra over its center

to the following: Let n > 2. Then, for any non-central matrix A € SL,(K), there
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exist P € GL,(K), a lower triangular matrix L, an upper triangular matrix U

with all diagonal entries of L and U equal to 1 such that
PAP™! = LUD;,

where D, = diag(l,...,1,s) for some s € K°. In the same paper, they [52] also
showed that the first two factors of the above factorization are a product of at most
two commutators of two involutions. Furthermore, they [52] established that the
commutator width of involutions in GLy, (K), denoted as wy(GLy(K)), is bounded
above by 2+ 3w(K*), where w(K*) indicates the commutator width of K*. This
result holds under the conditions that either char(K) # 2 or char(D) = 2 with
n > 3. In the case where char(K) = 2 and n = 2, it follows that wr(GL,(K)) <
2 + 6w(K™).

According to Theorem 2.4.10, Nan and You, in 2007, established the decompo-
sition of non-central matrices over finite-dimensional division algebra, as outlined

in the subsequent theorem:

Theorem 3.1.2. [56, Theorem 2.1] Let A € M,(K) be a non-central invertible
matriz and o;, B; € K for i = 1...,n, such that Det(A) = [Ti-.leB5]. Then,

j=1
there exist a lower triangular matriz L € M,(K) and an upper triangular matriz

U € M,,(K) such that
PAP ' =LU,

where P € GL,(K). Furthermore, L and U can be chosen so that elements in the

main diagonal of L are ay, . ..,on and of U are Bi,. .., PnCn where ¢, € K°.

Applying Theorem 3.1.2, it has been shown that for any matrix formed as
A=A ® (1) € SLp41(K) where A; € SL,(K), the matrix A can be represented

as the product of four involutions in SLp41(K).

3.2 Hermitian matrices over division rings

Let — : K — K be an anti-automorphism, which is an involution with

—(a) =@ and let F = {a € K : @ = a} be a subset of K. Define the trace map
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Tr: K — F by Tr(a) =a+aforalla € K. The following proposition is a list of

some properties of the relationship between K and F.
Proposition 3.2.1. Let K be a division ring with an involution ~ and F = {a €
K:a=a} C K. Then,
1. 0,1eF
2 Ifa€F, thena ' €F.
3. Ifa€ Z(K)*, thena € Z(K).
4. a+a,aa,da € F foralla € K.
Proof. Let a € K. Consequently, we observe that @-1=a = T-a=1a-1. Based

on this analysis, we can deduce that 1 = T, indicating that 1 belongs to the set

F. In the same way, it follows that 0 € F. If a € F, then @ = a. Through direct

computation, we establish that a - al=1=T=a'! a=7a-a! Sincea = a,

we have a—1 = a1, indicating that a~! belongs to F. If a € Z(K)*, then ab= ba

forallbe K. Forany b€ K, we have a -b=b-a=b-Gandb-a=a-b=3-b.
Since a is in the center of K, a-b= E_-c;, and this implies that @ € Z(K)*. Since

K is an abelian group, it follows that a+a =a + @ =8+ a = a+a Through

direct computation, we find that a-a=a-@ .aand@-a=a-a==a-a. This

1l
S

indicates that a + @, aa,aa € F. d

The following are some examples of division rings with an involution:

Example 3.2.2. [23,57)

(1) For a,b € R, the complex conjugate of the complex number C, represented

as a + bi = a — bi, functions as an involution of C, with R playing as the
fixed field.

(2) An involution — : Fpz — Fp2 defined by —(a) = o for all a € Fp2, where ¢

is a prime power. The fixed field of this involution is F,.
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(3) Let H={a+bi+cj+dk:a,becde R} be the division ring of real quater-

nions characterized by the properties ¢ = j2 = k*> = ijk = —1. For

a,b,c,d € R, an involution of H is defined by a +bi +¢j +dk = a — bi —
cj — dk with the fixed field R.

(4) Let IF be a field of characteristic n with n #£ 2 and a,b € F*. The quaternion
algebra (“T.b) = F @ Fi ® Fj @ Fij where i = a,j% = b and ij = —ji. For

a1, ag, a, a4 € IF, an involution of (%l;?) is defined by a; + agi + azj + aq2j =

a; — agi — agj — a4ij with the fixed field F.

(5) Let F be a field of characteristic 2 and a,b € FX. The quaternion algebra

(2%) = F @ Fi © Fj © Fij where * +i = a,5° = b and ¢j = ji +j. For

a1, ag, a3, a4 € IF, an involution of (“Tb) is defined by a; + agt + a3j + asij =

a1 + ap (1 +14) 4 asj + assj whose fixed field is F & Fj @ Fij.

In the context of Example 3.2.2 (1), we are able to observe that F' can be
viewed as the field of real numbers when K is a field of complex numbers and
is the complex conjugate. The definition of a Hermitian matrix is thus defined as

follows.

Definition 3.2.3. [23] Let A = (a;;) € M (K). Then, A is said to be a Hermi-

tian matrix over K on the involution = if
A=At = A*

where A = (a@;). Any two Hermitian matrices A, B € M, (K), A and B, are said
to be cogredient if there exists X € GL,(K) such that A = X*BX.

Denote by H,(K) the set of all n x n Hermitian matrices over K equipped
with the involution . In [23,57,58], it is consistently assumed that F' serves as a
subfield of K, which is contained in Z(K). Additionally, the authors assume that
the function trace Tr is characterized as surjective; specifically, for any element
a € F, there exists z € K such that a = z + 7. Given these conditions, it is
feasible for every Hermitian matrix to be transformed into a simpler form through

cogredience transformation as the following: Let K be a division ring with an
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involution — such that F is a subfield of K, which is a subset of Z (K), and the
map Tr is surjective. Let A € Hn(K). Then,

A is cogredient to a diagonal matrix D = diag {a1,...,ar0,... ,0}

where a; € F* fori=1,...,7 and r is equal to the rank of A.

As outlined in the previous discussion, a gap exists between Hermitian matri-
ces and their associated Dieudonné determinant. In this context, we now assume
that F is closed under multiplication. Through direct verification, it can be shown
that F forms a nonempty subfield of K, containing 0 and 1 as the additive and
multiplicative identities, respectively. Under this assumption, we arrive at the

following result:

Theorem 3.2.4. Let A € Hn(K). Then, Det(A) = [a] for some a € F.

Proof. Let A € H,(K). There is nothing to prove if A is a singular matrix. Now,
suppose that A is non-singular. If A is a central matrix, then A = diag(a, qa,...,a)
for some a € F. Then, Det(4) = [a"] with a” € F because F' is closed under
multiplication. If A is a non-central matrix, we proceed with the proof by induc-
tion on n. For n = 1, we have A = (a) for some a € K and thus Dét(A) = [a].
Since A is Hermitian, a € F. For n = 2, we can write A= ; . Ifa=0,
c
then, according to Proposition 2.2.6 (D5), Det(A) = [-bb]. We can conclude that
—bb € F, since _bb= —bb = —bb. If a # 0, then, according to Proposition 2.2.6
(D5), Det(A) = [ac— aba™'b] = [a(c — ba~'b)]. It is evident that a, c—balb € F,
and consequently, a(c — ba~1b) € F, as we have assumed that F is closed under

multiplication. For n = 3, we denote

a1 Gz 413
A= Q12 G2 ag3

a13 Q23 0As3

If a1; # 0, we can apply row and column operations to obtain the following:

A = X1 AX] = (a11) ® As,
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where X is a product of elementary matrices corresponding to the elimination of
the first column by ai1 and Ay € Ha(K). Since (A)* = (X1AX}) = XiA*XT =
X, AXt = A, it follows that A’ is Hermitian. Consequently, both (a11) and Ag are
also Hermitian. Thus, a1, € F, and through the process of induction, we establish
that Det(A4;) = [a] for a specific a € F. Therefore, according to Property 2.2.6
(D3) and (D4), we have Det(A) = [a11a] with aja € F. If a;; = 0 and a2 # 0,

applying row operations leads us to the conclusion that

A = X3AX}
0 a2

— _——1 S — 1 -1
= > (a33 — @13 Q13 Qg3 — Gg3019 413 — @13 A12 22019 a13> )
a2 022

where X, is a product of elementary matrices corresponding to the elimination
of the first column by @7z and the elimination of the second column (except as)
by ajs. Considering the fact that A’ is Hermitian, it implies that the two direct
summands in A’ are also Hermitian. Based on our assumption, we have that f :=
(a3 — A3 012 Ga3 — T30, 013 a3 a5 lapagiais) € F and through induction, it
follows that —aa;s € F. According to Proposition 2.2.6 (D3), (D4), and (D5),
we derive that Det(A) = [arza12 - f] with @r2a12 - f € F. 1t is important to note
that a non-singular matrix A does not include any rows that are entirely composed
of zeros. Given that a;; and ay2 are both equal to zero, it follows that a;3 must

be non-zero. Now, we can assume that

0 0 ais
A=10 ax a9
ai3 G923 Q33

Through direct computation, we determine that

A = Byi(—ax05)PeyAPes Bis(—axars)
0 a3 O
= Ey(-0xaid) | a5 ass @ | Bis(—02013)
0 a3 a2
0 a3 O
= |@s3 a3 O

0 0 a9s9
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Consequently, based on Proposition 2.2.6 (D3), (D4), and (D5), we can derive
that Det(4) = Det(A’) = [@3a13022). Applying comparable reasoning as in the

previous instances, we have @3a13a22 € F.

We will consider that for any Hermitian matrix A € H,(K), the determinant
of A can be expressed as Det(A) = [a] for a specific element a € F. Consider the
matrix B = (b;;) belonging to the space Hnr1(K). If byy # 0, then

B = XBX* = <b11> ® By,

where X represents a product of elementary matrices that are associated with the
elimination of the first column by by, and By € H,(K). Through the process of
hypothesis induction and employing analogous reasoning to that of the preceding
paragraph, we conclude that Det(B) = [b110] where by1b € F. If by = 0, then
there must be a by, # 0 for some k € {2,3,...,n} (since B is invertible), which
implies that iz # 0. By swapping the 2°¢ row with the k™ row and the gnd

column with the k* column, we obtain that

0 b
. . X
B'= ParyBPar = | b bk
Xt B
Let Y represent a product of elementary matrices that correspond to the elimi-
nation of the first column using by, and the second column (excluding brk) using

bix. Through direct calculation, it can be established that

0 b

B'=YBY*= ® B),

bir ik

where B} € Hn_1(K). Once more, employing analogous reasoning, we find that
Det(B) = [bixbxby) for some by € F, where Det(Bj) = [by]. Given that F is
closed, it follows that Det(B) = [f] for a specific element f’' € F'. O

3.3 Main tools and their applications

We begin our discussion by developing on a result reported by Nan and

You in [56], which suggested that if A is a non-central matrix, then A can be shown
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to be similar to a matrix whose first column is represented as (0 10 - 0) )
applicable for n > 2. Their concepts are additionally applied in the exposition of

this lemma.

Lemma 3.3.1. Let n > 2 and let A € M,(K) be a non-central nonzero matriz.

t
Then, A is similar to the matriz with the first column being (0 10 - O) .

Proof. We divide the proof into 3 cases involving the matrix A as follows.
Case 1: Assume that A = diag(a, ..., a) for some a € K\Z(K). Since a ¢ Z(K),

there exists z # 0 such that az # za; ie., (az — za)~! exists. So, we obtain that
E12(—a)Ea ((:na - ax)_l) Ey(2)AEy (—z)En (za — ax) Eya(a)

t
has its first column as (0 1 0 --- 0) }
Case 2: Assume that A = diag(ay,...,0n) With a; # aj; for some i# 7
By direct row and column operations via Pu;) and Pgj), we can assume that

a11 # age. Hence, we also obtain that the matrix
Ei5(—a)Ex ((a11 — az2)™") Ey(2)AEx (—z)Egp(an — a2) Er2(a)

t
has its first column as (0 1 0 --- 0) )
Case 3: Assume that A = (a;;) is not a diagonal matrix. Since A is a nonzero
matrix, there exists a;; € K* with 1 # j. By direct row and column operations

via P15 and P;), we can assume that ag; # 0. Set X = diag(l,a;jl, 1,...,1).

Then,
(alll \

1
XAX ' = ay X = A

i/
Let Y be a product of elementary matrices corresponding to the elimination

of the first column by the (2,1)—entry. Thus, Y A'Y~! has its first column as
t
(010 0) O

Utilizing Lemma 3.3.1, we can extend Theorem 3.1.2 by including singular

non-zero non-central matrices, as shown in the following theorem.
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Theorem 3.3.2. Let A € M,,(K) be a singular nonzero non-central matriz and
o, Bi € KX for 1 < i < n. Then, there exist a lower triangular matriz L, an

upper triangular matriz U, and P € GLy(K) such that
PAP'=1LU.
Furthermore, L and U can be chosen so that the elements in the main diagonal of

L areay,...,0p,0,...,0 and of U are Bi,...,05:0,...,0 for somer <mn.

Proof. Induction is employed with respect to n. The outcome is clear for n = 1.

Let A € My(K), which is a singular, nonzero, and non-central matrix. According

0 a
to Lemma 3.3.1, it follows that A is similar to the matrix 2. Next, we
22
1 op . .
define P= | - , leading us to the conclusion that
1
b
PAP-! — 1By bia

Since A is singular, we can apply Propositions (D2), (D3), and (D5) to obtain the

following conclusions:

0 = a1 Bibes — a1 Bi(c1fr) b1z = cuPrbas — bro.
To clarify, bog = 71 1ozl‘lbm. So, we can decompose the matrix PAP! as follows:

mpbr b\ [ 0) [A oy by

1 by g oj\o 0

Assume that the theorem holds true for all singular nonzero non-central matrices
of size smaller than n for 2 < n. Let A € M,,(K) be a singular nonzero non-central

matrix. According to Lemma 3.3.1, it follows that A is similar to
0
1
0

*

o
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Next, we define Pp = P @ I5,_o. Subsequently, through the application of direct

row and column operations, we arrive at the conclusion that

1B \
! Y
P0A0P6—1 — 0 «| = CYLBI = Al
i X T
N0 )
¢
where X = (1 0 .. 0) . Through the application of row and column opera-

tions on the block matrix, we derive that

A= 1 0 a1 B 0 1 ey
=
Xprtart I 0 T-—-Xaoi'f'Y) \0 I

According to Property 2.2.6 (D2), (D3), and (D4), we conclude that
Det(A) = [0181] - Det(T — Xap'f7'Y) = 0.
Since ay, B1 # 0, it can be concluded that Det(T" — Xo7'prly)=0.

Now, if T — Xa7'B;'Y is a central matrix, then T' — Xa7lB7Y) = alpy
for some a € Z(K). Since Det(T — Xaj ') = [a®~] = 0, we conclude that
a=0; that is, T — X ot By 1y =0 is a zero matrix. Consequently, we find that

(835] 0 ﬁl Oll_ly

A= L
XB7" Op—ixn—1 0 On-1xn—1

?

representing a multiplication of a lower triangular matrix and an upper triangular

matrix.

Specifically, if T' — X a7 1871Y is a non-central matrix, then, according to the

induction hypothesis, there exists P; € GL,_1(K) such that

Q2 B2 -k

T—Xo'f'Y=P|: . TR I 2
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Then,
o f/p 0 -+« 0
4 = ( 1 0 0 ap By - x| (1 Btog'Y
Xp gt P SN . i\ Pt
0 = -0 0
a
_ 1 1 0 0 o
- pl \Prxprlar La) |t 8
0O * --- 0
B 0 .- 0
« [ B - x| [1 Ble'YR) (1
oo \o Iy Pt
0
851 fr * - X
1 * O B2 x1 [1
- ( 3 B BT S Pt
x % -+ 0 0

Since A; is similar to A, the conclusion has been validated. Since Det(A) =0, it

follows that r < n. O

According to Lemma 3.1.1, the diagonal entries a1, ds2, - -, 8nn € Kof A
are pairwise nonconjugate, indicating that there can be at most one zero among

them. The following lemma suggests that this condition can be relaxed:

Lemma 3.3.3. Let [.n € N with | <n and A € Ma(K). Let us consider the ma-

A
triz A defined as follows: A = All . where Ay is a lower triangular matriz
21 0
: An A . . .
belonging to M(K), or A= where Ay; is an upper triangular matriz
0
in My(K). If all diagonal entries a1, a2, .- -,0u of A1 are pairwise nonconjugate

elements in K and all ezcept at most one are algebraic over Z(K), then A 1is

similar to the diagonal matriz diag(ais, . . .,au,0,...,0).
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Proof. Since A;; meets the criteria outlined in Lemma 3.1.1, it follows that there

exists a matrix P € GL;(K) for which the equation PA;; P~ = D holds true

where D = diag(ayi, . . . ,ay). Therefore, we conclude that
P 0 A O P10 B D 0
0 I Ay O 0 I A21P_1 0

Through direct computation working with row and column operations, we obtain

that

I 0 D 0 I 0 D 0
—A21P_1D_1 I A21P—1 0 A21P_1D—_1 I 0 0

App O
This means that H exhibits similarity to the diagonal matrix D @ 0.

A21 0
: : : An Awp) . .
Applying the same technique, it can be proved that A = is similar
0 0
to the diagonal matrix D & 0. O

It is important to note that if K is an infinite division ring that has a finite
dimension over its center, then the cardinality of the center, denoted as |Z(K ],
must be infinite. This fact suggests that K contains an infinite number of pairwise
nonconjugate elements, as any distinct elements within Z (K) are nonconjugate.
The classification of division rings with finite dimension over their center serves
as a significant area of interest in the examination of matrix decompositions over
division rings (refer to [52,59-61]). Additionally, Duang and Son [62] extended the
idea of division rings as discussed in [52] to division rings with infinite dimensions
over their center, while still requiring infinite centers. However, in the context of an
infinite division ring, there exists a division ring with a center that is a finite field
(Proposition 2.3.5 in [25]). In this situation, it is not possible to clearly determine
the number of elements in K that are pairwise nonconjugated. Therefore, the
number of pairwise nonconjugate elements in the division ring K seems to be a

probable assumption.

After this paragraph, we will run under the assumption that F' is a subset

of Z(K). The factorization may include an additional matrix component. The
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subsequent conclusions can be derived from the lemmas and theorems that have

been previously discussed.

Theorem 3.3.4. Let A € M (K). If Z(K) has at least n+2 elements, then A is
a product of three diagonalizable matrices. In particular, if K 1s a field containing

at least n + 2 elements, then A is a product of two diagonalizable matrices.

Proof. Let A € My(K). If A is a central matrix, then it follows that A must be
diagonal. Consequently, it can be expressed as a product of three diagonalizable
matrices, specifically the two identity matrices and A itself. Assume that A is
a non-central matrix. If A is non-singular, then Det(A) = [a] for some a €
K*. We can now select unique nonzero elements from Z(K) that are pairwise
nonconjugate, as well as nonconjugate to both a and 1; specifically, ay,...,0n-1 €
Z(K). According to Theorem 3.1.2, it can be established that there exists a
matrix P € GL,(K) such that PAP~' = LU, where L is specified as a lower

triangular matrix with diagonal entries as,...,n-1,4, while U is defined as an
upper triangular matrix with diagonal entries a;il, e ,a;l, z for some z € K°.
Since a,...,0n_1,0 are pairwise conjugate and ay,...,0n—1 are algebraically

closed over Z(K), we can apply Lemma 3.1.1 to conclude that L is diagonalizable.
If ¢ is not conjugate to o for all i = 1,...,n, then, by applying Lemma 3.1.1, it
follows that U is composed of diagonalizable matrices. If z is conjugate to a; for

some j € {1,...,n}, a direct computation yields that

al_l * ¥ al“l * * 1
0o . : : 0
U = — =: BC.
0 - oty * 0 - ajl; = 1
o -+ 0 =z o --- 0 1 x

(3.3.1)
By applying Lemma 3.1.1 once more, we can deduce that the matrices B and C of-
fer diagonalizability. Therefore, A = P"'LBCP = (P"'LP)(P~'BP) (P7ICP)

is the product of multiplying three diagonalizable matrices.

If A is a singular matrix, it is possible to choose distinct and pairwise non-
conjugate elements ay, ..., o € Z(K)* for some r < n. In similar ways, applying

Theorem 3.1.2, one can state the existence of a matrix P € GLg(K) such that
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the equation PAP~! = LU holds true. Here, L represents a lower triangular
matrix with diagonal entries a1,...,0r,0,...,0, while U denotes an upper tri-
angular matrix with diagonal entries o, 1...,a74,0,...,0. According to Lemma.
3.3.3, it follows that both L and U are diagonalizable, which implies that A can

be expressed as a product of two diagonalizable matrices.

Specifically, if K is a field with a minimum number of n + 2 elements, then
the commutator subgroup K¢ consists only of the identity element 1 € K. This
suggests the factor C in the eduation (3.3.1) is equivalent to the identity matrix.
Therefore, any matrix A can be expressed as the product of two diagonalizable

matrices. O

According to Theorem 2.4.5, they [3] showed that a matrix A € M,,(C) can
be expressed as a product of four Hermitian matrices if and only if det(A) = a for
some a € R. It is important to observe that the commutator elements within the
field C consist only of the identity element 1. When extending the factorization
over C to division rings with involution and employing the Dieudonné determinant,

it is necessary to address commutator subgroups, which may not be trivial.

Theorem 3.3.5. Let A € M,(K) be a non-central matriz. If F' contains at least

n + 2 pairwise nonconjugate elements, then
A= H H,H;H,T if and only if Det(A) = [a] for some a € F,

where H; € Ha(K) for alli=1,...,4 and T is a diagonalizable matriz with
Det(T) = [1]. In particular, if A is singular, then A is a product of four Hermitian

matrices.

Proof. Let A € M,(K). Assume that A = H HoH3H,T for some Hy, Hy, H3, Hy €
#,(K) and T is a diagonalizable matrix with Det(T") = [1]. According to Theorem
3.2.4, for each index i = 1,2,3,4, it follows that Det(H;) = [hi] for a correspond-
ing element h; € F. The result indicates that Det(4) = [R1][ho][ha]{Ra][l] =
[h1hohshy - 1] Since F is closed under multiplication, it follows that Det(A) = [a]

for some element a in F.
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Conversely, we consider the assumption that Det(A) = [a] for a specifica € F.
In this context, we organize our proof into two separate instances concerning A.
For a nonsingular matrix A, determined by our assumption, we can select pairwise
nonconjugate nonzero elements in F', making sure none of them are conjugate
to a or 1; specifically, a1,...,an-1 € F. According to Theorem 3.1.2, it can
be established that there exists a matrix P € GL,(K) such that the equation
PAP-! = LU holds true where L is described as a lower triangular matrix with
diagonal entries aj, . .., 0n_1,a, while U is defined as an upper triangular matrix
with diagonal entries a;il,...,afl,ac, where = belongs to K¢. That is, A =
PILUP = (PILP)(P'UP). If x ¢ F, then

al_l cen * * al_l e EE 1
0o . : 0
U= = =: BD,
0 - aply * 0 - oty x| | 1
o -+ 0 = o --- 0 1 x
Since as, . .., 01,0 € F C Z(K), it follows that a1, ..., n-1,0 are algebraic over

Z(K). According to Lemma 3.1.1, we can identify matrices S, T € GL,(K) such
that the transform P~1LP = SDyS~! holds, where Dy, = diag(ayly, - - - a1t a).
Similarly, we have P"'BP = TDgT~! with Dp = diag(a, ..., ¥n-1, 1). Thus,

we conclude that
A = SDLS_lTDBT'lPD,:P_1
= S (S*(S*)‘l) DpS™T (T*(T*)_l) DBT”lPD_,,BP_1
(857 ((S71)* Dp87Y) (TT™) ((T71) DpTY) (PD,P™Y),.

Tt follows that A is a product of four Hermitian matrices and one diagonalizable

matrix along with its Dieudonné determinant, represented as
Det(PD,P~') = Det(P) Det(D,) Det(P1) = [p][l][p‘l] = [1].

Furthermore, if z € F' and z is nonconjugate to o for every 4, then the diagonal
entries of U exhibit pairwise nonconjugacy. According to Lemma 3.1.1, it can be
concluded that U possesses the property of being diagonalizable. By applying the
same technique as previously described, eliminating the factor D, we can deduce

that A is the result of multiplying four Hermitian matrices.
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For a singular matrix A, we choose distinct and pairwise nonconjugate nonzero
elements ai,...,a, € F*. According to Theorem 3.1.2, it follows that A =
PLP-1PUP-! for some P € GL,(K), where L is a lower triangular matrix with
diagonal entries a1, ...,0:,0,...,0, and U is an upper triangular matrix with di-
agonal entries a; !, ... ,a;t,0,...,0. Since o, ..., 0r are algebraic over Z(K), it
follows from Lemma 3.3.3 that there exist matrices S,T € GL,(K) such that the
equation PLP~! = SDyS™' holds, where Dy = diag(ay, .-, 0,...,0). Ad-
ditionally, we have PUP~* = TDyT~*, with Dy = diag(ayl, ..., o7%,0,...,0).
By integrating ($*(S*)™') and (T*(T*)™") into the aforementioned process, we
are able to determine that A can be expressed as a product of four Hermitian

mastrices. O

Applying Theorem 3.3.5, we derive a condition for expressing one’s any central |

matrices as a product of Hermitian matrices that are as follows:

Theorem 3.3.6. Let A = diag(a,...,a) € Mu(K) be a central matriz. If F

contains at least n + 2 pasrwise nonconjugate elements, then
A= H H,H;H.HsT if and only if Det(A) = [f] for some f € F

where H; € Ho(K) for alli =1,...,5 and T is a diagonalizable matriz with
Det(T) = [1].

Proof. Let us consider the expression A = H,H,H3;HHsT, where Hi,...,Hs
are elements of H,(K) and T is a diagonalizable matrix with the property that
Det(T) = [1]. Applying the same reason demonstrated in the proof of Theorem
3.3.5, it follows that Det(A) = [f] for a specific element f € 7.

We will continue under the assumption that Det(A) = [f] for a certain f € F"
When f = 1, there is no further evidence required. If f € F\ {1}, then [a"] = [f],

leading to the conclusion that a™ = fz for some z € Ke¢. This also implies that
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= . i = DfB
a 1 a

Since f # 1, it follows that z # a”, which leads to the conclusion that a'~"z # a.
This suggests that B is a non-central matrix and that Det(B) = [1]. According
to Theorem 3.3.5, it follows that B = H,H,H;H,T represents the product of
four Hermitian matrices and one diagonalizable matrix, in which Det(T) = [1].
Since f € F, it follows that Dy is a Hermitian matrix. Consequently, A can be
expressed as a product of five Hermitian matrices and one diagonalizable matrix,

with the Dieudonné determinant equal to [1]. O

Specifically, when A = al, is a central matrix and a meets particular require-
ments, the factorization presented in Theorem 3.3.6 can be simplified as noted in

the following propositions.
Proposition 3.3.7. Leta € Z(K)\ F andn € N. The following statements are
true.
(4) al, cannot be written as a product of two Hermitian matrices.

(i1) Ifa® € F, then aly s a product of three Hermitian matrices.

(iii) If a® € F, then aly, is a product of three Hermitian matrices.

(iv) If a™ € F, then al, is a product of four Hermitian matrices.
Proof. (i) Let us consider the equation al, = HyH,, where Hy and Hj are elements
of the space Hn(K). Since a ¢ F, it follows that a # 0. This indicates that H;

and H, belong to the group GL,(K). Consequently, we arrive at the equation

Hy = Hy Yol, = al,Hy 1 Since H, is Hermitian, we have the following:

ol H' = Hy = Hy =al, Hy* =alHi .
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That is, H{' = a 'aH; 1. Since H;' is a nonzero matrix, it follows that there
exists a nonzero element h;; =: h # 0 such that the equation h = a~'ah holds

true. This indicates that a = @, leading to a contradiction.

(i) Let us consider the case where a2 belongs to the field F; specifically, we

have the equation aa = @a. Since a # 0, we can deduce that a@ ™! = a7'a@ =

aa-! = g = aa !, indicating that aa~* € F. Through direct decomposition,

we obtain that,

a O 0 a 01 1 0
a z 0/ \1 0/ \0 @la
_ a 01 1 0 - .
It is easy to see that ) , are Hermitian matrices.
a 0 10 0 ala

Hence, al, is a product of three Hermitian matrices.

. a 0 a 0 a 0
(i44) We now examine alon represented as ® S--- D
0 a 0 a 0 a
n b‘lcr)clTS

According to (i), it follows that every block of als, can be expressed as a product
of three Hermitian matrices. This indicates that al,, can also be expressed as a

product of three Hermitian matrices; specifically,

0 a 0 a 01 01 1 0 1 0
QB X DD X DD )
a 0 a 0 10 1 0 0 ala 0 ala

s’ - e’ - e’
" S~

n blocks n blocks n blocks

(iv) Examine the following matrix product:

(0 0

00a -0 10
010 --- 0]|:=8BC.

—
o
>
[aw)
o

/
o
—_

—

o
<o

al,

a 00 -+ 0 000 -1
\ \
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Let D = diag(a®,a"?,...,a). Observe that

(@]

010---0\

001 -0
DBD=|:

0 00 .-+ 1

Ka"OO

Since a™ € F, it follows that both D-1BD and C are matrices defined over the
feld F. Since F is a field, it has been demonstrated in [3] that D~'BD and C can
be expressed as a product of two symmetric matrices over F', which consequently
implies that they also represent a product of two Hermitian matrices over K. This

indicates that al, can be expressed as a product of four Hermitian matrices. 0O

According to Example 3.2.2 (3.), the following is an immediate consequence

of Theorem 3.3.5.

Corollary 3.3.8. Let H be the real quaternion division ring and A € M, (H).
Then,

A= H H,H;H,T if and only if Det(A) = [a] for some a € R,

where H; € Hy(H) for alli =1,...,4 and T is a diagonalizable matriz with
Det(T) = [1]. In particular, if A is singular, then A is a product of four Hermitian

matrices.

Proof. If A is a central matrix, then A = al, for some a € R, and hence A
is hermitian. If A is a nonsingular non-central matrix, by Theorem 3.3.5, A is
a product of four Hermitian matrices and one diagonalizable matrix where the
Dieudonné determinant is [1]. If A is a singular non-central matrix, by Theorem

3.3.5, A is a product of four Hermitian matrices. O

Remark 3.3.9. Let K denote the field of complex numbers C. It follows that
the commutator subgroup of C is {1}. This indicates that the matrix T in The-

orem 3.3.5 runs as the identity matrix, leading to the Dieudonné determinant



95

in accordance with the standard determinant. For any matrix A belonging to

M, (C),

A is a product of four Hermitian matrices if and only if det(A) = a for some

a € R.



CHAPTER IV

DECOMPOSITION OF MATRICES OVER
QUADRATIC RING OF INTEGERS

This chapter comes with two sections. In the first section, we provide
a unique category of non-column-row matrix as well as a requirement that an
element in Ox must be satisfied for belonging in each entry of each matrix in
this classification. In the second section, we provide the factorization of a matrix
into the product of two idempotent matrices in a certain configuration. In the
last section, we also provide conjectures on the factorization of a matrix into two

idempotent matrices based on specific cases.

4.1 A special class of non-column-row matrices

In this section, we will begin by examining the following definition of a
column-row matrix. Let R be a ring. In [9], a matrix A € My(R) is said to be a

column-row matrix if there exist a, b, z,y € R such that

a ar ay
A= b (:1: y>= bxr by

Furthermore, in [9], Cossu and Zanardo showed that if A € M, (R) is a singular
matrix and the ideal generated by the elements in the first row is a principal ideal,
then A is said to be a column-row matrix. Subsequently, in [17], they reached the

following conclusions regarding the column-row matrix.

Theorem 4.1.1. [17] Let O be the ring of integers over any real quadratic
number field. Any column-row matriz over Ok 1s a product of idempotent matrices
over Ox. In particular, every singular matriz in My (Ox) having at least one row
or column whose elements generate a principal ideal is a product of idempotent

matrices over Og.
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In the same paper, they [17] also explored the factorization of certain special

matrices over Ok in the form

p =z
Ap2) = | gy
z P

where p is a prime integer, which is an irreducible but not prime element in O and
z € Oy such that the ideal generated by p, 2, (p, z), is a non-principal ideal. The

authors additionally determined the following problem within the same paper.

Problem 4.1.2. [17] Let p be a prime integer which is irreducible but not prime in

O and z € O be such that (p, ) is a non-principal ideal. Does the factorization

a b

¢c 1—a

[4

l—a

Ap,z) = (4.1.1)

)

o1 2l

for some a, b,c € O with a (1 — a) = be, always hold true?

In this thesis, we constantly denote D as a positive square-free integer and p
as a prime number that is irreducible but not prime in Oy. A characterization of
2z € O for which (p, z) is non-principal can be determined via the set I,(D) (the
set of all non unit z € Ok for which z ¢ (p) but there exists m ¢ (p) such that
zm € (p)) for a given D and p as described above. Exactly, this concept points
out that

Proposition 4.1.3. For any element z € Ok, we have z € I, (D) if and only if

(p, 2) is a non-principal ideal.

Proof. Let z € I,(D) and assume for a contradiction that (p, z) = (c) for some
¢ € Ok. Since z € L(D), there exists m ¢ (p) such that zm = pl for some
m, 1 € O. Since p € (p, z) = (c), there exists a € Ok such that p = ca. By using
the fact that p is an irreducible element, we have that ¢ or a must be a unit in Ok.
If ¢ is a unit, then (c) = Ok. So, 1 € () = (p, 2); namely, there exist 2,y € Ok
such that pz + 2y = 1. Then,

m = prm + zmy = pzm + ply = p (zm + ly) € (D),
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which is a contradiction. However, if a is a unit, then (p) = (ca) = {c). This
means that ¢ = pn for some n € Ok. Since (p,z) = (c), there exist Z,y € Ok

such that pz + z = cy. Then, we have

chy_Pfc:Pny_Pm':P(ny“x) € (p),
which is a contradiction. Thus, (p, z) is a non-principal ideal.

On the other hand, we suppose that (p, z) is a non-principal ideal and assume
for a contradiction that z ¢ I,(D). By assumption, we have zm ¢ (p), for any
element m € O such that m ¢ (p). Since z ¢ (p), Z ¢ (p). By choosing m =,
we conclude that k := zm = ||z|| ¢ (p); i-e, k € Z and ged (p, k) = 1. Then,
Theorem 2.1.3, there exist z,y € Z such that

1 = pz + ky = pz + 22y € (p, 2).
This implies that (p, 2) is a principal ideal, which is a contradiction. So, z €
L,(D). d
Additionally, we prove the following proposition.

Proposition 4.1.4. Let z € I(D). Then, the following statements are true.

(1) p| 2|l and

(2) z € I,(D).

Moreover, for any integer t € Z,

(Z U O UtOE) NI(D) = 0.

Proof. Let z € L,(D). To prove (1), we assume for a contradiction that p ¢
llz||. This argument suggests that ged (p, ||z]]) = 1. Consequently, according
to Theorem 2.1.3, there are integers z,y such that pz + llz|ly = 1. That is,
pz+27y = 1 and hence, (p,2z) = (1) isa principal ideal, resulting in a contradiction

with Proposition 4.1.3.
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In order to prove (2), we again suppose for the interest of contradiction that
Z ¢ I,(D). According to Proposition 4.1.3, (p,Z) forms a principal ideal, hence

implying that (p, 2) is also a principal ideal, resulting in a contradiction.

For the last statement, we propose a contradiction that there exists a €
(Z U O UtOK) N I,(D) for some t € Z. If a € Z, then a® = |ja|| and by (1), we
have p | a%. So, p | a and thus a € (p). This shows that a ¢ I,(D); therefore ti
is a contradiction. If a € OF, then (p,a) is principal; that is, a ¢ I,(D), which
implies a contradiction. Finally, we suppose that a = tu for some u € Og. If p | £,
then (p,a) = (p,t) = (p), a contradiction. Furthermore, if p {t, then p 1 ||al|, as
confirmed by

£2 = it = {[tlllull = lltwl| = llall

So, by (1), a ¢ I,(D), which leads to a contradiction. O

It is important to observe that A (p,Z) = A (p, z)t, and the continued existence
of idempotent factorization under the transpose operator allows us to conclude

that:

Remark 4.1.5. For z € I,(D), A(p, z) admits a factorization of the form (4.1.1)
if and only if A (p,Z) admits a factorization of the form (4.1.1).

The following examples are examples of non-column-row matrices whose ad-

mit idempotent factorization is in the form (4.1.1).

Example 4.1.6. [10]
3 1+ /10 24210 7+ V10 2 — 24/10 —6
1-4/10 -3 —6 -1-2v10 7-4/10 -1+2V10

o Vo) [ 6+2v/10 4+v10 | [6-2VI0 -10+3VI0
- ~ \_i0-3v10 -5-2vi0) \4—-vI0 -5+2v10)
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4.2 Idempotent factorization over quadratic ring of inte-

gers

In this section, we focus on the conditions under which A (p, 2), for each
z € I,(D), satisfies the decomposition defined by the equation (4.1.1). In particu-
lar, we firstly investigate the idempotent factorization of A(p, 2), for z = a+bvD,
by using the information form z and p as in the following form:

2 T z

A, 2) =\ 1y L, , (4.2.1)
P

L=l
P
—Z

1

8]

for some z € Ox. The following equations are necessary for this particular form

of decomposition via simple computation for z = a + b D:

p = 2+l
z = z@—i—x(l—?),

=l _ (=l 2 -
P ( p ) N (422)
z(l—2) = a:ﬂ;—“ (4.2.3)

Note that ||1 — z|| = ||z]| — 2a + 1. By multiplying the equation (4.2.2) by p, we
get that
plzl = lzl” +P*ll=ll - 2% +p°
0 = |zl + (#* - p) 2]l — 2pa+p*

We can solve the quadratic Diophantine equations by using the techniques for

such problems, as both ||z|| and a are variables, to get that

Izl = p(2pt+1)
+1

a = 2t +pt(p+1)+ p——2—,

for some ¢ € Z. Since ||z|| = a® — Db?, by direct computation, we have

+1\?
Db? = 4p*t +4p%t% (p + 1)+20%° (p + 1)+pt (o + 1)°+p%% (0 + 1)%+ (pT) —2p%t—p.
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Under the assumption that a is an integer, it follows that p = 3 (mod 4). This
implies that Db? = (”;—1)2 — 2p%t — p (mod 4). Hence,

Db =2t+1 (mod 4).

Since z? = 0,1 (mod 4) for every z € Z, we are going to investigate b% in the
following two cases. A contradiction will result if b2 =0 (mod 4), since 2t+1 = 4h
for some h € Z. In particular, if b> = 1 (mod 4) and D = 3 (mod 4), then we
have t = 1,3 (mod 4). By Equation (4.2.3), we get that, for z = m +nvD,

z(1-2) = <’rrH—n\/—l_)_>“—;ﬂ
a+bvD —a® — Db* —2a0VD = (m—i—m/ﬁ)“—;#

—2Dv b-—
B4 Izl

It can be readily confirmed that, specifically for the case when p = 3, the norm
|l2]| = 18t+3. By direct computation, ||z]| | a - 9Db? = —648t* — 86413 — 414> —

48t and ||z|| | 1 — 2a = —36t> — 24t — 3; namely, 9—‘%,"—]3—“{" € Z. By these

computations, we obtain the following examples:

Example 4.2.1. When p = 3 and t = 5, we have

3 512+ /262,061\
512 —

/262,051 31
512 + /262,051 5,627+ 114/262,051 512 — /262,051 31
31 —511 — /262,051 5,627 — 114/262,061 —512+ /262, 051/

Example 4.2.2, When p =3 and t =3, we have

3 200+ /39,943 _
200 —

/39,943 19
9200 + /39,043 —4,197 + 21,/39,943 200 — /39,943 19
19 —199 — /39,943 41972130943 —199+ /39,943 )

According to Example 4.1.6, we customize the structure presented in equation

(4.2.1) to the following form: For any element z € I,(D) with ||z[| = —p?,
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az T aZ —o
Alp,7) = ") (424
—ap 1l—-oaz T 1—oaz
for some z € Ox. We note that |1 — az|| = o?||z|| — 2021 +1 = —a®p® — 20z + 1.

By direct computation, we have:

p = |zl + =l
z = olzp+2(1—az)
—p = o’p’+ ||l -az (4.2.5)

az(—az) = —xzop. (4.2.6)

According to Equation (4.2.5), it follows that —p = o®p®+ (—a?p?—2az+1).
This indicates that 2cz; = 1+ p, leading to the conclusion that o = 12—“;;’3 We now
assume that a € Z. For any element z = x; + 157/ D, by Equation (4.2.6), we

have

—2z(1—az) = —(z1+ To)p
2 — a(22 — D2%) + (22 — 202129) VD = pzy + pzaVD.

So, we have that

m—(%ﬂ@ﬁ+ﬁ)

p
22— (2 41 + 2p2f + 1Y)
- 2z1p
__2 2 _ M2 1 ].
D23 p@+):_h_ﬁgilez
21921 221
and
2z122(14p)
-2 20— —5, - -1
—T9 = 22 21220 e 2 221 = 22 2 (p ) = —2Z9 S Z
p p p

Determined by the previous discussion, we can derive the following observation.

Remark 4.2.3. Let p be a prime integer that is irreducible but not prime in Ok
and z = 21 + 2V D € I(D) with ||z]| = —p?. If 1 | L2, then A(p,2) admits

idempotent factorization in the form (4.2.4).
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Example 4.2.4.

19 1++v362) [10+ 10v/362 191 + /362 10 — 10+/362 -190
1—+/362 -19 —190 -9 — 10362 191 — /362 —94 10+/362 .

Usually, one can additionally determine directly that A (p,z) can be repre-

sented as a product of two idempotent matrices in the following way:
a b d e
A(p,2) =
c 1—a f 1—-d

p = ad+bf

if and only if

z = ae+b(l—d)

Z = cd+f(l—a)
Iz

. ce —a)(1-
k= ralli + (1 —a)(1-d)
a(l—a) = bc

d1-d) = ef,

for some a,b,c,d,e, f € Oc. Some of the above relations are redundant, which

can be reduced to the following lemma:

Lemma 4.2.5. Let z € I,(D). For elements a,b,c,d,e, f € Ok, we have that

a b d e
A(p,z) = BC where B := and C := :
c 1—a f 1—-d

are idempotent matrices if and only if

p = ad+bf (4.2.7)
z(1—a) = kb (4.2.8)
Za = pc (4.2.9)
2d = pe (4.2.10)
Z(1-d) = kf. (4.2.11)
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Proof. Since B, C are idempotent, BA(p, z) = A(p,z) and A(p,2)C = A(p, 2).
For BA(p, z) = A(p, 2) we have (B — I)A(p, z) = 0. Then,

(a—1)p
(a—1)z
cp

a(l—a)

—bz (4.2.12)
—bk (4.2.13)
aZ (4.2.14)
bk (4.2.15)
be. (4.2.16)

We should note that (4.2.12) is the result of multiplying (4.2.13) by Z, while
(4.2.14) is derived from (4.2.15) multiplied by Z. Additionally, (4.2.16) is derived
from (4.2.13) and (4.2.14). The previous relationships can be simplified to:

(1—a)z

za

kb

pc.

In an equivalent way, applying the same procedure to A(p, z)(I — C) = 0 yields

the following relations:

(1-d)z
zd

kf

pe.

On the other hand, we assume that the equations (4.2.7) to (4.2.11) hold
true. Therefore, the multiplication of equations (4.2.8) and (4.2.9) illustrates that
B is an idempotent matrix. The equations (4.2.10) and (4.2.11) illustrate that

C qualifies as an idempotent matrix. By multiplying equations (4.2.9), (4.2.10),

and (4.2.11) by 1 — @, 1 — d, and e, respectively, and applying the subsequent

equations:

]|
Il

cd+(1—a)f

z = ae+b(l—d)
k = ce+(1—a)(l—-4d),

thereby concluding the proof.
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Within the framework of D, the quadratic ring of integers Oy can be explicitly
defined in respect to the quadratic number feld K. We divide our computation

into two separate cases according to the variable D.

case 1: D=1 (mod 4) with z in the form 11—“21‘/—5 and z; = 2z (mod 2)

case 2: D=1,2,3 (mod 4) and 2 =21 + 207/ D for some 21,22 € Z.

To establish necessary and sufficient conditions for the idempotent factoriza-
tion of a matrix A(p, z) € My(Ok) into two idempotent matrices, it is sufficient,
according to Lemma 4.2.5, to establish the existence of elements a,b,c € Ok that
satisfy equations (4.2.8) and (4.2.9), as wellas d, e, f € Oy corresponding to equa-
tions (4.2.10) and (4.2.11). Additionally, the elements a, d, b, f have to fulfill the

conditions described in equation (4.2.7).

Case 1: The existence of ay, as, by, bg, €1, C2 € Z withag = a3 (mod 2), by = b2
(mod 2), and ¢; = ¢z (mod 2) must be established is equivalent to

<Z1+22\/ﬁ> (1_ a1+a2«/5> ok <b1+bz\/_D—>
2 2 2

<Z1 - 22\/_D> (al + az@) _ <C1 + 02\/5>
2 ) =P ) !

and is equivalent to

za1 — 22Day  —2pcy = 0

—2901 + 2102 —2pcs = 0

z1a1 + z2a2D +2kby = 2
2901 + 2102 +2kby, = 22z9.

To determine the existence of ai,ag,c1,C2,b1,b2 € Z, We initially solve the pre-
viously mentioned system of linear equations (with variables a1, as, b1, by, c1,C2)
with the Gauss-Jordan elimination algorithm (over ) and subsequently focus

strictly on integral solutions. The row-reduced echelon matrix for the previously
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mentioned system is obtained by direct computation as follows:

1 000 z =z2D )
2p 2p
2p 2p

2,2

Z1+22D —2z120D 21

0010 I =24 !
2.1 ,2

—2zzy Zt#D —2p

0001 =z 2 s

Then, for integers by, by € Z with by = by (mod 2), we have that

4p - Zlbl + Z2b2D

b - & (4.2.17)
22b1—21b2
_ 4.2.18
as —2p ( )
(212
6 = (22 + 22D)by + 2212, Dbs + 421p (4.2.19)
4p?
(.2 2 —
. - 221 22b; (21::219)52 420 (4.2.20)
D

We observe that since z; = zp (mod 2) and by = by (mod 2), it implies that a; =
as (mod 2) and ¢; = ¢ (mod 2). In a similar way, by repeating the previously
mentioned procedure using equations (4.2.10) and (4.2.11), for integers fi, f2 €2,

we likewise obtain that

dp — 21fr — z2foD

d

1 2
dn = 2fi+ 212

= ===

2p
_ —(A+2D)by — 212Dfs +421p
ep = 4p2
22122b1 + (Z% + Z%D)fg - 422p

€y = 4p2 .

Remark that since z; = 2z (mod 2) and f; = f» (mod 2), we have d; = dp
(mod 2) and ey = e; (mod 2). By relation (4.2.7), a = (a1 + asV'D)/2,b =
(by + byv/D)/2,d = (d1 + dpvD)/2 and f = (fi + fv/D)/2 must satisfy the

condition Cy:

0 = (p+k)bifi+ (p+k)Dbafo—21(b1+ f1) + zo(ba — f2) +4p — 4p*
0 = 4p2(bafy +bife) + Z2(bofy + bife) — BD(baf1 + bife) — dp (b2 + fo) + dpzy(by — f1)-
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Case 2: The existence of a1, as, by, ba, ¢1, €2 € Z must be established is equiv-

alent to

(71 + 22\/5)(1 —-ay — aQ\/E) =
(21 — 22\/5)(041 + az\/ﬁ) =

and is equivalent to

zZ101 — ZzDaz
125 + 2109

za1 + Z2a2D

2oy + 2109

—pa

—DpC2

+kby

k(by + bpv'D)
p(ci + Cz\/ﬁ),

0
0
21

29.

By direct computations, the row-reduced echelon form of the previously mentioned

system is

o O =

0

0
1
0
0

oo a ==
p p

00 = 21
p P
2p

1 0 11‘;‘:2 27;2zzD

O 1 —-2z132 z%+z§D
»? p?

Then, for integers by, by € Z, we have

ax

)

1

Co

p— 21b1 + 2902 D

D
29b1 — 21bo

p

—(22 + 22D)by + 22129 Dby + 21p

»alé B O =

(4.2.21)

(4.2.22)

p2

22122b1 - (Z% + Z%D)bg — Z9p

p2

(4.2.23)

(4.2.24)

In the same way, we were able to determine that for integers f1, f2 € Z by repeating

the process described above with equations (4.2.10) and (4.2.11).
p—afi— zfeD

dy
do
€1

€2

p

—2z9f1 — 21f2

p

—(22 +22D)fr — 2z120Dfa + 21p

— 2 290f1 — (22 + 22D) fo + zop

p2

p2
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By relation (4.2.7) with a = a1 + asV'D,b = by + bov/D,d = di + dov/D and
f = f1+ fo/D must satisfy the condition Cy:

0 = (p+k)bifit (0+Kk)Dbofs — 21(br+ fi) + 2(ba— f2) +P =P’

0 = pP(bafy + bifo) + 2 (bofy + brfo) — 23D (bafr + brf2) = pz1(by + fa) + pz2(br — f1)-

In the two cases discussed, specifically when f; = by and fo = —bg, this comes
from @ = d and b = f. This suggests that the conditions C; and Cp have been

changed as follows:
0 = (p+ k)b — (p+k)Db — 221b1 + 22bs D +4p — 4, (4.2.25)
and
0 = (p+k)b?— (p+k)Dbs — 221b1 + 222 Dby +p — p?,  (4.2.26)

respectively, where k = ||z||/p. We now provide a necessary and sufficient con-
dition for the idempotent factorization in the form of equation (4.1.1), expressed
through a system of quadratic Diophantine equations, compared to a system of

equations within the ring of integers.

Theorem 4.2.6. Let z € I,(D). Then, A(p,z) is a product of two idempotent

matrices as in equation (4.1.1) if and only if

case 1: the system of equations (4.2.17) to (4.2.20) and (4.2.25) has an integral

solution,

case 2: the system of equations (4.2.21) to (4.2.24 ) and (4.2.26) has an integral

solution.

The previously mentioned theorem suggests that, generally, the condition for
idempotent factorization depends on the five equations. For each of the variables
p, D, and z € I,(D), only one equation is sufficient to determine the idempotent

factorization.

Corollary 4.2.7. Let D = 2 (mod 4) and k = 3 (mod 4). Let z € I(D) in
which ||z|| = 2k. Then, A(2,2) is a product of two idempotent matrices as in the
equation (4.1.1) if and only if the quadratic Diophantine equation

0 = (2 + k)b — (2 + k) Db2 — 221b1 + 222 Dby — 2 (4.2.27)
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has an integer solution.

Proof. Suppose that A(2, z) can be written as a product of two idempotent ma-
trices of the form in equation (4.1.1). According to Theorem 4.2.6, in case 2 with

p = 2, we can deduce from the equation (4.2.26) that the equation (4.2.27) has

an integral solution.

On the reverse side, we suppose that the equation (4.2.27) has a solution.
Based on k = 3 (mod 4), it follows that ||z|| = 2 (mod 4). Let z = 21 + 2V D.
Thus, 22 +222 = 2 (mod 4), suggesting that 2; =0 (mod 2) and zo = 1 (mod 2).
The fact that the equation (4.2.27) has a solution by, by € Z, it follows that
0= b2+ 2b2 +2 (mod 4). This implies that b; =0 (mod 2) and by =1 (mod 2).

We can now express
21 = 2hy, 2o = 2hy + 1, by = 2hs3, by = 2hs +1 and D = 4hs + 2

for some hy, ha, hs, ha, hs € Z. According to equations (4.2.21) to (4.2.24), we

obtain that the following are all integers:

a; = 1—2hihs+ (2hs+ 1)(2hs +1)(2hy +1)

gy = ha(2hs 1) — hy(2hs +1)

61 = —hg(2h? + (2hy + 1)2(2hs + 1)) + 2h1(2he + 1) (2ha + 1)(2hs + 1) +
¢y = 2hiha(2ho+1) — h2(2hy + 1) — (2hg + 1)(2hohs + ha + s + 1).

a

Example 4.2.8. Forp=2and z = /10, we have that a solution of the quadratic
Diophantine equation 322 +20y2 + 20y —2=0isz = 4and y = 1. Then,
according to Corollary 4.2.7, we note that

hi=hy=hy=0,hg =2,hs =2.

Hence, by direct calculation, we have

2 VI0\ [ 6+2/10 4+V10 6 —2v/10 —10+3v10
_Ji0 -5) \-10-3y/10 -5-2v10) \ 4-vI0 -5+2V10 '
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In order to demonstrate that conjecture 4.1.2 holds true for z € I,(D) with

||z]| = —p?, the following lemmas are required.
Lemma 4.2.9. Let z € I(D) with ||z|| = —p*. Then,
ged(2y, 22D) = 1,

for z =2+ 20V D or z= (21 + 20V D) /2 where 21,23 = 1 (mod 2).

Proof. In this proof, we categorize our statement into two distinct circumstances
based on the structure of z. In the beginning, our focus is on z = 21 + zVD €
I,(D). Let d = ged(21, D). Therefore, dis a divisor of 21, and d is also a divisor
of zD. This suggests that

1) (2 - D),

where 22 — Dz} = —p?. The possible values of d are 1,p,p*. If d = p, then
p divides z; and p divides zD. This shows that p? | D23, given that p? | 22
and p? | (22 — D22). If p { D, then p® | 23, which implies p | 2o; consequently,
p | 2, leading to a contradiction. However, if p | D, then p | 23, resulting in a
contradiction. If d = p?, then p? | z; and p? | 22D. Assuming that D is square-
free, it follows that p | z; and p | 2, leading to a contradiction. Consequently, it

could be determined that d = 1.

In the alternative case, where D = 1 (mod 4) and z is expressed as —z—li—z;—‘/—D—
with 21,2, = 1 (mod 2), it follows that 22 — 23D = —4p”. We have determined
that d | (22 — Dz3) where 2} — D23 = —4p?, where d = ged(2, 2, D). The possible
values of d are 1,2, p, 2p, 4p, p%, 2p%, 4p?. 1f 2| d, then 2 | z;, which contradicts the
fact that z; = 1 (mod 2). If p | d, then p | 21 and p | 22D. This indicates that
p | 22, given that p? | 22 and p? | (2} — Dz3), with D being square-free, leading to

a contradiction. This suggests a d = 1. )

The following lemma demonstrates that if z € I»(D), then 2] # —4.

Lemma 4.2.10. Let z € Ox with ||2|| = —4. Then, (2,2) is a principal ideal.

Proof. We have now established the assumption that 22 — D22 = —4. We first

examine a case in which D is an odd square-free integer.
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Casel: z is an even number. Consequently, 2, must be even, indicating that z €

(2). Therefore, it implies that (2, 2) = (2) is a principal ideal.

Case2: 2z is an odd integer. So, z, must be odd. Then, there exist m,n € Z such

that
—4 = (2m+1)2-D(2n+1)?
= 4m?+4m — 1+ D(—4n* —4n—1)
= 4(m?—-Dn*+m—-nD)+1-D.
So, D =1 (mod 4). Now, we obtain that
s=n+2VD = @m+1)+(@n+1)VD
= 2 (m+n\/5+ (1 +2\/Tj>>

e (2).

Next, we turn to a case in which D is an even square-free integer. Given the
condition that 22 — DzZ = —4, it follows that 2z must be an even integer. If 2, is
also even, the evidence is complete. If 2, is odd, then there are integers m and n

such that
—4 = 4m?-D(4n*+4n+1)
= 4(m?— Dn®— Dn)— D.

Therefore, D = 0 (mod 4), resulting in a contradiction. O

According to Lemma 4.2.10, the prime numbers referenced in the following

theorem are indeed odd.

Theorem 4.2.11. Let z € I,(D) with ||z|| = —p®. Then,

A(p, 2) can be written into the form of equation (4.1.1).

Proof. In this proof, we partition the proof into two sections based on the form
of z: 2= (21 + zvD)/2and 2 =z + 207/ D, where 21, 25 € Z. By Theorem 4.2.6
with k = ||z||/p = —p, for 2= M, the equation (4.2.25) becomes

2p - 2p2 = Zlbl - Zng.D.
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By applying Theorem 2.1.3 and Lemma 4.2.9, there exist z,y € Z such that
1 = z1z + (—2,D)y. For each m € Z, we let

by = 2x(p—p*)— zomD

by = 2y(p—p°)—ma.
When we consider D =1 (mod 4) and z; = 22 (mod 2), this implies that by = by
(mod 2). By substituting by, by in the equation (4.2.17), we obtain that

4p — z1(22(p — p*) — z5mD) + z(2y(p — p°) — m21)D

a; =

2p
_ -z —p’) + 22y —p)D
2p
1- 1-
= 2(1- Loz + ngDy) € Z.

2

Similarly, by substituting b, bz in the equation (4.2.18), we obtain the following;:

zo(2z(p — p?) — z2omD) — z1(2y(p — p?) —mz)
2p
—dmp? + z(2z(p — p*)) — 21(2y(p = P*))
2p
= —2mp+ zz(l—p)) — z1(y(1 —p))

1-p 1-p
5 “2y— ) € Z.

as =

= 2(—mp+ 2z

The assumption is that p is an odd integer, then (1 —p)/2 € Z. Therefore,
41 = ap (mod 2). This is important to note that 2} + 22D = 2z} + 4p?, when
||zl = (2% — 22D)/4 = —p®. Then, by substituting by, b, in equation (4.2.19), we
obtain the following:

—(22 + 22D)(2z(p — p*) — 22mD) + 22123 D(2y(p — p?) — mz1)) + dpz1

c1 =

4p?
_ —(222 + 4p?)(22(p — p2) — zamD) + 22122 D(2y(p — p%) —mz)) +4pz

4p?
_ —424x(p —p?) + 222emD — 8p2x(p — p?) + 4p>zemD + 42122 Dy(p — p°) — 223 zomD + dpzy
= e
_ —422z(p — p?) — 8p%z(p — p°) + 4p°zomD + 42129 Dy(p — p?) + dp21

4p?
_ 4pzy (—z13(1 — p) + 22Dy(1 —p) +1) — 8px(p — p?) + 4p*zomD
4p?
Ap?zy — 8p2x(p — p?) + 4p®2emD

4p?
= 2z —2z(p—p°) + 2omD € L.
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It is important to note that 22 + 2P = —4p®+ 223D, when ||z{| = —p?. Then,
by substituting by, by in equation (4.2.20), we obtain the following:

92129(22(p — p?) — zamD) — (23 + 22D)(2y(p — p*) — m21)) — 4pze

Cy =

4p?
_ 2z129(22(p — p?) — zomD) — (—4p* + 222D)(2y(p — p?) —mz1)) — 4pz;
= -
_ dzizmz(p - p®) — 22122mD + 8p’y(p — p?) — 4p*maz; — 423yD(p — p%) + 22122 Dm — 4dpzy
= =
_ tnns(p— ) + 8%y~ 1?) - 4Pma — 43yD(p — 1) — P2
4p?
_ 4pn(zs(l-p) - 2Dy —p) - 1)+ 8p%y(p — p*) ~ 4p*ma
4p?
—4p?2 + 8p°y(p — %) — dp’ma

4p?
= —29+2y(p—p?) —mz €L
Since 2, = 2, (mod 2), it follows that ¢; = co (mod 2) for every integer m € Z.

According to Theorem 4.2.6, A(p, z) possesses an idempotent factorization in the

form of Equation (4.1.1).

In case 2, by Theorem 4.2.6 with k = —p, z = 21 + 2V D, and ||z|| = —p?,
the equation (4.2.26) is transformed into the following:

—p(p — 1)

) = Zlbl — Zngz.

Once again, Theorem 2.1.3 and Lemma 4.2.9 demonstrate that there exist z,y € Z

such that 1 = 217 + (—2D)y. Now, for any integer m € Z, we have

1_

b, = E&Zﬁ_zmp
]__

b, — :t/p(2 D) _ .

By substituting by, by into Equation (4.2.21), we obtain that

zp(l — 1-—
pay = p— Zl(—p—(—2—i) - szD) + Zz(-yzi—z—p‘)‘ - le)D
zp(l — 1-—
puy = p—z p(2 P, ,wl-p)
2
p(1~p)

pay = p+ 5

-1
a = 1+_2_EZ

Similarly, by substituting b;, b, into equation (4.2.22), we also obtain that
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zp(1 1-—
iy = 2 p(2 p)_227711))_21(1/:/9(2 p) mz)
1-— 1-—
Pag = P2l 2p—Pz1y 5 +m(zf—z§D)
1— 1-p 2
Paz = P2l —Dpx1y —mp
2 2
1— —
g = 2T zp—zly p—mpEZ

Denote that 22 + 22D = 227 + p?, because 2| = 2} — 22D = —p®. Then, by
substituting by, by in equation (4.2.23), we obtain that

(1-p)

Pl = —(£2+ ng)(ﬁ(%——p—) — zomD) + 22122D(yp 5 mz1) + 2P
pley = —(222 +p2)(fp—(lé——p) — zomD) + 2212217(@(_12——1)—) —mz) + %P
p’c = —223331)—(1—2——;02 - p2mp(—1§_—p)— + mp?zD + 2zlzszp(1 —r) + z1p
pPc; = —2z1(zlmp(1 ; p) _ ngyIﬂ;—pZ) +zip+ p2(—:v1£—2——‘9 + mzD)
pPa = zplp—1)+2p +p2(—wz—)(1—2—ﬂ +mz D)
p’a = P - xl%ﬂ + mzD)

a6 = 2z — xz—)(Lz——pz +mzoD € Z.

Since |z|| = —p?, it follows that 27 + 23D = —p? + 222D. Then, by substituting
by, by in equation (4.2.24), we obtain the following:

zp(l — 1-
Pep = zz1z2<i(2——@ — zmD) — (2 + z%D)(ﬂ'iz—p—) —mz;) = 2P

pley = 2zlzzxp(1 2— p) —i—p2(yl—)ﬂg—p2 —mz) —- 2z§DyI—)(—1—2——pl — p2y
pPey = p’ (ylll—z——p) — mz1) + 2Z2(z1:v2—9(1—2_£) — Z2Dy£(_12__p2) — Pz
PP = p° (y?%ﬂ —maz1) + 2zz(zlwp—(17—P—) + 2p(1 — p) — Pz
pPer = pz(yp(—lé_—pl —mz) + 222(»2151327—(1—;—@ — zp”

Cy = yp—(l—:ﬁ—mzl—@ € 7.

2

By Theorem 4.2.6, we can conclude that A(p, z) admits an idempotent factoriza-

tion in the form of Equation (4.1.1). O
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According to Theorem 4.2.6, it is evident that the idempotent factorization
in Cossu and Zanardo’s conjecture is unable to be unique by selecting a different
integer m. An additional example of factoring A(3,1 + V/10), different than the

one in Example 4.1.6, is there:

94+5/10 174 2/10 9510 —16—+10
16410 —1-5v10/ \17-2V10 —1+5v10

91910 —36—6+/10 9+ 19¢/10 64+ 7V/10
64 — 7/10 —1+19v/10 —36+6v10 —1—19/10
2+8/10 27+ 3v10 9—8/10 -—26—2V10
26 +2/10 —1—8V10 97— 3v/10 —1+8V10

9 4y/10 —13—14/10 9—4y/10 14+2/10
14—2/10 —-1+4V10 13+ 14/10 —1+4v10

etcetera. If A is idempotent, then for every invertible matrix X, the matrix

A(3,1+V10) =

X—AX is also idempotent. The following observation inspiredy us to regard z as

the fundamental solution of generalized Pell’s equations.

Remark 4.2.12. Let z € I,(D). If A(p, z) admits idempotent factorization, then

A(p, zz) does also, for any element z € Ok with ||z|| = 1.

Proof. Let z € Ok with ||z|| = 1. It follows that 27 = 1. This indicates that

7 — z~1. Assume that A(p,z) = BiBs-:+ B for some idempotent matrices
B; for i = 1,...,m. Set X = diag(1,z). Then, X-1 = diag(1,%Z). By direct
computation, we have
Alp,zz) = X tA(p,2)X

= XY BBy Bm) X

= X'B; (XX—l) B, (XX‘I) e (XX—l) B,X

= (X‘lBlX) (X—leX) (X—leX)
is a product of idempotent matrices. O
From this observation, we derive that for the given Zp = (1 + \/—1@ . (19 + 6\/T6)k

for k € Z, the matrix A(3, Z;) admits idempotent factorization in the form given

by (4.1.1).
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In 2021, Matthews and Robertson [63] presented a novel method for solving
the binary quadratic Diophantine equation az? +bry +cy? +dz+ey+f=0 by

converting it into the Florida transform in the following equation:
ang2 + brese XY + cr%Y2 =M,

where M = —r2s2 (ae® — bde + cd® + fA1) /Ay, ri/ro = /A and s1/82 = B/ D,
so that ged(ry,rs) = ged(sy, s2) = 1, when Ay = b2 — dac, o0 = 2cd — be and
B = 2ae — db. By applying the Florida transform to equation (4.2.26), we get
that, for any z € I,(D),

X2 -DY?=(p+k— 1) (4.2.28)

where ged(p + k, z1) = ged(p + k, 2) = 1. Utilizing Lemma 2.3.6, we derive the

following corollary.

Corollary 4.2.13. Let z € I,(D) with D = 2,3 (mod 4). Suppose thatpt D and
ged(p + k, 21) = ged(p + k, z2) = 1. If the Kronecker symbol of (I;_rl,zfll) = —1,
then A(p, z) cannot be written in the form (4.1.1).

Proof. According to Lemma 2.3.6, if (I—ZTQ_T‘) = —1, then the congruence z2=D

(mod |p + k — 1|) does not have a solution. Consequently, the equation (4.2.28)
also does not have a solution. This shows that the equation (4.2.26) does not have
a solution. According to Theorem 4.2.6, A(p, 2) cannot be expressed in the form
(4.1.1). O

It is important to observe that the Kronecker symbol (l1—7°|> = —1. According
to Corollary 4.2.13, it follows that A(3,5 + /10) and A(3, —5 +v/10) cannot be
represented in the form (4.1.1). Furthermore, for z € I,(D) with D = 2 (mod 4),
we provide an example demonstrating that A(p, z) cannot be decomposed in the

form (4.1.1) as the following.

Corollary 4.2.14. Let z € I,(D) with D = 2 (mod 4), p = 3 (mod 4)and p +
Izl = 2 (mod 4). Then, A(p, z) cannot be written in the form ({.1.1).

Proof. Assuming that we have p —p?> =2 (mod 4) and llz|| = 1 (mod 4). There-
fore, the equation p — p? = 4t + 2 holds for some integer ¢ € 7. This implies that
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2

2 =1 (mod 2). With regard to iz =1 (mod 4), it follows that z is an odd

integer. According to Equation (4.2.26), it follows that

0 =2b3 + 226 +2 (mod 4).

This suggests that 2 = 2(b1(by +21)) (mod 4). For integers by and 21, in which 2
is an odd integer, it follows that by(b1 + 21) = 0,2 (mod 4). This implies 2 =0
(mod 4), leading to a contradiction. Therefore, there are no integers by, by that
satisfy the equation (4.2.26). According to Theorem 4.2.6, it can be concluded
that A(p, z) cannot be written in the form (4.1.1). O

For example, when z = 1 + 24/10 and p = 3, the conditions of Corollary
4.2.14 are satisfied, indicating that A(3,1+ 2+/10) cannot be written in the form
(4.1.1). Moreover, if we assume that A(3, 1+2+/10) is a product of two idempotent

matrices, namely,

a; + az\/l_O by + bg\/ﬁ di + dz\/i_(j e; + egm

A(3,14+2v10) =
e +cv/I0 1—a; —agv/10 fi+ f2v/10 1—dy — d2v/10

for some ay, as, b1, be, ¢1, €2, d1, d2, f1, f2 € Z, then by Lemma 4.2.5, the equation

system:
3 = a1d1 + 10a2d2 + blfl + 10b2f2, (4229)
0 = d1a2 + d2a1 + b1f2 + b2f1, (4230)
b _1—a1—20a2 e _d1+20d2
1= —13 ) 1= 3 )
—2—20,1—02 _2d1+d2
b= =" “="3
. a,1—20a2 f _ 1—d1+20d2
a="3 > ! 13
c _—2&1+(12 f _—2+2d1—-d2
T 2T T3

must have an integral solution. Utilizing the modulo technique to resolve the

aforementioned system of equations, it is imperative that we have

ap = 3901 —"Tap—12

dy 39n + Tdy + 27,
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for some I,n € Z. So, we have that by, b are in terms of l,ay and fi, f2 are in
terms of n,dy. By substituting the values aj, as, di, ds into the equations (4.2.29)
and (4.2.30), we obtain a system of Diophantine equations that

3 = 1170nl 4+ 210ld, + 8191 — 210nay — 345n — 147ay — 65dp — 242
0 = 30ldy — 12n + 21ap — 11dy + 30nas — 8.

Unexpectedly, according to an online calculator for Diophantine equations in [64],
we find that the given system of equations does not have a solution that is an
integer. Therefore, it follows that no two idempotent matrices over Z[\/10] can
be expressed as a product of A(3,1+ 2v/10). We have also used this method on
several additional matrices, such as A(7,13 + 21/10), A(3,/15) and A( 7, VT7),
which cannot be expressed as a product of two idempotent matrices. Based on

these scenarios, we are compelled to believe that:

p

zZ

Problem 4.2.15. Let z € I(D). If can be written as a product of two

"3

z
idempotent matrices, then is a product of idempotent in the form (4.1.1).
Z k



CHAPTER V

DISCUSSION AND CONCLUSION

This thesis examines the decomposition of matrices whose entries belong
to two distinct algebraic structures, divided into specific cases, with the following

decomposition methods outlined:

This thesis enhances current approaches for the application of matrices over
a division ring, specifically focusing on their use with singular matrices in the
relevant context. By applying these lemmas, we demonstrate that if the center
of a division ring contains at least n + 2 elements, then any m X n matrix over
the division ring can be expressed as a product of three diagonalizable matrices
(Theorem 3.3.4). Furthermore, we establish that the Dieudonné determinant of
any Hermitian matrix over a division ring is a class represented by an element
in a fixed field (Theorem 3.2.4). We demonstrate that if the center of a division
ring contains at least n + 2 elements, then any non-central matrices over division
rings can be expressed as a product of four Hermitian matrices and a diagonal-
izable matrix, where the Dieudonné determinant belongs to a class containing 1
(Theorem 3.3.5).. Additionally, any central matrices over division rings can be
represented as a product of five Hermitian matrices and a diagonalizable matrix,
with the Dieudonné determinant also belonging to a class containing 1 (Theorem

3.3.6).

For matrices over the quadratic ring of integers, we present a necessary and
sufficient condition for the decomposition of any 2 x 2 singular matrix of a form
A(p, #) into a product of two idempotent matrices as in the form (4.1.1) (Theorem
4.2.6). In certain specific instances, we establish that the idempotent factorization
is valid when an equation possesses an integral solution (Corollary 4.2.7). We also
demonstrate that the idempotent factorization in the form (4.1.1) may not be
unique. By applying the Florida transform and Kronneker symbol, we obtain a

necessary condition (Corollary 4.2.13).

Future research could benefit from an examination of the definitions asso-



80

ciated with positive or nonnegative elements within a division ring with involu-
tion. Additionally, investigating the concepts of positive definite matrices and
positive semidefinite matrices in the framework of a division ring would be inter-
esting. Moreover, the investigation of idempotent factorization of square matrices
over the quadratic ring of integers has yet' to yield a final answer regarding the
general case of n X n matrices. In the scenario of 2 x 2 matrices, it is evident that
clear factorization is not guaranteed in general cases, as illustrated in Problem

4.2.15 of this thesis.
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