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ABSTRACT

In this thesis, we explore the relations among open, closed, and mixed string
amplitudes. Specifically, we formulate the relationship between closed and mixed
string amplitudes at the tree level. By utilizing the analytic continuation of complex
variables, we establish a factorization of closed string amplitudes into mixed string
amplitudes involving (n — 2) open strings and a single closed string. The results
demonstrate that closed string amplitudes can be expressed in terms of the product
of two mixed string amplitudes with appropriate phase factors. During the Wick
rotation, we must take good care of the branch points in the bulk of the complex
plane. It turns out that the correction terms arising from the integration along the
infinite tube encircle the branch points. The correction terms for the four-point
relation are provided. We also provide the alternative way to obtain the relation
between closed string amplitudes and mixed string amplitudes and the correction
terms for five-point. Nonetheless, the correction term could be neglected in a

certain soft limit since it is of subleading order.
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CHAPTER I

INTRODUCTION

1.1 Overview

Historically, Gabriele Veneziano proposed the dual resonance model or string
theory, which describes the hadrons and their interactions, in 1968. The scattering
amplitude of hadrons can be described by the mathematical function known as
the Euler beta function, and this amplitude is called the Veneziano amplitudes [4].
In 19691970, Nambu [5], Nielson, and Susskind [6] suggested that the Veneziano
amplitude described the interaction of a one-dimensional object called a string, not
a point particle, as usual in physics. Different kinds of hadrons can be represented
by different modes of vibration of strings. One problem is the existence of massless
spin-two particles, which do not exist in the Hadronic world. Another problem
is that we need a theory consistent with special relativity. It turns out that the
dimension of spacetime needs to be 26 for the bosonic string theory and 10 for the
superstring theory. The ground state of a bosonic string theory is tachyon, which
has negative mass squared or imaginary mass, where we can get rid of the tachyon
state in superstring theory. According to the above problems, string theory is not
a good candidate for the theory of strong interaction. As we know, the theory that
has been successful for strong interactions is quantum chromodynamics (QCD). In
1974, Scherk and Schwarz [7] took advantage of the existence of a massless spin-
two particle, which is one of the string spectra, to reinterpret this spectrum as the
graviton. This serves as an indication for the quantum theory of gravity; therefore,

string theory is considered one of the candidates for a unified theory.

The fundamental object in string theory is a one-dimensional object, which

is called a string. There are two types of strings, namely, closed strings and open



strings. In this theory, each mode of vibration of a string is interpreted as a different
type of particle. Classically, the motion of a point particle through spacetime
creates the trajectory, which is called a worldline, while the motion of a string
creates a two-dimensional surface in spacetime, which is called a worldsheet. The
action that is proportional to the area of the worldsheet is known as the Nambu-
Goto action [8]. This action is difficult to quantize because of the square root of the
action. We have an alternative action that is classically equivalent to the Nambu-
Goto action. The action is known as the Polyakov action [9, 10]. The classical
motion of a string is governed by these actions. When we quantize classical string,
the results show that the number of dimensions of spacetime is 26. Combining
supersymmetry, the number of dimensions of spacetime is reduced to 10. The
extra dimensions are extremely small and compactified. At large distance or low
energies, the extra dimensions cannot be detected. One of closed string spectra
is the massless spin-two state, which can be identified as graviton. In open string

theory, we have another dynamical object, which is called D-brane.

At low energy limits, string theory gives general relativity and the Standard
Model. Studying string theory provides new methods to understand aspects of
quantum gauge theories, such as the AdS/CFT correspondence [11, 12]. This
correspondence gives a connection between strongly coupled quantum field theories
and gravity in higher dimensions. This correspondence can be applied in many

areas in physics, for example, nuclear physics, condensed matter physics, etc.

Scattering amplitudes are crucial quantities in physics, as they provide prob-
abilities for the outcomes of scattering processes. They serve as a bridge between
theoretical and experimental physics. String scattering amplitudes can be captured
by worldsheet integral. In the path integral approach, we sum over all fields and
worldsheet topologies. The sum over all worldsheet topologies, or genus expansion,

can be treated as perturbative expansion in string theory. The genus expansion



begins with the lowest order, known as tree-level, followed by one-loop, two-loop,
and so forth. There are three kinds of string scattering amplitudes, namely closed
string amplitudes, open string amplitudes, and mixed string amplitudes. And
string scattering amplitudes can reproduce the field theory amplitudes by taking

the field theory limit.

String scattering amplitudes have an interesting relationship among them-
selves. At the tree-level of amplitudes, we have relations among each type of string
scattering amplitude. The relation between closed string amplitudes and open
string amplitudes is known as the KLT-relation. This relation shows that closed
string amplitudes can be expressed in terms of the summation of the product of
open string amplitudes [1, 13]. In low-energy limit, the gravity theory amplitudes
in flat space can be written in terms of a sum of the products of gauge theory
amplitudes [14]. Moreover, another relation between closed and open superstring
amplitudes has been derived. This relation states that the closed superstring am-
plitude is basically the single-valued version of the open superstring amplitude [15].
The double copy construction establishes an obvious connection between pertur-
bative gauge- and gravity-theories [16, 17, 18]. The open string amplitudes have
relations among themselves, which are known as the minimal basis of gauge theory
amplitudes. The minimal basis shows that the monodromy relations reduce the
number of independent color-ordered amplitudes from (n — 1)! to (n —3)! [2]. In
field theory limit, o/ — 0, the relation monodromy is reduced to the BCJ relation
[18] and the Kleiss-Kuijf relation in field theory [19]. The monodromy relations
among color-ordered open string amplitudes can be represented by the polygon
in the complex plane[20]. The fewer-point physical amplitudes can be treated as
building blocks through the on-shell recursion relation (BCFW). The on-shell re-
cursion relation was generalized to string amplitudes [21, 22, 23, 24]. Stieberger
and Taylor derived the relation between mixed string amplitudes and open string

amplitudes, which expresses mixed string amplitudes in terms of a linear combi-



nation of pure open string amplitudes [25, 26]. This relation gives the connection
between Einstein-Yang-Mills theory and pure gauge amplitudes at tree-level [27]. In
Einstein’s gravity, tree-level graviton amplitudes can be expressed as the collinear
limit of a linear combination of pure Yang-Mills amplitudes [28]. The mixed string
amplitudes have relationships among themselves. The mixed string amplitudes sat-
isfy the monodromy relations with the infinite tube contribution. When we take
the field theory limit, it gives the new relations of Einstein Yang-Mills amplitudes,

i.e., the gluon part in the amplitudes satisfy the Kleiss-Kuijf relation [3].

1.2 Objectives

e To explore the relations among string scattering amplitudes of different kinds.

e To formulate relations of string amplitudes between closed string amplitudes

and mixed string amplitudes at tree-level

1.3 Outline of the Thesis

In Chapter 2, we introduce the fundamental concepts of string theory. We
derive the classical equation of motion from the action. The general solution for
classical strings is provided. We quantize classical strings by using lightcone quan-
tization. For open strings, they are subject to the Neumann and Dirichlet boundary
conditions. The notion of the D-branes is provided. In Chapter 3, we discuss the
string interactions which describe by string scattering amplitudes. The scattering
process can be captured by worldsheet. We focus on tree-level amplitudes. The

expression of closed string, open string, and mixed string amplitudes are provided.

In Chapter 4, we review the relations among string scattering amplitudes,
namely, the relations between closed string and open string amplitudes at tree-
level, known as KLT-relation [1, 13], the relation among color-ordered open string

amplitudes [2], the relations between mixed and open string amplitudes [25], and



the relations among mixed string mplitudes [3]. The details of the derivation of

these relations are provided.

In Chapter 5, we formulate the relation between closed string amplitudes
and mixed string amplitudes at tree-level. By using the analytic continuation of
complex variables, we can factorized the closed string amplitudes to the product
of mixed string amplitudes with appropriate phase factors. And we discuss about
the correction terms which come from avoiding the branch points in the bulk of

the complex plane. In Chapter 6, the results are summarized.

In this thesis, we set the Planck’s constant and speed of light to be one, A
= ¢ = 1. The signature of the metric we used is mostly plus, (—,+,...,+). Greek
indices are spacetime indices, while Latin indices run are spatial indices. The index

a use for Neumann directions, while The index I use for Dirichlet directions.



CHAPTER 1II

BASIC CONCEPTS OF STRING THEORY

In this chapter, we would like to review basic concepts in string theory in-
cluding classical and quantum strings. We begin by introducing actions for string
theory, namely, Nambu-Goto action and Polyakov action, along with their asso-
ciated symmetries. By considering the variations of the actions, we derive the
equations of motion governing the dynamics of the system. Subsequently, em-
ploying mode expansion techniques, we obtain the general solutions for classical
strings. Following this, we quantize the classical string, with particular emphasis
on the lightcone quantization. This results show that the dimension of spacetime
must be 26 in order to preserve the Lorentz symmetry. Additionally, in open string

theory, the existence of D-branes is also discussed.

2.1 Classical String

In this section, we discuss the actions of string theory, namely the Nambu-
Goto action and the Polyakov action, as well as their symmetries. These two actions
are equivalent at the classical level. The general classical solutions of the string are

provided.
2.1.1 The Nambu-Goto Action

In string theory, we replace the notion of a point-like particle with a one-
dimensional object called a string. There are two types of strings, namely open
strings and closed strings. The two-dimensional surface swept out by the string is
called the worldsheet. The worldsheet is parameterized by the timelike coordinate
7 and the spacelike coordinate o, as shown in figure. 1, o € [0, 7] for open strings,

while o € [0, 27 for closed strings.



() (b)

Figure 1 (a) open string worldsheet and (b) closed string worldsheet.

One can construct the the Nambu-Goto action by the proper area of the

worldsheet, i.e.

Syg =T / dza\/ —(X)2(X"2 4 (X - X')2, (2.1)
where
. 08X , 80X

T' is the string tension, which is a dimensionful quantity. We have a parameter

which relates to the string tension
o =_— (2.3)

which is known as Regge slope. The dimension of o is (length)?. We can write the

action in terms of an induced metric ;; which is defined as

oXH*axXv
i = QA A Nuv- 24
Y= 9gt Bgi ™ (24)
Then the action can be written in the form
SNG = ——T/dzd -, (25)

where «y is det(y;;).

Symmetries of the action are as follows:



1. Worldsheet symmetry where the action is invariant under reparametrization.

(1,0) = (7'(1,0),0'(, 7)), (2.6)

X7, 0') = X*(1,0). (2.7)

2. Spacetime symmetry where the action is invariant under Poincaré transfor-
mation.
X"™(1,0) = A" X" (T,0) + a*, (2.8)
where A#, is the Lorentz transformation and a* is translation.

To obtain the equations of motion, we vary the action

£ H
05 = —T/dzolw/—fy'y”é ai.axf‘ ,
2 Jot 0ot

= —T/dzoaj(\/—'yfyijaiX“JXu)—!—T/dzaaj(\/—'y'yijc')iX")éX#. (2.9)

According to the principle of least action (i.e. 45 = 0), the second term on the

right hand side gives us the equations of motion which are
03 (v/F798,X*) = 0, (2.10)

The first term in (2.9) is called the boundary terms that is
=T / d200;(vV—yy"0: X"6X,,). (2.11)

The boundary term can be vanished by imposing the boundary condition which

are

1. Dirichlet boundary conditions
IXH(7,0) = 0XH(r,m) =0. (2.12)

2. Neumann boundary conditions

oxH
do

_oXH
o

=0. (2.13)

a=0 o=7



3. Periodic boundary conditions

XM, 0) = X*(r,0 + 2m). (2.14)

Open strings are subject to the conditions (2.12) and (2.13), while closed strings

are subject to (2.14)
2.1.2 The Polyakov Action

Because of the square root in the Numbu-Goto action, it is difficult to
quantize. The Polyakov action is equivalent to the Numbu-Goto action at the
classical level. To obtain the Polyakov action, we introduce a metric hqg(7,0) on

the worldsheet and write
T
SpX,h] = S5 / d?0v/—hh*P 8, X" 0 X" Ny, (2.15)

where h = det hqp.

Symmetries of the action are as follows :

1. Poincaré symmetry

XM = al X" + B,

Shep = 0. (2.16)

2. Diffeomorphism

OXH = —£%0,XH,
5haﬁ = _(vaé.ﬂ + Vﬂé.a)a
6V —h = —8,(£*V—h). (2.17)

3. Weyl symmetry

SXH =0,

Shap = 2Ahggs. (2.18)
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The equations of motion of X* are
Ou(V—hh*P s X*) = 0, (2.19)

which are subject to the boundary conditions (2.12) -(2.14). The equations of

motion of hyp are
DX - BpX — %haﬂ(h"”d,X .9,X) =0, (2.20)

which are considered as constraint equations. We can solve for hqg and substitute
it into (2.15). Then, the Polyakov action turns into the Nambu-Goto action. It

turns out that these two actions are equivalent at the classical level.
2.1.3 Mode expansions

For simplicity, we will work in worldsheet lightcone coordinates, i.e.
(r,0) = (0F,07), (2.21)
which are defined as
g = galhos (2.22)
and their inverse transforms are
—o7). (2.23)

1
T = §(U++0'_) and o==(o

By using the gauge symmetries, we can fix worldsheet metric to be flat. Then the

Polyakov action in the worldsheet lightcone coordinates takes the form
Spe. = T/dcf“'da_(a_,_Xa_X). (2.24)
The equations of motion are

8,8_X* = 0. (2.25)
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It is clear that the equations of motion are basically wave equations. Therefore,

the general solution for the wave equations is
XH(r,0) = XP{o™) + Xg(07). (2.26)

The general solution for a closed string can be written as a Fourier expansion giving

1 1 o 1 R
113 + — ok P + 4 il - P 7 2
XE(o™) 5% +2ap”a + 44/ 5 n%éo —ane ) (2.27)
1 1 o 1 o
Bl—) — — — A v T AN - —ing
Xg(o7) = 2:1;“+ zap“a + 4/ 5 n%éo naﬁe , (2.28)

where z* and p* are the center of mass position and momentum of the string.
of and &f are right and left moving Fourier modes. This solution satisfied the
periodic boundary conditions (2.14). We require X* to be real, i.e. (X*)* = X*.

This implies that

o, = (aﬁ)T and &, = (o”zﬁ)T. (2.29)

2.1.4 The Energy Momentum Tensor

Similar to general relativity, the energy momentum tensor is defined as

Ty = —%\/{-_ﬁé—fﬂ (2.30)
When we set h,g = 1,4, the energy momentum tensor is
Top = 0uX0pX — %naﬁn”"BPX&,X =0. (2.31)
Note that Tog = 0 due to the (2.20). This gives the constraints to be
X -X'=0 and X%24+X7=0. (2.32)

In the worldsheet light-cone coordinates, the constraints become

(0_X)*=0 and (8,X)*=0. (2.33)



Substituting (2.27) and (2.28) into the constraints, then we obtain

!
(0_X)* = % Z Ot + Qe M = 0,

m,p

Let m + p = n, the above expression becomes
(0_X)? = Z QU+ Opeme ™ =0,
B-X) =o' L™ =0,

where

1
ZEZam-an_m=0 VTLEZ.
meZ

Similarly, for the left-moving modes, the Virasoro generators read

1
=52 0m Gnm=0, VneZ

meZ

These constraints are valid only at the classical-level.

2.2 Quantization of closed string

12

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

There are mainly 4 ways to quantize the string theory which are canoni-

cal quantization, lightcone quantization, path integration and BRST quantization.

However, in this section we will focus on the lightcone quantization of the closed

strings and explore its implications. For lightcone quantization, we solve for the

classical constraints by introducing the lightcone coordinates and lightcone gauge.

After solving the constraints, we can relate the classical variables. We then quantize

these classical variables.

2.2.1 Light-Cone Gauge

Let us introduce the spacetime lightcone coordinates which defined as

* = \/g(x" + X7,

(2.39)
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With this coordinates,

1
dXtdX~ = 5((dX°)2 —~ (dXPH3). (2.40)
The interval is
D—-2
ds® = —2dX+dX™ + ) dX'dX’. (2.41)
i=1

From the Polyakov action, we obtained the equations of motion as (2.25). When

considering p = +, the equation of motion is
0,0_Xt=0. (2.42)
Then, the solution takes the form
Xt =X}(o")+ XE (o). (2.43)

Although we have fixed the worldsheet metric to be flat metric, we still have residual

worldsheet symmetry

g% = 6% = 0% — €*(0), (2.44)
such that
(P-€)ap =0, (2.45)
where
(P - €)ap = Ouep + Ogeq — Nap(0 - €). (2.46)

The symmetry are called conformal symmetry. Let us consider (P - €),; = 0 and

(P - €)—— = 0. These imply that

€ =€ (07), (2.47)

et =€t (o). (2.48)
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Then, we use this gauge to transform

i) ;5_("_) (2.49)

where 7 satisfies 0,07 = 0.

Now, we can choose 7 to relate to one of X*, say X*. Therefore we can write
Xt =gt +dptr (2.50)

where z* is a constant. This can refer to the lightcone gauge. The advantage of
the lightcone gauge is that we can fully determine «;, and p~ in terms of p* and

a®. This can be shown by considering

(0, X)* =0, (2.51)
—20, X0, X™ + ) 0. X'0, X" =0. (2.52)
This gives
1 D—2
RX = —— ‘0, X" (2.53)
and
D—-2
O_X~ = X'9_X". (2.54)

Then, by mode expanding the field X~ and X*, one obtains

D-2
- 1 1
—~ \/2—01,2? Z((ao +Zam —m (255)
i=1

m#0

and

Z ——p’p’ +> abal,), (2.56)

+
a p m#0

- ( p’p’ + ) & at) (2.57)
0[ p m#0

Mass shell condition of classical string is given by

D—
M? = 2ptp™ Z ZZO‘ 7'71:_4_,;2 . (258)

i=1 m>0



15

The general classical solution, in light-cone gauge, is fully described by transverse

oscillator modes o ,, and &, together with z*, p*, p* and 2~ wherei=1,2,..., D—2.
2.2.2 Lightcone quantization

To quantize, we will promote o, &:,, ¥, p*, p* and £~ to be operators with

canonical commutation relations which are as follow

[z, '] = in¥,
[m—)p-i-] — _i7
[afw afn] = [&i,a &Jm] = nnij5n+m,0- (2'59)

We define the ground state of strings, |0; p) such that

7 [0;p) = p* [0; p) (2.60)
o |0;p) =&, [0;p) =0  for n>0 (2.61)

The excited states can be obtained by acting the creation operator, i.e. o, and

& g, on the ground state. For example,
|excited) = o0, ... oY ... aMa L @k, L |0;p). (2.62)

Not all states define in this way are physical. Analogy to the classical string, the

physical states must satisfy the following conditions

(Lo — a) [phys) = 0, (2.63)

Ly |phys) = 0. Vn e Z* (2.64)

Note that Ly needs to be defined due to the ordering ambiguity, and the constant
a we have put in (2.63) arises from the ordering ambiguity of the operator. The
constraint (2.63) implies the mass shell condition which is

4 D—2 . . 4 D-2 L
M= (Z S a6l - a) == (Z > &t La - a) (2.65)

i=1 n>0 i=1 n>0

(N—a)=—(N—a). (2.66)
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The last line provides the level matching condition of closed string, i.e.

D2
D> (68— &4 =0. (2.67)
i=1 n>0
To fix the value of the constant a, let us consider the first excited states
~i 4 ~i j
M6 100 4 [0;p) = (N — a)(&y0 10;)) (2.68)
4 i
= a‘,(1 —a)(@;0l,10;p)) (2.69)

We expect that the first excited states are massless because we need the states
& 10’ |0;p) to be Lorentz invariant. This is because we require the states to

transform under SO(D — 2) which is a little group of the Lorentz group.
4 .
J(l —a) =0, (2.70)
a=1. (2.71)

In fact to make the theory Lorentz invariant, it requires the critical dimension

D = 26. To see this, let us consider the Lorentz algebra, i.e.

M, M7 = 17" MP — i M+ M — M. (272)

For the string theory,

MP = / da J* (2.73)
JH = PXY — PYX* (2.74)
pr— 9L _ _pxm (2.75)

0(X,)

After some calculation, we obtain

i mi) = 25 5 (B2 4 L (P2t = o)
1

(p*)? <= 12 m\ 12
+2(1 — a)(a, o, — aj_mafn)] (2.76)
However, to satisfy (2.72), we require that

M~ M) =0. (2.77)
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This implies that
D = 26. (2.78)

To summarize, Lorentz invariance of the theory requires that the critical dimension,

D =26 and a= 1.

2.3 Open strings

Unlike the closed strings, the worldsheet of an open string has boundaries
at which we cannot apply periodicity conditions. When we do the variation of the
action, the boundary terms do not vanish. We have to impose boundary conditions,

(2.12) and (2.13), for open string.
2.3.1 Mode expansions

The mode expansion for open strings are obtained by solving the (2.19) with

boundary conditions, (2.12) and (2.13). The general solution for X* are given by

XHE(1,0) = X¥(ot) + Xh(07), (2.79)
where
Xt (o) = lx" + oot +14 4 Z 1(31"6—"""+ (2.80)
L 2 2 Lan " ’ '
n#0
X&(e7) = 1:z:" + opto” +iy/ o Z loz“e—i’“’_. (2.81)
R 2 24gn "

The modes of the string can be related by imposing the boundary conditions.

e Neumann boundary conditions (NN) : In the direction that we impose Neu-
mann boundary conditions, the end points require that p* = p® and o, = a&j,

for @ in Neumann directions. The solution in the Neumann directions take
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the form
X4t 0)| ="+ 2a'p" + 244/ - Z la“e"”” cos (no) (2.82)
" INN 2 5m "

e Dirichlet boundary conditions (DD) : In the direction that we impose the
Dirichlet boundary conditions, the end points of the string have to be fixed

in a specific positions, as

X(r,o=0)=¢ and X(r,o=m)=d (2.83)

r=c¢, p=-p=——, and 4,=—0q, (2.84)

The solution in Dirichlet direction take the form

XI(r,0) op =c1+%(dl ch) 1/ Z —ole™™ sin (no) (2.85)

n;éO
2.3.2 Quantization of open strings

We again apply lightcone quantization to open strings. For spacetime direc-
tions with indices 0 < a < dy — 1, we impose the Neumann boundary conditions,
and for dy < I < D — 1, we impose the Dirichlet boundary conditions. We choose

lightcone gauge in Neumann directions
1
X* = \/;(XO + X1y, (2.86)

We do the same procedures as we did for closed strings. However, the mass shell

conditions change, and it takes the form

dn—2

M? = 2p*p~ pr
D— o 1 o) dn—2
27ra’ Z d)+;{2(2a_nan+2a a)—a}.

I=dn n—1 I=dy
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Note that the first term refers to the specific position of the end points of an open
string, the second term is sum over Neumann directions, and the third term is sum
over Dirichlet directions. We notice that there is a sum only over o modes because
the & modes can be related by the boundary condition. The constant a and the

critical dimensions take the same value as in closed strings, i.e.,

a=1 and D =26 (2.88)

2.3.3 D-branes

For Dirichlet boundary conditions, the open string endpoints are fixed at
XX(r,06 =0) = ¢! and X!(r,0 = 7) = d’ which define hypersurfaces in spacetime.
We interpret these hypersurfaces as dynamical objects called D-branes, as shown

in figure 2.

7
7 8

Figure 2 Open string (blue line) and D-branes.

We are considering a stack of N D-branes, i.e., multiple D-branes sitting
at the same position. Both endpoints of open strings can be labeled by m, n =
1,2,..., N to specify the brane they are attached to, where N is the number of
branes. This gives us the degree of freedom of non-abelian gauge bosons of U(N).

The open-string state is defined as
N2

[physop; (m, n)> = E(T“)m" |physop; a> , (2.89)

a=1
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where T* are hermitian N X N matrices, called Chan Paton factors.

2.4 The string spectrum

2.4.1 Open string spectrum

The ground state is |0, p). According to the mass shell condition (2.66), the

mass of the state is
a/m2 107p> =-a |01 p) (290)

We know that a = 1, then the mass square of ground state is negative, i.e. a'm?
= -1. It is a tachyon. The first excited state is o’ ; [0,p). The mass of the first

excited state is given by
o'm*(al, |0,p)) = (1 — a)ol, |0,p) =0 (2.91)
Therefore, the first excited states are massless.

2.4.2 Closed string spectrum

Closed string state are tensor products of the left-handed and right-handed
modes. The states are subject to the level matching condition, i.e. N = N which
were already defined in (2.67). The ground state is again a tachyon with mass
o/m? = —4. The first excited state o’ ;& , |0) has a vanishing mass square, o/'m? =
4(1 — a) = 0. The first excited states of closed string are also massless. One of
the interesting closed string spectra is the massless spin-two state. This state is

symmetric and traceless which can be identified as massless spin-two particle or

graviton.



CHAPTER III

STRING SCATTERING AMPLITUDES

In quantum field theory, a scattering of particles can be represented by
Feynmann diagrams. For each process, one needs to sum over all possible inter-
mediate processes of interactions. In contrast, the scattering in string theory can
be captured by a worldsheet. A single worldsheet capture all possible processes of
Feynmann diagrams at each order. The string scattering amplitude can reproduce

the field theory amplitude by taking the low energy limit. In the Polyakov path

Tree level One loop Two loops
N LD

Figure 3 Scattering of four closed strings

integral, we sum over all fields and also sum over all worldsheet topologies as shown
in Figure 3. The sum over all worldsheet topologies gives the perturbative expan-
sion of string theory. To see this, let’s consider the augmented Polyakov action of

the form
Sstring = Sp + AX, (3.1)
where X is a real number. x is given by an integral over the worldsheet
X = %/dza\/jﬁR (3.2)

where R is Ricci scalar of worldsheet metric h. This integral seems like the Einstein-

Hilbert action. However, in 2-dimensional case, the term (3.2) does not make
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the gravity dynamical. This term depends on the topology of the worldsheet.
According to the Gauss-Bonnet theorem, the integral (3.2) gives an integer, Y,

known as the Euler characteristic of the worldsheet. It is given by
x=2-—2h=2(1-g), (3.3)

where h is the number of handles on the worldsheet and g is called the genus of
the surface. For example, the sphere has ¢ = 0 and y = 2, the torus has g = 2 and
x = 0, for higher ¢ > 1, the Euler characteristic is negative. The integral over the
worldsheet weight by
Yo e 3T g 29) / DX Dhe=SpI%H, (3.4)
topologies metrics topologies

We can treat sum over all topologies as perturbative expansion when e* << 1.

According to the conformal symmetry, we can reshape the worldsheet and
map onto the complex plane. At tree-level, closed string worldsheet maps onto
full complex plane, while open string worldsheet maps onto upper-half complex
plane. For example, four closed and open string scattering are shown in figure 4
and 5 respectively. The string states can be mapped to local operators called vertex
operators. As in figures 4 and 5, the vertex operator is represented by the symbol
X, which are inserted in the bulk and along the boundary of the worldsheet for

closed strings and open strings, respectively.

a

+

Figure 4 Mapping of closed string worldsheet to full complex plane
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Figure 5 Mapping of open string worldsheet to upper- half complex plane

3.1 The vertex operators and string propagator

3.1.1 Vertex operators

The physical string states have to satisfy (2.63) and (2.64). We can write

the physical states as
[phys) = lim V(z,)|0) - (35)

where V(z, Z) is vertex operators. The vertex operators are primary fields which
transform under conformal transformation with conformal weight, (h, k), is (1,1).

Under the conformal transformation, the primary fields transform as follow

0e2) - #e0=(2) (Z) s e (35)

where h and h are conformal weights. We will provide some example of vertex

operator as follow

1. The closed string vertex operator of tachyon
V(z, ) =: & X(=2) . (3.7)
with

B =-m?=—. (3.8)
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2. The open string vertex operator of tachyon

V(z) =: e*X@ (3.9)

with
R=—m’=— 3.10
=-m"=—. (3.10)

3. The closed string vertex operator of first excited state
V(z,7:€) = X : 0X*(2)0X" (2)e*X @A) (3.11)

kX =0 and k*=0, (3.12)

where X, is polarization tensor. If x,, is symmetric and traceless, one can

identify the state as graviton.

4. The open string vertex operator of first excited state

V(z;€) = (- OXP(2)eFX@ (3.13)

k*¢,=0 and k*=0, (3.14)
where ¢, is polarization vector.
3.1.2 String propagator

To compute scattering amplitude, it is useful to find a string propagator

beforehand. In conformal gauge, the Polyakov action takes the form

SpIX (7)) = 5

o

/ 220,X (2, 2)8:X (2, 3). (3.15)
In path integral formalism, the expectation value is given by
1 -

(X(z2) =5 / DX X(z,z)e~5PX(=2) (3.16)

where Z is partition function. To obtain the string propagator, we will use Dyson-

Schwinger method which is

0(X(z,2))

5X(w, @) (8:17)
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Substituting (3.16) into (3.17), we then obtain

0u05(X (2, 2) X (w,®)) = —wa/ 6P (2 — w). (3.18)

We then obtain the string propagator

/

(X(z,2)X (w, @) = —% In |z — w|®. (3.19)

This propagator or two-point correlation function is basically Green’s functions.

3.2 String scattering amplitudes at tree-level

The scattering amplitudes can be computed by expectation value of the
product of vertex operators. For closed string, we inserted the vertex operators
in the bulk of the worldsheet. For open string, the vertex operators were inserted

along the boundary of the worldsheet.
3.2.1 Closed string amplitudes

The tree-level n-point closed string amplitude can be computed by

A = Vol(SL @.C )H/ &l HV % %)) (8.20)

where g, is string coupling constant. The Vol(SL(2,C)) is given by

Bz, P2 zd%2,

|zab|2|ZbC|2|zaC|2

Vol(SL(2,C)) = (3.21)

The expectation value can be computed by
HV (2, %)) /D[X] HV (2, Z;)e —srlAl, (3.22)°
Let’s compute the expectation value of n tachyon vertex operator.
(H : gtk X(725) 1) _1 /'D[X]exp !
ke VA 2mod

+z’ikj . X(zj,z,-)}. (3.23)

j=1

/ d22X*(2)00X,.(2)
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By utilizing the Gaussian integral formula and we include the contribution of zero
mode, we then obtain

. ~ 1
ik X (25,%) L DgD . I S@ (0
(I I : etk X(2%) ) — (27)Pé (% kz)exp{ 5 /d zd*w ;j k6P (2 — )

Jj=1

x Gz, w)k;6® (w — Zj)}, (3.24)

where G(z,w) is Green’s function or propagator that we obtain in previous section.
We integrate z and w out, we then obtain
([ : e® x5 1) = @m)P6P (3" ki) TT 1 — 217" (3.25)
J=1 i 1<1<]

'This is known as Koba-Nielsen factor.

The general expression of closed string amplitudes take the form

cl; DD . lzabzaczbcl 2 kR (s
AD = Caa(2m)P5 (Zi:k,) / Tt Hdz, [T 15— al”™Fu(e, )

1<j<i<n
(3.26)
where Csz is a normalization constant, z;; = z; — 2; and the function F},(2;, Z)
contains polarization and kinematic factors of the external states. For tachyon
F.(zi, %) is basically one, while for the excited state F,(z;, Z;) takes the form

G0, ki G
Fules ) _exp{Z( Ser 2D Py

i>j

1 C] k CJ
+Z(z,—zj \/—Z Z_ZJ)}

i>j 1#3

. (3.27)

linear in ¢;,C;
where (; ® Ez = x; are polarization of external closed string states. According to
conformal symmetry, the points z,, 2, and z. are freely fixed to arbitrary points in

the complex plane.
3.2.2 Open string amplitudes

The tree-level open string amplitudes are captured by punctured disks, as

shown in figure 5. The notion of cyclic ordering comes from the placement of
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open-string vertex operators on the disk boundary. The choice of cyclic ordering is
related to the non-abelian degree of freedom called the Chan Paton factor 7°. And
the trace of the Chan-Paton factor, Tr{T** ...T*}, arises from the contractions
from the boundary segment in cyclic ordering. The tree-level n-point open string
amplitudes take the form

AP = Cp, (27r)D5D(Zpi) Z tr(T ... T*)A%(aq,...,a,) (3.28)

i (a1, s0n)ESn [ Zn

where Cp, is a normalization constant and A°®(ay,...,a,) is color-ordered open

string amplitudes. The n-point color-ordered amplitudes be compute by

1 n
op — I I . I | N
A (al’ < ,(J/n) VOl(SL(z, R)) =1 \/_°o<m1<:t2<...<a:n<°0 d$’< i V] ($J)> (329)

The Vol(SL(2,R)) is given by

dz.dxydz,

Vol(SL(2,R)) = Tl e Tznlza

(3.30)

By utilizing the same procedure as we did for closed string amplitudes, the color-

order amplitudes take the form

n
(e, = [ T e el Ty 1_1 O(rat1 — 72)
x JI lwi— 7% Pa(zy), (3.31)
1<i<j<n
where ©(z) is haviside step function, z;; = z; — z; and P,(x;) contains polarization
and kinematic factors of the external states. Again P,(z;) is basically one for
tachyon, while P, of excited states take the form

o ‘e"p{z(zzz—i RGP g»}

i>7 i#j

, (3.32)

linear in (;
where where (; are polarization of external open string states. According to con-
formal symmetry, the points x4, xp and z. are freely fixed to arbitrary points in the

complex plane.
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3.2.3 Mixed string amplitudes

Mixed string amplitudes can be captured by a disk worldsheet where closed
string vertex operators are inserted in the bulk of the disk, and open string vertex
operators are inserted on the boundary of the disk. The disk can be conformally
mapped to the upper half-plane H, = {z € C|Im{2} > 0}. The general expression
of mixed string amplitudes involving N, open string and N, closed string takes the

form [26]

N, N.
M(1,2,...,N0;Nc)=CD2(27T)D6D(ij+Zki / Hdmj/ I_Idzzz
=1 i=1

Ino j=1 Hy ey
N,
% 1 [ 2a'pj1p_,2 _ ak.Dk. e\ 2a/pik;
H Tjy — Tjs| lez"zz HHli_zzI
J1<d2 j=11i=1
N,
X H Izil = Zizla’kilkizlzil N z’izlalkileian(whzi’ Zi) (333)
11 <i2

where Cp, is a normalization constant and the function K, contains polarization
and kinematic factor of the external states. Notice that we used letters p; and
k; to denote the momentum of open strings and a closed string respectively. In
flat spacetime, the matrix D" is equal to the Minkowski metric #»* in directions
that impose Neumann boundary conditions and to —n** in directions that impose
Dirichlet boundary conditions. The open string coordinates z; obey the ordering of
the integration region Zy, = {z; € R|z; < 23 < ... < zn,}. The partial amplitudes
are associated with a group factor Tr{T"T?...T">} with T being a Chan-Paton
factor. To be more specific, we are interested in n — 2 open strings and one closed
string. The expression of mixed string amplitudes, which described scattering of
n — 2 open strings and one closed string, take the form [27]

M ( , N — 2: k) CDz 27T)D(5 sz—|-k / Hdwz Imr _$s|2a'PrPs

Tn—2 j=1 1<r<s<n 2

X / d%2|z — z|zok* H |z — 2|2 P* K, (zi, 21, 7)) (3.34)
Hy

i=1
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Furthermore, we can write the (3.34) in more general integral form as [25]

n—2
]:n(l,...,’n,—Z; Q1;QZ) = CDz/ del H |mr _msIZQ’prps'}‘TLrs
In

-2 4=1 1<r<s<n—2

n—2
x / dzz(z _ 2)2a’q1qz+n H(a;’ _ Z)2a'pi¢l1+ni(xi _ Z)Za’piq2+ﬁ.-. (3.35)
Hy

i=1
The integers n,s, n;, 7;, and n are determined by external states. Notice that when .
@1 = g2 = k/2, the integral (3.35) reproduces the mixed string amplitude (3.34)

when the contents of external states are identified.



CHAPTER IV

RELATIONS OF STRING SCATTERING AMPLITUDES

In this chapter, we review the interesting relations among string scattering
amplitudes at tree-level, namely, the relations between closed and open string am-
plitudes, relations among color ordered open string amplitudes, and the relations

between mixed string and open string amplitudes.

4.1 Relations between closed string and open string ampliutdes at tree-

level

This section is devoted to the review of a paper by Sgndergaard [1]. The
KLT relation is the relation between closed and open string amplitudes at tree
level which gives a description towards gravity and gauge theory. This relation was
derived by Kawai, Lewellen and Tye in 1985 [13]. To obtained this relation, They
factorized the closed string amplitudes into sum of products of two open string

amplitudes.
4.1.1 Factorization

The n-point tree-level closed string amplitudes is given by (3.26). According
to the PSL(2,C) symmetry, we can choose three points, i.e., 23 =0, 2,1 = 1, and

Zn, = 00, we then obtain the closed string amplitude of the form

. n—3 n—2

) ’ ’ ’
A = (—27ra) /H e e P |l . H 2=z %% f(2:)9(Z:),

=2 i<j<n—2
(4.1)

The f(z)g(Z;) are identified as Fy,(z, Z) in (3.26), which depending on the types of
external state being considered, but they are not important because they contain
)n—3

no branch cuts. The normalization constant, Cgz, is (21%“
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We can write z; in the form of z; = v} + iv2, such that

Pk = [(0)? + (o2, (42)
o — ket = [0} — 1)2 + (B4, (43)
23 — 2okt = (0} — o}) + (02 = 0B (44)

We can rotate the contour of integration of v? from real axis to the imaginary axis,

without changing the value of amplitude.
v2 = ie7 2w i(1 — 2ie)v?, (4.5)

where € > 0 is a small number which is there to make sure that we avoid all the

branch points. The integrands become (up to linear order of )

()" + @)17*% — [(0])7 — (0)? + die (o))", (4.6)

(0} = 1) + (@} = [(v])? = (0])% — 20} + 1+ die(e)] ¥, (4.7)

(v} — )2 + (02 — o2)|¥R M s [(w} — )2 — (02 — W2)2(1 — die)|"Hi. (4.8)

Then, we transform our variables in this way
vE = v £, (4.9)

and define

-, .

+
2 2

Now, the integrand in terms of the new variables are

(v — iedy)*FrE (o 4 dedy) Rk, (4.11)

(v — 1 — ded) kR (v — 1+ ied;) ™ nr s, (412)

(v — vF —de(d; — 6;))%* (v — v} +ie(d; — 8;)) % keki (4.13)
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Totally, this brings (4.1) into the form

Ad = d " v " /+wﬁdv*dv-—f(v._)g(v-+)
n 2 27ra[ oo poles 2 2 ) 7
x (vi — z'ecsi)"/kl'k" (v + iedi)a'kl'k" (v —1— ied,-)a'k”‘l‘ki (vy — 14 iecsi)alk"_l'ki

K

x [T @ —vf —ie(d: — 8))"5 5 wF —vf +ie(@ — 8)*%,  (4.14)

i<j<n—2
where (—;—)n—3 is from the change of variables and rotation of the contours of v7.
Assume that at least one v;" €] — 00, 0[, and consider the contribution of v; that is

400
/ dv; f(v;)(v; + iedi)“'kl'k" (v; =1+ z'eé,-)a'k"—l'k" (4.15)

—00

x JT (F =5 —de(d = 6))**
2

1<j<n—
Let us take a look at the behaviour of the imaginary € terms near the branch points

which is

vy ~0 = & ~vf <0, (4.16)
vy ~1 = & ~vf—1<0,

v~y = &8~ Ut —vf <0 when uf <4of.

In general, if v < v;r , we will avoid the branch point v; = v; below the real
axis. If v} > v} , we will avoid it above the real axis. If v;’ ~ 0, we will avoid the
branch points above the real axis. If v; ~ 1, we will avoid branch points below the
real axis. However, when considering the v, integral corresponding to the smallest
v;", which belong to | — 00, 0[. This means that we can closed the contour at lower
half-plane of v;", and in this contour there is no pole, the result of the integration
is equal to zero. From these arguments, when one of v;" variable is in | — 0o, 0] or

]1,00[ , we can closed the contour of v;” above or below the real axis which make the

integration vanish. Therefore, only the value v} in [0, 1] can contribute to (4.14).

The n-point closed string amplitudes after splitting up the v} -integration
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region can be written as
AL =Y "M (a(2), ..., 0(n—2)), (4.17)

where MZ(0(2), ...,0(n —2)) is the ordered amplitude in which v;"@) < v:(g) <. <

v:(n_2) At this ordering of v, the v} -part of M7 in (4.17)is given by

/ o< T ot 1 — oo

v (2)< <v¥ o (n— 2)<1 i—2

X H a(J) Yo (i) )a’ku(i).k”(") (4.18)

i<j<n—2

We see that (4.18) exactly corresponds to the color-ordered open string amplitude
A®(1,0(2,...,n— 2),n — 1,n). Remind that the integrand in (4.18) differs from
that of (4.14) by the factor of (—1)**-1%  in which we will compensate for the
difference by altering the integrand of the v~-section in a similar way. For conve-
nience, after this we specify the ordering as {2,3,...,n — 2}, and we consider only
MZ(2,3,...,n — 2). Note that the full amplitude can be obtained by permuting
the ordering, {2,3,...,n —2}. ‘

Now, we see that the v} -part provides A%(1,2,...,n — 1,n). Then let us
consider the v; -part. The contour v; are deformed to avoid the branch point as
follows. In the interval v;" €]0, 1], the contour of v;” is above real axis, when v;” ~ 0
and it is below the real axis, when v;” ~ 1. When v; ~ v, the contour of v; is
below the contour of vy, for ¢ < j. The contours are shown in figure 6. Next,
we deform the contour for v; into the form which corresponds to the color-order
amplitude, namely, we have freedom to close all contours to the left or to the right,
but we have to make sure the integrand is correct. This give us the phase factors.
To avoid crossing the branch cut we use the following relation with Re(z) < 0,

o e™(—2)° Im(z) >0 (419)

e "(—z)¢ Im(z) < 0.



34

Figure 6 The integrating contour of variables v; . [1]

For 2 > j > n — 1, we close the contour of 2 to j — 1 to the left and j to n — 2 to

the right.
4.1.2 Five point KLT Relation

Let us consider the case of n = 5, or AZ. Firstly, consider that for j = 4 we

closed the contour of v, to the left, which is the contour C, in figure 7, we obtain

/C dvy (vg) M2 (1 — )2 vy — )5 (07)
2

0
= (el _ ginalhu) ( [ vy vyt < gy
-0

x (v5 — v;)“”“a""*f(v;))

0
= 2isin (7ra'k1 . kz)/ dvz—(_vz_)alkl.kz(l 4 vz—)alk4.kz (,Us— _ v;)a'ks.sz(vg)‘

—00

(4.20)

Similarly, as illustrated in figure 7, the contour of v3 is C3. We then obtain
/ dug (v3) P (1L — )R vy —07) ¥ f (vg)
Cs

— (e'iﬂ'al(k1+k2)-k3 _ e—iwa’(kr!—kz)-ka)(/

—0

0
x (o5 = v5>“’k3'k2f(v;)) + (e b e—im'kl'ks)( / doy (v )%

Ya

3
dvg (v5)* B (1L = vg) ¥

(1= g ) keks (u — vg)a’ka'k2f<v;>>. (4.21)
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Figure 7 The integration contour of v, and v; for five-point case.

We see that the total integration of vz and vy is corresponding to color-
ordered open string amplitude, denoted by A°P. We combine the v; and v, we
obtain the relation between five-point closed string amplitude Ag and the color-

ordered open string amplitude A°? , AP

/ N : .
.Asl = W [Sln (ﬂ'Ollkl . kz) s (7ra'(k1 + kz) . k3)
x A%(1,2,3,4,5)A%(3,2,1,4,5) + sin (ra'k; - kz) sin (wc'ky - ks)

x A%(1,2,3,4,5)A(2,3,1,4, 5)] +(23) (4.22)

If we close all contour to the right, we will obtain

-1 L
AL = TP sin (ma/ky - k3) sin (1a'ky - ks)A(1,2,3,4,5)AP(1,4,2,3,5)

+ sin (ma'ky - k3) sin (wa/ (ks + ks) - k2)A°P(1,2,3,4, 5)A°(1,4,2,3, 5)]

+(2 4 3). (4.23)

If we closed v, to the left and v5 to the right, we will obtain

Agl :4(—71'_(1-7)—5 sin (7ra'k:1 . kz) sin (71'&"(24 . kg)AoP(]., 2, 3, 4, 5)./{0;’(2, 1, 3, 4, 5):|
+(243) (4.24)

We can write all different form into one compact form by introducing the momen-

tum kernel [29]

k k
Sorlits oy tk|d1 ooy Gilp = (ma [2)7F Hsin (md(p - ki, + Z 0(i¢,1q) ki, - ki,)) (4.25)

t=1 g>t
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where 6(iy,4,) equal to 1 if ordering of 4, and i, is opposite in {i, ik} and
{41, ..., jx} and 0 if the ordering is the same. For example,
Sy 220k, = (7! /2) sin (md'ky - k2),
Su[23123, = (1a’/2) 2 sin (ma/ky - ko) sin (1a/ky - ks),
S (23132, = (1a//2) 2 sin (md/ (k1 + k3) - k2) sin (1c'k; - k), (4.26)

and also define S/[|@], = 1. Finally, we obtain the relation in term of momentum

kernel as

A= (P Suly(0(@), 0~ D)o@, 06 = D,
7.8

a

X Salo(5), - o (3)IBle (), - -, a(3))lks X A%(1,0(2,3),4,5)
x AP(y(0(2),...,0( — 1)),1,4, B(a (), - .,a(3)),5), (4.27)
with j ={2,3,4}.
4.1.3 General n-point KLT Relations

We can generalize the relation to the n-point case, the relation take the form

A = (_—4_")11—3 [Z S S (0(2), - (G = )o@, 00 — D)l

o B

x St (5),-, a(n — 2)|B(c (), - --,0(n — 2))k,_, AP, 0(2,...,n —2),n — 1,n)

x AP(y(a(2),...,0(5 — 1)), 1,n—1,B8(c(4),...,0(n — 2)),n)], (4.28)

with 2 < j < n— 1. The expression (4.28) shows that the n-point closed string
amplitudes A can be factorized into the product of n-point color-ordered open

string amplitudes AP and A°P with the S, which contain the kinematic factors.

4.2 Relations among tree-level color-ordered open string amplitudes

The relation among color-ordered open string amplitudes were covered by

N.E.J. Bjerrum-Bohr, Poul H. Damgaard and Pierre Vanhove [2]. They formulated
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relation among tree-level string theory amplitudes. The relations among different
color ordered tree-level amplitudes were derived via monodromy relations. It turns
out that the number of independent n-point amplitudes is (n — 3)! which is the

minimal number of basis for amplitudes in gauge theory.
4.2.1 The four-point amplitudes
For a four-point amplitude, we can expand the amplitude as
AP ~ gl tr(T'T?T?T*) AP (1, 2, 3,4) + permutations (4.29)

For simplicity, we will consider the tachyon amplitude, i.e. Fy, = 1. Since we use the
choice z1, z3 and z, are equal to 0,1 and co respectively, all three different color-
ordered amplitudes A°P(3, 4, k,1) are given by the same integrands but different

domains of integration

1

A®(1,2,3,4) = / dy g2 PP2(] — g)2PaPs, (4.30)
0

A%P(1,3,2,4) = / dg TPr(g — 1)Wm (4.31)
1
0

AP(2,1,3,4) = / dz (—g)2ma(1 — g)Relrems, (4.32)

Let us consider the A°(1,3,2,4), we can see that we integrate from 1 to +oo .
Assuming that the o/p; - p; are complex ﬁumber with negative real part, we can
deform the integration region, so we can close contour slightly above the real axis.
By deforming the contour, we can change the expression into the integration from
—o00 to 1. But we have to put the appropriate the phase factor when rotating the

contour.
etim  for clockwise rotation

(z-y)*=(y—=2)* x (4.33)
e~ for counterclockwise rotation.

The amplitude A°?(1, 3,2, 4) becomes

AP(1,3,2,4) = —e 20mPaPs foP(1 2,3, 4) — e~ B P (P14P3) A°P(2 1,3, 4). (4.34)
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We know that the original amplitude is real, we have

A%P(1,3,2,4) = — Re{e—zi“”'m'?m@(l, 2,3,4) + 2 Pz (Prirs) goP(2 1,3, 4)},
(4.35)

0= — Im{e‘zi“'"”'mA”(l, 2,3, 4) 4 e~ (erips) 4oP(2, 1,3, 4)}.
(4.36)

According to above equations, we can relate all amplitudes to the A°P(1,2,3,4),

which are

. ] .
s?n (20/7py - pa) A (1,2,3,4), (4.37)
sin (2a/'mp; - 4

sin (2a/7pa - P3) 4op
°P(1,2,3,4). 4.3
Sin (2a[7rp2 = p4)‘A ( t ] 3’ ) ( 8)

A°P(1,3,2,4) =

A°(2,1,3,4) =

By taking filed theory limit, o/ — 0, we obtain the relations between field theory

amplitudes :

A(L,3,2,4) = 2L P2 41,2, 3, 4),
P2-Pa
P2 -P3
A(2,1,3,4) = 2222 41,2, 3 4). (4.39)
k2 - pa
These relations agree with [18].
4.2.2 The n-point amplitude

In this part we will see the derivation that any color-ordered n-point am-
plitude can be written in terms of a minimal basis of (n — 3)! amplitude. For an
n-point ordered amplitude, there are three fixed points, i.e. 1 =0, Zq, = 1 and
¢, = 0o. Let say they contain r points, {f1,...,5,}, in | — 00,0[, £ — 1 points
{a,...,ak-1},in |1,0], and s — k points, {ok41,- -+, 05}, in 11, 00 illustrated in
figure 8.

Let us consider the integrations of the {8, ..., 5}, we can flip them from

the region ] — 0o, 0[ to |0, +00[.
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Figure 8 Contour for amplitude A°®(By,...,5r, 1,01, ..,0s,7) 2]

—0—&

By taking the real part of the amplitude, we then obtain the following

relation
.AOP(,Bl, 5006 ,ﬂ-,-, 1, i, ... ,as,'n) = (—l)TX
. ) 8 T
Re| JI e&@r) Y [I[Ie**A%@, 0n) (4.40)
1<i<j<r aCOP{a}u{BT} i=0 j=1
where e(@#) = 2 (Papp)  The relation (4.40) reduces the set of independent
amplitudes from (n — 1)! to (n —2)!.

Since the amplitudes are real, then the imaginary part vanishes, i.e.

O=Im | [ &«@are) - ﬁﬁe(""”ﬂ")A"P(l,o,n) (4.41)

1<i<j<r s COP{a}U{T} i=0 j=1
By using(4.40) we eliminate all amplitudes with point in the | — 0o, 0[ in
terms of amplitudes having the points in ]0, +o0o[. Then, by using (4.41), we can
write amplitudes in |1, 4-o00[ in terms of amplitude in [0, 1] which has n — 3 points.
We can say that color-ordered amplitudes can be written in terms of (n — 3)!

amplitudes whose unfixed points are in the interval [0, 1].

4.3 Relations between mixed and open string amplitudes

Stephen Stieberger and Tomasz R. Taylor formulated the relation between
mixed string amplitude and open string amplitudes [25]. They demonstrate that
the mixed string amplitude can be decomposed as linear combination of pure open

string amplitudes.
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The integral form of the disk amplitude given by (3.35). We write z =
21 + 12, the integrands become analytic function of 2, with 2(/NV —2) branch points
at +i(z; — z1). We deform the integration of z, from real axis to pure imaginary

axis, zg — 123. In this way, the variables
E=ntin=z, n=2z—in =2, (4.42)
become real and are subject to
n>¢E. (4.43)

After changing the variables, (3.35) takes the form

N N—-2
Fr = Cp, 80> _ ki) / 11 da: / dg / dn |zr — 2o PP (2, — 2,)"™
i=1 i=1

1<'r<s<N 2

X %(5 — )" - -tk )

X ]ﬁﬂ 2, €,m)|s — EPCHIN g — P (g — €)@ — )™,
i=1
(4.44)
The phase factors in (4.44) are defined as
QE,n) = e2ria’ky 1kn©(n— E)
T(z;, €,7) = e~ 2T kikn-18(6-2:) g2miclkiknO(n—2.) (4.45)

where O(z) is the Heaviside step function.

After we analyze the phase factors in (4.44) and fixed z; = —oco. We then

obtain
. N—2N-2 !
ZZexp{m SnN-— 1+ZS, ZSj,N—l)}
=1 =l j=1
X AP(L,... . LN—1,141,...,5,N,...,N —2), (4.46)

where S;; = 2a'k;k;. We define Fy as

Fn=M(1,2,...,N —2;q1,¢). (4.47)
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We obtain the relation between mixed string amplitude and open strings as

. N—2 N-2
— 9. -t op — N —
M(1,2,...,N — 2 q1,q) ; ;;.A a,...,,N—1,1+1,...,i,N,...,N — 2)
i l
X exp{wi(S'LN_l —Sin+Syn-1+ ZS]-,N — Z Sj,N_1)}. (4.48)
j=1 j=1

We can use monodromy relations, we then obtain

-1 4 141
M(1,2,...,N—-2; ql,qz)——— Z Zexp{m (ZSJN erN 1)}

=1 =2

XAOP(I,...,i—l,NZ, LLN — 1l+1,...,N—2)
; N2 N-2 N—2 N—2
+§ Z : exp{m' (SI,N—l _Sl,N+SN,N—1+ Z Sj,N— Z S',N_1>}
l=|’_1%’_‘l =l g=Il+1 j=i+1
><AOP(l,...,l,N—l,l—l—1,...,i,N,i+1,...,N—2). (4.49)

The above expression shows that mixed amplitudes can be decomposed as
linear combinations of pure open string amplitudes.
By utilizing the string monodromy relations [2], the expression (4.49) can

be expressed in terms of the (IV — 3)! open string amplitudes:

N-2
M(1)2, R °Q 1N = 27 qQ1, qZ) = (_I)Ne_"ri(SLN—l-SZ’N_I) Z(_]‘)l sin ("TSl,N—l)

=2

N-3
eV Y wELT @S () AP(1, p, N~ 1,N).  (450)
p{OP(a,f%),l}

The S(p) is given by
S(p)=8p(2,...,N H H exp{mi®(p~' (&) — p1())Si;},  (4.51)

where p~1(4) is the position of i in p.
The 7;(p) takes the form
sign(p™(¢) — p7H (1 + D)(Si,nv-1 + Siyan-1), 3Li<N -3,

SN—Z,N—17
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The set OP(a, t) is the merged sets of «(2,...,0—1) and (I +1,..., N —2) and
the B! denotes reversal of elements in set 8. The second summation in (4.50) sums
over all permutations p, which are composed of the element ! and the ordered set

of permutations OP(«, ).

In the field theory limit, o’ — 0, the string amplitudes are reduced to the
field theory amplitudes Apr. If all open string states are specified to be gauge
bosons, the field theory amplitudes are basically Yang-Mills (YM) amplitudes,
which are denoted by Ay, [30]. Similarly, the mixed string amplitudes can be
reduced to field theory amplitudes in this limit. If the closed string state is gravi-
ton and the open string states are gauge bosons, the field theory amplitudes are
Einstein-Yang-Mills (EYM) amplitudes, which are denoted by Agyp. The rela-
tions between EYM and YM are discussed in [25, 27, 28].

In the field theory limit, the leading order of the expression in (4.50) is the
order of o/, while the leading order in (4.49) is the order of o/®. This gives us

relations similar to Kleiss-Kuijf relations [19],

M41-1 1
O0== > > Ayu(,...,i=1,Nyi,.. ., N=1L1+1,...,N—2)

=1 i=2
N-2 N2

+ 3 S Ayl LN =114, 6 Ny L, N —2). (4.53)
=[] =t
Let’s consider the case of four-dimensional spacetime filled by a D-brane and the

closed string momentum is purely four-dimensional momentum which is on-shell,

P2=0. We split the closed string momentum as
Q= kN—l = .’EP, Qs = k‘N = (1 - :L')P (454)
Then, we have

SN—l,N = Oa

Si,N—-l = ISip, Si,N = (]. - QJ)SiP, g = 1, v ,N -2 (455)
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In the field theory limit, the o/® order vanishes as result (4.53), we will consider

the o order of (4.49) and (4.50). This yields

-1
T .
51:{ 3 EZSJP YAym(,...,i—1,Nyi,...,[,N=1,1+1,...,N —2)
N-3 N-
+ > Z S;p)Aym(d, - ,l,N—1,l+1,...,z‘,N,z’+1,...,N—2).}
l=|’%] i=l+1 j=l41
- [F1-1 141 4-1
5290-1{ ZZ:;(;S,PAYM LN,,...,LN—-1,1+1,...,N—2)
N-2 N-2 1

_ Z (ZSjP)AYM(l,...,l,N—1,l+1,...,i,N,i+1,...,N—2)}.

(4.56)
By applying the BCJ [18] and Kleiss-Kuijf relations [19], we then obtain

Apym(1,2,...,N —2; P) = nz(l — z)

[¥1-1 ¢
x{ O Sip)Aym(l,. ., i= L, N,g,. o LN =1,1+1,...,N = 2)
=2 =2 j=‘
N-3 N-2
+ > Z S;p)Aym(1, ,l,N—1,l+1,...,z’,N,i+1,...,N—2)}.
l:[%] =41 j=I+1

(4.57)

To summarize, the mixed string amplitudes can be expressed as a linear combina-
tion of open string amplitudes. By considering the low-energy limit, we found that
at the order of &/, the relations yield the Kleiss-Kuijf relations [19], while at the
order of o/, they yield the relations (4.57).

4.4 Relations among mixed string amplitudes

The relation among mixed string amplitudes were formulated by Stephen
Stieberger and Tomasz R. Taylor [3]. They obtained new relations between Einstein-

Yang-Mills amplitudes associated with N gauge bosons and a single graviton and
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pure Yang-Mills amplitudes associated with N gauge bosons and one vector boson.
Especially the worldsheet monodromy relation for mixed string amplitudes, which

gives the novel string tube contributions.

4.4.1 Worldsheet monodromy relations for mixed string ampli-

tudes

Mixed string amplitudes involving N — 2 open strings and one closed string
describe by (3.34) or the more general integral form (3.35). According to conformal
symmetry, we choose £ = —o00, z = ¢ and Z = —i. Then we consider the real
integration with respect to z, and by utilizing the analytic continuation of xz,

along the contour integral depicted in Fig. 9 give us the following relation
M(]-) 27 € )N - 27 a1, Q2) + e_i”sst(L 37 27 N 7N - 21 q1, qZ)
+ e——i’lr(sza+sz4)M(]_, 3, 4, 2’ o ,N L 2, q, q2)
+ -+ C—i”(s23+824+...+32,N—2)M(1, 3, BN ,N T 2, 2, qdi1, q2) N T(3, ce ,N - 2),
(4.58)

where s;; = 2a/p;p;. The tube contribution, T'(3,..., N — 2), takes the form

N
T(B’ - - SR 2) = 5(2 kz) sin (7(321N_1)e_i7r31,1\'

i=1
o N—2
< [y =1y (ML= I lee—sl
1 £3<<TN-2 =3 3<r<s<N-2
N-2
X || |z — iyl |y — o]V o + 6 (4.59)
=3

For simplicity, we consider N = 5, the infinite tube takes the form
T(3) = sin (msgq)e ™! / dyly — 1|y + 1]°*
1
< / dzs)zs — iy |55 — i |zs +4[.  (4.60)
—oo

We deform the contour of integration of z3 to imaginary axis along contour C'

depicted in Fig. 10.
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Figure 9 Contour integral in the complex zz-plane [3].

C z3

—00 -1 1

o~ o
[ L @ IO l)iL'
k/‘\ﬂ/‘

Figure 10 Contour integral in the complex z3-plane [3].

The (4.60) becomes

T(3) = sin (ms4) e o5 / dyly — 11|y + 1|°* /Cdxlx — ||z — 1%z + 1.
1
(4.61)

This integral can be decomposed into the sum of five open strings amplitudes

T(3) = 2ie "™ gin (7r324){ sin (ms34)A®(1,5,4,3,2)

+ sin [(m(s24 + 534)}AP(1, 5,4, 2, 3)}. (4.62)

Let us add one more point: N = 6. There are two real integrations with
respect to z3 and z4. We will deform the contour of the integral of two real variables
to the imaginary axis as we did in the case of N = 5 in (4.59). The important thing

is that the tube contribution also satisfies the monodromy relations. We found that
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T(3,4) + e"™4T(4,3) = R(3,4) = sin (msps)e ™ / dyly — 1" |y + 1|**°
1
X / dz | dz|z — =[x — y|"®|z — 1|z + 1)z — y|**|z — 1|z + 1|
x Cz
(4.63)

with the contours C; and C, depicted in Fig 11.

Figure 11 Contour integral in the complex z3- and z4-planes [3]-

The contour integrals can be expressed as the sum over six-point open string am-

plitudes yielding the following expression:
R(3,4) = —4sin (msg5)e "%

x ¥ f[ sin {w(s,-,s + ]i 5410 [071(j) — o' ()] ) }A°P(1, 6,5,5(2,3,4)).
=2

s€{2,3,4} j=3
(4.64)
By utilizing the monodromy relation with (4.63), we can express the tube T'(3,4)
in terms of R(3,4) and R(4, 3) as

T(3,4) = ——%55_(:?34) [e™3¢R(3,4) — R(4,3)] (4.65)

We can generalize this to N-point, this yields

Z H exp{—im® [07(j) — o' ()] 5} T(a(2,..., N — 2))

oe{3,...N—2} 2<j<I<N—2

= R(3,...,N—2), (4.66)
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with
R(3,...,N —2) = (2))N*e™* LV sin (152 n_1)

Y e {r(isms+ o0 [0 -] )
1=2

0€{2,..,N-2} j=3

x AP(1,N,N —1,0(2,...,N — 2)). (4.67)

4.4.2 Relations for EYM subamplitudes from string worldsheet mon-

odromies

In the field theory limit, as o’ — 0, we only consider the lowest order in o

of (4.58). This yields:

AFT(1127"')N—2;q1aq2)+AFT(1,3)2)'-')N—2;qlaq2)
+AFT(1,3,4,2,...,N——Z;ql,qz)+AFT(1,3,...,N—2,2;q1,q2) =0.
(4.68)

Notice that the right-hand side of (4.68) equals zero because the contribution of
the infinite tube (4.59) is a higher-order string effect. To be more specific, its real
part is in the order of o’®, while its imaginary part is in the order of o/2. For ¢, =

Gz = g, the real part of Apr correspond to EYM amplitude:

1
Re{Apr(1,...,N = 2;q1,¢2)} L= -—EAEYM(l,...,N—2; k). (4.69)
N=q2=3
Note that the amplitude (4.69) satisfied the reflection property, i.e.,
AQ,...,N—-2k)=(-1)NA(L,N —2,...,2;k)". (4.70)

We then obtain the relation

AEYM(1,2,...,N———2;k‘)—I—AEYM(I,?),Z,...,N—Z;]C)

+AEYM(1,3,4,2,...,N—Z;k)+"'+AEYM(1,3,...,N—2,2;IC) '—:0, (471)

which is the gluon sector of Kleiss-Kuijf [19] relations.



CHAPTER V

RELATION BETWEEN CLOSED AND MIXED STRING
AMPLITUDES

In this chapter, we derive the relation between closed and mixed string
amplitudes by utilizing analytic continuation of complex variables to factorized the
closed string amplitudes into the product of mixed string amplitudes. We show
only 3 non-trivial cases namely, four- , five- and six-point relation. Finally, we

generalize to n-point relation

5.1 Factorization of closed string amplitudes

In this section, we factorize closed string amplitudes using the analytic con-
tinuation of complex variables. We begin with four-point amplitudes and proceed

up to six-point amplitudes.
5.1.1 The four-points amplitudes

According to the PSL(2,C) symmetry, we choose z, = i, z3 = —¢ and

24 = 00. The closed string amplitude takes the form
A9 = 4C / 2l — 222 + i 242 Fy(z, 7) (5.1)

where s;; = $k; - k;. Note that the factor (2r)?67(3; ki) has been dropped for
convenience. We can decompose Fy as fi(z)fi(Z) without losing generality. By

writing z = x + iy, the closed string amplitudes take the form
AY =4Csn / dzdy(z + iy — 1)°2(z — iy + 1) (z + iy + i)
(x — 1y — )*2(24)8 (—28)°® fa(2) fa(2).- (5.2)

Then rotating the contour integral of the variable y from the real axis to the
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imaginary axis

Y — 1y, (5.3)
the integrands transform as follows:
(z+iy — )2 (z — iy +1)"2 = (z —y — )" (z +y + 1), (5.4)
(z+ iy +1)°3(z — iy —9)"° = (z —y+9)*(z +y — 1) (5.5)
We then define new variables
E=z+y and n=z—y. (5.6)

Accordingly, the amplitude becomes
Aj = 4Cg / dE(€ +14)"2(€ — ) (~24)* fa(§)
x [ dntn =) (m +)° 20)° fao). (57)

The integrals are exactly those of mixed string amplitudes 4. Upon setting Cg2 =
(Cp,)? and identifying the functions f; and f; as the external-state dependent
function K4, we obtain

A = Fu(1,4;2,3)Fa(1,4;3,2). (5.8)
In the limit ky = k3, the four-point closed string amplitudes can be expressed as a

product of mixed string amplitudes

AZI ka=ka=k - M4(1’ 4’ k)M4(1, 47 k) (59)

5.1.2 The five-points amplitudes

For five-points string scattering amplitudes, we fix the points 23, 24, and 25
to be the points 4, —i, and oo respectively in the complex plane, the five-points

string amplitude reads
ACl = 4052 /d2251d222|211 —_ i|2313|21 + ’l:lstlZz — 7;]2523'22 + i'232412i|2334

X |z1 — 22|2312F5(21,51722,22). (510)
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We follow the same procedures as used in the four-point scenario, where we rewrit-
ing z; = x; + 4y; for j = 1,2. Subsequently, the variables y; are analytically

continued to complex variables, which transform as
y; — e y; = iy + ey;. (56.11)

Notice that we avoid the possible branch points of |z, — 2> by rotating the vari-

able y; from the real axis into almost the imaginary axis. The integrand becomes

|2 — 1|2 = (m; —y; — i+ dey;) P (g5 + Y5 + i — dey;)™
|2 + il = (w5 —y; + i+ dey;) 7 (w5 + y; — 1 — dey;)™*

2812

|21 = 2" = (@1 — 11) — (T2 — y2) + i€e(y — y2))*12

X ((z1+ 1) — (x2 + y2) — e(y1 — ¥2))™* (5.12)
for j = 1,2. If we introduce new variables
§=wzi+y;  and My = — Y (5.13)
the integral (5.10) can be written as

A =ACo / dérdmidéadnn(m — 5)°2 (m + 1) (e — 1) (02 + )™
X (£ 4 3)°12 (&1 — 6)*4 (& + 1) (& — 1) |24

X (1 — 1z + 1€8)*2(& — & — i€6)° 2 fs (1, m2) f5(€1, €2) (5.14)

where 6 = y; — vz and Fs(z1, 21, 22, Z2) = f5(21, 22) fs(21, Z2). The integral of above
expression resembles the integral form of mixed string amplitudes Fs, although it
has to include the possible phase factors because of the intertwining of integrating

variables §; and n; within the integrand.

The deformation of contours around branch points, i.e. 1, ~ 72 and & ~ &,
can be determined by the factors ie§. When approaching the branch points we need
to be careful. Let’s consider the behavior of ied near the branch points. When m;

approaches 7, the position of the branch point depends on the sign of & — &
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Figure 12 Contours of integration for the variable m in the cases when (a) £; >

¢ and (b) & < &, and contours of integration for the variable £ for

the cases where (c) 73 > 72 and (d) m < 72

because i€d ~ i£(§ — &) In this case, the branch point is located slightly below
the real axis when & > &. On the other hand, the branch point is slightly above
real line when ¢; < &. Therefore, to avoid the branch point, we can slightly shift
the contour of 7; to above the real axis when &, > & and slightly shift the contour
down in the case of & < &. The contours of 7, are illustrated in figure 12(a) and
12(b).

Similar for the term (¢, — & —i¢6)®2 when & approaches {. When 1, <13,
the factor ied is positive, while it is negative when m1 > 7ns. Consequently, the
contours of & are above and below the real axis for the case m > 12 and 71 < Mo

repectively. The contours of ¢ are depicted in figure 12(c) and 12(d)

The integral (5.14) is separated into four terms by inserting the identity

1= (0(& — &) + O(& — £))(O(m — m2) + O(n2 — m)) (5.15)

where ©(z — y) is a Heaviside step function. This gives four different integral
regions among variables. As a result, the integral in each term can be related to

the product of F5. Nonetheless, we need to make sure the integrand matches with
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the expression (3.35). Therefore, we utilize the following relation to correct the

integrand:

i1rc( . )c, 6 >£
(m —m)* = comem o (5.16)

ez —m)S & <&
when Re(m1) < Re(n2) and

(e — )% M >
(- &)= PN Lo (5.17)
e (&~ &) m<m
when Re(£;) < Re(&2)-

We then obtain

,@=€mmﬂﬂﬂﬁ&®ﬁﬂ&&Q$+WWEU&&&Mﬁ@A&$$

+ ™2 1 (2,1,5;3,4) F5(1,2,5;4,3) + F5(2,1,5;3,4) F5(2,1,5;4,3), (5.18)

if the constant Cg2 = (Cp,)? is fixed. In the case of ks = ks = k/2, the integral
Fs reduces to the corresponding mixed string amplitude Ms with the closed string

momentum k.
5.1.3 The six-points amplitudes

To observe more patterns in the relations, we have to consider another
non-trivial case regarding six-point string amplitudes. The six-point closed string
amplitude is given by

3
Ag = 4Cs /Hdzzjlzj — i P20 Py, ) [T bl

=1 1<l<m<3

(5.19)

where 24, 25, and zg are set to i, —i, and oo, respectively, to fix the PSL(2,C)
symmetry. We follow the same method as the previous case by writing z; = x; +1y;

then the variables y; transform as (5.11). We define the new variables as

€=z +yj and n; = Z; — Yj (5.20)
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while now j runs from 1 to 3, the amplitude takes the form
3
& =4Cse / T dnidé;(n; — )92 (m; +14)°5 (& + 8)°74(&; — 5)°5° |24+
j=1
x (&) fs(ns) TI (= thm + i€0im)*™ (& — &m — i€Om) ™™ (5.21)
1<I<m<3
where 0;; = y; — y;.

Similar to four- and five- point cases, the (5.21) can be expressed in terms
of the product of Fg with appropriate phase factors. The presence of i€d;, in
the integrand determines the deformation of the integration contour. Specifically,
considering the term (7, — 7, + €0}, )*'™, the contour of 7; is shifted slightly above
real axis when & > &, and it moves slightly downward from the real axis when
& < &m. Similarly, regarding the term (§ — &, + i€y, )®™, the contour of & is
translated upward from the real axis when # > 7, and is shifted downward from
the real axis when 7 < n,,. The deformation of integration contour depending
on how the values of the integrating variables are relative to each other, we will
separate the integration region into 36 pieces by inserting

3 3
1= ) 6E=§)0 —&) Y, On—1m)00m—m)  (522)
i#j#k l#m#n
to the expression (5.21).

In each term, we have to make sure that the integrand is in the correct form

of Fg, one can utilize the relations

e (n —m)e, &> &
(i —my)° = ’ ’ (5.23)

e n; —m)S, &<§

when Re(7;) < Re(n;), and

(& — &), mi >y
(G —&) = ’ (5.24)

e~ (& — &)°, M <y
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when Re(¢;) < Re(¢;). After a careful examination, we acquire the expression
AG =37 bt Fo(o (1, 2,3), 6 4, 5)Fe(0'(1,2,3),6;5,4).  (5.25)
o0’
The expression is summed over the ordering o and o' which refer to the order of
open string vertex operators. Note that the object inside the bracket are to be
permuted. The kinematics variables are contained in the functions A(o,0') and
Q(o, ¢') which depend on the ordering ¢ and o' respectively. The values of both

functions are shown in table 1

5.2 Relations between closed and mixed string amplitudes

In this section, the results formulated in previous section are generalized
to an arbitrary number of strings. To achieve this, we repeat the same procedure

as we used in the last section to factorize the expression for n-point closed string

amplitudes,
n—3
Afll =4CSz / H d22j|Zj — i|2sj'"—2|2j + i‘zsj‘"_l|2i|25"_2'"_1Fn(Zj, Zj)
i=1
T la—zal" (5.26)
1<l<m<n—3
with 2, o = 1, 2,1 = —% and 2, = 00, into products of mixed string amplitudes.

By rewriting z; = z;+1y; and then transforming the variable y; to ie™*y;, it yields
n—3
As =4Cs / LI dnidéi(m; — )%m2(m; + )5 (& + )2 (& — )™
j=1

L&) Fam)  TI (=t + iedim) ™ (& — €m — i€8m) ™ | 242

1<li<m<n—3

(5.27)

where the variables ¢; and 7); are defined in (5.20). By careful analysis of branch

cuts and contour deformations, the general expression of closed string amplitudes



o and o'.

o o! Ao, ') e, ')
1,2,3 1,2,3 —312 — 813 — 823 —812 — 313 — 323
1,2,3 2,1,3 812 — 513 — 523 —513 — S23
1,2,3 2,3,1 s12 + 813 — 923 —s23
1,2,3 3,2,1 812 + 813 + s23 0
1,2,3 3,1,2 —s12 + 813 + sa3 —312
1,2,3 1,3,2 —312 — 813 + 823 —812 — 813
2,1,3 1,2,3 —813 — 823 812 — 813 — 523
2,1,3 2,1,3 —s33 — 823 —813 — 323
2,1,3 2,3,1 513 — 523 —823
2,1,3 3,2,1 513 + 923 0
2,1,3 3,1,2 313 + s23 312
2,1,3 1,3,2 —313 + 923 812 — 513
2,3,1 | 1,2,3 —323 s12 + 813 — 823
2,3,1 | 2,1,3 —323 813 — S23
2,3,1 2,3,1 —a23 —323
2,31 | 3,21 523 o
2,3,1 | 3,1,2 s23 912
2,3,1 1,3,2 823 s12 + 813
3,2,1 1,2,3 0 s12 + 813 + 923
3,2,1 2,1,3 0 333 + 823
3,2,1 2,3,1 0 23
32,1 | 3,21 0 1]

3,21 | 31,2 0 313

3,2,1 1,3,2 [4] 912 + 813
3,1,2 1,2,3 —s12 —s812 + s13 + 923
3,1,2 2,1,3 s12 s13 + s23
3,1,2 | 2,3,1 s12 sa3

3,1,2 3,2,1 a12 0

3,1,2 | 3,1,2 —812 —s12

3,1,2 1,3,2 —812 —s812 + 913
1,3,2 | 1,2,3 —~s812 — 513 —s312 — 813 + 823
1,3,2 | 21,3 s12 — 813 —s13 + 823
1,3,2 2,3,1 812 + 813 823

1,3,2 3,2,1 812 + 313 0

1,3,2 3,1,2 —3a32 + s13 —512

1,3,2 1,3,2 —8312 — 813 —812 — 313
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Table 1 Values of functions A(g,¢’) and §2(o,0’) corresponding to the ordering
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can be written as

A(T:LlZZP(0(172131"')’"‘_3)|0J(1?273”"7n_3))

X Fp(0(1,2,3,...,n—3),m;n—2,n—1)

| X Fo(0'(1,2,3,...,n — 3),m;n— 1,n—2), (5.28)

with the help of relations (5.23) and (5.24).The above expression resembles the
relation (5.25), where all the phase factors that appear when correcting the inte-
grand of (5.27) are encapsulated in the function P(alo’). To defining the function
P(o|0’), we introduce the two new functions 6(i;,4) and B(4;,ik). The function

8(i;, %) is defined as

1 ;  (ip, iq) has the same ordering as set I,
0(ip, i) = _ (5.29)
0 ; (ip,1,) has the opposite ordering as set I,

where the set I, are giveh by
I,={1,2,3,...,n —3}. - (5.30)

For example, 8(1,2) = 1, 0(2,1) = 0, 0(4,7) = 0, etc. The function B(i,4k) is

defined as
(
—1 ;  (ip,i,) and (j;, j5) have the same ordering,
Blip,iglirsds) = § +1 (ip,%q) and (jr, js) have the opposite ordering ,
LO i (ipyiq) and (jr, js) are different.

(5.31)
For example, A(1,2]1,2) = -1, B(1,2|2,1) = +1, 8(1,2|1,3) = 0, etc. We then
construct the function P(o|o’) to be

k k
P(ila i27 e 7ik|j17j2) s )jk) = exp {Zﬂ-(z ZO(ZP’ iq)ﬂ(ip7iq|j’l‘1js)8ip":q

p<q <8

+ﬁ(jr,js)ﬂ(jr,jsli,,,iq)s,-,j_,)}. (5.32)
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The expression (5.28) involves a summation of (n — 3)! x (n — 3)! terms,
accounting for the permutations of n — 3 objects within the orderings o and o’. In
the case where kn,_o = kn_1 = k/2, the relation reduces to

cl /
= 1,2,3,...,n—3 1,2,3,...,mn—3
An k"_zzkn_1=k/2 ;P(a( )~y ,'n )Io ( y 4y Yy n ))

X Mn(0(1,2,3,...,n—3),n;k)

x Ma(c(1,2,3,...,n —3),n; k). (5.33)

Note that the closed string polarizations x;, corresponding the the physical states,
are decomposed into the open string polarizations (; and E, for the amplitudes M,
and Mn, respectively, via x; = (; ® ;. However, in the mixed amplitudes Mn
and Mvn, the polarizations of the closed strings are (2 ® (-1 and Cos ® Cot,

respectively. Additional details are available in Appendix A.

5.3 Correction terms

Although the relations between closed string amplitudes and those of mixed
string amplitudes, as presented (5.28) and (5.33), have been formulated, the cal-
culation require Wick rotations of the variables y; via (5.11). When implementing
the contour integral, we assume that no poles or branch points. In this section, we
will carefully consider possible branch points that exist in the bulk of the complex
plane, which could lead to correction terms of the proposed relations. For sim-
plicity, we will confine ourselves to consider only the four-point relation and the

comments on higher-point cases are provided at the end of the section

The terms |z — i|*2 and |z +14|* in the four-point closed string amplitude
(5.1) imply the presence of branch points at y = +(1 + iz) inside the worldsheet.
To transform y into an imaginary axis, the y-contour has to avoid intersecting any
cuts in the complex plane. To illustrate this, the y-contour is defined as shown in

figure 13. Following this contour, additional terms arise form the integration along
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Figure 13 Contour integral in the complex y plane.

the infinite tubes, namely paths T3, T3, T3, and T};. Since there are no poles enclosed
by the contour, the variable y undergoes transformation through the application

of the Cauchy theorem:

(/—:+/T1+T2+/T3+T4+/C)dy I(y) =0, (5.34)

where I(y) is an arbitrary analytic function. Note that the contribution from the
integral along the infinite arcs are disregarded since we assume that the function
I{y) — 0 when |y| — oo which holds true for our integrand. Thus, the tree-level

four-point closed string amplitudes take the form

A = Fu(1,4;2, 3)F4(1,4;3,2) + 8iCsg / dx(/ +/ )dy Z(z,y)
—00 TV+T, T3+T4
(5.35)
where
I(:E, y) — (LII + iy . i)su (.’I: _ ’iy + 7;)312 (.’II + z'y + ,l-)sw (.’IJ _ z'y _ i)513|2i|2s23F4($, y)_
(5.36)

The first term of (5.35) has already been discussed, which arises from the contour

integration along the imaginary axis (path C).
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(a) (b)
Figure 14 Contour along the infinite tubes of (a) the variable y’ and (b) the

variable 4.

Now let’s investigate the additional terms resulting from the integration

along the infinite tubes by considering the following integral:

A= / dyI(z,y) and Ay = / dy I(z,y) (5.37)
N+Ty T3+Ty

For convenience, Fj is set to one. To compute, the additional integral is divided
into two cases: z > 0 and z < 0. For the first case z > 0, we change the variable
y to ' where

y =y +iz, (5.38)
the integral A; becomes
Ay =glerteis)gens ( / + / )dy’(y’ — 1) (z — iy + x + )"
>0 Tl 1’12
X (y + 1) (z — iy +z — 1), (5.39)

The contour paths T; and T of the contour y' are depicted in figure 14(a). Utilizing

the relation

ly' — 1|°%2™; for path T}
(y —1)°= (5.40)

lv' —1|% for path Ty,

we can write

e o]
Ay = (26)3(12o13) 452 iy (7r5,,) €512 / dy'ly’ — 1"y + 1]
> 1

X (x— iy +z+0)2(z — iy +x— ). (5.41)
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Similarly, we can compute A, for the case > 0 to be

z>0

Ay|  =ilorrtenlgen ( /~ + /~ )dﬂ(ﬂ —1)"(z — i + x +1)*®
Ts Ta
X (5 + 1)"2(x — i + x — )12, (5.42)
where we define
y=—7—iz. (5.43)
The figure 14(b) depicts paths Ts and Ty of the yj-contour along the infinite tube.

By applying the relation

3 |7 — 1|°€®>™¢; for path Ts,
H-1)°= ¢ (5.44)
g — 15 for path T,

the integral A, takes the form

A, - _ (2i)i(812+813)4823 sin (7!'513)6”313 / dﬂlz} N 1|813|g + 1|S12
z>0 1

X (z— 1§+ x+1)°2(z —ig + = —1)"2. (5.45)

Similarly, we can compute the expressions for A; and A, in the case of z < 0 and

find out that

[Cas(a] ) = [ el

Finally, the four-point closed string amlitude (5.35) takes the form

KO) . (5.46)

+ A,
0

+ Ay
0

> <

.ACI = ]:4(1, 4, 2, 3).%4(1, 4; 3, 2) + 320327:(512+513) (2323) (3(5‘12, 813) + 8(313, 812), )
(5.47)

where

oo o0
B(s13, 513) =sin (ms13)e"™"2 / dw/ dy'|ly — 112y + 17°
0 1

X (T — 4y + T +1)12(z — iy + T — §)792°%. (5.48)
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Imiw}
~ T
¢ . LyRe{z}
(a) (b)

Figure 15 (a) Contour of integration providing a Wick rotation of variable z and

(b) contour path of the variable z after the rotation

Remind that the order of the arguments of B(z,y) matters, i.e. B(z,y) # B(y, ).
Moreover, the integral B(z,y) can be related to the color-ordered open string am-
plitudes by applying the binomial expansion to the expression (5.48). It yields
s iTs12 = S12 S13 *° 812 813
B(s12, $13) =sin (1s12)e Z dy ly — 11|y + 1]
ap=0 \ ¢ b 1

o0
X / dx (x +14)%27%(z — iy)* T (x — 4)*202%2s, (5.49)
0
If we transform z — ie~*xz, B(s12, 513) becomes
B(sy, i  \,iE(3s12+513) S12) (513 / dyly — 1|12 1|°®
(512, 813) =isin (ws1a)e Z a = yly — 1™y + 1]

a,b=0

x / do(w+ 1) (5 — g)*P(z — 1), (5.50)
L

The parameter ¢ was used to avoid intersecting branch points on the imaginary
axis. The contour of integration of the variable z is shown in figure 15(a), which
the variable z is rotated to the imaginary axis. After the rotation, the contour of
the new variable z, denoted by L, is depicted in figure 15(b). To be more specific,
we will write B(s12, $13) as Br(s12, s13) to indicate the path of integration. The

branch cuts are assigned to be along the real axis shown in figure 15(b),we can
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write
2. (s s *
By.(s12, 513) =isin (Wslz)ei%(%lﬁsw) Z < ;2) ( 11)3> / dyly — 1|y + 1%
a,b=0 1
1 Y [es)
x gMisia+a) ( / dz + ™e13?) / dzx + e™(s13ta) / d:c)
0 1 Y
X |z + 1727z — y|* |z — 1) 020, (5.51)

We notice that the last two terms in the second line of (5.51) are the integral form
of color-ordered open string amplitudes considering that the position of open string
vertex operators are fixed to be at —1,1 and co. According to [31], the integral of

tree-level five-point partial string amplitude is given by

o0 T4
7.%(2,3,1,4,5; {ni;}) =/ d:z;4/ day(zy + 1)512FmM2 (g — 1)s18Fms
1 1

X (1124 o 1)324+n24 (.’L‘4 AN 1)534+'n34 (.’174 - .’131)514+n142323 (552)

with a set of integers n;;.The three points of open string vertices are fixed to be
zy = —1, x3 = 1, and z5 = oco. To identify the integral (5.52) to the open string
amplitude, the numbers n;; must be set to specific values associated with external
string states. To eliminate the terms that involve the integration of x from 0 to 1
of (5.51), we consider the function Bz« (s12, s13) where the contour of integration L*

is defined as illustrated in figure 15(b). The function B (s12, 513) takes the form

0o 00
BL* (312, 313) —isin (Wslz)ei§(3312+s13) Z (812) (511)3> / dyl'y N 11312 |y + lls13
1

a
a,b=0

1 Yy oo
x gms1sta) ( / dz + e ™Hs1370) / dx + e~ mis1319) / dx)
0 1 y

X |z + 127z — y|**P|z — 175020, (5.53)
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If we subtract Br(s12, $13) by Br«(s12, $13), one yields

isin (Wslz)ei§(3s12+313) Z (822) (S;3> / dy|y — 1|812|y + 1|s13
1

a,b=0
. X y °
x 2igmis1a+a) (sin (m(s13 — b)) / dz + sin (7(s13 + @)) / df‘)
1 Yy

812—a a+b

o — 1270, (5.54)

X |z + 1] |z — v

which can be written in terms of Z;® as

o0
p i3 S § a
By (s12, 15) — Bre (512, 813) = —2sin (sgp)ela Tz 1) 3 ( :) ( 23) 1)

a,b=0

X (Sin (m(s13 — 8))Z5¥(2,3,1,4,5; {ny;})

p5=514=0

) . (5.55)
Pp5=514=0

For all strings are in the same level of string mass spectrum, the above expression

+ sin (7('(813 + a«))I;p(27 37 47 1’ 57 {nlJ})

is evaluated at s14 = 0 and ps = 0 providing that sy = s34, S13 = S34. The set
{ni;} is {n1z = —a,n13 = —b,n14 = a + b}.

Besides, we notice that the expression of correction terms (5.54) is similar to
the infinite tube amplitudes presented in [3]albeit an infinite sum. For the higher-
point string amplitudes, we would obtain the correction terms as in the four-point
case. However, the computation is more complicated because we have to deal with
the multiple contours of integration together with multiple branch points and cuts
in the bulk of the complex plane. This issue can be overlooked by considering
it within a certain limit. The natural choice is the field theory limit, ¢ — 0, to
which it relates Einstein’s theory with Einstein-Yang-Mills theory. In this limit,
the correction terms in (5.47) are at the order of ¢ assuming that the open string
amplitudes are at the leading order, while the product of F; is at the order of o'
This means that the correction terms are at the leading order. Unfortunately, we

cannot ignore them within this limit.

Now let’s consider another limit where the correction terms can be ignored,

i.e., the soft limit. In this limit, we can choose one of momenta, denoted as k;,
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approaches zero. We write k; = ok, with k, being some fixed momentum and limit
the parameter . In the four-point relations, the mixed string integral JF; is at the
order of §° siﬁce the open string amplitudes are at the order of ' in this limit
[32, 33, 34] together with the relations between mixed and open string amplitudes
[25]. For the correction terms, they are at the order of 4, which is subleading order,
due to the sine function. This argument holds for higher-point string amplitudes
as well, because the factor sin (7s;;) always appears when the integrating contour
encircling around the branch cuts. In principle, we can choose some momentum
ks to be vanished such that the correction terms of higher-point string amplitudes
are in the subleading order. By considering the soft limit or some certain limit
of the relations, it may provide new interesting structures among string scattering

amplitudes.

5.4 Relations between tree-level closed and mixed string amplitudes at

five-point

In this section, we show the alternative way to formulate the five-point

relations between closed and mixed string amplitudes. To obtain this, we choose

different points to fix, i.e., zp = %, z3 = i 2z =ws5(ys = 0), and y, = y4 = y. Notice
that we choose y; and y4 to be the same because we would like to avoid dealing
with multiple contours of integration and branch cuts. By writing z; = z; + y;,

we then obtain the amplitudes of the form

2512 2s13

x1+z'y+§
')
Trys — —

2

. ]
x1+zy—§

A =(—24)*Cs / dx,dzdzsdy

i 2824+2 2s25+2

|z1 — z4|*M |21 + iy — x5|**

283442 2835+2

|y + iy — x5 Fy (1, T4, T5,y)  (5.56)

x4+iy+—2-

1175+§

As in four-point, there are terms in (5.56) that contain the branch points

in the bulk of the complex plane. The branch points are at y = :J:% +iz;and y =
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:I:% + iz,. During the Wick rotations of the variable y, we need to make sure that
the y-contour does not intersect with any brach cuts. We define the contour of y

shown in figure 16.

tedv}

> Re{y}

Figure 16 The contour of integi'ation of y.

Again, we apply the Cauchy theorem as we did in previous section. The

five-point tree-level closed string amplitudes take the form

.ACI =4032/d$1d11}4d$511($5)(/ +/ +/ )dyI2(x1,:E4,a:5,y) (557)
(6] L1+Lz L3+Lqg .

where

- e, (559)

3 7
Ti(zs) = (x5 — §)szs+1 (x5 + 5)525“ (x5 + 5
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and

To(21, 24, %5, y) =(21 + 1y — 5)312(11 —iy+ 5)812(931 +w+ 5) 1

(z1 — iy — %)313 (z1 + iy — 25)°° (21 — By — 25)°"

(T4 + 1y — 25)° (T4 — 1Y ~ T5)™ (T4 + 1y — %)324“

(x4 — iy + %)”‘”’1(304 + iy + %)’34“ (x4 — iy — %)334“
(%1 — 24)* 4 F5(21, 24, T5, Y)- (5.59)
Let us consider the following integral :
B, = / dzdzidzsTy(z5) /C dyZy(z1, 24, Ts, Y) (5.60)
1
Along the contour Cy, we transform y as
y — ie G ~ if + €. (5.61)

The integrand Z,(z1, Z4, T5,y) becomes

Ta(or, 5a,55,) (@1 — = & + i) (s + T+ § — ief) (@ — G+ 5 +ici)*
(1 +9— % — ief))* 3 (zy — § — 75 + 1€§)"% (21 + § — x5 — 9€§)°"°
(24— § — T5 + i€§)* (24 + § — x5 — i€§)" (21 — T4) P
(Ba— G — % +ief)* (za + G+ % — def)t!

I S S
(24 — G+ 5 +1eg)™ (24 +§ — 5 — i)™ (5.62)
By defining the new variables as

G=z;—7 and w; =z + 79, (5.63)

where j = {1,4}. We then obtain integral B, of the form

Bl = /d$511($5) /dwldw4d<1dc45(w1 — w4+ C4 - Cl)j'.2(C17 C41 Wi, Wy, 1175),

(5.64)
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where

~ 1 ey, 1 iey,, 1€\,
To(C1, Caywr, wa, z5) =(C1 — = + —l) 2(G+ - + _’y) B — x5+ '—21) 15

2 2
1€
(G1— C4) Wy — x5+ 77)545 (C— = + 27)sz4+1
T €Y\ sl 1 zeys ) wys

(Gt g+ 0y m¥ o o £ = sy — 2 = Dy

2 2 2 2 2
(wl — Xy — E‘;_’y)sﬁ (w4 — T5 — %)345 ((U4 + % _ %1)324+1
i % > 3621)334“(‘*’1 — wy)™* (5.65)

and v = w; — (;. Note that the Dirac delta function has been inserted because
the new variables are not independent. By utilizing the binomial expansions to

separate the variable x5 from i (¢1, €4, w1, wa, z5). The integral B; becomes

o~ ((s15) (545 515 [ Sas i |2t i |2oeet? atbtotd
By = Z a b c d 451 — 2 T 2 (=2s)
a,b,c,d=0
X /dwldw4dC1dC45(w1 —wy + G — ) Zs(Gry Gay i, wa), (5.66)
where
1€ L 1€ 1€
T (1, Caywr,wa) =(G— o + _1)812@ + Gg 27)313(C + 27)315—'1
(Cl _ C4)514(<4 4 —)345_b(C4 - % + ?)324+1
. 1€ i i€ 1 i€
(C4 + + 2’7’)sa4+1(w1 =i/ _i . 7’7)312 (wl _ 5 _ 7'7)313
( e TEY \ gan— T ley.,
(wl P~ 77)315 (w4 . 7’}1) 45 d(W4 + E . 77) 24+1
1 1€
(we—7 = 7”)%“1 (W — wg)™™. (5.67)

By using the integral form the Dirac delta function

Swy —ws+Ca—Gr) = % /dl exp{il(wy — wy + G — G1)}, (5.68)
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we then write

B, = i S15) [ S45\ [ S15\ [ S45 /dz T j [t T +£ 2835+2(_x )a+b+c+d
1 a b c d o R > T 5
a,b,c,d=0
/ﬂ /dwldw4eil(w1—w4)(w1 + 1 Z'G_’Y)su(wl _ E _ 126_7)313@)1 _ w4)514
2 2 2 2
- Sy

T ysa5—d f’_ _ ﬂ s24+1 _ 1 _ ﬂ s34+1
2) (s + 2) (o= 3 = e
[/dcld<4eil(€4 Cl)((l - _|_ 267 sw(c _|_ + iey

513 iey s15—a
)G+ 5)
(G — ) (G + — ey

2 —Lysss=b(c, — 1 + Z€2’7)324+1(C N : 4 16’7)334"‘1] (5.69)

The integral in the square parentheses can be defined as the one-parameter depen-
dent amplitudes, i.e.

Ms(ky, ka, ks; p2, s+ 1, {ny;}) E/dmdme”(“’l_“"‘)( + ; - %fzj—)sl”"”
(w1 — % — 7;677)813+n13 (wl _ w4)814+ﬂ14

_ ﬂ 815—115 N 7'_61 S45—T45
(1 —=57) (we =)
(w4 + t ﬂ)824+n24(w4 w 3 — ﬂ
2 2

5 . )334+n34’ (5_70)
where n;; are integer number. The expression (5.70) is considered as one-parameter

amplitudes, where three vertex operators are fixed at ws = 0, ws

=-% andws =%
We need to consider all contour of w; and ¢; shown in figure 17 This can be done
G Gt Wi
Y (,Lf‘l ) <’1
Wy G4
(a) (b)
o G ¢ W
&4 Wi
()

Wy

(d)

Figure 17 Contours of integration of {3, {4, wy, and wy (a) y1> 0 and y4 > 0, (b)

<0 and y4 <0, (¢) y1> 0 and y4 < 0, and (d) y3< 0 and y4 > 0
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by inserting an identity,

1 = O(y1)O(ys) + O(—41)O(~y4) + O(—41)O(ys) + O(¥1)O(—ya). (5.71)

Nontheless, all cases give us the same expression for Ms(ki, k2, ks; p2, ps; 1, {ni;})

which is

Ms(ky, kg, ks; D2, a3 1, {ni;}) =€ 14 M5(5,1,4; 2, 3;1, {ny;}) + Ms(5,4,1; 2, 3;1, {ni;})
4 gmimlorstass—sia) Nr(] 4 5:2,3: 1, {ni;})
4 g~imlsistaas) M1 (4,1, 5; 2, 3; 1, {ni;})
4 e M (1,542, 31, {n;;})

+ e M (4,5, 152, 3; 1, {ni;})- (5.72)
where

]\4-5(17 47 5, 2, 3, l, {nij}) = / dwldw4e"l(“’1_““) (UJl + £)312+n12

w1 <wg<0 2

X (wl _ %)313+n13 (w4 Y7 w1)514+n14 (wl)sls—nls

X (w5 DYy — Lyt (5,73

The integration regions correspond to the color order of the amplitudes. The
set {ny;}is {mi2 =n13 = nu =0, ngg = nzg =1, my5s = a, ¢, ngs = b, d }.
M;5(1,4,5;2,3;1,n;) correspond to the five-point mixed string amplitudes when [

= (). We then write

ad 815 345 315 345 j |Post? j |2oest2 a+b+c+d
Bl = Z a b c d /d$5 Ty — 5 s + 5 (—$5)
a,b,c,d=0
dl ~
ng(kl,kz,ks;pz,ps;l, {nij}) x Ms(ky, k2, ks; p2, p3; L, {ns;}). (5.74)

Furthermore, we analyze the integration of z5 by using the analytic continuations.

Let us consider the following integral:

Cl = /dl‘s

1175—{-5

252542 233512

T5 — — (—$5)a+b+c+d. (575)

2
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Im{zs}

Iy

¢ l > SRe{zs }

Figure 18 Contour of integration of x5

Note that the branch points are at :I:%. By defining the contour of x5, as shown in

figure 18, and applying the Cauchy’s theorem. The integration C takes the form

(o[ Jo

Along the contour path ¢, and ,, the x5 transform as

2595-+2 2s35+2

T5 + — (—iL‘s)a+b+c+d. (576)

2

.’E5—§

Then the integration of z5 yields

Cy =(z) Hmssmth(_qobrerdgin(eastion (gisin (m(sys + 505 + 2))

5 btctd
B(3 + 525 + 535, —3 — a5 — S35 — Lrtete)

- , (5.78)

where B(z,y) is beta functions. Re{2(ss5 + s35) + (@ + b+ ¢ + d)} is less than —1,
Re{a + b+ ¢+ d} is greater than -1 and Re{sy5 + s35} is greater than —3. Finally,

the expression of B; is given by

_ = 515 545 S15 545 i 142525428 a+b+ct+d im(s25+535)
By = _ 2512335 (
= 3 () (o) gremmtamee

a,b,e,d=0
B(3  — 5 o5 — §g5 — atbiatd
(—2isin (m(s95 + s35)) X Shl Al 2 = =
dl -
%Ms(khkz,ks;l)z,l)s;l) X Ms(k1, ka, ks; pa, p3; 1) (5.79)

We also examine the correction terms which arise from the integration of y

along infinite tube namely, L., Ly, L3, and Ls. And we need to specify the region
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of integration of z, and z4. There are eight cases which are i.) 0< z1<zy, ii.) 0<
T4<Tq, iil.)T4<21<0, iv.) 2;<24<0, v.) 71 > 0, 74 <0 with |z4] > |z41], vi.) =3 >
0, z4 <0 with |z1| > |z4|, vii.) z1 < 0, 24 >0 with |z4| > |z1|, and viii.) z; < 0,
z4 >0 with |z1]| > |z4|.

In the thesis, we show only one of the cases, which is 0< z;<z4. Let’s

consider the following integrals:

BzE/ dyZy(z1, %4, %5,y)  and 335/ dyZy(x1, 24, 25,9).  (5.80)
Li+Ly Lat+La

For convenience, we set F5 = 1. By transforming the variable y to y' where

1
y= *2' + z'y', (581)

the integral B; becomes

BZ :Z(/L _|_/L )dy/(ml _ yl)su(ml I yl)slg(xl AN yl 4 7:)313(111'1 4+ yl o 2-)313(',1;‘1 + yl)sz4
1 2
(1 -9 — 25+ %)315 (21 +y — 25— %)515 (@a — 9 + 1) (@g + 3y —5)"H
i i
(£E4 15 y' — 5 + 5)345 (1'1 _ 5174)2514(1124 + yl — x5 — §)s45+1(x4 L yl)sz4+l'
(5.82)
The contour paths L; and L, of the variable y and —y’ are illustrated in figure
/ I_,
- ~ Y
A

L& Y PN & ) S
7 hY

l;— —/ ‘l ,
T] .’L'4~ —.I~4—f131
Ly L,

() (b)

~

Figure 19 Contour of integration of (a) ¥’ and (b) —v'.

19(a) and 19(b) respectively. By using the following relations:

. lz1 — /|°e*";  for path L
(71 —y)° = ) (5.83)
|z1 — o'|°e™*"; for path Lo,
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for yl € [3:17-7:4]
(¢ —y) =|za—9|°  ;forpath Ly, Ly, (5.84)
for ' € [z4,+00)

|zg — y|°eie™;  for path Ly,
(za—y) = ) (5.85)
|zy — 9'|°e~";. for path Lo,

one can write

[s.¢] T4
By = 2sin (7(s12 + s24 + 1)) / dy'Z; + 2sin (7s12) / dy'Ts, (5.86)
x]

T4

where

1-3 =|.'121 A y/|s12lx4 b yllsz4+1(x1 i\ y')s“(:ﬁ N yl + i)313(x1 + y/ L i)sw,
(1 —y — x5+ %)815 (1 +y — x5 — %)515 (T4 —y +19) 3 (24 + yf — i)t

($4 - y' — 5+ %)345 (551 — 304)2814(% + y' — 5 — %)345 (1”4 + y')824+1~ (5-87)

Likewise, B3 can be computed by the same as we did for By but we define y as

— —% a)X (5.88)

The path Ls and L, are illustrated in figure 20. We also apply the following

_Eg L4
p) TN PRSP y
h) l \ : j’ v N ] l 4
Ly —Z4—T
L4 L3
(a) (b)

Figure 20 Contour of integration of (a) § and (b) —7.

relations:

|z, — gj|°e’™;  for path I
(01— ) = ~ (5.59)
|z1 — g|°e~%"; for path Ls
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for § € [z1,z4]
(x4 — §)° = |za — §|% for path Ls and L4 (5.90)
for § € [z4, +00)

) |zg — g%, for path L,
(24— §)° = (5.91)
|zg — |°e™"; for path L

the integral Bz takes the form
By = 2sin (m(s13 + s34 + 1) / " 5T, + 2sin (s1s) / “ ., (5.92)
T4 1
where
Ty =|z1 — G |ma — G (@1 — § + 6) "2 (21 + § — )2 (21 +§)™

A ) " i - \ 1.,
(1 —7—z5 + 5)815(3?1 +9— 25— 5)315 (T2 +3) 2 (@ —F — 25 + 5) 45

(21 — 34)* (24 + §F — 75 — %)645(3;4 — G i) T gy +F — 54t (5.93)

We can compute all possible cases for the correction terms by using the same

procedures and combining all the results. Finally, we then obtain the following
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expression:

.Agl =8Cg2 /dele [/ dxl/ dm4<5in (m(s12 + 524 + 1))/ dy'Ts
0 z1 z

4

T4 00 T4
+ sin (7s12) / dy'Z; + sin (7(s13 + 834 + 1)) / dyZs + sin (7sy3) / d;t]I4>
T4

1 Ty

o0 T4 o Z1
+ / dzq / dz, ( sin (w(s12 + S24 + 1)) / dy'T; + sin (ms94) / dy'Ls
0 0 . T4 T4

oo} 1
4 sin (m(s13 + 834 + 1)) / difT, + sin (ss) / ng4)
T4 T4
o

0 ] oo
+ / dz; / dm(sin (m(s12 + 824 + 1)) / dy'Ts + sin (7s12) / dy'Zs

4 -1
00 —z1
+ sin (7!'(813 + S34 + 1)) / d’gI4 + sin (7T834) / dﬂl:l)
0 T4 o o] S —z1
+ / dzy / da:l(sin (w(s12 + S24 + 1)) / dy'Z; + sin (7sg4) dy'Zs
—00 " —00 —r1 —x4
00 —z1
+ sin (7(s13 + s34 + 1)) / dyZy + sin (7534) / dﬂI4)
—1 —T4

0 T4 o] —x4
+ / dxy / dxl(sin (m(s12 + s24 + 1)) / dy' Tz + sin (7s12) / dy'Zs
—00 0 —T4 T

—z4
+ sin (7!'(813 + 834 + 1)) / ng4 -+ sin (7!'813) / dﬂl:;)
—Z4 £

0 oo 00 T1
+ / dm4/ dz, (sin (w(s12 + S24 + 1)) / dy'Zs + sin (wsay) / dy'Zs
—o0 —x4 T1 —T4
00 1
+ sin (7T(513 + 834 + 1)) / dyZ, + sin (71'834) dﬂI4)
1 —T4

00 —Z4 0o 4
+ / d(L‘4/ d:l:l (Sin (7I'(812 -+ 894 + 1)) / dyll-g ~+ sin (7!’812) dy'I3
0

o x4 —I1
T4

+ sin (7(s13 + 34 + 1)) / dyZy + sin (7s13) /

T4 —I1

dﬂZ4)
—z

0 0 00
+ / dzy / dz, <sz’n(7r(312 + 894 + 1)) / dy'Zs + sin (msz4) / dy'Zs
[\ —T4 -1 T4

—o1
+ sin (7(s13 + s34 + 1)) / dyZ, + sin (ms34) / d3714>]
—x] T4

- S15) (545 (S15) [ S45 £1+2525+2835 _—1)etbtetdim(szs+sss)
= 3 () Ce) ()G

a,b,e,d=0
B(3 + So5 + S35, —3 — 595 — 595 — atbtetd
(—2’i sin (7!'(325 -+ 335)) X ( 525 35 2 5 25 35 B )
dl -
MS(kl, k‘g, k5;p2;p3; l’ {nz_g}) x M5(k17 kZ; k5;p27p3; l) {nzj}) (594)

7



CHAPTER VI

CONCLUSIONS

In this thesis, we investigate the relations among string scattering ampli-
tudes at tree-level. In Chapter 2, we provide basic notions of string theory both
classical and quantum string theory. In Chapter 3, the basic ideas of string scat-

tering amplitudes were provided.

In Chapter 4, we review the interesting relations among string scattering
amplitudes, which are 1.) relations between closed and open string amplitudes
at tree-level, 2.) relations among color-ordered open string scattering amplitudes,
3) relati;)ns between mixed and open string amplitudes, and 4.) relations among
mixed string amplitudes. The relations between closed string and open string show
that closed string amplitudes can be expressed as products of open string ampli-
tudes at tree-level, which are known as KLT-relations[13, 1]. The factors in this
relation can be captured by the momentum kernel [29]. In low energy limits, this
gives the connection between perturbative gravity and Yang-Mills amplitudes. The
relations among color-ordered open string amplitudes show that color-ordered open
string amplitudes can be related by monodromy relations. The number of indepen-
dent color-ordered open string amplitudes can be reduced from (n—1)! to (n—3)!.
We can write the color-ordered open string amplitudes in terms of (n—3)! indepen-
dent color-ordered amplitudes. The set of independent amplitudes can be treated
as the basis, known as minimal basis [2]. At the low energy limit, the relations
reproduce the Kleiss-Kuijf relations [19]. The relations between mixed and open
string amplitudes show that the mixed string amplitudes can be decomposed as
linear combinations of pure open string amplitudes with appropriate phase factors.
At the field theory limit, this gives the relation between Einstein Yang-Mills ampli-

tudes and Yang-Mills amplitudes|[25]. Mixed string amplitudes also have relations
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among themselves. The amplitudes can be connected by the monodromy relations
and give a novel infinite tube contribution. By taking the field theory limit, this
gives a new relation for Einstein Yang-Mills amplitudes, and the gluon part satis-
fies the Kleiss-Kuijf relation [19]. The infinite tube contribution does not play an

important role in this limit; we could say that this is string correction terms 3]

In Chapter 5, we construct the relations between closed string and mixed
string amplitudes, which involve (n — 2) open strings and a single closed string,
at tree level. We start the derivation with the fewer-point relation, namely, the
four-, five-, and six-point relation, which are presented in (5.9), (5.18), and (5.25),
respectively. We then construct the n-point relation, and the result shows that the
n-point closed string amplitudes can be expressed in terms of the product of mixed
string amplitudes with the phase factors, as in (5.33). The phase factors correspond
to the color-ordered mixed string amplitudes, which can be captured by P(c|o’)
(5.32). The function P(c|o’) is defined by two new functions 6(i;, ix) and B(i;, k),
which are defined as (5.29) and (5.31) respectively. However, there are correction
terms that come from avoiding the branch cut in the bulk of the complex plane
when we do the Wick rotations. We have shown the correction terms for the 4-point
relation as in (5.51). Furthermore, we analyze the correction terms by utilizing the
binomial expansion, analytic continuation of complex variables, and the contour in
Fig. 15(b). The result shows that the correction terms are similar to the infinite
tube amplitudes presented in [3]. Again, these correction terms can be neglected
within a certain limit. For the five-point relation, we also provide an alternative
way to formulate the relations between closed and mixed string amplitudes. The
results show that the closed string amplitudes can be expressed as the product of
two one-parameter mixed string amplitudes (5.72), and the correction terms also

exist for the same reason.
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APPENDIX A POLARIZATIONS AND KINEMATIC FAC-
TORS

As mentioned in Section 5.2, the polarizations and kinematic factors of the
external closed string state are contained in the function F,(2,%). Through out the
factorization process, the functions F, are decomposed to those open and closed
strings in the mixed amplitudes captured by K, and K,

For tachyons, F,, = K,, = I?n = 1. For the first excited states, Fy,(z;, Z;) is
given by

<1, CJ k CJ
Z(zl_z])z \/_Z (2 — %)

t#J
Zz C] kCJ
L fzuz—zj)}

where (; ® é = x; are polarization of external closed string states. The function

linear in (; ,é

K, (z;), involving n — 2 open strings and a single closed string, takes the form

n—2

Y] ki J = 9 - J
exp{ Z (z: —5:, \/—Z (z: ——C:L'] Z [ (z; — 2)? (.'Ej —CE)Z

>3 =

— o n-1"Gj n—2'Cj ki -9 ki
\/_<(5—771') N (Z—’ﬂj) + (xj—z) G (:1;]- _2))]

89 kny-®  kpg-®
+(z—z)2_‘/—((z—z) (z——Z))}

where (; is open string polarization for i € {1,...,n—2}, x = Y ®7 is closed string

(A.2)

linear in (,',19,'5

polarization, and k,_2 + k,—1 is closed string momentum.

The function F,(z;, %) (A.1) can be factorized into the product of two func-
tions as f,(2;) X fa(Z). Next, we proceed the similar procedure as in section 5.1
applying the analytic continuation of complex variables and introducing the new

variables as defined in (5.20. We then obtain
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. n—3 n—3 n—3
N — Cz CJ 7 k C] Cn—l CJ Cn—Z CJ
() exp{;i(n =P D e +;[n,+z>2 (05—
_ n—1 CJ n—2 ° Cj kj ) Cn—l kj : C'n.—2
f(( z—m)+(z—nj)+(m+i)+(m—ﬂ)]
Cn—l i Cn—-Z 7 kn—l ) Cn—2 kn—2 ) Cn——l
’ (_27’)2 B \/E( (_21) * (22) ) } linear in ¢; (A3)

n—3 n—3 n-3 [ % s ~ F
ey & - CJ i ki- CJ Gu1-G | G2 Gy
i ‘e"p{z< ) le[@j—i)z*(&jw

== ’ kn-l'éj n—2 ° CJ E’n—l kj'én—?.
“((i—@-ﬁ( z—e»* GEo (sm'))]

+ Cn—l '. E'n,—2 _\ \/E(kn—l '.Cn—Z + kn—2 ' En—l) }

@) (—2) (A4.4)

linear in ;

Note that the positions of the three vertex operators z,_g, 2,1, and z, are fixed
to 7, —1, and oo, respectively. The functions f,, and f.. can be identified as K, and
K, (A.2). In the mixed string amplitudes, closed string polarization regrading K,

and Rn are (-1 ® (2 and En_l ® En_z,respectively.
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