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ABSTRACT

In this thesis, we have formulated three mathematical models to study
Hepatitis B virus (HBV) infection. Our initial model explains hepatitis B virus
(HBV) infection within hepatocytes, incorporating intracellular HBV DNA-
containing capsids, antibodies, and cytotoxic T-lymphocytes (CTLs). Further, two
drug therapies (blocking new infection and inhibiting viral production) are included
in the model. This model accounts for two time delays: one for the productively
infected hepatocytes and another for the antigenic stimulation that generates
COTLs. We compute the basic reproduction number by the next-generation method
and verify the positivity and boundedness of the solutions. Further, the stability
analysis is performed. The numerical simulation results demonstrate that the
method of preventing new infections give more efficient in reducing the number of
infected hepatocytes in comparison to the method of inhibiting viral production.
Moreover, both time delays exert an influence on the infection number and duration
of infection, meaning that a long delay results in a more severe HBV infection. The
second model is an optimal control model of HBV infection, we consider both drug
types as control variables to seek a optimal control treatment strategy to reduce
infection. We establish the existence, uniqueness, non-negativity, and bounded-
ness of model solutions. Further, we derive the basic reproduction number for
stability analysis of the infection-free equilibrium and conduct sensitivity

analysis to identify the most influential parameters for disease control. Then,



optimal control and Pontryagin’s Maximum Principle (PMP) are utilised to
maximize concentrations of uninfected hepatocytes, antibodies, and cytotoxic T-
lymphocytes at minimum cost. Our numerical results indicate that
intracellular delays play a crucial role in decelerating the rate of infection.
Furthermore, both optimal control strategies significantly reduce the
concentrations of infected hepatocytes, intracellular HBV DNA-containing
capsids, free viruses, antibodies, and cytotoxic T-lymphocytes. These control
therapies prove to be effective measures for mitigating HBV infection. To
enhance the realism of the model for hepatitis B virus (HBV) infection in the
third model, we have broadened the scope of our research with spatial diffusion.
We have considered the assumption that hepatocytes remain stationary, while
viruses and cytotoxic T lymphocytes (CTLs) can move within the liver. In our
analysis, we compute the basic reproduction number and the CTL immune
response reproduction number, which are critical thresholds for equilibrium
stability. We analyze both local and global stability for each equilibrium point.
Our numerical results demonstrate that spatial diffusion does not significantly
impact the global dynamics of HBV infection, however, it affects the speed of time

for the free virus to reach its equilibrium state.
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CHAPTER 1

INTRODUCTION

1.1 Background information

Hepatitis B virus (HBV) infection is a significant worldwide health issue.
It is a liver infection caused by the hepatitis B virus. Generally, the infection
is classified as either acute or chronic and can lead to more serious long-term
complications, such as liver inflammation, cirrhosis or liver cancer [1].
According to World Health Organization (WHO) reports, HBV infection is
predominantly reported in Africa, Southern Europe, Asia, and Latin America.
In 2019, there were 298 million people living with chronic HBV infection, with 1.5
million new infections each year, resulting in approximately 820,000 deaths [2].
In extremely endemic areas, hepatitis B is most spread from mother to child at
birth or transmitted through contact with the blood or other body fluids of an
infected person. From the global epidemic situation, it is essential to have some

effective prevention and treatment measures for hepatitis B infection.

HBYV can replicate within hepatocytes without causing direct cell damage,
this can be seen by those who are asymptomatic HBV carriers. Approximately
5-10% of HBV-infected adults may progress to a chronic state. The immune
responses to HBV antigens are responsible for both disease pathogenesis and
viral clearance. The adaptive immune response, particularly virus-specific
cytotoxic T lymphocytes (CTLs), is important for eliminating infected
hepatocytes and inhibiting viral replication [3-11}.  Another part of the
adaptive immune response affects antibodies produced by B cells, which
neutralize virus particles and prevent cell reinfection [10,12]. Furthermore, the
body’s immune response requires time from the viral attack to productive cell
infection, emphasizing the importance of considering time delays in such
circumstances [13-20]. Additionally, HBV infections have exhibited time delays

in virus amplification and spreading throughout the liver [21].



According to WHO recommendations, the most effective prevention against
hepatitis B virus infection is vaccination. Vaccination is suitable for all age groups
and is administered to infants in some countries. The efficacy of vaccination in
providing protection is estimated to last for at least 20 years [2]. People with
chronic hepatitis B infection are often recommended to undergo medication to
reduce the risk of disease progression, prevent transmission to others, and
decrease the possibility of complications associated with hepatitis B. The two main
types of drugs used for this purpose are standard PEGylated interferon (IFN-)
and nucleoside analogues (NAs). IFN plays a role in suppressing viral protein
synthesis, preventing viral infection of cells, and degrading viral mRNA. On the
other hand, NAs function by elongating DNA to inhibit HBV replication [21-23],
In addition, in some cases, treatment may include antiviral medications such as
Jamivudine, adefovir, entecavir, and interferon alfa-2b injection [24]. However,
these drugs often have a role to eliminate the viral covalently closed circular DNA
(cccDNA), which is responsible for the persistence of HBV [25,26]. Recently,
alternative therapies have been proposed and are under clinical trials, focusing on
viral gene silencing through the control of the RNA interference (RNAi) pathway.
This approach aims to suppress HBV replication and may lead to the inactivation
of cccDNA during chronic infection [25,26]. However, the mentioned drugs can
hardly clear the viral covalently closed circular DNA (cDNA) which is responsible
for the persistence of HBV [25,26]. The alternative therapies have been recently in
clinical trials and proposed, they are based on viral gene silencing by controlling
the RNA interference (RNAi) pathway which suppresses HBV replication and may
result in disabling cDNA during chronic infection [25,26]. With the fact mentioned
above, although the HBV vaccines are widely used, safe and effective and some
drugs could cure and greatly reduce the viral burden [27,28], there are limitations
against chronic infection. Hence, HBV infection is still a major health problem

around the world.

Mathematical models have been shown to greatly contribute to a better
understanding of HBV infection. The work by Nowak et al. [29] is one of the earliest
models using simple ordinary differential equations (ODEs) for the HBV infection

of hepatocytes, consisting of three variables: the concentration of



uninfected hepatocytes, infected hepatocytes, and free virus particles. Several
mathematical models have been proposed after that (e.g., [30-38]). Some of these

models incorporate treatments or drug efficacy (e.g., [38-40]).

In some studies, the time delay has been considered. The models which involve
the time delay from being infected to the release of free virus particles and free
movement of virus particles in the liver are of the works by Gourley et al., 2008 [41];
Xie et al., 2010 [42]; Guo and Cai, 2011 [16]; Wang et al., 2008 [43]. Further, some
studies involve the effect of humoral immunity or CTL-mediated cellular immunity
e.g. the work by Yousfi et al., 2011 [34] and Fisicaro et al., 2009 [44]. Recently,
Sun et al., 2017 [45] proposed a delay model with 6 variables including uninfected
cells, exposed cells, infected cells, free viruses, CTLs and alanine aminotransferases

(ALT), where the delay was put on the CTLs process.

In 2015, Manna and Chakrabarty, 2015 [46] proposed a model which included
the intracellular HBV DNA-containing capsids and a delay in the production of the
infected hepatocytes. Later on, Guo et al., 2018 [47] extended the work of Manna
and Chakrabarty, 2015 [46] by adding a delay when the infected cells created
new intracellular HBV DNA-containing capsids due to the penetration by a virus.
Furthermore, Aniji et al., 2020 [48] proposed the model involves a delay as a time
between antigenic stimulation and the production of CTLs including a delay during
the decay of CTLs. With the important role of antibodies against HBV infection,
Meskaf et al., 2017 [18], Sun et al., 2017 [45] and Allali et al., 2018 [49] added
antibodies as a variable into their models. Among the above studies, in some
studies drug therapies have also been applied in the models e.g the work by Hattaf
et al., 2009 [50], Manna and Chakrabarty, 2018 [51] and in particular Danane et
al., 2018 [20] had included the drug therapies in their delay model.

Optimal control theory has been applied to devise effective strategies for
controlling the transmission or infection of diseases, including HBV infection. This
approach enables the formulation of strategies that optimize specific
objectives, such as minimizing the spread of the virus, improving treatment
efficacy, or reducing the overall treatment cost. Some examples of optimal

control of delayed HBV infection models are as follows. In 2016, Forde et al. [52]



proposed a model which included immune effector cells and a time delay that
accounted for the lag between the antigen encounter and the effector cell

expansion. In 2017, Meskef et al. [18] developed a model that included an adaptive
immune response with CTLs, antibodies and a time delay for virus production in
the infected cells after viral entry. In the same year, Sun and Liu [45] proposed
a new time delay HBV model with an incubation period and time delay for both
virus production and immune response after viral entry into healthy cells. Sun
and Liu also added a time delay into a drug therapy term which represented the
effect of the drugs in reducing the infection rate from free viruses. In 2018, Allali
et al. [49] further improved the model of Meskef et al. [18] by modifying the growth
term of both healthy and infected hepatocyte cells to be logistic growth. In 2018,
Danane et al. [53] proposed a new optimal control delay model which included HBV
DNA-containing capsids and a single time delay with the same meaning as in the
above models. This model was further improved by Danane et al. [20] who added
antibodies to the model. In 2019, Meskef [54] further extended the work of Danane
and Allali [20] because during therapy a fraction of infected hepatocytes could be
cured and could revert to healthy hepatocytes. In 2020, Khatun and Biswas [55]
developed optimal control strategies for preventing HBV infection and reducing

chronic liver cirrhosis incidence.

To become more realistic, many researchers have incorporated spatial diffusion
into their models. One of the earliest models that considered this aspect is the work
by Wang and Wang [56]. They investigated HBV infection and assumed that under
ordinary conditions, both susceptible and infected hepatocytes cannot move, while
viruses can freely diffuse within the liver. They assumed that the virus undergoes
motion following Fickian diffusion. Later, several researchers extended Wang and
Wang’s model to further their understanding in a more biological way. In 2011,
Shaoli et al. {57] proposed a model which included cytotoxic T lymphocyte (CTL)
where they mainly considered the spatial mobility of the virus, whereas Manna
et al. [58] considered the spatial mobility of intracellular HBV DNA-containing
capsids and virus in their model. Elaiw et al. [59] in 2019 proposed a diffusive
model that included viral capsids and two types of immune responses where the

diffusion terms were added in viral capsids and HBV particles. In 2020, Huang



et al. [60] added two more variables to their model which were free antibody and
virus-antibody complexes, where they added diffusion terms to reflect the spatial
variations of free antibodies, virus-antibody complexes, and free virus. To the
authors’ knowledge, there is no research on the diffusive HBV infection model
which includes the spatial mobility of CTL cells. However, a diffusive term of CTL
cells is included in the HIV infection model, as demonstrated in the work by Elaiw
et al. [61] and Alshamrani et al. [62]. Moreover, some studies have explored both
diffusion and time delay for the HBV model, such as the works by Guo et al. [47],
Xu et al. [63], Chan et al. [64], Zhang et al. [65], Hattaf et al. [66], Hattaf et al. [67],
and Manna et al. [68].

In this thesis, we study the dynamics of HBV infection of hepatocytes by
developing three mathematical models which are a time-delay model, an
optima] control model of time-delay model and a diffusive model. The structure
of the thesis is organized as follows. An introduction of hepatitis B virus infection
and the scope of the study is in Chapter 1, whereas the theories and literature
reviews are in Chapter 2. Chapter 3 is of our first model which we extend the
work of Danane, J., et al. [20] by developing a model for HBV infection which
incorporates the intracellular HBV DNA-containing capsids, CTLs and antibodies
with a time delay from being attacked by the virus to being infected
hepatocytes and a time delay in the antigenic stimulation generating CTLs.
Further, two drug therapies, i.e., blocking new infection and inhibiting viral
production have been applied in the model. In our analysis, we examine the
positivity and boundary of the solution, investigated the basic reproduction
number (Ry), and explore local and global stability. We support our results with
numerical simulations and discussions. In Chapter 4, we report our
second model which is an optimal control model of two-time delays, namely a virus
production delay and an antigenic stimulation generating CTLs delay. The two
controls in the model are drug therapy in blocking new infections and drug
therapy in inhibiting viral production. Additionally, we introduce a treatment
process developed to facilitate the recovery of infected cells, transitioning them
from the infected state to the uninfected state. This inclusion improves the model’s

realism by accounting for the potential recovery and restoration of previously



infected cells. This model has been analyzed using sensitivity analysis and
Pontryagin’s Maximum Principle to identify suitable strategies for controlling
hepatitis B virus infection. Chapter 5 shows our third model which is diffusive
model, we include random mobility for both viruses and CTL cells in our model.
We also assume that their motion follows the Fickian diffusion. We modify the
work of Shaoli et al. [57] by adding the spatial mobility for CTL immune response,
this is because we take into account that immune cells diffuse in the organs under
the condition of bounded resources and space. We compute the basic reproduction
number (Ro) and use it as a criterion for analyzing the local and global
stability of this model. Additionally, we perform a numerical analysis and

provide a discussion. Finally, we conclude this thesis by summarizing our work in

Chapter 6.

1.2 Research objectives

1. To formulate and analyze time delay model of hepatitis B virus infection.

9. To formulate and analyze optimal control of time delay model of hepatitis B

virus infection.

3. To formulate and analyze a diffusive model of hepatitis B virus infection.

1.3 Usefulness of the research

1. To obtain and understand time delay model of hepatitis B virus infection.

2. To obtain and understand optimal control of time delay model of hepatitis

B virus infection.

3. To obtain and understand a diffusive model of hepatitis B virus infection.



CHAPTER II

PRELIMIARIES

2.1 Relevant theories

2.1.1 Delay-differential equations (DDEs)

Delay-differential equations (DDEs) are a type of dynamical system that
includes delays in the evolution of the system’s variables. When concerning the
endemic state within the framework of infectious disease modeling, Delay
Differential Equations (DDEs) can be formulated to analyze the dynamics of the
disease. These equations study delays in critical processes such as transmission,
incubation, or recovery. Here is a general formulation of DDEs for an infectious
disease model. Let’s consider a population divided into different compartments:

- S(t): Susceptible individuals at time ¢,
- I(t): Infected individuals at time ¢,

- R(t): Recovered individuals at time ¢.

The DDEs for an infectious disease model can be expressed as follows:

B — (- )S(t) (2.1.1)
PO _ prge )5t - 110 (212
LY ) (2.1.3)

The equations represent the rates of change of the susceptible, infected, and
recovered individuals over time. Relevant parameters include 8 as the rate of
infection, ~ as the rate of recovery from infection, and 7 as the time delay
representing the incubation period or the time it takes for an infected individual to
become infectious. The delay term 7 allows for a more realistic representation of
the disease dynamics, considering the time lag between infection and the potential

to infect others.

By linearizing a DDE system around its equilibrium point, we can derive the



characteristic equation. This involves examining the eigenvalues of the resulting
linear system. Analyzing the characteristic equation is crucial for understand-
ing the stability and dynamics of the system, offering valuable insights into its
behavior. Let's denote the vector of state variables as X (t) = [S(¢), I(¢), R(t)].

The linearized system is given by:

(—1)2—75(15)- = AX(t)— e BX(t—T), (2.1.4)

where

—pIt) 0 O
A= BI(t) —v 0y,
0 v O

and

0 BS(t) 0
B=1|0 -BS{) 0
0 0 0

The characteristic equation is obtained by finding the eigenvalues of the matrix
M — A + e B, where I is the identity matrix. Therefore, the characteristic

equation is:

det(\] — A+ e >"B) = 0.

This equation, when solved for A, gives the characteristic roots (eigenvalues)
of the linearized system, and the stability of the equilibrium point can be analyzed
based on the real parts of these eigenvalues. If all eigenvalues of the system have
negative real parts, then the system will be stable. Conversely, if any eigenvalue

has a positive real part, then the system will be unstable.



2.1.2 The stability of continuous systems by Routh-Hurwitz criteria

With more than two equations in the system of ordinary differential equations,
it will take longer time or be more difficult to find eigenvalues. Routh-Hurwitz
criteria is the criteria to guarantee all eigenvalues of Jacobian matrix at equilibrium
point have negative real parts. Therefore, a Routh-Hurwitz criterion is necessary
to ease this difficulty [69].

Given the characteristic equation of Jacobian matrix at steady state as
PA) = A"+ a A" 4 a1 + a,

where the coeflicients a; are real constants, ¢ = 1,2, ..., n.
For characteristic equation of degree n = 2,3,4 and 5, the Routh-Hurwitz
criteria are summarized below.
Routh-Hurwitz criteria for n = 2, 3,4 and 5.
n=2; a; >0 and ay >0
n=3 a;>0,a3>0 and ajas > a3
n=4; a >0,a3>0,a4>0 and ajasa3 > a3 +ajay
n=>5 aaas>a2+alas and

(a104 — as)(a1aza3 — a2 — ataq) > as(aras — a3)? + aral.

2.1.3 The stability of continuous systems with a single time delay

In this thesis, we consider the stability switches of a high dimensional {70-72], linear
dynamic system with a single time delay governed by the following characteristic

equation
D\, 1) =P\ + Qe =0, (2.1.5)

where 7 > 0 is the time delay, P(\) and Q()\) are two polynomials of real
coefficients with deg(P) = n > deg(Q). Without loss of generality, we assume that
both polynomials P()\) and Q(A) have a purely imaginary root A = iw (w > 0).
So, we have D(iw,7) = 0, let

=
&
1
Y
L
|
\g/.
=
E
1

Im[P(iw)],
Qr(w) = Re[Q(iw)], Q1 (w) = Im[Q (iw)], (2.1.6)
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where Pp(w) and Qr(w) are even functions, whereas Pj(w) and Qr(w) are odd

functions. Hence, the equivalent form of D(iw, ) = 0 reads

Qr(w) coswr + Qr(wr) sinwr = —Pg(w), 2.17)
Qr(w) coswt — Qr(wr) sinwr = —Pr(w). o
In order for Eq.(2.1.5) to have a pair of pure imaginary roots +iw for 7 > 0, it is

necessary that |P(iw)| = |Q(iw)]|, that is,
Pi(w) + P (w) — [Q&(w) + Q7(w)] =0 (2.1.8)

has a positive root w. The left side of above equation can simply be recast in an

explicit form
F(w) = w® + bjw®™ ™D 4 byw®™ 2 4 b 1w® + by (2.1.9)

Thus, we have the following theorem.

Assume that Eq.(2.1.5) has no pure imaginary characteristic roots iw such that
Q(iw) = 0.

Theorem 2.1.1. If the polynomial F(w) has no positive root, the system is delay
independent stable or unstable for any given time delay, depending on whether or

not the system free of time delay is stable.

Theorem 2.1.2. Suppose that F(w) has only one simple positive root w. If the
system free of time delay is asymptotically stable, there exists ezactly one critical
time delay 7o > 0 such that the system remains asymptotically stable when T €
[0,70), and becomes unstable when T > 79. If the system is unstable for 7 =0, it is

unstable for an arbitrary time delay 7.

Theorem 2.1.3. If F(w) has at least two positive roots w1 > wy > ... > wp > 0
and the roots are simple, a finite number of stability switches may occur as the
time delay T increases from zero to the positive infinity, and the system becomes

unstable at last.

2.1.4 Basic reproduction number (Ry)

Definition 2.1.4. The basic reproduction number, denoted by Ry, is defined as the
average number of secondary infections that occurs when one infective is introduced

into a completely susceptible population.
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If Ry < 1, then the disease cannot invade the population and the infection
will die out over a period of time. The amount of time this will take generally
depends on how small Ry is. If Ry > 1, then an invasion is possible and infection
can spread through the population. Generally, the larger the value of Ry, the more

severe, and possibly widespread, the epidemic will be.

2.1.4.1 Computing Ry by the next generation method

For the next generation method [73], Ry is defined as the spectral radius of
the next operation operator. The formation of the operator involves determining
two compartments, infected and non-infected from the model. In this section, we
outline the steps needed to find the next generation operator in matrix notation
(assuming only finitely many types).

Let us assume that there are n compartments of which m are infected. We
define the vector Z = z;,i = 1,2, ...,n, where z; denotes the number or proportion
of individuals in the 5 th compartment. Let F;(Z) be the rate of appearance of new
infections in compartment i and V;(z) = V;™(z) — V;*(Z), where V;* is the rate of
transfer of individuals into compartment i by all other means and V;™ is the rate of
transfer of individuals out of the ¢ th compartment. The difference F;(z) — Vi(Z),
gives the rate of change of z;. Note that F; should include only infectious that are
newly arising, but does not include terms which describe the transfer of infectious
individuals from one infected compartment to another.

Assuming that F; and V; meet the conditions, we can form the next
generation matrix (operator) FV~! from matrices of partial derivatives of F; and

V;. Specifically,

o { OF(x0) ],V: { 8V;(zo) }

Oz; T{EJ—_
where 4,5 = 1,2,...,m and where x, is the disease-free equilibrium point. The
entries of FV~! give the rate at which infected individuals in z; produce new
infectious in z;, times the average length of time an individual spends in a single
visit to compartment j. Ry is given by the spectral radius (dominant eigenvalue)

of the matrix FV 1.
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2.1.5 Sensitivity analysis (SA) of the basic reproduction number with

respect to the model parameters

The basic reproduction number, R, serves as a critical indicator for
understanding the potential spread of infectious diseases within a population.
Tt measures the typical amount of new infections caused by an infected person
entering a vulnerable group without immunity. If Ry < 1, it signifies that an
infected individual typically generates fewer infections during its infectious phase,
which could lead to the infection dying out. Conversely, if Ry > 1, each infected
individual often produces more than one new infection, indicating the potential
for the infection to spread throughout the population. To assess the impact of
various factors on disease transmission and prevalence, a sensitivity analysis (SA)
of Ry was conducted concerning model parameters. This analysis helps identify the
relative importance of different factors contributing to disease transmission. The
goal is to inform intervention strategies and control measures, ultimately aiding in

the reduction of disease transmission.

We use the method of normalized forward sensitivity index (see, e.g., Sam-
suzzoha et al. [74] and Ngoteya et al. [75]), where the normalized forward sensitivity
index of the basic reproduction number Ry with respect to a parameter value b is

given by :
h ORy dlog(Ry)
RO o c =
S, “h h T (2.1.10)

2.1.6 Optimal control

Optimal control is an effective method for solving problems in various
domains, aiming for the most suitable control strategy. In this research, we utilized
the optimal control problems with time-delay. We have followed the Pontryagin
maximum principle, as studied in various books (see, e.g., [76-78]). The state of
dynamical system is determined by the following delay differential equation system

with time-delay

X = o(a(e), 2t~ 7), ), 21.11)



13

where z(t) is a state of dynamical system, u(t) is a control of dynamical system, 7

is a constant time-delay.

The primary objective of optimal control problems is to maximize a specified
performance criterion, typically expressed as an objective function. We look at
the special case of a fixed-time discrete time-delay optimal contol proplem with
t € [to, T), to, T fixed. We define a set of discrete time points on the interval [to, T
by tjs1=t;j+h,j=0,1,2,...,N,h= L= t° , where N is number of interval. Then
to = to,tn = T and we define 2y = m(to),a:N = z(T). We assume a time delay

T = Mh, where M is a positive integer. We consider the following problem

~ max / Flty, 5(t5), o{tsae), u(ty))dt (2.0.12)
Ufmm(t]) S u(tj) S umam(tj)
. subject to state equations:
z(tis) = g(t;, z(t5), z(tj—m), ulty)), z(t;) = 0,2(4;) € RY,

and z(t_,),r =0,1,2,..., M, given, zy {ree. | (2.1.13)
Next, we introduce a costate vector A(¢;) € R™ and a Hamiltonian function defined
by:

H(t, a(ts), o(tj—n), wlts), Mtje1) =folts, 2(t5), ti-n), ults))

+ Mtjr1)Tg(ts, m(t;), ©(tj—m), u(ts)).
(2.1.14)

We are maximizing H with respect to u at u*, and the above conditions can be

written in terms of the Hamiltonian:

OH

e =0at = fu+ Mgy =0 (optimality condition),
aH ' - :

A = o = N = —(fs + \gz) (adjointequation),

AMT) = 0 (transversality condition).

We can view our optimal control problem as having two unknowns, u* and z*, at
the start. We have introduced an adjoint variable A, which is similar to a Lagrange
multiplier. It attaches the differential equation information onto the maximization
of the objective functional. The following is an outline of how this theory can be

applied to solve the simplest problems.
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Summary of Pontryagin Maximum Principle for Discrete Time-Delay

Problems

1. Formulation of the Hamiltonian:
- Begin by constructing the Hamiltonian, denoted as H, for the given discrete
time-delay problem. The Hamiltonian is typically a function of the state

variable z, the control variable u, and the costate variable A.

2. Adjoint Differential Equation and Boundary Conditions:
- Derive the adjoint differential equation along with the associated transver-
sality boundary condition and the optimality condition. This introduces
three unknowns: the optimal control u*, the optimal state z*, and the costate

variable A.

3. Solving for u* interms of z* and A:
- Solving the optimality equation H, = 0 to express u* as a function of z*

and A.

4. Solving Differential Equations for z* and A:
- Solve the two coupled differential equations for z* and A, incorporating
two boundary conditions. Substitute the expression for u* obtained in the

previous step into these differential equations.

5. Optimal Control Determination:
- Once z* and ) are found, solve for the optimal control u*. This completes
the determination of the optimal state, adjoint, and control for the given

discrete time-delay problem.

This systematic approach helps in navigating through the steps of the
Pontryagin Maximum Principle, providing a structured methodology for solving

discrete time-delay optimal control problems.
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2.1.7 The diffusion equations

The one-dimensional diffusion equation is linear second order partial differential

equation
Uy — Dugy = f (2.1.15)

where v = u(z,t), T is a real space variable, t a time variable and D a positive
constant, celled diffusion coefficient.

In space dimension n > 1, that is when z € R", the diffusion equation reads
w— DAu = f (2.1.16)

where A denotes the Laplace operator:

n 82

A pam-a
] ox

(2.1.17)

Eoll o

Model in population genetics, combustion and population dynamics lead to non-

linear diffusion equations
u; = DAu + f(u) (2.1.18)

2.1.8 The stability analysis of diffusion system
Let 0= o < pi1 < -+ < fy < ... be the complete set of eigenvalues of operator
—A with homogeneous Neumann boundary condition.

Definition 2.1.5. The stability of a diffusion system at its homogeneous

equilibrium state can be studied by calculating the eigenvalues of
det(J — Dl — M) = 0 (2.1.19)

where J is the Jacobian matrix of the system, D is the diagonal matrix made of
diffusion constants, p is the eigenvalues of the boundary value problem, and A is

the eigenvalues of system.

Next, we will verify that all eigenvalues have negative real parts, as indicated

in section 2.1.2 Routh-Hurwitz criteria.
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2.1.9 Global stability of the equilibrium point
2.1.9.1 Lyapunov stability theorem

Theorem 2.1.6. Let E be an open subset of R™ be a domain containing Zo.
Suppose f € CY(E) and that f(xo) = 0. Suppose further that there exists a real
valued function V € CY(E) satisfying V (xo) = 0 and V(z) > 0 if z # xo. If

1. V(z) <0 for all z € E,z is globally stable,

2. V(z) < 0 for all x € E\z, is globally asymptotically stable,

3. V(z) > 0 for all - € E\zy is globally unstable.

2.2 Literature review

In 2018, we presented a nonlinear mathematical model as part of our
master’s degree research work, studying the dynamics of hepatitis B virus (HBV)
infection within hepatocytes [38]. This model explores the relationships among the
virus, the immune response, and the impact of drug therapy. It comprises of four
components: uninfected hepatocytes x(t), infected hepatocytes y(t), free viruses
v(t), and cytotoxic T lymphocyte (CTL) cells z(t). Furthermore, the model
incorporates the adaptive immune response and introduces two treatment
regimens. These treatments specifically manage the efficacy of drug therapy in
blocking new infections and inhibiting viral production. The flowchart of our model

in 2018 is shown in Figure 1.
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Figure 1 The flow chart of the HBV infection with immune response

and drug therapy [38].

We proposed the following system of differential equations:

% = A — (1 — wy)Bz(t)v(t) + py(t) — oxz(t)

‘;_'i’ = (1 — w)Bz(t)v(t) — py(t) — oy(t) — qy(t)z(t)
Y — (= w)my(t) - ot

%% =k + sy(t)z(t) — ez(t),

with initial condition

z(0) > 0,4(0) > 0,v(0) > 0,2(0) > 0.

Notation:
A is the constant production rate of the uninfected hepatocytes.

is the rate of infection of uninfected hepatocytes by free virus.

B
p is the cure rate of infected hepatocytes by non-cytolytic cure process.
g

is the natural death rate of hepatocytes.

)

m is the rate of free virus particles production by infected hepatocytes.

(2.2.1)
(2.2.2)
(2.2.3)

(2.2.4)

(2.2.5)

is the death rate of infected hepatocytes due to immune-mediated killing.
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p  is the death rate of free virus.

k is the production rate of CTL cells.

s is the activation rate of CTL cells by infected hepatocytes.
e is the death rate of CTL cells.

u; is the efficiency of drug therapy in blocking new infection.

uy is the efficiency of drug therapy in inhibiting viral production.

At the Doctor of Philosophy level, we have studied interesting research about
time delays and the diffusion of HBV infection incorporating immune response and
drug therapies. This is to enhance the above model and achieve a more profound

and realistic understanding of the field of biology and/or biomedical science.

2.2.1 The HBV model with a time delay

In 2007, Gourley et al. [41] studied, formulated and investigated the global
dynamics of a simple model of hepatitis B virus using delay differential equations.
Firstly, the model employs a more realistic standard incidence function, providing
a more accurate representation of the infection dynamics. Secondly, the model
explicitly integrates a time delay in virus production, acknowledging the temporal
aspect of the viral life cycle. They analyzed the system’s stability, both locally and
globally, using theoretical methods and confirming those insights through practical

numerical simulations. The flow chart of this model is shown in Figure 2.

_>Q..
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Figure 2 The flow chart of a delayed differential equation model of HBV
infection [41].
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They proposed the following one-delay model:

dz _ Bz(t)v(t)

dt =A—da(t) - z(t) + y(t) +e(t)’ (2.2.6)
de _ Bz(t)v(t) Be 4Tt — 1)zt —7) e

dt  x(t ) (t) Yelt) zt—1)tylt—1)+et—1) de(t), (2.2.7)
dy Tv(t — 1)zt —7)

dt (t — 7') y( ) n e(t _ 7.) — ay(?), (2.2.8)
(j;t) = ky(t) — po(®), (2.2.9)

where z, e, ¥, and v denote the number of uninfected cells, exposed cells, infected
cells, and free virions, respectively. The parameter 7 represents the time delay for

virion production.

Notation:
A\ is the production rate of liver cell.

is the death rate of liver cell.
is the maximum infection rate.

d
p
a is the death rate of infected liver cells.
k is the production rate of virion.

7

is the death rate of virion.

In 2010, Xie et al. [42] studied the dynamic characteristics of a viral
infection model considering a delayed immune response. The research
emphasizes the crucial role of the immune response in either eliminating or
controlling diseases once the human body is infected by a virus. The study
specifically explores the impact of time delay on the stability of system equilibria.
The results contribute to a deeper understanding of the dynamics of viral infections
with delayed immune responses. The findings not only enhance theoretical insights
into' stability conditions but also provide practical implications for explaining the
complexities observed in the immune states of infected individuals. The flow chart

of this model is shown in Figure 3.
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Figure 3 The flow chart of a viral infection model with delayed immune

response [42].

They proposed the following one-delay model:
dz

— = A —da(t) — Bz(B)y(1), (2.2.10)
Y — pa(t)y(®) - ay(®) — py()z(2), (2:211)
B oyl = el — 1) - balt) (2.2.12)

where z, y, and z denote the number of susceptible cells, infected cells, and
CTLs, respectively. The parameter 7 represents the time delay of CTL response.

Notation:
)\ is the production rate of susceptible cell.

d is the death rate of susceptible cells.

B is the infection rate by the virus.

a is the death rate of infected cells.

is the death rate of infected cells are killed by the CTL response.

3

is the expansion rate of CTLs in response to viral antigen derived from

o

infected cells.

b is the decay rate of CTLs.

In 2016, Forde et al. [52] studied and determined an optimal control
strategy by developing a system of delay differential equations of the immune
response caused by HBV infection. This mathematical approach helps

investigate the optimal interplay between the virological and immunomodulatory
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effects of therapy. The control variables include the management of viremia (virus
presence in the blood) and the administration of minimal drug dosages over a short
period. Numerical results show that the high drug levels that induce
immune modulation rather than suppression of virological factors are essential for
the clearance of hepatitis B virus. The flow chart of this model is shown in Figure 4,
where Ar = rT(l — T—J“[I(,+—R Ap=rI{1-— %),AR = rT(l — T—H%E),dg =
(14 a16)p + p) B, m = (1 — fage — (1 — fban)l.

)

Ay T (1= bn)BT() V(t): 2\ Vv
q I l
— E —
Ag + pIE({) — R E s +al(t —1)E(t —7)
VR(D)E() dy

Figure 4 The flow chart of optimal control of drug therapy in a hepatitis
B model [52].

They proposed the following one-delay model:

T
‘fi—t — T <1 - T—+II{—+E> — (1= )BTV + qR(), (2.2.13)
dI T+I+R

=1 (1 - +—K+—> + (1= bn)BTV — (1 + ar€)p+p)IE,  (22.14)
av
- = 7(1 — fage — (1 — f)ban)I — ¢V, (2.2.15)
dE
- = s+allt—7)E{t—7)—d(1—aze)E, (2.2.16)
d T+1
d—f = plE + rR(l ~ —JF%—R) — gR — vRE, (2.2.17)
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where T, I, V, E and R denote the number of uninfected hepatocytes, infected
hepatocytes, free virus, immune effector, and refractory hepatocytes, respectively.
The parameter 7 represents the time delay of the lag between antigen encounter
and effector cell expansion.

Notation:
T is the rate of hepatocytes maximum proliferation.

K is the hepatocytes carrying capacity.

B is the infectivity rate constant.

7 is the death rate of infected cells are killed the effector cell.
v is the death rate of refractory cells are killed by the effector cell.
P is the cure rate with the non-cytolytic process.

q is the rate of waning of refractory cell immunity.

T is the production rate of free virus.

c is the clearance rate of free virus.

s is the production rate of effector cell.

o is the rate of immune effector expansion.

d is the clearance rate of the effector cell.

€ is the efficacy of IFN-a.

a;  are scalar parameters representing the strength of
the corresponding effect of interferon.

n is the efficacy of NAs.

b; are scalar parameters representing the relative strength of
the corresponding effect of NAs.

f is the relative contribution of interferon-c.

1— f is the relative contribution of NAs.

In 2017, Manna, K., and Chakrabarty, S.P. [19] formulated
a mathematical model to describe the dynamics of hepatitis B virus (HBV)
infection. This model contains the interaction between infected hepatocytes, the
quantity of intracellular HBV DNA-containing capsids, and the virions. They
considered the time delay, denoted as 7, signifying the duration between the

instance when uninfected hepatocytes are initially infected by HBV and
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productively infected hepatocytes. The flow chart of this model is shown in

Figure 5.

—x
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Figure 5 The flow chart of the hepatitis B viral infection model with
capsid and time delay [19].

They proposed the following one-delay model:

W s kHOV(H) - wH() (2.2.18)
X — k- n)V i —7) = 3I(0) (2.2.19)
32 _ a1(s) - 6D(0) - 6D1) (2.2.20)
o = BD() - eV (1), (2.2.21)

where H, I, D, and V denote the number of uninfected hepatocytes, infected
hepatocytes, intracellular HBV DNA-containing capsids, and hepatitis B virions,
respectively. The parameter T represents the time delay during the process of
infection of uninfected hepatocytes to productively infected hepatocytes.

Notation:
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s is the production at a constant rate of the uninfected hepatocytes.

u is the death rate of uninfected hepatocytes.

k is the conversion rate of uninfected to infected hepatocytes by HBV infection.
§ is the clearance rate of infected hepatocytes and capsids.

a is the conversion rate to intracellular HBV DNA-containing capsids

by infected hepatocytes.
B is the replication rate of viral by capsids.

is the natural death rate for the HBV.

In 2017, Sun, D., and Liu, F. [45] presented a hepatitis B virus (HBV)
model that integrates immune responses, specifically cytotoxic T lymphocyte (CTL)
and alanine aminotransferases (ALT), targeting both infected cells and viruses.
This model also incorporates a time delay parameter, signifying the period during
which the immune system effectively eliminates viruses. Furthermore, the model
includes an exposed state and accounts for the proliferation of hepatocytes. The

flow chart of this model is shown in Figure 6.

d a, a
1 ’ 1
A+rx—| X =N\ € — Y = kyyz
ky—| V
------- & vz
kyvz—| Z | —k kikeyz + ks—| W |—k;

Figure 6 The flow chart of a new delayed HBYV model with exposed state

and immune response to infected cells and viruses [45].

Their model can be written in the system of delay equation as below:

dﬁ- At ralt) — da(t) — Bu(t)z(t), (2.2.22)
© — o(t)u(t) — are(®) - ane(t), (2.2.23)
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Y — agelt) - ary(t) - kuy()=(0) (2:2.24)
% — ky(t) — evl(t) — kav(t)2(0), (2.2.25)
dz

== ksv(t — 7)z(t — 7) — kaz(t), (2.2.26)
W = ks + kaksy(2)2(0) — bru(®) (2:2.27)

where z, e, y, v, z and w denote the number of uninfected cells, exposed cells.,
infected cells, free viruses, CTLs, and alanine aminotransferases (ALT),
respectively. 'The parameter 7 represents the time delay of the antigen to
generate CTLs, i.e. the CTL response at time ¢ — 7 may depend on the
population of antigen at a previous time ¢.

Notation:
)\ is the natural production rate of uninfected cells.

r is the proliferation rate.
d is the natural death rate of uninfected cells.
is the infection rate from uninfected cells to exposed cells.
a; is the natural death rate of exposed cells.
as is the transfer rate from expose cells to infected cells.
¢ is the natural death rate of free virus.
k; is the clearance rate of infected cells.
k, is the clearance rate of free viruses.
ks is the production rate of CTLs.
ks is the natural death rate of CTLs.
ks is the production rate of ALT from the extrahepatic tissue.
ke is the production rate of ALT when the infected hepatocytes
are killed by CTL.
k, is the natural death rate of ALT.

In 2018, Danane et al. [20] proposed the hepatitis B virus (HBV) infection

model with six differential equations. They enhanced the model deeper to study
the dynamics of hepatitis B virus (HBV) by representing the reactions between
HBV with DNA-containD ing capsids, hepatocytes, antibodies, and cytotoxic T-
lymphocyte (CTL) cells. Furthermore, this model involves the time delay for
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infected cells to generate new viruses following viral entry. The existence of the
optimal control pair is supported and the characterization of this pair is given by
Pontryagin’s minimum principle. Note that one of them describes the effectiveness
of medical treatment in restraining viral production, while the second stands for
the success of drug treatment in blocking new infections. The flow chart of this

model is shown in Figure 7.
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Figure 7 The flow chart of the treatment for a delayed hepatitis B viral
infection model with the adaptive immune response and DNA-

containing capsids [20].

The model is given by the following nonlinear differential equations:

B = s uX() - ML= m)XOY ), (2.2.28)
% C MR — )X (E— )V —T) — 6Y () — pY ()Z(2), (2.2.29)
2 = (- mav(s) - BDE) — D) (2:2:30)
O = BDW) V() - VW) (2:2.31)
B = wawe - ), (2.2.32)
2~ wm)20) - 20, (2.2.33)

where X, Y, D, V, W and Z denote the number of uninfected cells, infected cells,
intracellular HBV DNA-containing capsids, free viruses, antibodies, and CTLs,
respectively. The parameter 7 represents the time needed for infected hepatocytes
to produce new viruses after viral entry.

Notation:
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s is the natural production rate of uninfected cells.
p is the natural death rate of susceptible host cells.
m  is the efficiency of pegylated interferon.
ny, is the efficiency of lamivudine drugs.
Lk is the rate of uninfected cells become infected cells by HBV.
)\ is the average death of infected cells but still not virus-producing cells.

e is the probability of surviving from ¢ — 7 to time ¢.

(=

is the clearance rate of infected hepatocytes and capsids.

is the rate of infected cells that are killed by CTL immune response.
is the production rate of intracellular HBV DNA-containing capsids.
is the growth rate of virions in blood.

is the natural death rate of virus.

is the rate of free virus are neutralized by antibodies.

is the expansion rate of antibodies in response to free virus.

> o 28 8-

is the decay rate of antibodies.

is the expansion rate of CTLs in response to viral antigen derived from

o

infected cells.

b is the natural death rate of CTLs.

In the following year, Meskaf, A. [54] presented a delayed differential equation
model of hepatitis B virus (HBV) infection which is similar to the work of Danane
et al. in 2018 [20]. They added a treatment term rI(t) that facilitates the recovery
of infected cells to the uninfected state. The optimal controls representing the
efficiency of drug treatment in inhibiting viral production and the preventing new
infections are included in the model. The results show a remarkable increase in
the number of healthy hepatocytes and a significant decrease in the number of
infected hepatocytes with the implementation of the two optimal treatments, this
therefore improves the patient’s life quality. The flow chart of this model is shown

in Figure 8.
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Figure 8 The flow chart of the optimal control of a delayed hepatitis B

viral infection model with DNA-containing capsids, the adap-

tive immune response and cure rate [54].

The model is given by the following nonlinear differential equations:

4
dt
il:
dt
4D
dt
av
dt

aw
dt
dz
dt

s — pH(t) — k(1 —uw ) H@E)V(¢) +rI(t),

(2.2.34)

ke (1 —u))H(t — 1)V (t— 1) — (8 +1)I(t) — pI()Z(2),(2.2.35)

(1 — ug)al(t) — BD(E) — 6D(2),
BD(t) — uV(t) — ¢V ()W (1),

gv ()W (&) — W (2),

= cI(t)Z(t) — bZ(t),

(2.2.36)
(2.2.37)
(2.2.38)

(2.2.39)

where H, I, D, V, W and Z denote the number of uninfected cells, infected cells,

intracellular HBV DNA-containing capsids, free viruses, antibodies, and CTLs,

respectively. The parameter 7 represents the time needed for infected hepatocytes

to produce new viruses after viral entry.

Notation:
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is the natural production rate of uninfected cells.
is the natural death rate of uninfected cells.
is the efficiency of pegylated interferon.
is the efficiency of lamivudine drugs.
is the rate of uninfected cells become infected cells by HBV.
is the average death of infected cells but still not virus-producing cells.
is the probability of surviving from ¢ — 7 to time ¢.
is the clearance rate of infected hepatocytes and capsids.
is the rate of infected cells that are killed by CTL immune response.
is the production rate of intracellular HBV DNA-containing capsids.
is the growth rate of virions in blood.
is the natural death rate of virus.
is the rate of free virus are neutralized by antibodies.
is the expansion rate of antibodies in response to free virus.
is the decay rate of antibodies.
is the expansion rate of CTLs in response to viral antigen
derived from infected cells.
is the natural death rate of CTLs.

is the recovery rate of infected cells which return to the uninfected state.

The HBV model with diffusion

In 2008, Wang, K., Wang, W., and Song, S. [43] proposed a diffusion model of

the hepatitis B virus (HBV) infection which confines to a finite domain, induced

by intracellular time delay between infection of a cell and production of new virus

particles. The equilibrium solutions are obtained and the stability is analyzed if the

space is assumed as homogeneous. When the space is inhomogeneous, the effects of

diffusion and intracellular time delay are obtained by computer simulations. The

flow chart of this model is shown in Figure 9.
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Figure 9 The flow chart of HBV model with spatial dependence [43].

They also disregard the mobility of susceptible cells and infected cells to derive

the following model:

8—U=/\—U—UV,

ot
aa—vf=U(t—T,a:)V(t—T,z)—p1W
%—‘: = DAV + psW — psV,

where U, W, and V denote the densities of uninfected hepatocytes, infected
hepatocytes, and free viruses at location z and time t, respectively. Here, U =
Hw, W = ($)w, V = By, D=4 p1 =2 py= @fT’\, ps = 2. The parameter
T represents the delay in HBV production following the infection of a hepatocyte.
A is the Laplacian operator.

Notation:
A is the natural production rate of uninfected hepatocytes.

a is the natural death rate of susceptible host cells.

B is the rate of uninfected hepatocytes become infected hepatocytes by HBV.
b is natural death rate of infected hepatocytes.

k is the production virions rate from being infected.

m is the natural death rate of virus.

D is the diffusion coeflicients of virions.

In 2011, Shaoli, W. et al. [57] developed a model of Wang, K. et al.
[43] by considering a diffused hepatitis B virus (HBV) model with CTL immune
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response and nonlinear incidence for the control of viral infections. This paper

considered global asymptotical properties of the viral free equilibrium and immune

free equilibrium of model system. The results show that the free diffusion of the

virus has no effect on the global stability of such HBV infection problem with

Neumann homogeneous boundary conditions. The flow chart of this model is

shown in Figure 10.
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Figure 10 The flow chart of diffused hepatitis B virus (HBV) model with

CTL immune response and nonlinear incidence [57].

They consider the following diffused HBV model with CTL immune response

and nonlinear incidence:

ou

5, = ¢ — du(z,t) Bul(z, t)u(z, t), (2.2.40)
%_zf _ Bul(m, t)o(z, ) — aw(a, ) — pu(z, £)=(z, 1), (2.2.41)
g_: — DAv+ kw(z,t) — mu(z, 1), (2.2.42)
% _ cw(a, oz, ) — ba(z, 1), (2.2.43)

where u(z,t), w(z,t), v(z,t) and z(z,t) represent uninfected hepatocytes, infected

hepatocytes, free virus, and CTL cells at location x and time ¢, respectively. A is

the Laplacian operator.

Notation:
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is the natural production rate of uninfected hepatocytes.
is the natural death rate of uninfected hepatocytes.

is a constant rate of the infection process.

2 ™ & ®»

is the natural death rate of infected cells.

is the death rate of infected cells due to the CTL responses.

> 3

is the rate of free virions being produce from infected cells.

m  is the natural death rate of virus.

¢ is the expansion rate of CTLs in response to viral antigen derived
from infected cells.

b is the death rate of CTLs.

is the diffusion coefficients of virions.

!

A is the Laplacian operator.

In 2015, Manna and Chakrabarty [58] studied a diffusion-driven model for
hepatitis B virus (HBV) infection, incorporating the spatial mobility of both HBV
and HBV DNA-containing capsids. The global stability of the continuous model
is analyzed with a focus on the basic reproduction number. To extend the analysis
to a discretized version of the model, a non-standard finite difference (NSFD)
scheme is employed to address potential numerical instabilities associated with the
standard finite difference (SFD) approximation. The flow chart of this model is

shown in Figure 11.
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Figure 11 The flow chart of a diffusion driven HBV model with capsids
[58].
They proposed the following PDEs model:
H
%— =5 — kH(z,t)V(z,t) — uH(z,t), (2.2.44)
I
%t- — kH(z, )V (z,1) — 51(z, 1), (2.2.45)
% = dpAD + al(z,t) — BD(z,t) — 6 D(z, 1), (2.2.46)
i—‘: = dyAV + D(z,t) — cV(z,t), (2.2.47)

where H, I, D, and V denote the number of uninfected hepatocytes, infected
hepatocytes, intracellular HBV DNA-containing capsids, and hepatitis B virions,
respectively. A is the Laplacian operator.

Notation:
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s is the production at a constant rate of the uninfected hepatocytes.

i is the death rate of uninfected hepatocytes.

k is the conversion rate of uninfected to infected hepatocytes by HBV infection.
d is the clearance rate of infected hepatocytes and capsids.

a is the conversion rate to intracellular HBV DNA-containing capsids
by infected hepatocytes.

B  is the replication rate of viral by capsids.

¢ is the natural death rate for the HBV.

dp is the diffusion coefficients of capsids.

dy is the diffusion coefficients of virions.

In 2017, Wang, W., and Ma, W.B. [104] conducted a study focusing on the
global dynamics of a reaction-diffusion model for HTLV-I infection. The model
incorporates mitotic division of actively infected cells and the immune response of
Cytotoxic T lymphocytes (CTL). The research aims to provide insights into the
spatial dynamics and interactions involved in HTLV-I infection. They calculated
the basic reproduction number (Rp) to use as a condition for analyzing global
stability using the Lyapunov method. The analysis concludes that the global
asymptotic properties of the steady states for the spatially homogeneous model
have been studied. In the case of an unbounded spatial domain, there are no
travelling wave solutions connecting the infection-free steady state with itself when

Ry < 1.
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Figure 12 The flow chart of a reaction-diffusion model for HTLV-1

They proposed the following PDEs model:

Ozs(z,t)
ot

ou(z,t)
ot

oy(z,t)
ot

0z(z,t)
Ot

= D1 Azy(z,t) + & — mzs(z,t) — Bzi(z, t)y(z, ),
= D1 Au(z,t) + Bzl(z, t)y(z,t) + ry(z,t) — (7 + p2)ulz, 1),
= DlAy(m’t) + T’u,(ilf,t) = 'Yy(xat)z(x,t) - ,ngy(ili,t),

= DyAz(z,t) + vy(x,t) — paz(z,t),

infection with the immune response of Cytotoxic T lympho-

cytes [104].

(2.2.48)
(2.2.49)
(2.2.50)

(2.2.51)

where z,(z,t), u(z,t), y(z,t) and z(z,t) represent density of healthy CD4™ helper
T-cells, latently infected CD4™ helper T-cells, actively infected CD4* helper T-
cells, and HTLV-I-specific CD8" CTLs at location « and time ¢, respectively. A is

the Laplacian operator.

Notation:



H1
H2
M3
2z

Dy
D,

36

is the rate of production of CD4" helper T-cells.

is the natural death rate of healthy cells.

is the natural death rate of latently infected CD4" helper T-cells.

is the natural death rate of actively infected CD4™ helper T-cells.

is the natural death rate of HTLV-I-specific CD8" CTLs.

is a selective proliferation rate of actively infected CD4* helper T-cells.
is the rate of CTL-mediated lysis of actively infected CD4* helper T-cells.
is the rate of spontaneous Tax expression.

is the proliferation rate of CTLs.

is the diffusion coefficients of CD4* helper T-cells.

is the diffusion coefficients of HTLV-I-specific CD8" CTLs.

In 2018, Kalyan Manna [68] introduces and investigates a delayed

reaction diffusion model for hepatitis B virus (HBV) infection, incorporating the

spatial mobility of HBV DNA-containing capsids and cytotoxic T Iymphocyte

(CTL) immune response. Additionally, discrete time delays in the production of

productively infected hepatocytes and matured capsids are considered in the model.

Overall, the study contributes to a deeper understanding of the dynamics of

HBV infection, considering spatial mobility, time delays, and immune response.

The established stability conditions provide valuable insights for assessing the

effectiveness of immune responses in different scenarios, contributing to the

development of strategies for managing HBV infections. The flow chart of this

model is shown in Figure 13.
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Figure 13 The flow chart of a diffusion driven HBV model with capsids

[68].

They proposed the following PDEs model:
oOH

O s k(@ V() - wH (1) (2.2.52)
%  kH(z,t—m)V(t— 1) — 8z, t) — pI(z, )2 (z,b), (2.2.53)
z—f — dpAD + al(z,t — 75) — BD(z, 1) — 6D(x,£), (2.2.54)
Bd_‘: — dyAV + BD(z,t) — ¢V (z,1), (2.2.55)
%f- gz, ) Z(2,t) — 02(z,1), (2.2.56)

where H, I, D, V and Z denote the number of uninfected hepatocytes, infected
hepatocytes, intracellular HBV DNA-containing capsids, and hepatitis B virions,
respectively. A is the Laplacian operator.

Notation:



o xR

™

O

Qs

T1
T2
dp
dv

is the production at a constant rate of the uninfected hepatocytes.

is the death rate of uninfected hepatocytes.

is the conversion rate of uninfected to infected hepatocytes by HBV infection.

is the clearance rate of infected hepatocytes and capsids.

is the conversion rate to intracellular HBV DNA-containing capsids
by infected hepatocytes.

is the replication rate of viral by capsids.

is the natural death rate for the HBV.

is the rate of infected cells that are killed by CTL immune response.

is the expansion rate of CTLs in response to viral antigen derived from
infected cells.

is he delays in the production of productively infected hepatocytes.

is the delays in the production of matured capsids.

is the diffusion coefficients of capsids.

is the diffusion coefficients of virions.



CHAPTER I11

TIME DELAY MODEL OF HEPATITIS B VIRUS
INFECTION

3.1 Model description and formulation

We have developed a delay model describing the hepatitis B virus (HBV)
dynamics involving immune response and drug therapy by extending the work
of Danane, J., et al. [20] by adding the delay time that an antigenic stimulation
generating CTLs, which is 7, in our model. This model is described by
a system of delay differential equations (3.1.1)-(3.1.6), it includes six variables: the
concentration of uninfected hepatocytes x(t), infected hepatocytes y(t),
intracellular HBV DNA-containing capsids c(t), free viruses v(t), antibodies w(¢),
and CTLs z(t). The uninfected hepatocytes z(t) are produced at a constant rate
A and die with a rate o. The infection of hepatocytes in this model incorporates
the uninfectes become infected hepatocytes by the free virus with a rate § with
an involvement of the efficiency of drug therapy in blocking new infection u;. The
e~™ is the probability of surviving of hepatocytes in the time period from t — 7
to t, where m is a constant rate of the death average of infected hepatocytes which
are still not virus-producing cells. Time 7; is the delay time in the productively
infected hepatocytes. This infection term is represented by the nonlinear term
(1—wu1)e"™" Bz (t)v(t). The infected hepatocytes y(t) are eliminated by the CTLs,
2(t), with a rate g and die at a rate 0. The production of intracellular HBV DNA-
containing capsids c(t) incorporates the efficiency of drug therapy in inhibiting viral
production u, with a production rate a, described by the term (1 —uz)ay(t). The
intracellular HBV DNA-containing capsids are transmitted into the bloodstream
to become free viruses with a rate a and are decomposed with a rate d. The free
viruses are reduced by the neutralization rate of antibodies v and die at a rate p.
The antibodies are enhanced in response to the free viruses at a rate g and decay
at a rate h. Further, the second time delay in this model cannot be ignored for the

immune response, that is the activation of CTLs producing antigens may require
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a period of time 7,. Therefore, we propose the form ky(t — T3)z(t — 72) and the

CTLs decay at the rate e. The flow chart of the model is presented in Figure 14.
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Figure 14 The flow chart of our proposed delays model of HBV infection

with immune response and drug therapy.

This model can be written into a form of system of delay differential equations

s Fwd
L - A~ oxlt) - (1 - w)Ba(t)o(t) (3.1.1)
% (1= w)Be ™ a(t — i )o(t — ) — oy(t) — ay(8)=(0) (3.1.2)
5;_‘; = (1= up)ay(t) — ac(t) — 8e(t) (3.1.3)
Y = aclt) — yoltyolt) - plt) (3.1.4)
‘fi—’f — gu(Bw(t) — hw(b) (3.15)
% = ky(t — 72)2(t — ) — ex(t), (3.1.6)

with initial condition
2(0) > 0,4(0) > 0,¢(0) > 0,v(0) > 0,w(0) > 0, 2(0) = 0,

for ; > 0and 7, > 0. Here, 0 <u; <land 0 <uy <1l



Table 1 Parameters used in the modeln of equations (3.1.1) -(3.1.6).
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Parameter Description Value Units Source
A the production rate of 4.0551 day 'mm™3 [45]
the uninfected hepatocytes.
o) the death rate of hepatocytes. 0.011 day~! [41]
Uy the efficiency of drug therapy 0.5 - assume
in blocking new infection.
Us the efficiency of drug therapy 0.5 - assume
in inhibiting viral production.
B the infection rate of uninfected 0.0014 mm?3virion~! [33]
hepatocytes by the free virus. day~!
e”™N the probaility of surviving of
hepatocytes in the time period
fromt— 1 tot
T the delay in the productively 5 day assume
infected hepatocytes.
Ty the delay in an antigenic 5 day assume
stimulation generating CTLs.
m the constant rate of the death 0.011 day~? [18]
average of infected hepatocytes
which still not virus-producing cells.
q the death rate of infected 0.001 mm?3day ! (18]
hepatocytes by the CTLs response.
a the production rate of intracellular ~ 0.15 day™! assume
HBV DNA-containing capsids.
o the growth rate of virions in blood.  0.0693 day~! [29]
) the clearance rate of intracellular 0.053 day™? [19]
~ the rate that viruses are neutralized 0.01 mm3day~?! [18]
by antibodies.
the death rate of free viruses. 0.693 day™? [41]
g the expansion rate of antibodies 0.008 mm?3virion™! [111]
in response to free viruses. day~!
the decay rate of antibodies. 0.15 day~! (18]
k the expansion rate of CTLs in 0.001 mm?3day ! assume
response to viral antigen derived
from infected hepatocytes.
€ the decay rate of CTLs in the 0.5 day~! [112]

absence of antigenic stimulation.
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3.2 Nonnegativity and boundedness of solutions

For equation (3.1.1)-(3.1.6) to be epidemiologically meaningful, we prove that
all state variables are non-negative. Since it is irrational to have a negative
hepatocytes density and equation (3.1.1)-(3.1.6) describes the dynamics of HBV
infection of hepatocytes, we show that all state variables are non-negative and the
solutions of equation (3.1.1)-(3.1.6) with non-negative initial conditions will remain

non-negative for all ¢ > 0. The following lemma is applied.

Lemma 3.2.1. Given that the initial solutions and parameters of equation (3.1.1)-
(3.1.6) are non-negative, the solutions z(t), y(t), c(t), v(t), w(t) and 2(t) are non-
negative for all t > 0.

Proof. Consider the equation (3.1.1) we have,

((ii_f =A—ozr— (1 —uy)fav
((ji_f + (0 + (1 —w)pv)z = A. (3.2.1)

We multiply both sides of the differential equation by the integrating factor which

is defined as

I = efot(ff-i-(l—ul)ﬁv(S))ds’ (3.2.2)
we have
(efo‘(a+(1—u1)ﬁv(s))dS)ag;;'+(ef(f(«f+(1—u1)ﬂv(s))al3)(g_|_(1_ul)ﬁv)ac = (@fg(ﬁ(l—ul)ﬁv(s))ds)A_
(3.2.3)

We integrate both side between 0 and ¢, then
£ _ dz(s) b _ 4
/ (eJila+—un)Bu(s) ds)(_d_t_|_(0-+(1_U1)ﬂv(5))m(3)>d3: / (eJi o+ munBoe) doyp gy,
0 0
Thus, z(t) = (e~ Jolor—w)Bvls)) ds)(z(0) + fot(efc;(”(l—mwv(s)) 4YAds), leads to

x(t) > 0. Similarly, we obtain

t
y(t) =e" Jo(oraz(s)ds (y(0) + / elolotaz(eDds (1 _ o) Be~ ™ g(s — 7 )v(s — 11)ds) = 0
0

c(t) = e~ @F(c(0) + /t(l — up)ay(s)e®tVds) > 0

t
o(t) =€ fot("Yw(S)'i'l/')ds(v(O) _|_/ eloro()mds oo () ds) > 0
0
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w(t) = w(O)efff("”(s)_h) >0
2(t) = e ((0) + /0 ky(s — 72)2(s — ma)eftds) > 0. (3.2.4)

Therefore, x(t) > 0, y(t) c(t) > 0, v(t)

>0, > 0, w(t) >0, 2(t) >0forallt >0
given that z(0) > 0, y(0) > 0, ¢(0) > 0, v(0)

>
>0, w(0) >0, 2(0)>0. O

Theorem 3.2.2. Under the given initial conditions, all solutions of equation

(3.1.1)-(3.1.6) are non-negative and bounded for allt > 0.

Proof. We obtain from Lemma 3.2.1 that all solutions of equation (3.1.1)-(3.1.6) are
non-negative for all ¢ > 0, next we use the following function to help determining

the boundness of the solutions of equation (3.1.1)-(3.1.6):

o o oy

e o —MT q
Nit)=e z(t 7'1)+y(t)+kz(t+7'2)+2(1 = u2)ac(t)+2(1 N u2)av(t)+2(1 — ug)agw(t)'
(3.2.5)
By differentiating (3.2.5) with respect to ¢t and with equation (3.1.1)-(3.1.6), we
have
dN(t) R dz(t — 1) N dy + qdz(t + 1) L o dc(t)
dt dt dt  k dt 2(1 —up)a dt

o do(t) oy dw(t)
2(1 —uy)a dt 2(1 —up)ga dt

=Ae ™ —ge ™™gt — 1) — (1 —u)Be "t — m)v(t — 71)

+ (1 —ug)Be ™ a(t — m)v(t — 1) — (0 — z)y(t)

P
—w@4ﬂ+wm4ﬂ—%duwﬁ—ﬂfgafw
agd o vy
21— ug)ac(t) * 2(1— U2)ac(t) 21— uz)av(t)w(t)
oW oy ovh
BT cpm ML Rty swym Pt
=Ae ™ —ge ™ Mx(t — 1) — %y(t) - %z(t + T3)
_ _ﬁ";_c(t) S — - __(m_w(t)
2(1 — ug)a 2(1 — ug)a 2(1 — ug)ga
= Ae™™™ — min(o, %, €, 0, u, h) (e ™zt — 1) +y(t) + %z(t + T3)
o g a” w
LT MACRE e Ol pmpr el O)

< Ae™™" — min(o, % e, 8, 1, h)N(2).
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Let @ = min(o, §,¢,9, 4, h). Thus, we have

dN(t)

2 <A — QN (D) (3.2.6)

By integrating both sides,

¢ ¢
/ dN(t) < / 5t
o AeTmm —QN(t) = Jo
Ae™™™1 — =@ (Ae™™ — QNy)

we obtain N; < 0 .
By taking ¢t — oo, we have
Ae_mTl
Ny < 0 (3.2.7)
Hence, we have that N(t) is bounded, which leads to the variables z(t), y(t), c(t),
v(t), w(t) and z(t) are bounded. O

3.3 Equilibrium points

In this model we calculate three equilibrium points: infection-free (Eo), immune-
free (E;), and immune-activated (E,) equilibrium points. First, we seek to find
the infection-free equilibrium point, where the HBV infection is eradicated. This is
achieved by setting the right-hand side of the equations in equation (3.1.1)-(3.1.6)

to zero and letting ¥y = v = 0. Consequently, we obtain ¢ = 0,w =0,z =0. And

A—ox—(1—w)fzv=0
A—oz—(1—u)Bz(0)=0

A—ox=0
A
= _, 3.1
z=— (3.3.1)

Thus, we obtain the infection-free equilibrium point as follows:

A
EO - ($0a Yo, Co, Vo, Wo, ZO) = (;a 0) 07 0) 01 0) . (332)

Next, we determine the immune-free equilibrium point F; which is the steady
state when there is a persistence of the infection without the immune responses
(i.e. wy = 2z = 0). With calculation, we have, By as (1,41, ¢1,v1,0,0) where

(1 —wu)(1— uz)ﬂe”"”laa’yl (1 —ug)a’ “a= (1 —ug)Bo

2 — op(a+6) _ (a+d)a o (Ro—1),v1 = %. (3.3.3)
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Next, we will determine the immune-activated equilibrium point, denoted as Fy =

(332,192, Ca, Uz, W2, Z2)a where

o = Ag _ £ C_(l—uz)as U_ﬁ
2_0_g+(1_u1)/3h) y2_ka 2 — k(a+5) s 2 g:
wy = (1-— u%)asag 3 H’ 2y — (1 —wu1)Be ™" khzy g (3.3.4)
(a+0)yhk 7 qge q

Note that the immune-activated equilibrium point exists if and only if the antibody

population w, and cytotoxic T-lymphocytes population z; are positive.

3.4 The basic reproduction number (Ry)

The basic reproduction number is defined as an average number of secondary
infections caused by a single infectious individual in a fully susceptible population.
It corresponds to the spectral radius of a matrix FV~! where F is Jacobian of
F, where F is the rate of appearance of new infections in compartment and V
is the Jacobian of V which is the rate of transfer of individuals into and out of
compartment. To calculate FV !, we used the next-generation matrix method by

van den Driessche et al., 2002 [73]. In this model, define F as

(1 = w)Bemmizy oy + a2y
Sa N\ 0 and V= | ac+dc— (1 —uz)ay
0 Yow + pv — ac
Then we have
0 0 (1-w)Be ™z o+qz 0 0
F=10 o0 0 and V = —(l—uz)a a+0 0

By substituting Fjyp = (%, 0,0,0,0, 0) in the Jacobian matrices above, we get

A
0 0 (1 - ul)ﬁe_m”; o 0 0

F=19 o 0 andV=| —(1—uz)a a+d 0
0 O 0 0 —a
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Next,

p(a+6) 0 0
1
Vie—+- —
po (o + 9) ul —w)a - po
(1-wu)aa aoc  ola+9)
The next generation matrix is

(1 —u)(l—w)Be ™ Aaa (1 —ui)fe ™ Ao (1 —u)Be ™A

. o?u(a +90) a?p(a+9) a2
FV— = 0 0 0
0 0 0

The basic reproduction number is given by p(FV '), thus

(1 —u1)(1 —ug)Be™" Aac

o2p(a +90) (34.1)

Ry =

3.5 Stability analysis

We analyze the model concerning the local and global stability of the three steady
states: infection-free (E;), immune-free (E;), and immune-activated (Ej)
equilibrium points.  For the analysis of local stability, we study through

the Jacobian matrices, while for global stability, we use the Lyapunov method.

3.5.1 Local stability of infection-free equilibrium point

Theorem 3.5.1. If Ry < 1, then the infection-free equilibrium point (Ey) is locally

asymptotically stable. Otherwise, it is unstable.

Proof. The Jacobian matrix of equation (3.1.1)-(3.1.6) at Ejp is

[ o 0 0 —(1 — wy)Bxo 0 0
0 —0 0 (1 —up)Be MmNz, 0 0
J(Eo) = 0 (1-—wug)a —(a+19) 0 0 0
0 0 a — 0 0
0 0 0 0 —h O
I 0 0 0 0 0 —e |
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From Jacobian matrix above, we have the characteristic equation as

(A+e)(A+h)(A+o) (<A+o><x+a+o‘)(x+m—(1—uo(1—Uz>aaﬂe“’”“’““> -

Thus, A= —e <0, /\2=—h<0, A =—0<0.
(1 —uw)(1l — ug)fe ™" Aacy

- , we write the rest of the term
o?p(a +9)

Since, zg = — and Ry =
o
as

A+o)A+a+d)A+p) — (1 —uw)(l- uz)aaﬁe_(m“)“% =0,

A+a)A+a+0)A+p) =0 —-w)(l- u2)aaﬁe—(m+*)ﬁ%,
A+o)A+a+8\+ p) = po(a+ §)Roe ™. (3.5.2)

For Ry < 1, if X has a non-negative real part then the modulus of the left-hand
side of equation (3.5.2) satisfies

A+ o)A+ a+8)(A+p)| > o(a+d)u. (3.5.3)
Consider the modulus of the right-hand side of equation (3.5.2),
\uo (o + 8)Roe ™| < po(a+ 8)Ry < po(a+ 9), (3.5.4)

which is contradiction. Hence, when Ry < 1, the real part of A has no non-negative
real part and the infection-free state Ey is locally asymptotically stable.

For Ry > 1, we let
AA) = A+ o)A+ o+ )\ + p) — po(a+ 8)Roe™™. (3.5.5)
Then
h(0) = po(a +9d) — po(a+ d)Re < 0, (3.5.6)

and limy_, h(A) = +o0.
By the continuity of h()\), there exists at least one positive root of h(A) = 0. Thus,
the infection-free equilibrium point, Fy is unstable when Ry > 1. This completes

the proof. O

3.5.2 Global stability of infection-free equilibrium point

Theorem 3.5.2. The infection-free equilibrium point (Ey) is globally asymptoti-
cally stable when Ry < 1.
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Proof. Let the Lyapunov functions be

1 () e Lo
P LB | (g [ autsras, 357

where L is positive definite. The derivative of L along the solutions of the system
(3.1.1)-(3.1.6) is

% = <1 — :1;;_0) <A —ozr—(1— ul),Bmv> + e™mn <(1 —u)Be" ™zt — m)v(t — 1)

- A —u1)BA
—oy — qyz) + %T(%l)_l_ﬁé—)a ((1 —uz)ay — (e + 5)6) E (I—M—L:)i (ac — yow
- /w) 1 A —w)phy (ng - hw) +(1- ul),3<mv —z(t —m)v(t — 7'1)).
guo
Since ddito = A — o1y — (1 — u1)Bzove = 0, we have A = 0xo. Then

+ (1 —uq)Bz(t — m)v(t — 1) — oye™™ — qyze™™
1 (1 —uy)(1 —up)BAcay (1 —w)BAac 4 (1 —uq)BAac

po (o +6) po po
~ (1=u)BAyvw (1 —uy)BAv + (1 — u1)BAyow
uo o uo
1 —uq)BAvh
— N T Y + (1 —u1)Bzv — (1 — u1)Bz(t — m)v(t — 1)
guo
—o(x — x0)? e (1 —u)(1 — ug)BAaae™™n
A W o\ -, T1 mTy -1
= qyze + oye ( el 5
(1 —w)BAyhw
guo
2 .
= - U—(a: —20)% — quze™™* + oye™" (Ro — 1) — Q—M (3.5.8)
zo guo

dL
We obtain that T < 0 when Ry < 1 and (Z—i = 0 at Fy. Therefore, Ej is globally

asymptotically stable when Ry < 1. O

3.5.3 Local stability of immune-free equilibrium point

(1 —u)(1 — up)eafa

Theorem 3.5.3. If 1 < Ry < 1+ inf{4;, Ay}, where A; = kop(a + )

and Ay = ~——2"" then the immune-free equilibrium point (E:) is locally

qgo
asymptotically stable. If Rg > 1+ inf{A;, A2}, then E; is unstable.
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Proof. We first set det(J(E;) — AI) = 0 to find eigenvalues, then we obtain

—o— (1 —wu1)Bvi — A o] 0 —(1 — uy)Bez1 0 0
(1 —wp)frie”MFNTL g 0 (1 = uy)pe(M+NT14, 0 —an
0= 0 (1 —uz)a —(ax+38) - 0 0 0
0 0 a =X —yv1 0
0 0 0 0 gvi —h—2X 0
0 0 0 0 0 kyie 22 —e— A
-0~ (1 —wu1)Bvr — A 0 0 —(1 —u1)B=1
e —em Ay(gur x| (T EDBTeT T oo 0 (1 — u1)Bze” (MINTL
0 (1 —u2)a —(a+8)—2A 0
0 0 o —p— A

= (kyre > —e—N)(gv1 — h— A)(—0 — (1 —w)Bu; — N)

—o—A 0 (1 — up) Bz (MmN
(1—-ug)a —(a+8)—X 0
0 o —p = A
0 0 —(1 —u1)Bz1
— (ky1e 2 — e — A)(gv1 —h — A)(1 — uy)Bure” (MM (1—-wug)a —(a+8)—A 0
0 o —p—A

—(a+8) = A 0

= (kyre > —e— N)(gv1 — h— A)(o + (1 —u1)Bvr + A) (0 + A)
o —p— A

o

(1) ul)ﬁzle—(m“)ﬁ

+ (ky1e™* — e — N)(gv1 — h — A){(o + (1 — u1)fvi + A)(1 — uz)a
o —p— A

0 —(1 Y- ul),B:E1

+ (kyle_)\‘rz —€— /\)(g’U1 —h-— )\)(]_ — ul)(l — U2)ﬂvlae—(m+z\)‘r1 .
(8% —l—

By calculating above expression, we have characteristic equation as
(kyie~ (MmN — e — X)(gu; —h— X) {)\4 + a3 A3 + a2)? + agh + as + (ash + ag)e‘)‘”] =0

where

oy =a+6+p+20+ (1 —u)pu,

a2 = (20 + (1 — w1)Bor) (o + 6 + ) + (o + (1 = uy)Bur)o + (e + ),
a3 = (20 + (1 - u)Bvr)(c+ 8+ (o + (1 - up)Bor)oa+ 8 + ),
a1 = (0 + (1 - w1)Bur)o(a + O)p,

as = —(1 —u1)(1 — ug)Paczie™ ™™,
ag = —(1 —u1)(1 — uz)Baczi(o + (1 —u1)Bvr)e”™ ™"
+ (1 —u3)%(1 — uz)B%z1v10006” ™. (3.5.9)

Therefore, it gives A, = ky,e™*™ — ¢ and Ay = gv; — h.

First, we consider
A= kyie ™ — e (3.5.10)
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For 7, = 0, then A\; = ky; — €. Since y; = (T"%, thus,

_(omat)(R-1) )
= (ST )
_ kop{a+ 8)(Ro — 1) — e(1 — ug)(1 — ug)Baa
(1 —u1)(1 — ug)Baa '

So, we have

Ny kop(a+ 8)(1 + G=sllzugeade _ 1) — (1 — uy)(1 — uy)Baa .
1 =0,

(1 —u)(l — u2)faa
(1 —up)(1 — ug)eafo
kou(a + 0) '

when 1 < Ry <1+

(1—u)(1— uQ)eaBa.

Thus, M1 <0, when 1 < Ry <1
us, Ay <0, when 1 < Ry <1+ kop(a+ )

This shows that A; < 0 for 7, = 0. Next, we consider the case when 7, > 0. By

letting \; = wi (w > 0) be a purely imaginary root for some w > 0, we have

(iw) — ky1e™™™ +e=0
iw — ky1(cos(wty) — tsin(wm)) +e=0

(iw) 4 € = ky (cos(wmy) — 4 sin(wTy)).

Thus, this implies that ¢ = ky; cos(wr) and w = —kyy sin(wtz).

Then,

w? + & = (ky1)?(cos*(wy) + sin®(wTz))
W? = (ky))? — €2

o (feinay

Since 1 < Rg < 1+ (1~ w){d - ug.)eaﬂa, then
kopu(a + 6)

o+ 6) (1 + (1—uw)(1—ug)eaBo

kou(a+6) 1) )2 0 0
— €4 =
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Thus, w? < 0 which is contradiction.
Next, suppose that A; = b+ wi where b is positive real number and w > 0, we can

write

A\ = h — ¢, where h = ky,e ™. (3.5.11)
Then, b is positive real number, the magnitude of h is as follows
Ih| = [kyre=Cedm| = fy;embre|e=iom|,
Since e~ = cos(wy) — isin(wry), and |e=™72| = 1, then |h| = ky1e™"™ < kyr.

(3.5.12)

Substituting y; into (3.5.12), we have

kou(a+ 6)(Ro — 1)
(1 —w)(1—ug)afa

‘CON a rop\a = €. 3‘5

Thus, |h| < € implies that h € B(0,¢). If h = D + Ct where D > 0, then h is

Ih| <

complex number in the right-half of complex plane. However, if h —e = D+ Ci—c¢,
then D — € is negative real part. Therefore, we have h — € is a complex number
in the left-half of complex plane, then consider the left hand side of the equation
(3.5.11) as

A = b+ wi. (3.5.14)

Since we suppose that b > 0 and A\; = h — ¢, then A; will be a complex number on

the right-half of complex plane. We have
b+wi= D — e+ Ci. (3.5.15)

By assumption that b > 0, then D — ¢ < 0. This is contradiction, because b can

not be a positive real part.

Therefore, A1 has a negative real part, when 1 < Ry < 1+

go

Next, we consider Ay = gv; —h. f 1 < Ry <1+ , then
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go(l+ ——h(l;“)ﬂ - 1) L—0
< —h=0.
(1—u1)B
h(1 -
Hence, Ay < 0. Thus, )\, is negative when 1 < Ry < 1+ —ET:%.
Next, we consider the characteristic equation where 71 > 0,
M4 a3+ a0\ 4 agh +ag + (ash + a(;)e_’\T1 =0 (3.5.16)
where a; — ag are defined in (3.5.9).
Thus, we have
XL+ ai A% + apA? + az) + agf® = |ash + ag*le 2 (3.5.17)

Suppose (3.5.16) has a purely imaginary root A = iw (w > 0), by substituting

A =iw into (3.5.17) and separating the real and imaginary parts, we have

|(iw)* + a1(iw)? + ag(iw)? + as(iw) + as|* = |as(iw) + ag|*le” ™2
Since |e=®™| = |cos(—wn) +isin(—wn)| = 1/cos?(wr) + sin®(wr;) = 1, then we
have
Wt — a1wi — aw? 4 agwi + a4l? = |aswi + agl. (3.5.18)

Thus, we have

wh — 0103 — agw? + azwi + agl? = (Wt — 2100 — agw? + aawi + as) (W + a1w’i
2 .
— apw® — azwi + ay4)
= w? — apw® + aqw? + a2w® — ajazw? — agw’®
+ agw‘1 - a2a4w2 — a1a3w4 -+ ang + a4w4
2, 2
— Qaa4WwW” + ay,

(3.5.19)

and

|aswi + ag|? = (aswi + ag)(—aswi + ag) = ajw® + a2. (3.5.20)
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Thus, equation (3.5.18) becomes

w® + D1w® + Dyw* + Dyw?® + Dy =0 (3.5.21)
where
D= —-2a,+ af, Dy = 2a4 — 2a103 + a%, Ds = ag — 20004 — ag, Dy = aﬁ - ag.
(3.5.22)

We let X = w? and define a function G(X) as the left-hand side of (3.5.21), the

above equation can be simplified to
G(X) = X*+ D: X®+ DyX? + D3 X + Ds. (3.5.23)

Therefore, if the characteristic equation (3.5.16) has a purely imaginary root (A =

iw), it is equivalent to the fact that G(X) = 0 has a positive real root (X = w?)

Theorem 3.5.4. If G(X) = 0 has no positive real roots, then the positive

eduz’librium point Ey is locally asymptotically stable for any Ty > 0.

Proof. If G(X) = 0 has no positive real roots, we obtain that X can be zero or
negative root. Since X = w?, so w can be either zero or bi for b > 0. But from
the hypothesis that w > 0, we then have w = bi, implying that (3.5.16) have
negative roots i.e. A = wi = (bi)i = —b. Therefore, the equilibrium E; is locally

asymptotically stable for any 7; > 0 when G(X) = 0 has no positive real roots. [

Next, we consider E; being locally asymptotically stable for [0, 7°) such that
70 = min{7{ |1 < n < A} where # is the number of roots of G(X).
Substituting A = iw into (3.5.16), we obtain the real part as

w? — ayw?® + a4 + ag cos(wr) + aswsin(wr) = 0 (3.5.24)

and the imaginary part as

aw?® — asw + agsin(wm) — asw cos(wr) = 0. (3.5.25)

Next, we solve for cos(wr) and sin(wr;) from equation (3.5.24) and (3.5.25).
Assuming that G(X) = 0 has (1 < 7 < 4) positive real roots, denoted by
X.(1<n<n). As VX, = w, (3.5.25) then becomes

a1(v/ X)) — as/ Xn — as cos(v/ XnT1) = —agsin/ X,
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Thus,

sin(v/Xpm1) = a3 VX + a5 c0s(v Xn1) al(\/)T)s. (3.5.26)

Qe

Substituting (3.5.26) into (3.5.24), we have

(a1a5 — ag) X2 + (asas — asas)Xn — 0406

cos(v/Xp11) = P . (3.5.27)

Then, substitute (3.5.27) into (3.5.26), gives

' X, + 63067/ Xn — 2506 X2 — aras(vVXn)® =
sin(y/Xpry) = 222520+ 43k aﬁ‘;‘; o a186(VXn)" 045 (3 5 g)
6 5 n

Let
((11(1,5 = CLG)X,,% + (GQCLG - G3G5)Xn — Q406
cos{v/ X,711) = Qn =
( TS a2 + a?v/X,

sin(y/X,71) = P, = a205Xn + 4305V Xn —2 asaszX,% — a1a6(vXn)? — 2435
ag + asvV Xn
(3.5.29)

Therefore, for the imaginary root A = iw of (3.5.16), we have two sequences
as follows:
len _ %(arccos(@n) + 2jm), | Tf F,>0
\/—Tn(Zw — arccos(Qy) + 2jm), if P, <0

where 7 =0,1,2,3,... and 1 < n < 7.

Assuming ’7'1(2) = min{Tl(f;)ll <n<m,j=012} ie 7'1( ) is the minimum
value associated with the imaginary solution iwgy of the characteristic equation

(3.5.16).

Therefore, the characteristic equation (3.5.16) has a pair of purely imaginary
roots +iy/X,,. For every integer j and 1 < n < 7, define )\(j)( 1) = ag) (r1) +
iwS (1) as the root of (3.5.16) near 7'1( ) satistying oz(”( (J)) =0 and w{(r (J))

v X,.. Then the following theorem is obtained.

Theorem 3.5.5. If G(X) = 0 has some positive real roots, then E; is locally
asymptotically stable for m € [0,7'1(2)), when ’7'1(2) = min{ﬁ(f;)u <n<fj=
0,1,2,..}.
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Proof. For 7’1(2) = min{ﬁ(i) <n<#, j=0,1,2,..}, G(X) = 0 has no positive real
roots when 7, € [0, 7'1(3)), which means that all the root of (3.5.16) have strictly
negative real part when 7 € [0, 7'1(2)).

Therefore, E; is locally asymptotically stable for 7 € [0, 7'1(:)). O

Theorem 3.5.6. If X,, is a simple root of G(X) = 0, then there is a Hopf
bifurcation for the system as T increases past ’7’1(23).

Proof. The characteristic equation (3.5.16) can be written into the following form:
foN) + fiN)e ™ =0, (3.5.30)

where fo(A) = M +a;2® + a2+ azA+ a4, and fi(A) = asA+as, and fo(A) and

f1(\) are continuously differentiable to .

dRe())

Next, we determine sign{ 7
7‘1:7'1(2)

}, where sign is the sign function and Re(\)

is the real part of . We assume that A\(r1) = v(71) + iw(7;) is the solution of
(3.5.16) with respect to ;. Suppose that one of the roots of (3.5.30) is A(n) =
(1) +iw(m ), satisfying a(1,) = 0 and w(ry,) = wo for a positive real number 7y,.
Let

$(w) = | fo(iw)[* = | f1 (). (3.5.31)

Since

| fo(iw)|* = (fo(iw)) (fo(iw))

= wB + ayw'i — agw® — azw®i + agw*

— a1w7z' + a%w6 + a1a2w5i
— ayasw? — a104w% — asw® — a1aow’i + a2w? + asazw®i
— a2a4w2 + a3w57§ — a1a3w4 — agasw’i + ang + azaswi + asw?

+ aya4w®i — asaaw?® — agagwi + al. (3.5.32)
Then,

d(| fo(iw)|?
___(lfocgfuw)l ) _ 8w - (6a% — 12a5)w® + (4a2 + 8ay — 8aia3)w® + (203 — 4azas)w.
(3.5.33)
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And since fi(iw) = as(iw) + ag = asiw + ag, then

|fi(iw)? = (f1(iw)) (fi(iw))
= (asiw + ag)(—asiw + ag)

= aw? + as. (3.5.34)

And, ﬂfﬁ)—w)'z- = 2a%w. O

Thus, we have

i@ _ 1 (|f0(7'w)| — [f1(iw)]?)
wdw 2w
_L( Pdmww
= 2—1— < — 2Im(fo(iw) foliw)) + 2Im(f1(iw)f1(iw))>
[ ) (iw) f (i) f1 iw) fo(z'w)fo(iw)fo(iw)}
w f1 (iw) wfo(iw)
2 fl Zw 9 fO(”;w)
=Im [|f1 iw | — | foliw)] —__wfo(iw)j|' (3.5.35)
Because | fo(iwo)|? = | f1(iwo)|?, we have
1d¢ (i) 2T filiwe)  foliwo)
(Zw dw) o ]fO( )l g {wofl(iwo) wofo(iwo)} (3'5'36)

Next, differentiate both sides of (3.5.30) with respect to 71, we have

fo(X )dA f(A ) = g </\+T1 )fl( )e ™ =0. (3.5.37)

We can write (3.5.37) as

(M>*=hm+ﬁQW”1h(he“

dri Afi(A)e=n
ST+ AN)
YA T (3.5.38)

‘Since fy(iwo) + f1(iwo)e™™°™ = 0, we obtain that
d\" ] { Foliwg)e™™ + fl(z'wo)]
Rel| =—— = Re : :
[ <dT1 ) T1="o iwo f1 (iwo)

- [ i) ]

iwo f1(iwo)  dwo f1(dwo)
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 Joliwg)eon f1(iwo) ]
Re [ iwp fo(iwg)eiwoTs * i f1 (o)

_ Re[ Foliwe)eom - #1(iwo) (i)}

wo f() (in)eiWOﬁ Wo fl (iwo)
_ filiwe)  foliwo) }
= | o oo (8:5.39)

From (3.5.36) and (3.5.39), we have

dRe(\)
d7'1

sz'gn{

1 :7‘0) :|
:| —1
T1=To

fl(’iu')o) . fo(@o) ”
wo f1 (o) . wo fo (iwo) .
= sign Re[|fo(iw)|2lm{ f1(iwo) _ foiwo) H

w0f1(iw0) wofo(iwo)
. 1 d¢
= sign |:<—2—u—) X E;)
dod, (1)

} : (3.5.40)
When Re(\) = o (r1), we have
. . dG
5181 d’[‘l ; = 8i1gn E

As X, is a simple root of G(X) = 0, we know G(X,,) # 0. From (3.5.41), we know
NO 2
(dd:lo o £ ()). If ddT"l" < 0, then we obtain that the root of (3.5.16)
0
T1I=T},

has positive real part when 7 € [0, 71(22)) which contrasts to Theorem 3.5.5. Hence,
©

dar
we can see that % > 0. When 1, = 7'1(0)

(0)

TI=Ty,,

imaginary root, the remaining roots of (3.5.16) have strictly negative real parts,

} = sign Re
T1=T0

= sign Re Im[

X:XJ . (3.5.41)

(0)

TI=Ty,,

except for the pair of purely

ng’

so the system has Hopf bifurcation. This completes the proof. U

3.5.4 Global stability of immune-free equilibrium point

Theorem 3.5.7. The immune-free equilibrium point Ey is globally asymptotically

. 1—u)(1—uqg)eafa
stable when 1 < Ry < 1+ inf{A;, A2}, where A; = ( kif);i(a—i—f)')) P and
(1 —w)hB

go

Ay =
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Proof. We consider the function F(z) = z—1-Inz (z > 0). Note that F(z) > 0,Vz
and that F(z) = 0 if and only if z = 1. We define a Lyapunov function L, as

follows:
el B ey (L Y GmmBnma ey g, L
Iy=m (931 1=l 5’71) e y1<y1 L=n yl) * (a+5)61 c1 1= C1
N (1 —w)pzivion (v PENCAN (1 — up)Briv1yw N ge™ 2
ac] U1 m gocy k
¢ ¢
+ (1 — w1)Bz1v1 / G(M ds + ge™™ / y(s)z(s)ds. (3.5.42)
t—71 T1V1 t—12
dL
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3.5.5 Global stability of immune-activated equilibrium point

Theorem 3.5.8. The immune-activated equilibrium point E, is globally
asymptotically stable when Ry > 1 and A > B (where A and B are defined in
the proof).

Proof. We consider the function F(z) = z—1—Inz (z > 0). Note that F'(z) > 0,Vz
and that F(z) = 0 if and only if z = 1. We define a Lyapunov function L, as

follows:
z 1_1,12) +emny2(1 _1_lnz> h (MM)CZG 1 _mg)
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Yy Y2z yz

qemﬁ Yo7 (2_ y2 _ y(t—m2)z(t—72) +In y(t—'rz)z(t—Tz)) + 2q6m7'1 YaZs and B = qem'r] yzo+

ge"”;ﬂ‘ Thus, the global stability of immune activate steady state equilibrium
point is globally asymptotically stable when Ry > 1 and A > B. O

3.6 Numerical simulations

In this section, the numerical simulations of system (3.1.1)-(3.1.6) are performed
with the use of parameters values from Table 1. We divide the results into 4
cases as below to investigate the impact of controls (u; and u;) and to explore the
dynamics of model in the different values of time delays.

(i) when wu; varies, u, = 0.5 and 7, = 7, =0

(ii) when u, varies, u; = 0.5 and 7, =7, =0

(iii) when 7y varies and 7, =5

(iv) when 7, varies and 7 = 5.

3.6.1 CaseI: when u; varies, up =05and i =7, =0
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Figure 15 Simulation results of the HBV model (3.1.1)-(3.1.6) with both
controls (u; = 0.2,0.4,0.6 and uy = 0.5)when 71 = 72 = 0. (a) the

concentration of uninfected hepatocytes, (b) the concentration of
infected hepatocytes, (c) the concentration of intracellular HBV
DNA-containing capsids, (d) the concentration of free viruses, (e)
the concentration of antibodies and (f) the concentration of CTLs.
u; is the efficiency of drug therapy in blocking new infection and

uy is the efficiency of drug therapy in inhibiting viral production.

Figure 15a - 15f shows the dynamics of the concentration of the uninfected
hepatocytes, infected hepatocytes, intracellular HBV DNA-containing capsid, free
viruses, antibodies, and CTLs, respectively where they are treated by u; and

uy representing the efficiency of drug therapy in blocking new infection and the
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efficiency of drug therapy in inhibiting viral production, respectively. We choose
u; = 0.2, 0.4, 0.6 and uy = 0.5. From 15a, we can see that a larger value
of u; can slow down the decline of the concentration of uninfected hepatocytes
when compare with the smaller u;. At the end, they tend to reach the same
equilibrium value. Figures 15b and 15¢ give a similar pattern, the concentration of
infected hepatocytes and intracellular HBV DNA-containing capsids rises since the
beginning for all values of u;. Figure 15b shows that the greater value of u,, the
smaller the peak of the concentration of infected hepatocytes with a slight slower
time for the peak to occur. In the case when u; = 0.2 and 0.4, it tends to give
the second peak in the period of 80th to 150th day, whereas when u; = 0.6 there
is no second peak. Further, it reaches lower equilibrium value when compare with
smaller u;. The different of Figure 15¢ to Figure 15b is that the first peak of all
three cases are at the same level. At the start in Figure 15d, the concentration of
free viruses decreases for a few days and goes up sharply to reach a peak. When
u, increases, the peak height is smaller, respectively with slower time for the peak
to occur and reaches the smaller equilibrium value. Further, for the case u; = 0.2
and 0.4, the second peak is observed between 50th-150th day. Figure 15e shows
interesting results i.e. there are two peaks of the concentration of antibodies when
ug = 0.2 and 0.4, where their second peak is larger than their first peak. Only one
peak of the concentration of antibodies is obtained for u; = 0.6. Time for the peak
to occur is slightly slower when u; increases. The dynamics tends to reach lower
equilibrium value with the larger value of u;. Interestingly, Figure 15f shows a
significant reduction of the concentration of CTLs and a slower time for the peak
to occur when u; increases. Further, in the case of u; = 0.2, on the 100th day, the
concentration of CTLs rise again to reach a small peak ranging the period of 50
days then goes down to zero. Overall, from the results above u; has shown to play
a main role in significantly reducing the concentration of infected hepatocytes, iree

viruses and CTLs.
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Figure 16 Simulation results of the HBV model (3.1.1)-(3.1.6) with both
controls (uz = 0.2,0.4,0.6 and u; = 0.5) when 71 =72 =0. (a) the
concentration of uninfected hepatocytes, (b) the concentration of
infected hepatocytes, (c) the concentration of intracellular HBV
DNA-containing capsids, (d) the concentration of free viruses, (e)
the concentration of antibodies and (f) the concentration of CTLs.
u; is the efficiency of drug therapy in blocking new infection and

us is the efficiency of drug therapy in inhibiting viral production.

In Figure 16a - 16f, the value of ugy is varied by choosing uy = 0.2,0.4,0.6 and
u; = 0.5. In Figure 16a, our results show that with an increase of up, the
concentration of uninfected hepatocytes decreases slightly slower than the
concentration of the smaller u, and it tends towards the same equilibrium value at
the end. Figure 16b demonstrates double peaks of the concentration of infected
hepatocytes where the higher value of us, the lower peak height for both peaks. It
reaches a peak at 1000 cells/ml in the case u; = 0.2, whereas it reaches a peak at
less than 900 cells/ml for uy = 0.6. After the first peak, they drop down to between
200-300 cells/ml and gradually rise up again as the second peak on approximately
100th day. Figure 16¢ gives a very interesting result i.e. with u = 0.2,0.4 and 0.6,
the concentration of intracellular HBV DNA-containing capsids go up to reach the
peak at 800 cells/ml, 600 cells/ml and 400cells/ml, respectively. Although when
uy = 0.2 and uy, = 0.4, it tends to give the second peak in the period of 100th to
150th day, with u, = 0.6 there is no second peak. Further, with the larger value
of ug, it tends to reach a lower equilibrium value. Figure 16d shows a significant
decrease of the concentration of free viruses when u; increases, and time for the
peak to occur is slightly slower. Figure 16e shows the concentration of antibodies
increases from the beginning for all u, values, there is a double peak for uy = 0.2,
it reaches the first peak at 400 cells/ml on 45th day and slightly declines to 350
cells/ml then it rises up again to the higher second peak. At uy = 0.4, the double
peak is smaller than the case of uy and than its first peak. With higher value
of uy, the concentration of antibodies decreases largely, respectively and tends

to reach lower equilibrium value. Figure 16f shows that when wuy increases, the
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concentration of CTLs decreases significantly, and the time for the peak to occur
is slightly slower, respectively. On the whole, from the results above u; has shown
to play a main role in greatly reducing the concentration of intracellular HBV

DNA-containing capsids, free viruses, antibodies and CTLs.

3.6.3 Case III : when 7, varies and 7, =5
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(e) ()

Figure 17 Simulation results of the HBV model (8.1.1)-(3.1.6) with
7, and 7 represent the delay in the productively infected
hepatocytes and the delay in an antigenic stimulation generating
CTLs, respectively. We vary the value of 7, to be 7 = 0.5, 5,15
where 72 = 5. (a) the concentration of uninfected hepatocytes, (b)
the concentration of infected hepatocytes, (c) the concentration
of intracellular HBV DNA-containing capsids, (d) the concentra-
tion of free viruses, (e) the concentration of antibodies and (f) the

concentration of CTLs.

In Figure 17a - 17f, we vary the value of 7; where 75 is 5. From Figure 17a, we can

see that the djnamics of concentration of uninfected hepatocytes is hardly changed

when 7, varies. Figures 17b and 17c show a similar pattern, the concentration of

infected hepatocyte and intracellular HBV DNA-containing capsids goes up since
the beginning for all values of ;. They show that the higher the value of 74, the
smaller the peak and the longer it takes for the peak to appear. Further, it reaches
lower equilibrium value when 7; is larger. Figure 17d shows double peaks in the
concentration of free viruses, the lower peak height for both peaks obtained with
the larger value of 7. The dynamics drop down after the first peak, then gradually
rise to the second peak, . which occur between the 150th and 250th day. Finally,
it tends to reach lower equilibrium value when 7; increases. Figures 17e and 17f
show that in the case when 7; increases, the concentration of antibodies and CTLs
decrease with slower time for the peak to occur, respectively. In summary, from

the result above 7; has shown to have an impact to a reduction in the concentration
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of infected hepatocytes, intracellular HBV DNA-containing capsids, free viruses,

antibodies and CTLs. Also, the epidemic peak occurs slower when 77 increases.

3.6.4 Case IV : when 7, varies and 7, =5
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Figure 18 Simulation results of the HBV model (3.1.1)-(3.1.6) with 7, and 7
represent the delay in the productively infected hepato-
cytes and the delay in an antigenic stimulation generating
CTLs, respectivelyy. ~We vary the value of m to be T =
0.5,5,15, where 71 = 5 (a) the concentration of uninfected
hepatocytes, (b) the concentration of infected hepatocytes,
(c) the concentration of intracellular HBV DNA-containing
capsids, (d) the concentration of free viruses, (e) the concentra-

tion of antibodies and (f) the concentration of CTLs.

When 7, increases, the concentration of uninfected hepatocytes drops faster on the
first 100th day, as shown in Figure 18a. After that, however, the
concentration of uninfected hepatocytes tends to decrease slower than the case
of smaller 5. Figure 18b and 18c give a similar pattern when 7, increases, the
concentration of infected hepatocytes and intracellular HBV DNA-containing

capsids largely increase, with slower time for the peak to occur. Interestingly, with

m = 0.5 and 5, there are two peaks occured, whereas only one peak
observed in the case 7, = 15. Further, with 7, = 15 it reaches lower
equilibrium value when compare to 7 = 0.5, and 5. When 7, increases, the

concentration of free viruses increases to almost the same level of peak as shown in
Figure 18d. However, it tends to give the second peak for the case 73 = 0.5 and 5,
while in the case 7, = 15 there is only one peak. At the start in Figure 18e, when
7, increases, the concentration of antibodies significantly increases with a slower
time for the peak to occur. With 7, = 0.5, after the 70th day, it goes up again to
the small second peak at a smaller level. On the other hand, Figure 18f shows a
large reduction of the concentration of CTLs with a slower time for the peak to
occur, when 7, increases. Further, in the case 7, = 0.5, on the 80th day, it tends to
rise to give the second peak ranging the period of 70 days then goes down to zero.
On the whole, from the results above, 7, has shown to give an impact in boosting
up the concentration of infected hepatocytes, intracellular HBV DNA-containing
capsids, free viruses, and antibodies with longer period of an epidemic time.

However, it shows to play a main role in greatly reducing the concentration of
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CTLs. This means that the delay of antigenic stimulation generating CTLs

causing longer duration with a large quantity of the hepatitis B virus infection.

3.7 Conclusion

In this chapter, we demonstrate multiple delays within-host model for HBV
infection model with 6 variables consisting of the uninfected hepatocytes, infected
hepatocytes, intracellular HBV-DNA containing capsids, free viruses,
antibodies, and cytotoxic T-lymphocyte (CTLs). We incorporate the two
delays which are the delay in the productively infected since viruses attack and
an additional delay in an antigenic stimulation generating CTLs. The model also
involves two drug therapies. We have proved that all solutions are non-negative
and bounded. Three equilibrium states are determined in this model i.e. infection-
free, the immune-free and the immune-activated. The basic reproduction number
is determined and becomes threshold in determining the stability of the infection-
free equilibrium point. Further, the global stability of immune-free and immune-
activated equilibrium points is analyzed and presented in Theorem 3.5.7 and 3.5.5,
respectively. Our numerical simulations have shown that both drug therapies play
a key role in reducing an HBV infection overall. From Figure 17a - 17f, we
obtain that 7 affects the time for the peak to occur i.e. it is slower when 7
increases. Also, a smaller epidemic is observed in larger value of 7. In addition,
with the results of Figure 18a - 18f obtained, they show that the greater the delay
in an antigenic stimulation generating CTLs 7, the more severe HBV infection
occur. Hence, by including both adaptive immune response which are CTLs and
antibodies with time delays would make this model more realistic and this could
bring to the better understanding of HBV infection. As a future work, it might be

reasonable to include spatial component and diffusion for virus into the model.



CHAPTER IV

OPTIMAL CONTROL OF TIME DELAY MODEL OF
HEPATITIS B VIRUS INFECTION

4.1 Model description and formulation

The model consists of six variables, namely the concentrations (units: mm=?)
of uninfected hepatocytes z(t), infected hepatocytes y(t), intracellular HBV DNA-
containing capsids c(t), free viruses v(t), antibodies w(t), and cytotoxic T-
lymphocytes z(t). The model also includes two-time delays representing 71 as
a virus production delay and 7, as an antigenic stimulation generating CTLs
delay. In addition, two controls are comsidered: a control u;(t) on the
effectiveness of drug therapy in reducing new infections of hepatocytes, and a
control uy(t) on the effectiveness of drug therapy in inhibiting viral production.
The other parameters used in the model include A, representing the production
rate of uninfected hepatocytes, whereas the natural death rate of hepatocytes is
“denoted by 0. Additionally, 8 denotes the infection rate of uninfected hepatocytes
by free viruses, further, we consider where infected hepatocytes are restored to
uninfected status by a non-cytolytic cure process at a rate of p. The infected
hepatocytes y(t) are eliminated by the CTLs, z(t), with a rate g. The term
(1 — uy)ay(t) describes how effectively drug therapy inhibits viral production (us
with a production rate a), which is incorporated into the production of intracellu-
lar HBV DNA-containing capsids ¢(t). The internal HBV DNA-containing capsids
decay at a rate of & and are released into the bloodstream at a rate of a. The
neutralization rate of antibodies v reduces the free viruses, which then die at a
rate of . The antibodies are enhanced in response to the free viruses at a rate g
and decay at a rate h. Moreover, the immunological response in this model cannot
be ignored due to the second time delay, indicating that 7, may be needed for the
activation of CTLs that produce antigens. Consequently, we incorporate the term
ky(t — 75)2(t — 73), and the CTLs decay at a rate of e. The flow chart of the model

is presented in Figure ?7?.
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o P o ky(t — 7)z(t — 75)
T | 1
A—| x | Q- u](t))ﬂx(t)v(t): R Z |—e¢
qy()z()
(1 = uO)ay®)—| C a R D V2 I W |[«—gv(Ow()
v ! !
P o yvOw() h

Figure 19 The flow chart of the optimal control model of HBV
infection including immune response and multiple delays. The
solid lines represent the transferring from one class to another
class, whereas the dotted lines represent an involvement or

influence of one class on another class.

The equations for the model are shown in Eq. (4.1.1) - (4.1.6), the initial
conditions are given in Eq. (4.1.7), and the definitions and assumed values for all

parameters are shown in Table 2.

% — A~ oa(t) = (1 = w(@)Bz(®) + pyl) (4..1)
W (1 () ot~ molt = 1) = (o + Py - OO, (@12)
2 (1= wa(t))ay(®) — aclt) — dclt) (4.1.3)
B — aclt) - vo(u() - m(t) (414)
W~ gultyu(e) — hu(o), (4.1.5)
L e k(- m)alt = ) - e2(0) (4.1.6)

where {z(t), y(t), c(t), v(t), w(t), z(t)} € RE are state variables, 71 > 0 and 5 >
0 are time delays, and uy(t) € [0,1], u(t) € [0,1] are control variables. Then, for
the maximum time delay 7 = max{n,7} and for nonnegative
constants Zo, Yo, Co, Vo, Wo, 20, We define the initial conditions for the system of state
equations (4.1.1) - (4.1.6) as follows. For ¢ € [—7,0], let

z(t) =20 >0, y(t) =90 >0, c(t) = co 2 0, v(0) = v > 0, w(t) = wo 2 0, z(t) = 2 > 0.

(4.1.7)
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Table 2 Parameters used in the model of equations (4.1.1)-(4.1.6)

Parameter Description Value Units Source
u1(t) Efficiency of drug therapy in block- 0-1 fraction -
ing new infection.
ug(t) Efficiency of drug therapy in inhibit- 0-1 fraction -
ing viral production.

A Production rate of uninfected hepa- 1 day~'mm~3 [33]
tocytes.

o Natural death rate of hepatocytes.  0.011 day~! [41]
Rate of infection of hepatocytes by 0.0014 mm3day~! [33]
the free virus.

e” ™ Probability of surviving of hepato-
cytes in the time period from ¢ — 7
to t.

m Death rate of infected hepatocytes 0.011 day~? (18]
in the time period from t — 71 to t.

T Delay in the production of infected 2 day assumed
hepatocytes.

Ty Delay in antigenic stimulation gen- 4 day assumed
erating CTLs.

p Cure rate of infected hepatocytes by  0.01, day~1 [110]
non-cytolytic cure process. 0.012

q Death rate of infected hepatocytes 0.001 mm3day ! [18]
due to the CTLs response.

a Production rate of intracellular 0.15 day~! assumed
HBV DNA-containing capsids. .

o Growth rate of virions in blood. 0.87 day~! [111]

] Clearance rate of intracellular HBV  0.053 day~! [19]

DNA-containing capsids.
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Table 2 Parameters used in the model of equations (4.1.1)-(4.1.6)

Parameter Description Value Units Source
ol Rate that viruses are neutralized by  0.01 mm?3day~? [18]
antibodies.
7 Death rate of free viruses. 0.0693 day~! [33]
g Expansion rate of antibodies in re- 0.008 mm3day~! [111]

sponse to free viruses.

Decay rate of antibodies. 0.15 day~! [18]

1 assumed

k Expansion rate of CTLs in response  0.001 mm3day~
to viral antigen derived from in-
fected hepatocytes.

€ Decay rate of CTLs in the absence 0.5 day~! [112]

of antigenic stimulation.

Note that, in Table 2, we assumed values for parameters 71, 72, a and k. Our
motivation for the value for 71 comes from the works by Meskaf et al. [18], Danane
et al. [53] and Manna [68], who used values for 7; ranging from 0.5 to 5; therefore
we assumed the value 2. Zhuang [79] and Sun and Liu [45] used values ranging from
0.03 to 10 for 75; we assumed a value equal to 2. Next, in Manna and Hattaf [80]
a production rate of intracellular HBV DNA-containing capsids (a in our model)
was taken to be 1.5, while the production rate of uninfected cells (A in our model)
was 10. In our study A equals 1, and we set a equal to 0.15. Finally, the expansion
rate of CTLs in response to viral antigen derived from infected hepatocytes (k in
our model) equals 0.0012 in the work of Harroudi et al. [81]; we assumed this value

to be 0.001.

4.2 Nonnegativity and boundedness of solutions

In this section, we are interested in finding optimal conditions on the control
variables u(t) and uy(t) that drive the infected hepacyte population y(t) or the
free virus population v(t) to zero. Therefore, starting with the nonnegative initial
conditions (4.1.7), we will integrate the system up to a finite time 7' defined as in

Theorem 4.2.1. We now prove the following theorem.
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Theorem 4.2.1. Solutions of equations (4.1.1) - (4.1.6) with initial conditions
(4.1.7) are nonnegative for —7 < t < T, T = min{T},T,,T,} where Ty is a
specified finite time, T, is the time at which y(t) first becomes zero and T, is the

time at which v(t) first becomes zero.

Proof. As stated in (4.1.7), the initial values of the variables of equations (4.1.1) -
(4.1.6) are assumed to be nonnegative for t € [—7,0]. We now prove that all

variables are nonnegative for 0 <t < T

We first note that the variables y(t) and v(t) cannot become negative for 0 <t <T'
since, by definition of T, y(t) > 0 for 0 <t =7, > T and v(t) > 0 for 0 <t =
T,>T.

We now look at possible solutions of the equations in (4.1.1) - (4.1.6).

We begin with Eq. (4.1.1).

X — A= (0= (1= w®)BoB)() + py(t)

In this case, if y(t) = 0, the equation becomes

dl‘l

and the solution is z1(t) = At + z1(0)e~ (-1 ()Bv()ds > 0 since A > 0 and
d d
71(0) > 0. Next, since y(t) > 0 for ¢t < T and y(T") > 0, we have _d% > 73—;1 for
d d

t < T and d—f > —da—;l for t = T, and therefore z(t) > z1(¢t) >0 for t <T.
Next, consider the equation (4.1.3),

dc .

2 (1~ ualt))aylt) — (e + d)elt).

. dcy c . .
If y(t) = 0, then the equation becomes - = —(a + )1 (t) and the solution is
¢ (0)e=(@+9t > 0 since ¢;(0) > 0. Next, since y(t) > 0 for t < T and y(T') > 0, we
de  dey de _ dcq
h — > —_— > — = >c
ave 7 > i for t < T and 72 o for t = T, and therefore c(t) > c¢1(t) > 0

fort <T.

The equation (4.1.5),



7
which has the exponential solution w(t) = w(O)efot (gv(s)=h)ds _ GQince, by assumption,
w(0) > 0, we have w(t) > 0 for all £ > 0.

The equation (4.1.6),

%i— = ky(t — m)2(t — 12) — e2(t).

We first note that the equation dZC1lt(t) = —e2(t) has the solution 21 (t) = z1(0)e™" >
0 for all ¢ > 0 if z;(0) > 0.

Also, we have y(t — 72) > 0 for 0 < ¢ < T + 7,. Hence, if z(t — 1) > 0 for
0 <t <T+ 7y, we have dz(tt) > dz;it) and z(t) > 2 (t) > 0. Note that, in this

case, since z(t) > 0 for —m, <t < 0, we have that z(t) cannot become zero, unless

z(t — 72) is already negative.

The proof is complete. O

We will next prove that the solutions are bounded above.

Theorem 4.2.2. For each solution X (t) of an equation in system (4.1.1) - (4.1.6)
there exists an upper bound (supremum X ) such that if 0 < X(t) < X fort €
[—7,0], then X(t) < X forall0 <t <T.

Proof. We have already proved in Theorem 4.2.1 that all variables are nonnegative
for all 0 < ¢ < T, and therefore they are bounded below. In the proof, we will use

the following Condition 1.

X
Condition 1: If a variable X (¢) and derivative 5 e continuous, a necessary
and sufficient condition for the solution X (¢) of a differential equation variable to
be bounded above (i.e., for a supremum X to exist) is that X (0) < X and that

%SOforX(t)z)_(foraHOStST.

Note: In this definition, we are assuming that it is possible to substitute initial
conditions in the differential equation that give a solution greater than or equal to
the supremum, but the derivative must then be negative or zero for all such initial

conditions.

We will use Condition 1 to prove that all variables in the system (4.1.1) - (4.1.6)
are bounded above for 0 <t < T.
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A
Without loss of generality, we will assume that z(t) +y(t) < . for t € [—,0].
We will first consider the variables z and y in system (4.1.1) - (4.1.2). From the =
and y equations in system (4.1.1) - (4.1.2), we have

d(z +vy)

== = A—o(a(t) +y(t) - aw®)=(t)

—(1—ui (8))B (z(t)o(t) — e ™"zt — 11)v(t — 7)) . (4.2.2)
Clearly, from (4.2.2), if

r(t)v(t) — e ™ a(t — n)u(t — 1) > 0, (4.2.3)

d(z + y)

A
then, since y > 0 and z > 0, we have < 0 for z +y > —, and therefore
g

A
z +y < = is bounded above. Also, since z and y are nonnegative, both z and y
o

must be bounded above. However, in this case, it is possible that v(t) is unbounded.

On the other hand, if condition (4.2.3) is not satisfied, then it is possible that

d(z +y)
dt

only occur if z(t)v(t) is a decreasing function of ¢ in which case z(t)v(t) must be

> 0 for all z + v and that x + y is not bounded. However, this case can

bounded. In this case, it is possible that y(t) could be unbounded.

The possibilities from (4.2.2) are therefore as follows:

Case 1. z and v are bounded and y is unbounded.
Case 2. r and y are bounded and v is unbounded.

Case 3. z, v and y are all bounded.

We next prove that Case 1 is impossible, i.e., we prove that if z and v are
bounded, then y is also bounded. Let Z and ¥ be the upper bounds on z and v
respectively. Then, from the y equation in (4.1.2), we have

dy
dt

(1 —wi(#))Be ™t — m)o(t — 1) — (o +p)y(t) — qy(t)z(?),
))Be

(1~ w(®)Be ™20 — (o -+ plu(t) — ay(D)=(t),
< 0 for y(t) > (1 _UIS)j_ﬁ;—mniﬁ-

IA

(4.2.4)

(1 — us(t))Be ™" 50
(o +p) '

Therefore, using Condition 1, we have y(¢) is bounded above by § =
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Hence, the only two possibilities are Cases 2 and 3, i.e., that = and y are

bounded above and v is either bounded or unbounded. We now consider the
de dv d d

equations for d—i, d_:’ Ewt— and d—i in (4.1.3) - (4.1.6). We assume that T and § are

the upper bounds on z and y, respectively. In the proofs, we use Condition 1 to

prove that each variable is bounded above.

1. For c(t), we have from (4.1.3) that
%~ (1 wa()ay(®) - act) - delt)

at
(1 = w(®)og ~ (a+8)elt)
(1= wa(t)ay.

VAN

<0 f > . 4.2.
< or c(t) 2 — (4.2.5)
Therefore, c(t) is bounded above by ¢ = (1_—u2_(t-)E/_.
a+90
2. For v(t), we have
dv
B acft) ~ yolthw(t) - plt),
< ac = (yw(t) + po(t),
< 0 for v(t) > ———. 4.2.6
5 02 Sy 420
Therefore, since w > 0, v(t) is bounded above by v = 22,
7!
We have therefore proved that Case 3 above is the only possibility.
3. For w(t), we have
d
— = gu(tju(t) - hu(®),
< (g = h)w(t). (4.2.7)

For the model that we are considering it is clear that the extra condition

h > ¢ is required to prove boundedness of the antibody concentration w.

4. For z(t), we have

dz

= = ky(t — m)2(t — m2) — ez(?),

< (kg —e)z(t). (4.2.8)
For the model that we are considering it is clear that the extra condition

e > kg is required to prove boundedness of the concentration of cytotoxic

T-lymphocytes z(t).
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The proof is complete. O

4.3 Existence of unique solution

Theorem 4.3.1. System of Eq. (4.1.1) - (4.1.6) with specified initial conditions (4.1.7)

and specified values of the controls (u)(t),us(t)) has a unique solution.

Proof. We will prove that the system of Eq. (4.1.1) - (4.1.6) satisfies Lipschitz
conditions (see, e.g., [82,83]) and therefore that the solution exists and is unique.
Note: In the proof, we are assuming that the control functions (u1(t),us(t)) are
fixed functions and that ui(t) € [0,1] and uy(t) € [0,1]. Changing the values of

these functions will, of course, change the solution.

% = F(t,&), X(t)given, t € [-T,0], (4.3.1)
where, as above, 7 = max{7, 72}, and where we define
(1) [2(t) a(t—m))
y(?) y(t) y(t— )
c(t) e(t) 0
X(t) = b= 6,6, = 43.2
A I R YL ol W I
w(t) w(t) 0
_z(t)_ Lz(t) z(t — 7'2)_
and
Fi(t,&) = A—ox(t) — (1 -w(t)Bzt)v(t) + py(t),
Fy(t,&) = (1—w(®)Be ™zt —n)v(t —n) — (0 +p)y(t) — qy(t)z(2),
Fs(t,&) = (1 —ug(t))ay(t) — ac(t) — dc(t),
Fy(t,&) = ac(t) —yv(t)w(t) — po(t),
F(t,&) = gv()w(t) — hw(?),
Fs(t,&) = ky(t —7)z(t — 1) — ez(t). (4.3.3)

We now prove that the system (4.3.1)~(4.3.3) satisfies the Lipschitz condition of [83]
(Definition Eq. (4), p.258), i.e.,

IF( &) - Ft,é)lh < Ll —&lh, (4.3.4)
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for some L > 0 and where the one-norm ||&; — étlh is the maximum absolute column
sum of & — &, (see, e.g., [84]). We begin by writing system (4.3.1) in the following

matrix form:

F(t,&) = A(t)& + B(&1e) + Clay), (4.3.5)
where
o P 0 0O 0 O]
0  —(c+p) 0 0 0 O
Af) 0 (1-uy(®)a —(a+6) 0 0 O | (43.6)
0 0 o —u 0 0
0 0 0 0 —-h O
| 0 0 0 0 0 -—¢
A= (1w (8)Bz(t)v(t)]
—qy(t)z(t)
0
B(&1,) = , (4.3.7)
—yu(t)w(t)
gu(t)w(t)
L 0 =
. . 4
(1 —uy(t)Be ™zt — m)v(t — 1)
0
C(&at) = . (4.3.8)
0
0
i ky(t — 79)z(t — T2) ]

The next step is to prove that the function F(¢, ;) satisfies the Lipschitz conditions
in (4.3.4). We first note that, from the properties of norms,

|F(t,&) — F&&) = [lAR) &) - €10) + B(é) — B(é14) + C(&2) — C(éan)lh
1A@) € — €)1 + 1 B(Ere) — B(éno)ll

IA
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+|C(&2,0) — C(éz,t)nl- (4.3.9)

We consider each term in (4.3.9) separately.

For the A(t) term, we have
A®) Ene — 0l < JA@)lEne = Ealls = La@1€re = Enells (4.3.10)

where Li(t) = [[A(t)|l, = max{o, ¢ + 2p + (1 — uy(t)a, 2 + 6, p, h, €} is the

maximum absolute column sum of A(t).

For the one-norm of B(& ;) — B (ém), we have

(—(1 = wi () Blza () (£) — 21(8) D1 ()]
—qlyr ()21 (t) — 9 (t) 21(2)]

> 0
|B(&1,t) = Bl = ' (4.3.11)
—ly (t)w: (t) — D1 ()1 (t)]

glvr (B)ws (£) — 00 ()1 (2))]
0

1
Then, since the one-norm of a vector is the sum of absolute values of components,
and since the absolute value of a product of the form zy; — £1¢: can be rewritten

as

21 () () — 21 ()0 ()] = [[21() = 21 O)]ya(8) + £ (D) [sn () — G ()]
< (21 (8) = 2Ol @ [HE O @ () — @), (4.3.12)

we obtain the following:

IB(&1) = Blé)lh = (1 —w(t))Blz1(t)v1(t) — £2 ()01 ()]
+a(fy ()2 () — ()2 @]
Hyfv(B)wi () — 01(8)d1 ()]
+glor(B)wi(8) — D1 () dr (B)]]
(1 = w (1) Blz1(¢) — 21(2)|[r (B)]
(1 —w(£))BlE1 (@) [Jor (t) — D1(2)]

+qlys () — i)z ()] + glgr (B2 () — 21(2)]

IA
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+Hy + g)lor () — 01(B)] w1 (2)]
+(y + g)lon ()| wr () — @1 (1)]
= (1—w®))BlorOllz1(t) — &1 (6] + gl ®llpn(t) — G (0]
+((1 = w () Bl ()] + (v + Dlwr ()] s (8) = 2a(2)]
+(y + )i B)|l[wi () — D1 (&) + glG2 ()| (2) — 21(B)].
(4.3.13)

Then, defining Ly(t) as

Ly(t) = max{(l—w(®)Blr(®), a2,
(1 —u@®)Bla1 ()] + (v + 9l (), (v + 9ol alin @1}

we obtain
1B(1y) — B < La(t) (l22() = 1(0)] + 12 (8) — ()] + [1 () — &1 ()]
+ |wi(t) — ()] + |2 (8) — 2 (0]
< Lo(t) (Jma(t) = #2100 + s (t) = G1(O)] + ler () — &1(2)]
+Hor(8) — 01(8)] + lwi(8) = Dr(B)] + [21(8) = Z1(D)])
= Ly(t)[€1s) — &aalln. (4.3.14)

For the one-norm ||C/(€2:) — C(,1)]l1, we have from (4.3.8) and use (4.3.12)

1C(Ea) — Cléan)lll = (1 —w(®)Be ™" |21t —m)ua(t = 71) — £1(t — 1) (t — 1)
+k|y1(t - 7'2)21(t — 7'2) = Ql(t — ’7’2)}21(75 — 7’2)|

< (1 —w®)Be ™ or(t =)l (t — 1) — &40t = 7]
(1 — uy())Be ™™ &1 (8 — )l lon(t — 1) — D = 1))
|z (8 — )|y (t = 72) — 1 — 7))
[y (t — 7o)l |21 (8 — 72) — 21(t — 7o)

< Ly(®)léae — Eacln, (4.3.15)

Ls(t) = max{(1—wu(t))Be ™ ur(t — 71|, (1 = wa(t))Be ™" fur(t — 7).
Klza(t — 7)1, klga (¢ = 72) HIEae — Eaclls (4.3.16)



84

Combining the results in (4.3.10), (4.3.14) and (4.3.15), we obtain
IF(t, &) — F(tE)ll1 < (La() + La®)llene — Exalls + La(®)llEne = Eaalls (43.17)

Finally, from Theorems 4.2.1 and 4.2.2 all variables are nonegative and bounded,

we can replace Ly(t), Lo(t), Ls(t) by upper bounds defined by

L, = max{o, 0+ 2p+ (1 — Ugmin)a, 20+ 8, p, h, e},
Ly = max{(1 = tymn)B7, g2, (1 — v1mn)BE + (v + 9)®), (v +9)7, 47}
Ly = max{(l — u1mn)Be ™", (1 - U1 min)Be" 2} k2, ky}, (4.3.18)

where, e.g., Z means the upper bound on z(t) and u1,min € [0,1], and g min € [0,1]

are the minimum values of u;(t) and uy(t) for t > —7, respectively.

Then, using (4.3.18), we can rewrite (4.3.9) as the Lipschitz condition
IF (2, &)) — F(E < (L1 + Ly + La)llés — &l = Lll& - &illr- (4.3.19)

The proof is complete. O

4.4 Equilibrium points
The system of equations (4.1.1) - (4.1.6) has three equilibrium states:

1. Infection-free equilibrium point :

A
Ey = (:EO) Yo, Co, Vo, Wo; ZO) = ('0__: 0,0, 0,0, 0) . (441)
9. Immune-free equilibrium point: By = (1,1, ¢1,v1,0,0), where
_— (0 +p)(a+d)u _ (at+9d)a
YT 1 —w)(1 - ug)Be a0 h (1 —ug)a
o -wpa(lo+ e+ -platam)
where
Ry = (1 —u1)(1 — ug)Be ™™ Aacx (4.4.3)

po (o +p)(a+9)
can be identified as the basic reproduction number (see subsection 4.5). Note

that the infected populations y; and c¢; and free virus population v; are

positive if and only if Ry > 1.
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3. Immune-activated equilibrium point: (Es) = (%2, y2, C2, V2, W2, 29), where

4o = (MKt pe)g _e o _(-uae R

2= gt L—u)phk’ 2~ & 77 ka+d) T g

wy = (1 —ug_)aaag B ff, 2= (1 —wy)Be ™ khzy o+p (4.4.4)
(@+é)yhk v qg¢ q

Note that the immune-activated equilibrium exists if and only if the antibody

population w, and cytotoxic T-lymphocytes population z; are positive.

4.5 The basic reproduction number (Rp)

The basic reproduction number (Ry) is the expected concentration of secondary
cases produced when a typical infected hepatocyte (y) enters an infection-free

population. To calculate Ry, we use the next-generation method of [73]. We

obtain
(1 —uy)fe ™y (0 +p)y+ g2y
F - 0 and V= | ac+dc— (1 —ug)ay
0 Yyvw + pv — ac
Then we have
0 0 (1—wu)Be ™"z (0 +p)+gz 0 0
F=10 0 0 and V=| —(1—usa a+0 0
00 0 0 —a yw+pu

A

By substituting the infection-free equilibrium point Ey = (—, 0,0,0,0, 0) into
o

the Jacobian matrices F' and V and computing the inverse V!, we obtain the

next-generation matrix
(1 —w)(1 —ug)Be ™ Aacr (1 —u)Be” ™ Acy (1 —uy)Be ™A

, pa(o + p)(a+9) po(o +p)a+90) op
Fy~'=

0 0 0

0 0 0

The basic reproduction number Rg is then the maximum eigenvalue p(FV 1),
which is given by equation (4.4.3). From the next-generation method, Ry < 1is
the condition for local asymptotic stability of the infection-free equilibrium £y and,
as shown above, Ry > 1 is also the condition for the existence of the immune-free

equilibrium FEj.
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4.6 Sensitivity analysis

These indices demonstrate the sensitivity of the parameter associated with the
basic reproduction number (Rp). It determines whether it increases or decreases
the values of the basic reproduction number (Ry) and provides crucial details on
the comparative changes in significant parameters. As a result, they support the

development of effective strategies for controlling the transmission of HBV.

With sensitivity analysis, we can investigate how each parameter used in the
model affects the value of the basic reproduction number. We use the method of
normalized forward sensitivity index (see, e.g., Samsuzzoha et al. [74] and Ngoteya
et al. [75]), where the normalized forward sensitivity index of the basic reproduction
number Ry with respect to a parameter value h is given by :

GHo _ h 0Ry halog(Rﬂ).

N = R Oh oh (4.6.1)

Using equations (4.6.1) and (4.4.3), we obtain the values of the sensitivity

indices shown in Table 3 for the parameters in Table 2. From these calculations,

Table 3 Numerical values of sensitivity indices of (Ry).

Parameter Index at Parameter Value Sign
A +1 +ve
B +1 +ve
m -0.0220 -ve
‘5 -0.0220 -ve
a +1 +ve
Uy -0.1111 -ve
Us -0.1111 -ve

0.0574 +ve
-1.0840 -ve

-0.9160 -ve
-0.0574 -ve
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we can rank the indices in order of effectiveness in reducing HBV infection. Table 3
shows that increasing the values of parameters A, 8, a, o by 10% will increase the
values of Ry by 10%, 10%, 10% and 0.57%, respectively. On the other hand, Table 3
shows that increasing the values of m, 71, u1, us, o, it,p, 0 by 10% will decrease the
values of Ry by 0.22%, 0.22%, 1.11%, 1.11%, 10.84%, 10%, 9.16%, and 0.57%,
respectively. Therefore, if we want to reduce Ry, we should focus on increasing the
values of o, u and p and reducing the values of A, B and a because these are the
factors that are most effective in reducing the infection. It can also be seen that
increasing the values of the controls u; and wuy have the same effect as reducing
the values of the parameters A, B, a and «, the first three of which are the most

effective in reducing the values of Ry.

4.7 Optimal control

We consider the optimal control of the time delay model for HBV infections defined

in Section 4.1. The optimal control problem is as follows:

E}ajzc J(uy,uz) / fo(z , 2(t), w1 (t), ua(2))dt,
where fo(z(t), w(t), 2(%), u1<t> u2<t>>
= 2(t) + w(t) + 2() - Alum SA3(0),

0<w(t) <1, 0<uy(t)< (4.7.1)

subject to the HBV equations in system (4.1.1) - (4.1.6):

e Y ORTONTORTO)

, = A—ox(t) — (1 —ui(t))Bz(t)v(t) + py(t),

2 = R, 20,5t - ) v(t =), u()

= () =) = ) - 0,
B~ ), c(0) ual6) = (1~ wa(t))ay(t) ~ (o+ elt)

‘fi_: = fa(e(t), v(t), w(t)) = aclt) — y(thw(t) — pult),

W= 5o, v(0) = goltho(t) - bu(b),

dz

i Fo(z(t), y(t — m2), 2(t — 7)) = ky(t — 12)2(t — ) —ez(t), (4.7.2)
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with initial conditions

(0) > v(t) >0, given — 7 <t <0,

)

z(t) >0, given —71 <t<0, y(t)>0, given —72 <t <0,

c 0
w(0) >0 z(t) >0, given — 7, <t <0, (4.7.3)

where T is the period of therapy, and A; and A, are measures of the relative
costs of the interventions associated with the controls u; and us, gespectively. The

Aju? Asu
171 represents cost associated with u;(t) and 22

represents cost

expression
associated with uy(t). The two control functions, u;(t) and uy(t) are assumed
to be bounded and Lebesgue integrable. We have assumed a quadratic cost for
administering the controls u; and uy for two reasons. Firstly, there are typically
increasing costs with reaching higher fractions of a population. The quadratic
is the simplest nonlinear function and therefore we have used it in our model.
Secondly, assuming a linear cost for the control leads to a “bang-bang” solution,
where the solution is always to maximize or minimize the drug cost at each point in
time. Our target is to maximize the objective functional defined in equation (4.7.1)
by increasing the number of the uninfected hepatocytes «(t), the antibodies w(t)
and the CTLs immune responses z(t) and decreasing the viral load for minimum
therapy cost, i.e., we are finding the optimal control pair (u},u3) such that

J(u, us) = max J(uy,uy), (4.7.4)

o (u1,u2)€U

where the control set U is defined by

U = {(us(t), ua(t)) : u;(t) measurable 0 < u;(t) < 1,6 €[0,T],i =1,2}. (4.7.5)

4.7.1 Existence of an optimal control pair

The following theorem proves the existence of an optimal control pair. The proof

is based on a result of [85] which is based on a theorem of [86].

Theorem 4.7.1. There exists an optimal control pair (ui,u3) € U such that

J(ul,uy) = MaX  J(yg, uy). (4.7.6)

T (ur,ug)eU
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Proof. To use the result of [85], we need to check the following properties:

(P;) The set of state variables and controls is nonempty.

(P;) The set of controls (U) is closed and convex.

(Ps) The right hand side of the state system is bounded by a linear function in the
state and control variables.

(P;) The integrand of the objective functional is concave on U.

(Ps) There exists a constant { > 1 and positive numbers 7y, 72 > 0, such that the

integrand I(z,w, z, u1, ug) of the objective functional satisfies

oy, 2, a) < 0 =l fonl o [ua )5, (@7.7)
> A o As o
where I(z,w, z,u1,u2) = z(t) + w(t) + 2(t) — 7u1(t) + 7u2(t) .

The proofs that our model satisfies the conditions are as follows.

(P;) From Theorem 4.3.1, the solution of the system of equation (4.1.1) - (4.1.6)
exists and is unique for given initial conditions and given controls in the
set U. Therefore, the set of state variables and controls is nonempty and

condition P is satisfied.
(P,) The control set U defined in (4.7.5) is clearly convex and closed.

(P3) From Theorem 4.3.1, the right-hand—side of equation (4.1.1) - (4.1.6) is

bounded by a linear function in the state and control variables.
(P;) The integrand of the objective functional in (4.7.1) is clearly concave on U.

(Ps) Since, from Theorem 4.2.2, z(t) < Z, w(t) < W, 2(t) < Z are bounded above,
and A, Ay > 0, we have

wd(0) + 20

1
T+w+2— 5 min{A;, Ao} (uf (t) + u3(t))

= = m(juf? + [ua?)3, (4.7.8)

I(z,w,2,u1,u2) = x(t)+w(t)+z(t)—(—

IN

1
where i =T +w+ 2, 1y = 3 min{A;, A2} and { = 2.

This completes the proof. O
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4.7.2 Pontryagin maximum principle

Derivations of the Pontryagin maximum principle can be found in many books and
papers for both no-delay problems (see, e.g., [76-78]) and for time delay problems
(see, e.g. [52,87,88]). In this section, we will summarize the necessary conditions
that the Pontryagin maximum principle gives for the solution of the time delay

optimal control problem of equations (4.7.1), (4.7.2) and (4.7.3).

The Hamiltonian for the system (4.7.1) and (4.7.2) is given by

H(x(t), z(t — 11),y(t — ), v(t — 1), 2(t — 72), wa (t), ua(t), At))
= fo((t), w(t), 2(), (1), ua(t)) + M (D) fa(=(®), v(®), y(t), wa (2))
+ha(t) fay(t), 2(t), 2t = 71), v(t = 71), w (1))
+Aa(8) fa(y (1), c(t), ua(t)) + Aa(t) falc(t), v(E), w(t))
+s(8) f5(v(2), w(t)) + Xe(t) fo(2(t), y(t — 72), 2(¢ = 72)),  (4.7.9)

where, for ease of writing, we define

x(t) = (z1(t), z2(t), T3(t), T4 (t), 5(t), T6(t))" (4.7.10)
with 2(t) = z(£), 2a2(t) = y(t), za(t) = c(t), 2at) = v(B), 25(t) = w(t), () =
2(t), and A(t) = (M (t), Aa(t), As(2), Ma(t), As(t), As (1))

Following the definitions of the costate equations in [52], we separate the
costate equations into 3 types: 1) no time delay, 2) time delay 73, and 3) time

delay 5.

1. No time delay. Since the state variables z3(t) = c(t) and z5(t) = w(t) have

no time delay, the costate equations for A3(t) and A;(t) are as follows:

a(t) = - PO, 2t = 1),y = ) 0t — 1), 206 — 72), s (8), a(8), A(H)

de(t)
— a(t) 6f3(y(t2§cc(%)’ wult) _,, 0 Ofa(cl(t )a QE()) w(t))
= (a+0)As(t) — ada(t). (4.7.11)
As(t) = CBH(x(t), z(t — 1), y(t — 1), 0(t — 1), 2(t — Ta), wa (£), u2(t), A1) (1))

dw(t)
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__ Ofo(z(t), w(t), 2(t), ua (t), ua(t))
=2 Solt) oL 22000 ()

0fs(v(t), w(t))
(t)

—As(t) Ow

— 14 Aa(t)7u(t) — As(t)(gu(t) — B). (4.7.12)

The time interval for the two costate equations is 0 < ¢ < T with the
boundary conditions A3(T) = As(T") = 0.

. Time delay 7. The state variable z1(tf) = z(t) also has a time delay term
z(t — 1) and the variable z4(t) = v(t) also has a time delay term v(t — 71).
Therefore, the costate equations for A;(t) and A4(t) are defined separately
for the time intervals 0 <t <T —mand T —1y <t <T.

The time delay equations for A;(t) are given by

OH(x(t), z(t — 1), y(t — T2), v(t — 71), 2(t — 72), u1 (£), u2(t), A(¥))
oz (t) '
OH(x(t+m),x(t),ylt + 11 — 73), v(t), 2(t + 71 — T2), u1 (t + 71), ua(t + 71), At + 71))
0z (t) ’

1 _6f0($(t),w(t),z(t),ul(t),uz(t)) Y (t) 6f1(x(t)1v(t)’y(t),'u'l(t))
I oz (t) ! oz (t)
Afa(y(t + 1), z(t + ’I‘1), w(t),v(t),ul(t + 7))

dz(t) ¢
_ LB + (= m(©)Bo() — delt + 1)L~ e+ 1))Be ),

for 0<t<T—mn.

M) = —

— /\Q(t +T1)

And,

\ _ _6H(x(t)a ‘T(t - Tl)a y(t b T2)> U(t - Tl)a Z(t > T2)a U1 (t)7 'U‘Z(t)> )‘(t))

Ault) = 2(0)

=1+ M) (o + (1 —u(t))Bu(?)),

for T—nn <t<T. (4.7.13)

The time delay equations for A\4(t) are given by

OH(x(t),z(t — 1), y(t — 72),v(t — 1), 2(t — 72), w1 (t), uz(t), A(1))

M) = - au(t)

_ OH(x(t+ ), z(t), y(t + 11 — 72),0(t), 2(t + 71 — 7o), ur (t 4 71), ua(t + 1), A(E + 7))
ov(t) ’

AL ICORIONTORHG A ORI LS

ot + Tl)afz(y(t + 1), 2(t + 1), 2(t), v(t), u1 (t + 1))

dv(t) '
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= A1 (t)(1 — ur (£)B2(t) + M) (yw(t) + 1) = As(t)gu(t)
— Xt + 7)1 —ui(t+m1))Be” " x(t),

for OStST—Tl.

And,

OH (x(t), z(t — 1), y(t — 72), v{t — 71), 2(t — T2), w1 (), ua(£), A(t))
A (t)
= M ()1 — ur (8)Bz(t) + Xa(t) (yw(t) + p) — As(t)gw(?),
for T—n <t<T. (4.7.14)

A(t) =~

The conditions on the costate equations are continuity of z(t) and v(t) at

t=T—m and \(T) = \(T) = 0.

. Time delay 7. The state variable z5(t) = y(t) also has a time delay term

y(t — 75) and the variable z4(t) = 2(t) also has a time delay term z(t — 72).
Therefore, the costate equations for A\»(t) and Ag(t) are defined separately
for the time intervals 0 <t <T —mand T — 1, <t <T.

The time delay equations for A\,(t) are given by

AH (x(t), z(t — 71), y(t — 72), v(t — T1), 2(t — T2), us(2), ua(t), A(t))

Ao(t) = —

oy(t)
_ OH(x(t+ 72), &(t — 71+ 72), y(t), v(t — T1 + T2), 2(t), ua (t + 7o), u2(t + T2), ALt + )
ay(t) ’
WA afl(m(t),va(;)(;)y(t),'ul(t)) alt) afz(y(t),z(t),m(ta—y(r:)),v(t — 1), u1(t))
— 2s(t) afa(y(tg;((:)),uz(t)) XY 7_2)(91”(s(z(t —i—;;()t,)y(t),z(t))’

= =M (0)p + A2(t)(o +p+ 2(t)) — As(t)a(l —ua(t)) — Ao (t + T2)k2(t),

for 0<t<T — 1.

And,

: _ OH(x(t),z(t —m),y(t — ), v(t — 11), 2(t — T2), w1 (1), ua(t), A(2))

halt) = oy(t)

=M ()P + Xa(t) (o + p+ gz (1)) — As(t)a(l — ua(?)),

for T—m<t<T. (4.7.15)

The time delay equations for A\g(t) are given by

OH(x(t), z(t — 1), y(t — m2),v(t — T1), 2(t — 72), u1 (), ua(t), A())
0z(t)
OH (x(t + 72), x(t — 71 4+ 72), y(t), v(t — 71 + 72), 2(£), ur (t + 72), ua(t + 12), A(t + T2))

- 3

Bz(t)

Xo(t) = —
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_ _3fo(:1:(t),w(t), z(t)’ul(t):UZ(t)) —A (t) 6f2(y(t)’z(t)’$(t - Tl)av(t —_ 7-1)’“1 (t))
9z(t) 2 9z(t)
afﬁ(z(t)7 y(t — T2)a z(t — T2)) ZA afﬁ(z(t + TZ)) y(t)7 z(t))
9z(t) ¢ 9z(t) ’
= =1+ Xz (t)ay(t) + s (t) — As(t + T2)ky(D),

for 0<t<T — 7.

- )\6 (t) (t + Tg)

And,

. B _aH(x(t), z(t — 1), y(t — 12),v(t — 11),2(t — T2), w1 (t), uz(t), A(t))

Ao(t) = 9200)

= —1+4+ X (t)qy(t) +eXs(t),for T —1o <t <T. (4.7.16)

The conditions on the costate equations are continuity of y(t) and z(t) at

t=T— T2 and )\2(T) = )\G(T) =0.

4.7.3 Maximum control values

In the Pontryagin maximum principle, the optimal values of the state and costate
variables x*(t) and \*(t) values occur for values of u}(t) and u3(t) which give local
maximum values of the Hamiltonian. For the case of bounded controls with a

concave Hamiltonian, there are 3 differerent possibilities:

1. An internal point of 0 < uy(t) < 1 or 0 < uy(t) < 1. For uy(t), the condition
is:
0 N OH (x*(t),z*(t — 1), y* (t — m2),v* (t — 1), 2% (¢ — 72), u1(t), ua(t), \*(t))
N 8u1 (t) ’
afO (IE* (t)) w* (t)’ z* (t)) U (t): U2 (t)) 8fl (.’1}*('[5), v (t)v y* (t)v U1 (t))
Dur(?) () Bur (2)
Ofa(y* (1), z*(

300 D20t n)onl),

= Ay (b) + X()B () — )BT t—m (t—T).  (47.17)

Therefore, a possible internal point for the first control is:

() = :f—l (Ar @)z (E)v*(t) — Ap(t)e™™ " a™ (t — m)v™(t - m)).  (4.7.18)

2

- =—A1 <0 and H is a concave
ouf

This is a maximum point of H since
function of u.

For u,(t), the condition is:

AH(x(t), z(t — 1), y(t — Ta),v(t — 1), 2(t — T2), u1(t), uz(t), A(t))
Oua(t)

0 =

¥
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_ Ofo(x(t), w(t), 2(t), ur (2), ua(t)) dfa(y(t), c(t), ua(t))
= 0z ®) As(t) Bz (?) ’

= —Ayup(t) — Ma(t)ay(t). (4.7.19)

Therefore, a possible internal point for the second control is:

1

TN (0ay" () (4.7.20)

T (1)

2

5 = —Az < 0 and H is a concave
ous

This is a maximum point of H since

function of wu,.
2. At lower bounds u;(t) = 0 or uy(t) = 0.

3. At upper bounds u; (t) = 1 or uy(t) = 1.

There are therefore 9 possible choices for the optimal control pair (u}(t),u5(t)).

In summary.

1. If the internal point @ (t) € [0, 1], then u}(t) = @:1(t) is the maximum point.
If 41(t) < 0, then u*(t) = 0 is the maximum point. If @ (f) > 1, then
wi(t) = 1 is the maximum point.

This is written in the literature as w}(t) = max(0, min(1, @(%)).

2. If the internal point @y(t) € [0, 1], then uw}(t) = @(t) is the maximum point.
If 4y(t) < 0, then uj(t) = 0 is the maximum point. If 4,(f) > 1, then
u(t) = 1 is the maximum point.

This is written in the literature as u%(t) = max(0, min(1, (%))

. 4.7.4 Algorithm for solution of the optimal control problem

The algorithm that we use to compute the optimal controls with Matlab is as

follows:

1. Select an initial feasible control pair (u§°) (1), ugo) (t)).

Fork:(),l,---;kmaz
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(a) For the given initial conditions and the given control pair, integrate the
system of state equations (4.1.1) - (4.1.6) using an ODE delay solver
such as dde23 in Matlab.

(b) Since the costate equations (4.7.11)—(4.7.16) defined in the
Pontryagin Maximum Principle section 4.7.2 must be integrated in
the backwards direction in time for numerical stability, time-reverse
the system of costate equations, and then integrate the time-reversed
system of costate equations in the forward direction using the same

ODE solver dde23 as for the state equations.

(c) Use the methods described in section 4.7.3 to find the values of the new
control pair
(ugkﬂ) (t), ugkﬂ) (t)) that maximize the Hamiltonian for the given values
of x(t) and A(t) obtained from the state and costate integrations in (a)
and (b).

(d) Compare the new control pair (ugkﬂ) (t),ugkﬂ) (t)) with the previous

control pair (u&k) (1), uF (1)),
2. If the two control pairs are the same to a specified tolerance stop.
Otherwise replace (ugk) (t),ugk) (t)) by (ugkﬂ)(t),ugk“) (t)) and repeat steps
(a), (b), (c), and (d) for the new control pair.

4.8 Numerical simulations

We begin by looking at the solutions of system of equation (4.1.1) - (4.1.6) for
zero controls u; = uy = 0 for the zero delay case and for the nonzero delay cases :
71 = 2 days for the delay in the production of infected hepatocytes by free virus and
7o = 4 days for the delay in the antigenic stimulation generating CTLs. We then
look at the optimal control problem (4.7.1) for system of equation (4.1.1) - (4.1.6)

for the nonzero delay cases.

In the numerical simulations, we have used the values of the parameters given
in Table 2, i.e., A =1, 0 = 0.011, 8 = 0.0014, p = 0.012, m = 0.011, ¢ = 0.001,
a=0.15 a = 087, u = 0.693, g = 0.008, h = 0.15, k = 0.001,¢ = 0.5. As noted
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in Table 2, the values have been selected from published sources, if available, or
reasonable values have been assumed for parameters if no published values could

be found.

4.8.1 Case I : zero control

The numerical results for the zero delay and nonzero delay cases for zero control
are shown in Figures 20(a)—(f). In all figures, the zero delay results are plotted as
blue dashed lines and the nonzero delay results as red solid lines.

Figure 20(a) shows that the concentration of uninfected hepatocytes (z) with
nonzero delay declines faster than the concentration with zero delay during the
first 30 days, whereas the concentration with zero delay decreases faster than the
nonzero delay from the 30th to the 80th day when both cases reach the same value.
The reason for this behavior can be seen in the different infection rates of hepato-
cytes shown in Figure 20(b) for the zero and nonzero delay cases.

Figure 20(b) shows that for zero delay the concentration of infected hepa-
tocytes (y) has an initial peak of 1950 cells/ml at 3 days, a second peak of 900
cells/ml at 40 days, a third peak of 330 cells/ml at 100 days and then decreases
to a small equilibrium value. For the nonzero delay case, the concentration has
a higher initial peak of approximately 3100 cells/ml at 13 days and then a much
smaller second peak of 520 cells/ml at 88 days before decreasing to an equilibrium
Jevel similar to that of the zero delay case. A possible reason for the much slower
initial infection rate in the nonzero delay case is that the delay m = 2 days slows
down the initial growth rate of the infection. In both cases, the second peak is
Jower than the first peak. A possible explanation is that the high number of in-
fections in the first peak causes rapid increases in the concentrations of antibodies
and CTLs (see Figures 20(e) and (f)) which then help to reduce the concentrations
of infected hepatocytes in the later peaks.

Figure 20(c) for the intracellular HBV DNA-containing capsids (¢) shows a
similar dynamical pattern to the pattern of the infected hepatocytes for both zero
and nonzero delay cases. For zero delay, the concentration of capsids rises to an
intial peak of 280 cells/ml at 10 days, a second peak of 150 cells /ml at 45 days and

a third peak of 50 cells/ml at 100 days. For nonzero delay, the concentration rises
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to a high initial peak of 500 cells/ml at 13 days and a second peak of 85 cells/ml
at 88 days. Finally, in both cases the concentrations decay at similar rates to
equilibrium values.

Figure 20(d) for the free viruses (v) again shows a similar dynamical pattern
to the patterns for the infected hepatocytes and the capsids for both zero and
nonzero delay cases. For zero delay the concentration of free viruses rises to an
intial peak of 105 cells/ml at 5 days and a second peak of 37 cells/ml at 35 days.
For nonzero delay, the concentration initially rises to an initial peak of 90 cells/ml
at 7 day and a second peak of 47 cells/ml at 78 days. Finally, in both cases the
concentrations decay at similar rates to equilibrium values.

Figure 20(e) for the antibodies (w) again shows a similar dynamical pattern
to the patterns for the infected hepatocytes, capsids and free viruses for both zero
and nonzero delay cases. For zero delay, the concentration rises to an intial peak
of 422 cells/ml at 8 days, a second peak of 500 cells/ml at 50 days and a third peak
of 190 cells/ml at 100 days. For nonzero delay, the concentration rises to an initial
peak of 1650 cells/ml at 18 days and a second peak of 300 cells /ml at 100 days. Fi-
nally, in both cases the concentrations decay at similar rates to equilibrium values.
As noted above, it can be seen that the pattern of the concentration of antibodies
are in the same pattern as the concentration of the infected hepatocytes, capsids
and free viruses. However, the peaks in the antibodies occur after the peaks in the
infections as the antibodies occur as a response to the infections.

Finally, Figure 20(f) for the CTLs (2) again shows a similar dynamical pattern
to the patterns for the infected hepatocytes, capsids, free viruses and antibodies
for both zero and nonzero delay cases. For zero delay, the concentration of CTLs
has an initial peak of 1390 cells/ml at 8 days and a second pealk of 135 cells/ml
at 50 days. For nonzero delay, the concentration of CTLs has only one peak of
790 cells at 25 days. In both cases the concentrations reduce to zero equilibrium
value. As for the antibodies, the peaks in the CTLs occur after the peaks in the

infections.

In summary, it can be seen that the presence of the delay causes the initial
peaks to occur later than in the zero delay case and that the initial peaks of the

concentrations are much higher than the later peaks in both cases. The reduction
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in peak size of the concentrations of infected hepatocytes, capsids and free viruses

is almost certainly due to the increased concentrations of antibodies and CTLs

resulting from the initial infections.
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Figure 20 Dynamics of the HBV model (4.1.1) - (4.1.6) with zero
delay (dashed curves) and with nonzero delay (solid curves)
for 1 = 2 and 7, = 4. (a) Concentration of uninfected hepa-
tocytes (z), (b) Concentration of infected hepatocytes (y), (c)
Concentration of intracellular HBV DNA-containing capsids
(c), (d) Concentration of free viruses (v), (e) Concentration

of antibodies (w) and (f) Concentration of CTLs (z).

4.8.2 Case II : optimal control

In the simulations, we computed numerical results for nonzero time delays for the

two cases of zero control and optimal nonzero control.

The numerical results for the zero control and optimal control cases are shown
in Figures 21(a)—(h) for the time delays 71 = 2 days and 7, = 4 days. We assumed
that control ui, the efficiency of drug therapy in blocking new infection, and the
control usy, the efficiency of drug therapy in inhibiting viral production, were both
in the range {0,0.7). In all figures, the zero control results are plotted as a blue

dashed line and the optimal control results are plotted as a red solid line.

Figures 21(a) and (b) show the optimal control treatment strategies for u; and
ug, respectively. For u;, the optimal strategy is to initially administer the drug
at the maximum allowed efficiency level of 70% until day 149 and then gradually
reduce the level towards zero by the final day 350. For uy, the optimal strategy
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is to initially administer the drug at the maximum allowed efficiency level of 70%

until day 107 and then rapidly reduce the level to zero by day 135.

Figures 21(c)—(h) compare the concentrations of the populations for a period
of 350 days for zero control and for the optimal controls shown in Figures 21(a)

and (b).

Figure 21(c) shows that for the parameter values considered in this simulation,
the effect of applying the two control variables at the optimal efficiency levels
shown in Figues 21(a) and (b) is to reduce the rate of infection of the uninfected
hepatocytes (z) at a much slower rate than for the zero control case until the rates
become approximately equal after 250 days. However, as shown in Figures 21(a)

and (b), at 250 days the optimal levels of u; and u, are both zero.

Figure 21(d) shows that the concentration of infected hepatocytes (y) increases
rapidly in the absence of controls u; and ug to 3100 cells/ml at 11 days and then
declines sharply before rising to a small peak of approximately 500 cells/ml at 86
day. A possible explanation for the second peak being smaller is that the high levels
of y in the first peak lead to a high concentration of CTLs which can help reduce
the concentration of infected hepatocytes in the second peak. For the optimal
controls, the concentration reaches a peak at approximately 970 cells/ml at 29
days showing the effectiveness of the therapy. As for the uninfected hepatocytes,
the peak in the infected hepatocytes at approximately 200 days shows the increase

in infection when the rate at which the drugs are administered is reduced.

Figure 21(e) shows the same dynamical patterns for the concentration of in-
tracellular HBV DNA-containing capsids (c) as the patterns for the infected hep-
atocytes. That is, for zero controls the concentration increases rapidly to a peak
of 500 cells/ml at 12 days, then decreases rapidly to near zero and then rises to
a second peak of 80 cells/ml at 86 days. With the optimal controls, the concen-
tration increases more slowly to an initial peak of 44 cells/ml at 30 days and then
to a second peak of 60 cells/ml at approximately 140 days. The increase in the
second peak for the optimal control can be associated with the reproduction in
the drug therapies at 140 days. These results indicate that the control drugs sig-

nificantly reduce the concentration of intracellular HBV DNA-containing capsids.
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Since intracellular HBV DNA-containing capsids play a role in the virus life cycle,
as they assemble around viral reverse transcriptase, this reduction in them leads

to a reduction in the concentration of free viruses as shown in Figure 21(f).

Figure 21(f) shows similar dynamical patterns for the concentrations of free
viruses (v) as for the capsids (c) in Figure 21(e). For zero controls, the concentra-
tion increases rapidly to a peak of 90 cells/ml at 6 days, then decreases rapidly to
near zero and then rises again to a second peak of 45 cells/ml at 74 days. With
the optimal controls, the concentration increases more slowly to an initial peak
of 28 cells/ml at 20 days and then to a second peak of 49 cells/ml at 126 days.
The increase in the second peak for the optimal control can be associated with the

reduction in the drug therapies at 126 days.

Figure 21(g) again shows similar dynamical patterns for the concentrations of
antibodies (w). For zero controls, the concentration increases rapidly to a peak
of 1640 cells/ml at 16 days, then decreases rapidly to near zero and then rises
again to a second peak of 290 cells/ml at 101 days. With the optimal controls, the
concentration increases more slowly to an initial peak of 130 cells/ml at 39 days
and then to a second peak of 222 cells/ml at 150 days. The increase in the second
peak for the optimal control can again be associated with the reduction in the drug

therapies at 150 days.

Figure 21(h) again shows similar dynamical patterns for the concentrations of
CTLS (z). For zero control, the concentration of CTLs (2) increases rapidly to a
peak of 790 cells/ml at 24 days and then decreases rapidly to zero. For the optimal
controls, the concentration rises to a small peak of 89 cells/ml at 49 days and then

also decreases to zero.

In general, the results show that the therapy greatly reduces the level of in-

fection. This effect can also be seen from the value of the integral for the state
350

variables / (z(t) + w(t) + 2(t))dt, which has a value of 393190 cells/ml for the
optimal coroltrol case and a value of 220630 cells/ml for the zero control case. The
results in Figures 21(d)-(h) clearly show the effectiveness of the controls in pro-
ducing a large reduction in the concentration of infected hepatocytes, intracellular

HBV DNA-containing capsids, free viruses, and antibodies and therefore to a re-
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of antibodies and CTLs.
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Figure 21 Dynamics of the HBV model (4.1.1) - (4.1.6) with both
controls (solid curves) and without controls (dashed curves)
for time delays 73 = 2 and 7, = 4. (a) Optimal value of u;,
efficiency of drug therapy in blocking new infection, (b) Opti-
mal value of u,, efficiency of drug therapy in inhibiting viral
production, (¢) Concentration of uninfected hepatocytes (z),
(d) Concentration of infected hepatocytes (y), (e) Concen-
tration of intracellular HBV DNA-containing capsids (c), (f)
Concentration of free viruses (v), (g) Concentration of anti-

bodies (w) and (h) Concentration of CTLs (2).

4.8.3 Case III : basic reproduction number against controls

In this section, we show the relationship between the values of the optimal controls

and the basic reproduction number for the cases of zero delays and nonzero delays.

Figures 22(a) and (b) show, respectively, the dynamical behavior of Ry vs time
when both controls are in the optimal states shown in Figures 21(a) and (b) for the
zero delay case and nonzero delay case. In both cases, it can be seen that when the
controls are set at their maximum allowed level of effectiveness (u; = ua = 0.7),
the values of Ry are a minimum and therefore the rate of reduction in the infected
populations will be a maximum. However, as the level of the controls is reduced,
the value of Ry incredses and the rate of reduction of the infected populations

becomes slower. Near the end of the period of 350 days, the control levels are
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reduced to zero and R becomes greater than 1 showing that the infection will
begin to increase. The results show that the control levels should be maintained

at a nonzero minimum level to keep Ry < 1.
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Figure 22 Plots of basic reproductive number vs time for optimal
levels of effectiveness of u; and u, (see Figures 21(a) and (b)).
(a) Zero time delays. (b) Nonzero time delays: = = 2 days,

75 = 4 days.

Figures 23 and 24 show a comparison between the values of the basic repro-
ductive number for zero delay and nonzero delay cases 73 = 2 days and T, = 4 days
for a range of values of the controls u; and uy. It can be seen that Ry increases
with time slower in the delay case than in the nondelay case. A comparison of
Figure 23(a) for zero delay shows that the value of Ry starts increasing once the
control u; drops after 138 days, whereas Figure 24(a) for nonzero delay shows Ry
does not start increasing until 150 days which is slower than the zero delay case.
A similar pattern can be seen in comparing the zero delay Figure 23(b) with the
nonzero delay 24(b) where R, starts increasing at approximately 98 days for the

zero delay case and 110 days for the nonzero case.
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Figure 23 Plots of basic reproductive number vs time for nondelay case.

(a) u; optimal and u; = 0. (b) u; = 0 and u, optimal.
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Figure 24 Plots of basic reproductive
(11 = 2 days, 72 = 4 days). (a) u; optimal and uz = 0. (b)

u, = 0 and u; optimal.

Finally, in Figure 25 we show the plots of Ro vs u; and Ro vs ug. It can be
seen that in both cases a value of approximately 0.2 gives a value of Ry = 1 and

could therefore be used, if required, to maintain an infection-free system.
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Rovalues

Figure 25 Plots of basic reproductive number vs optimal control values

for zero delay. (a) R vs, u;. (b) Ry vs. u,.

4.9 Conclusion

In this chapter, we have studied an optimal control problem for two drug therapies
in a time delay model for HBV infection. The model consists of six populations:
uninfected hepatocytes, infected hepatocytes, HBV DNA-containing-capsids, free
viruses, antibodies and cytotoxic T-lymphocytes. The two time delays in the model
are a delay in virus production after cell infection and a delay in antigenic stimu-
lation generation. The model also includes an adaptive immune response, a cure
rate for infected hepatocytes to uninfected hepatocytes and HBV DNA-containing
capsids. The two optimal therapies are for blocking new infection of uninfected
cells and for inhibiting viral production by infected cells. The solutions of the
model are proved to be nonnegative, unique and bounded. The model is shown
to have three equilibrium states, namely infection-free, immune-free and immune-
activated. The basic reproduction number for the stability of the infection-free
equilibrium has been derived and a sensitivity analysis has been carried out to
determine the most important parameters to change to control the disease. The
Pontryagin maximum principle is used to find the optimal control to maximize the
concentrations of uninfected hepatocytes, antibodies and cytotoxic T-lynphocytes
at mininmum cost. The existence of optimal control pairs is proved and an al-

gorithm is developed for solution of the state and costate equations for the time
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delayed Pontryagin maximum principle. Numerical simulations are then carried
out to illustrate the dynamical behavior of the solutions of the time delayed op-
timal control model of HBV infection. The results show that the effects of the
intracellular delays is to slow down the rate of infection. Finally, the results show
that the two optimal control therapies considered in this paper can reduce the
basic reproductive number to less than one and can significantly reduce the con-
centration of infected hepatocytes, intracellular HBV DNA-containing capsids, free
viruses, antibodies and cytotoxic T-lymphocytes and can also slow down the time
of their epidemic peaks. Both control therapies have therefore been shown to be
useful measures for reducing HBV infection. In this paper, we have shown exam-
ples of the effect of the therapy for a period of 350 days for values of parameters
selected from published papers, if available, or that we assumed to be reasonable

if published values could not be found.

In this model, we have not considered the possibility of memory or history
effects in the state variables of the model. There is now a large literature on frac-
tional derivatives and integrals and their applications to develop models which
include these memory or history effects. Extensive reviews of the basic con-
cepts of fractional calculus and its applications can be found in books by Pod-
lubny [90], Hilfer [91], Kilbas et al. [92], Petra$ [93], and in the PhD thesis of
Kisela [94]. In recent years, there have also been many new definitions of fractional
derivatives which have been developed for various purposes including biology.
Some examples of useful fractional derivatives include Riemann-Liouville [90], Ca-
puto [90, 95], Hadamard [96], Katugampala [97], Caputo-Fabrizio [98], Atangana-
Baleanu [99, 100] and Hattaf [101,102]. Examples of fractional calculus models
related to HBV infection include Bachraoui et al. [103] and Hattaf [101,102]. Fur-
thermore, spatiotemporal dynamics have not been included in this study. Some
works that are related to spatiotemporal dynamics include Hattaf and Yousti [66],
Hattaf [67] and Manna and Hattaf [68]. In future work, it would be interesting to
develop further fractional calculus models and spatiotemporal dynamics for HBV

infection models.



CHAPTER IV

A DIFFUSIVE MODEL OF HEPATITIS B VIRUS
INFECTION

5.1 Model description and formulation

We propose a diffusive model for HBV infection of hepatocytes by modifying the
work of Shaoli et al. [57]. We consider the spatial variations of free virus and
CTL cells together with two types of drug therapy. The variables D, and D,
represent the diffusion coefficients for free virus and CTL cells, respectively, with
A denoting the Laplacian operator. In this model, we assume that both free viruses
and CTL cells exhibit Fickian diffusion in their motion. Uninfected hepatocytes
are produced at a rate A, while ¢ represents the natural death rate for both infected
and uninfected hepatocytes. These uninfected hepatocytes become infected at a
rate 8, where the infection term is (1 — ¢;)Buv, with ¢ representing the efficacy of
drug therapy in preventing new infections. Infected hepatocytes undergo natural
death at a rate of o and are eliminated by CTL cells at a rate of q. Free viruses are
produced at a rate a by infected hepatocytes and the production term is (1—¢o)ay,
where ¢, is the drug therapy efficiency in inhibiting viral production, and free virus
are cleared at a rate . CTL cells expand in response to viral antigens derived from
infected hepatocytes at a rate k, and eventually, they undergo decay at a rate e.

The flow chart of the model is presented in Figure 26.
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Figure 26 The flow chart of the diffusive model of HBV infection

including immune response and drug therapy. The solid

lines represent the transferring from one class to another

class, whereas the dotted lines represent an involvement or

influence of one class on another class.

The model therefore is written as follows

du
ot
Oy

ot
v

ot
Oz

ot

= A — ou(z,t) — (1 — ¢1)Bul(z, t)v(z,t),
= = (1 - ¢1)Bu(z, t)o(z,t) — oy(z,t) — qy(z,1)z(z, 1),
— = D,Av+ (1 — ¢o)ay(z,t) — po(z,t),

— = D,Az + ky(z,t)z(z,t) — ez(z,t),

for t > 0, z € Q). The initial conditions are

v

= (Pl("r) > O,y(m, 0) = 902(33)
= ‘P3($) > 0, Z(:L‘, 0) = 904(‘77)

)

0
0,

v

where Neumann homogeneous boundary condition is

@zo,t>0,m€89.
on

(5.1.1)
(5.1.2)
(5.1.3)

(5.1.4)

(5.1.5)

(5.1.6)
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0
A bounded domain in R" is represented by { with smooth boundary 9%, n de-
notes the outward normal derivative on € and u(z, ), y(z, t), v(z,t) and z(z,t) are
the density of uninfected hepatocytes, infected hepatocytes, free virus and CTL

cells at location x and time ¢, respectively.

5.2 Nonnegativity and boundedness of solutions

In this section, the fact of Lemma 5.2.1 (as shown details in [67]) will be utilized

to demonstrate the non-negativity and boundedness of the solution.

Lemma 5.2.1. Let A, B and D be three constants with B # 0. Consider the

following problem

%}E_DAhSA—Bh,mEQ,t>0,
@=o,xeaﬂ,t>0
on

h(z,0) = ho(z),z € €.

A
Then h(z,t) < max ho(z)e Bt + E(l — e BY). Moreover, if B >0, we have
T€

A
h(z,t) < lnaX{E’lllggz{ ho} and litlllfuph(a:,t) < 5

Proof. Let a solution of the following ordinary differential equation be h(t),

dh(t)

2 h(t) = 2.1
o + Bh(t) = A, (5.2.1)
h(0) = max ho(z), z € Q. (5.2.2)
€0
By integrating factor, we have
e B dt — Bt (5.2.3)

and multiply both sides of (5.2.1) by the intergrating factor, we have

t

t
eBth(t)| = / eBLA dt (5.2.4)
0

0
7 A A
B

ePth(t) — h(0) = e 5 (5.2.5)
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Rh(t) = h(0)e B! + A e~ BY. (5.2.6)

Since, A(0) = maxgeq ho(z), so we have h(t) = maxgeq ho(z)e B + £(1 — e 7).

By comparison principle h(z,t) < h(t), hence h(z,t) < maxseq ho(z)e Bt + %(1 -
=Bt

Hence, if B > 0 then h(z,t) < max{%,maxzeg ho(z)} and limsup, , o A(z,t) <

A
B -

Theorem 5.2.2. For any given initial condition ¢ € Cy where Cg is a Banach
space of continuous function, satisfying (5.1.5), problem (5.1.1)-(5.1.6) has a unique

nonnegative and bounded solution.

Proof. Define F' = (Fy, F5, F3,Fy) : Cg — X by

Fy(p)(x) = A — opi(,0) = (1 — ¢1)Be1(w, 0)es(z, 0),

Fy(p)(x) = (1 = ¢1)Ber(, 0)ps(x, 0) — opa(,0) — qpa(w, 0)pa(z, 0),
F3()(z) = (1 = ¢2)aps(z,0) — pps(=, 0),

Fy()(z) = kipa(s, 0)¢a(w, 0) — epa(z, 0).

Then problem (5.1.1)-(5.1.5) can be written as the abstract functional equation

below
w' (t) = Aw + F(w,),t >0, w(0) =y € Cx (6.2.7)

where w = (x,y,v, 2)T, ¢ = (@1, P2, @3, pa)" and Aw = (D,Av, D, A2)T.

F is locally Lipschitz in C. According to [105-109], we deduce that system (5.2.7)
admits a unique local solution on its maximal interval of existence [0, tmqz). Since
0 = (0,0,0,0) is a lower-solution of problem (5.1.1)-(5.1.5), we have u(z,t) >
0,y(z,t) > 0,v(z,t) >0, 2(z,t) > 0.

From Eq. (5.1.1) and Eq. (5.1.2). Let

M(z,t) = u(z,t) +y(z,t)

M@ _ )\ g(uz,t) +y(s,t)) - ay(z, t)2(,1)

<A-—oM(z,t).
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Then,
@%ﬂ <A-oM(z,t),z€Qt>0
OM(z,t) _0
on

M(z,0) = 1(z,0) + @a(z, 0).
With the use of Lemma 5.2.1, we have
M(z,t) < max My(z)e 7" + é(1 —e %)
T zen 0 o

A
]\l(l‘at) S max {;7 11’18.5((901(.’13, 0) + @2(:1:) O))},
e
~ A
V(z,t) € Q X [0,tmas) and limsup M(z,t) < —.
t—+o00 g

Therefore, M is bounded, it implies that both u and y are also bounded. From the
boundness of y and (5.1.1)-(5.1.4), we deduce that v satisfies the system below

0
5 = Dol + (1= da)ay(s,) = mo(at).

Since, y is bounded, we have

P poAv+ <——(1 ~ fQ)O‘A) — w(,t)

ot
v (1 — ¢o)ah
w Y @y~ 256V \po
e D,Av < ( N ) pv(z,t)
ov(z,t)
on <

v(z,0) = ps3(z,0) 2 0.

By Lemma 5.2.1, we obtain

1— A
’U(.’L‘,t) < max (—O'?sljﬂ—, maXzeh w3z, 0) ¢,
_ 1— A
V(z,t) € Q X [0, tmax) and limsup,_, o, v(z,t) < (1= d2)oh qij)a .
o

This implies that v is bounded.
From the above, we have proved that u(z,t),y(z,t) and v(z,t) are bounded. Next,
let

G(z,t) = y(z,t) + %z(m,t)
0G(x,t)  Oy(z,t) q0z(x,t)

ot Ot kOt
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= (1 - d)l)/ﬁu(mat)v(w)t) - oy(m,t)
+ %DZAZ - _k__

Since, u and v are bounded, we have

8G(z,t) _ (1—¢1)(1— ¢2)BaA® g
ot < o + EDZAZ
~ 3ly(a,t) + p2(a,),

where § = min{o, €}

(1= ¢ = $a)Boh’  ap 1,

ou k
— 0G(z,t)
0G(z,t) ¢ (1—¢1)(1— $2)Bah?
. o < i
? 8t k‘DGAG S 02,u OG(IE,t)
0G(z,t) .
on

G(x,0) = pa(z,0) + %904(1-, 0) > 0.

By Lemma 5.2.1, we then have that \
O(at) < m{u ) [k ) LT G(z,o>}, V(@,1) € © X [0, tmas)

o?pd
and ,
1-— 1-—- A
limsup, .0 G(z,t) < (1= &) 5 6¢2),Ba . Therefore, G is bounded. Due to
a2p
the boundedness of G, it implies that y and z is also bounded. Il

5.3 Equilibrium points

Let D, = D, = 0. In the case of the infection-free, we set y = v = 0. Substitute
v =0 in Eq.(5.1.1), then

A —ou(z,t)=0
w(z,t) = % (53.1)

And for (5.1.4), we have z = 0. Thus, the infection-free equilibrium (Ey) =
A
(;,0,0,0).

Next, in the case of immune-free, i.e., z = 0, substitute in (5.1.2), then

(1 — ¢1)Bulz, t)v(z,t) — oy(z,t) =0
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y(x,t) — (1 B ¢1)IBU(‘IE’t)U($’t) ) (532)

Next,

Ov

= (1 - day(a,t) - pola,t) = 0

y(z,t) = (lﬂ’_%;)la (5.3.3)
Equate (5.3.2) and (5.3.3), we have
(1 — ¢1)Bu(z, t)v(z,t) _ pv(z,t)
o (1— ¢o)cx

- op
uet) = TG0 = g)Ba (5:84)

Next, we substitute u(z,t) above in (5.1.1), we have

A — ou(z,t) — (1 — ¢1)Bu(z, t)v(z,t) =0
A — ou(z,t) = (1 — ¢1)Bu(z, t)v(z, 1)

A —ou(z,t)
A=aBulz.p) "
AL —¢1)(1 = ¢ga)fa—0’p
0= é)Bon = v(z,1). (5.3.5)
The immune-free equilibrium () is (ui(z,t), 11(z,t), v (2, t), 21(z, 1)),

Ik o (@, 1) = —E
(1= 1) (1 — ¢2)Ba’ > (1= ¢o)a’

_ A(1—¢])(1—¢2)501—0'2,LL —,
n(z,t) = 0 —p)Bon ,21(z,t) = 0.

where u;(z,t) =

Finally, we calculate for immune-activated equilibrium point. From (5.1.4), since

z # 0, we have ys(z,t) = % We then substitute yq(z,t) = % in (5.1.3),

{1 dajac —,f2)a6 — pwp(x, 1) = 0

(1 - ¢2)C¥E
— (5.3.6)
(1 — ¢2)O.’E
kp

ve(z,t) =

in (5.1.1), we get

Next, we substitute y»(z,t) = i— and vy(z,t) =

(1- (1= pw)facun(e,t) _

A — ouy(z,t) — P
W
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A= (U n (1-¢1)(1 - ¢2)ﬂa€)u2(x,t)

kp
(2, 1) = Aky
PO T ok + (1— ¢1) (1 — ¢o)Bac’
(5.3.7)
And by setting (4.1.2) to equal to zero, we have
ZQ(.’E,t) — (1 - ¢1),8’u2(.’1',‘,t)’02(.'1,‘,t) — O-y2(xvt). (538)

qy2(z, )
The immune-activated equilibrium (Es) is (ua(z,t), y2(, ), v2(z, 1), 22(z, 7)),
Akp
okp + (1 — ¢1)(1 — ¢2)Bace

oya(z,t)(Rerr — 1)
qya(z,t)

(1 — ¢2)Oﬁ€
kp

where uy(z,t) = ,

€
, Yoz, t) = % vy(z,t) =

(1 — ¢1)Bus(z, t)va(x, t)
oys(z,t) '

Zg(il".,t) = , where Rerp, =
Repr signifies the CTL immune response reproduction number for the system
(5.1.1)-(5.1.4), indicating the average number of the CTL immune cells which are

activated by infected hepatocytes when virus infection is completed.

5.4 The basic reproduction number (Ry)

We consider at D, = D, = 0 (diffusion-free). Taking the derivatives with respect
to the stable variables for the transmission and transition terms, the matrices F

1— +
and V can be written by F = (1= ¢)puw and V = oy Ty .
0 wo — (1 — ga)y

Hernce, the transmisson matrix of F and V are

0 (1—d)B 0
(A=¢)bu| v = o+az

0 0 —(1— ¢o)cx M '

A
By substituting Ey = (—, 0,0, 0) in the Jacobian matrices above, we get
g

(1—¢1)BA
F(Eo)z[o - }andV(Eo)=[ ( 7 0}

F=

0 0 1—¢goa
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Find V! by using V! = [adjV], we have det V = o and

detV
Gi(V) =
GO e
(1 asl)ﬁA 1 0
Then, we have FV~! = . 0 (1 _U¢2) « 1
o 7
(1—¢1)(1 = ¢2)BAa (1—¢1)BA
= o?u ap
0 0

The reproduction number Ry is defined by Ry = p(FV~ 1) which is the spectral

— $1)(1 = ¢o)BA
radius of the matrix £V 1. Hence, Ry = ( ¢1)(12u ¢2)PAc
o

5.5 Stability analysis

For local stability of each equilibrium point, we analyze it from the Jacobian matrix
at that equilibrium point of the system of equations (5.1.1)~(5.1.4). The character-
istic equation is in the form 1, D + J(E)U where 0 =m1 <72 < ... <7n < ... be the
eigenvalues of the operator —A on § with the homogeneous Neumann boundary

condition.
Let D = diag(0,0, Dy, D,), U = (u,y,v,2) and LU = DAU + J(E)U, where

—(0+ (1 = ¢1)Bv*)u— (1 — dr)Bu’v
J(E)U = (1—¢1)Bv*u— (0 +qz*)y + (L — ¢1)Bu’v — qy’z
(1= ¢o)ay — po
kyz* + ky* — ez

and E(u*,y*, v*, z*) represents any feasible steady state of system of equations
(5.1.1)-(5.1.4). The linearization of system of equations (5.1.1)-(5.1.4) at E is of
the form U, = LU. For each i > 1, X; is invariant under the operator L, and ) is
an eigenvalue of £ if and only if it is an eigenvalue of the matrix 7;D + J(E) for

some i > 1, in which case, there is an eigenvector in X;. The Jacobian matrix of
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o — (1 — ¢1)Bv* 0 —(1 = ¢1)Bu* 0 |
o q:)w (Z _zz;a - ¢;)ﬂu* —qu* . (55.1)
— &y _
i 0 kz* 0 ky* — €]

5.5.1 Local stability of infection-free equilibrium point

Theorem 5.5.1. The infection-free equilibrium point (Eo ) is locally asymptotically
stable if it satisfies the Routh-Hurwitz criteria and Ry < 1.

Proof. The Jacobian matrix of system of equations (5.1.1)-(5.1.4) at Ey is

[ 0 —(1—¢1)BA 0
g
(1—¢1)BA
J(By) = | 77 S | 8 (5.5.2)
0 (1—¢2) TH 0
|0 0 0 2
—0— A 0 L_;ﬁﬂ 0
(1—¢1)BA
det(J(Bo)—mDI-AT) = | ° == 7 0 —o.
0 (1 — (Z)z)Ol — M0 niD'u - A 0
0 0 0 —e—1Dy; — X
(5.5.3)

The characteristic equation of Jacobian matrix above is

(—o—X)(=e—mDs) <A2+(U+#+7h‘Dv))\+U(M+niDv)

Thus, AM=—-0< 0,)\2 = —€ — niDz < 0.

(1

— ¢1)(1 — ¢2)BaA

(1—¢1)( 1—¢2 ﬁOZA)

5.5.4

=0

+ (0 + p+ 0 Dy)A 4o (p+ 0 Dy) —
in the form A2 + a;\ + ag = 0, then a; = 0 + p + 7Dy,

Next, we consider A\

g

=on; Dy+op| 1-

02 = ouinD,) - L @bl

(1 - ¢1)(1 — ¢2)56¥A

o

From, Ry =

o2

, we have ag = on; Dy + op (1 - RO).

(1 - ¢1)(1 - ¢2)ﬂOKA).
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Since0=n1<772<...<ni<...thusa1>0anda2>0whenR0<1. By

Routh-Hurwitz criteria, Ey is locally asymptotically stable when Ry < 1. O

5.5.2 Global stability of infection-free equilibrium point

Theorem 5.5.2. The infection-free equilibrium point (Eo) is globally asymptoti-
cally stable in ) when Ry < 1.

Proof. We use the method of Lyapunov functions to prove the global asymptotic
stability of the infection-free equilibrium point. Let

(1= ¢1)BAv(t) | q2(t)
e N (5.5.5)

Lo(t) = y(t) +

dLo(t) _ dy(t) + (1= ¢1)BA dv(t) 1A gdZ(t)
dt  dt ou d> —-k—dt

= (1= ¢1)Bu(t)o(t) — oy(t) — qy(t)=(t) +

(=2 (1 - gyt
— ,uv(t)) + % ky(t)z(t) — ez(t))

— (1 — é1)Bult)v(t) — oy(t) + (1 - ¢1)(1— ¢2)BAay(t) (1 — ¢1)BAv(H)
o -

< (1- d)Bol) (uu) / g) T oul® ((1 — $)(1—$s)pah 1) <

o2
A
= (- 6050080 3 ) + u(AB =)
We obtain that LE) =0, whenv =y =0and LE) < 0 when Ry < 1. Therefore, when

Ry < 1 by Lasalle’s invariance principle, Ey is globally asymptotically stable. [

5.5.3 Local stability of immune-free equilibrium point

Theorem 5.5.3. The immune-free equilibrium point (E1) is locally asymptotically
stable if it satisfies Routh-Hurwitz criteria and ky, < e +n.D,.
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Proof. First, consider the characteristic equation of Jacobain matrix at Fq, we
have

det(J(Ey) — ;DI — M) =

—0—(1—¢1),3U1—/\ 0 —(1—¢1),3U1 0
(1 — ¢1)Bu1 -0 — A (1 —¢1)Bur —quy1 _0
0 (A=gaJar =p=mDo=2 0 ’
0 0 0 kyr —e—mD; — A
(5.5.6)
= G e~ mDs — N ( o= (1= o) - 3 (o =Nn-mD =
—(1-¢1)(1- ¢2)ﬂau1> —((1 = )B)*(1 - ¢2)au1v1)} . (5.5.7)

Thus, \; = ky; — € — 7D, then we consider

(= =2) (o= N0 =) = (1= )1 = )
(- 0801 - )| =0

= A3 4 (u+ 7Dy + 20 + (1 — ¢1)Bo) N> + (0(0 + (1= é1)Bwn)

+ (20 + (1= ¢1)Bo1) (a - mDy) — (1 - ) (1 - ¢2>ﬂaul)A

b oo+ (L= d2)Bur)(u+ mDy) — (1 - 61)(1 = ¢p)faous. (55.)
Thus, by considering (5.5.8) in the form A3 + a;32 + ash + ag = 0, we have

a1 = p+niDy + 20 + (1 — ¢1)fwnr

12 = {0 + (1= 62)Bur) + (20 + (1 - $2)fon) (s + mDy) = (1= 42)(1 — )y

az = (o + (1 — ¢1)Bv1)(u+ mDy) — (1 — ¢1)(1 — ¢2)Baous.

o

Since, u; = , we substitute u; in ap and as, then we have
' (1= 401 45)Ba PR

a1 = pu+nDy+20+ (1 —¢1)pv1 >0
a5 = a0 + (1 — ¢1)Bus) + (20 + (1 — $1)Bv1) (1 + D) — 1
az = (o + (1 — ¢1)Bv1) (4 + m:Dy) — 0

= 0’1 Dy + (1 — ¢1)Bovi(p +mDy) > 0.
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Next, we consider ajas — as,

0109 — az = (g + 7Dy + 20 + (1 — ¢1)Bv1) (0 (0 + (1 — ¢1)Bu1)
+ (20 + (1 = ¢1)Bv1) (1 + mDy) — o)
— 0*1iDy + (1 — ¢1)Bovi(p + D)

= (u+ 1Dy + 20 + (1 — ¢1) 1) {(1 — ¢1)Bov + on; D,
+ (1 — ¢1) B (e + miDy) + op(l — U):|
+ (p +20 + (1 — ¢1)Bv1)0” + o(p + 7Dy + 20) (u + 7 Dy) > 0.

Hence, by the Routh-Hurwitz Criterion and ky; < € + miD,, the immune-free
equilibrium point is locally asymptotically stable. This completes the proof. U

5.5.4 Global stability of immune-free equilibrium point

Theorem 5.5.4. The immune-free equilibrium point (E1 ) is globally asymptotically

stable in Q when Ry > 1> Rery.

Proof. The method of Lyapunnov functions is used and we define the positive

definite Lyapunov function as

Ll(t)=/n{<u—u11nuil>+(y i Y ) (1_¢2) (v—vlln%)+%z}dw. (5.5.9)

Then, the derivative of L1(t) along the solutions of the model is

dLi(t) 8L1 du 8L1 dy OL; dv 0L, dz

& ou dt oy at ov dt | s 4t

Thus, we have
dLi(t) du updu dy w1 dy o dv wvidv
=[G w48 (G w)
+ 2%} dz
= / {(1 - —1> (A —ou—(1— ¢1),Buv) + (1 - ﬂ) ((1 — ¢1)Puv
Q u Y

— oy — qyz) + (1—(;;2)—01 (q ;) (DUA’U + (1 —¢2)ay — ,uv)
(D Az+ kyz — ez) dz.

+2
Tk
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Since, this equilibrium is immune-free, so we have D, = 0 and A = ouy + (1-

¢1)Bugvs.
We get

+ (1 - ﬂ) ((1 — ¢1)Puv — oy — qu) +qyr— 22
Y k
PN — <q — %) (DvAv + (1 — ¢2)ay — ,Lw)} dz

(1 = ¢o)ex
U — us)2
— / { _ u)_ +(1- qbl)ﬁul'ul — (1 — ¢1),3u1v12 + (1 - ¢1)ﬂu1")
9) L v
—(1- q‘)l),@uv% +oy1 +qnz+ gﬁ)‘% (1 - %1)

oy oyv1 o vy gez
- + — — ¢ dz.
(1—¢o)a 0 (1— o) k }

From the second equation of system of equations (5.1.1)-(5.1.4), we obtain (1 —¢1)Bu1 =
a1 Y1 M

—— and == ———
m m (1 — ¢2)a

dL(t ou—u1)? ou o 2uv v
1(t) =/ _o(u—u) 4 30y, — AL _ (y1) oy 2Y
dt Q U U YU U1 Y1V

oDy |V |? ;ml qez
(1 — ¢2)av? + z((l - ¢2)a) Tk &

A(L - ¢1)(1 = ¢2)Ba — o?p

and since v, = we have
' (1-¢1)Bon !
dL(¢) o(u—u)? ouryr  o(y1)’w viy o Dyv1|Vo|?
= N\ O — - —0Y1— — 3
dt Q u Yuv1 yv  (1—¢o)av
p A(1—¢1)(1—¢2)ﬂa—02#> 6>}
+ VA _ - diE
! ((1 ~f)a ( (1= é1)Bou k
_ / { _o(u— uy)? + 30y — cuiy AR oy 2V aval|Vv|Z
Q u u Yu1v1 yiv (1 ¢2)av
A k0u+(1—¢1)(1—¢2)ﬂa6>}
+qgz| —— dr
! (o (1= ¢1)(1 — $2)Bak
_ / { 3 o(u — uy)? 4 3oy — cuiyh o(y1)?uv ., 1% B O'DU’U1|V’U|Z
Q u Yu1v1 yiv (11— ¢o)aw
q

qzA (1 _o(kop+(1—¢1)(1 - ¢2)ﬂa6))} i

o (1= ¢1)(1 — ¢2)ABak
_ _ o(u—uy)? + oy (3 _w uvyr 'u_lg_/_) B oDyv1 [Vo[?
Q u uo unmy  y1v (1 — ¢2)ov?

qzA ( 1 ) }
+ 1-— dz.
o Rerr
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— — 2 y
—U(—w- < 0 and the function 3— Y W0 g negative for all

U U wmhy N
u,y,v > 0, this is due to the fact that the arithmetic mean is greater than or equal

Since

dL
to the geometric mean. Hence, Rorr < 1 ensures _dtl < 0 for all u,y,v,z > 0.
Thus, the immune-free equilibrium point E; is globally asymptotically stable when

Ro >1> RCTL- ]

5.5.5 Local stability of immune-activated equilibrium point

Theorem 5.5.5. The immune-activated equilibrium point (Ey) is locally asymp-

totically stable if it satisfies the Routh-Hurwitz criteria and Ro > 1.

Proof. The Jacobian matrix of the immune-activated equilibrium point is as follows

—a — (1 o ¢1),6’U2 0 —(1 —_ ¢1),6U2 0
J(B) = (1 — ¢1)Buy o — gz (1 — ¢1)Bus —qYa
0 (1= ¢o)a —H 0
i 0 kzy 0 kyy — €|

(5.5.10)
Then, the eigenvalues are determined from det(J(E,) — mDI — AI) = 0, where

E, = (U2,y2,v2, 22),

det(J(E2) — ;DI — M) =

—o—(1—¢1)Bva— A 0 —(1 — ¢1)Pua 0
(1= ¢1)Bus o =gz — A (1 — ¢1)Pus —qy2 _o,
0 (1 - ¢o)a —p =Dy — A 0
0 kzo 0 kys —e—miD; — A
(5.5.11)
—0 —qz— A (1 — ¢1)Bus —qy2
= (-0 - (L=¢1)Bv2a—A)| (1-¢)a —p — 7Dy — A 0
kzo 0 kys — e —miDy — A
0 —(1 — ¢1)Bus 0
—(1=¢1)Bv2|(1 = pa)a  —p—mDy— A 0 =0. (5.5.12)

kzo 0 kys —e —m Dy, — A
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From (5.5.12), we have the characteristic equation as

Mt (20 + (1 - ¢1)Bua + p+gz2)X° + (u+ e+ (1= 1))az

+ (0 + (1= ¢1)Bvy — mD:)p+ (1 = ¢1)Bva — D)o — (m:)* Dy D

— (1= ¢1)(1 — $2)Boug)\* + ((eqzz + (0 + (1 — ¢1)Bv2 — mDy) (0 + ¢22)

— D) (p + mDy) + (0 + (1 — 61)Bvz) (eqze — mDy(0 + g22))

— (1= ¢1)(1 = ¢2)(0 + n:D;)Baug) A

+ ((e — m:D.)gze — o Dy) (0 + (1 — ¢1)Bva) (s + mi Do)

— 1D (1 — ¢ )(1 — ¢2)Baouy =0 (5.5.13)

where

a1 =20 + (1 — ¢1)Pva+ 1+ gzo > 0,
ay = (u+ e+ (1 — ¢1))gza + (0 + (1 — ¢1) By — 0 D) + (1 — ¢1)Bva — Dy )o
— (1:)’DyD; — (1 = ¢1)(1 — ¢2)Baus,
as = (eqza + (0 + (1 = $1)Bvz — 1 Dy) (0 + g22) = mD:) (1 + mDy)
+ (0 + (1 — ¢1)Bva) (922 — M Du(0 + 925))
— (1= ¢1)(1 = ¢2)(0 + mDs)Baus,
as = ((e — mDz)qz2 — 0m:Dy) (0 + (1 — ¢1)Bva)( + 1 Do)
— miD.(1 = ¢1)(1 — ¢2)Bacus. (5.5.14)

Then immune-activated equilibrium point is locally asymptotically stable if it
corresponds to the Routh-Hurwitz stability criteria a; > 0, a3 > 0, a4 > 0 and

ayazaz > af + afay. O

5.5.6 Global stability of immune-activated equilibrium point

Theorem 5.5.6. The immune-activated equilibrium point E, is globally asymp-

totically stable when Rerr, > 1.

Proof. The following Lyapunov function is considered

Lg(t)Z/ (u—uzlni + y—yglnl +_aﬂ_ v—vglnl +1 z—zQIni dz.
Q Uz y2/ (11— ¢o)a U2 (5225 1)

=
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By calculating the time derivative of L, along the solution of system of equations

(5.1.1) - (5.1.4), then

é&@_/ du _wpdu)  (dy yedy\  otgm (dv wmdv
dt  Jol\dt udt dt y dt (1—o)a\dt v dt

_ /ﬂ { (1 - “—UQ) (A —ou—(1- d)l)ﬂu'u) + (1 - %) ((1 — 1) Buv

—oy— qyz) v % (1 — %2) <DvAv +(1— ¢o)ay — w)

+ %(1 — z?2> <DzAz+ kyz — ez)} dx

2
=/{—fﬂ—ﬂL+u—mew—u—mmww%+u—mmmv
Q u U
Yo o qzopv y y
—(1- d)ﬂﬂuvz + oyg — 0= da)a — 0= d)a — 01)2; - qz2v2;

o vy $qZz2v2 o+ pz2 ( v2>
+ + tqyazs + —222 (1 - 2 )D,Av
=)o A-doa 2T T g))a v )Y

4 <1 « Zz)DZAz} dz.
k z

From the second equation of system of equations (5.1.1)-(5.1.4), we have

qYaZe + Y2 & o o Akp
1— = 2222 7% and positive equilibrium is ua(z,t) = ,
( ¢1)IB P q m UZ( ) aku—i—(l—qﬁﬂ(l—@),@ae

_ (1= yae (1 = ¢1)Bus(z, t)va(z,t) — oua(a,t)
ks qy2(z, 1) '

(2 HX%)

)y 22 (CL', t) =
Then,

dL,(t U — Ug)? ,
ﬂ)=/{_Z&jﬂi+gwé_ﬁanﬂ2_ﬂﬁ>+wﬂ43_%
) ,

dt U UgUolYy VY2
UVYy vyg) o+ g2y D,v2| Vv|? B quz2|Vz|2} I

UgV2Y - ’0—?12 (1= ¢o)av? k22

By the similar discussion as in Theorem 5.5.4, the immune-activated equilib-

rium point F is globally asymptotically stable. O

5.6 Numerical simulations

In this section, the numerical simulation of an HBV infection with a CTL immune
response and spatial diffusion of the virus and CTL by finite difference method is

performed to confirm the global stability of all three equilibrium points, i.e. the
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infection-free equilibrium point (Eyp), the immune-free equilibrium point (£;), and
the immune-activated equilibrium point (E,). The existence and global stability
of the equilibrium points determined by two threshold parameters and they are
the basic reproduction number (Rp) and the CTL immune response reproduction
number (Rcrr). More specifically, the infection-free equilibrium point is globally
asymptotically stable when Ry < 1, which biologically denotes that the HBV is
climinated and the infection is eradicated. The immune-free equilibrium point
is globally asymptotically stable if Ry > 1 > Rery, but it becomes unstable at
Rorr > 1. The immune-activated equilibrium point is stable when Rorr, > 1. In
numerical simulation, we use parameters values from Table 4 and let the diffusion

coefficient D, = 0.1 and D, = 0.1. We divide our results into four cases.

Table 4 Parameters used in the model of equations (5.1.1)-(5.1.4)

Parameter Description Value Unit Ref
A The production rate of the 4.0551 day~'mm~3 [45]
uninfected hepatocytes.
o The natural death rate of 0.011 day~! [41]
hepatocytes.
¢ The efficiency of drug therapy in 0.7 - assume

blocking new infection.

@2 The efficiency of drug therapy in 0.7 - assume
inhibiting viral production.

B The infection rate of uninfected 0.0014 mm?3virion~'day~?  [33]
hepatocytes by the free virus.

q The death rate of infected 0.001 mm?3day~! [18]
hepatocytes by the CTLs

response.
The growth rate of virions in blood.  0.0693 day? [29]
The death rate of free viruses. 0.693 day~? [41]
k The expansion rate of CTLs in 0.001 mm3day™? assume

response to viral antigen derived
from infected hepatocytes.
€ The decay rate of CTLs in the 0.5 day™! [112]

absence of antigenic stimulation.
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5.6.1 Case I: when Ry <1

Some numerical simulations of the system of equations (5.1.1) - (5.1.4) is performed
to guarantee the theoretical results and show the spatiotemporal behaviour of the
solutions. Here we choose 8 = 3 x 10713, which leads to Ro = 2.8013 x 107° < 1.
In this case, the solutions of system of equations (5.1.1)-(5.1.4) converge to the
infection-free equilibrium Ey = (90.9091,0,0,0) as shown in Fig 27a - 27d, which
support the results in Theorem 5.5.2.

CASER < 1 CASER <1

600

&

£ 88

B 8§

g i
g

Uninfected hepatocytes
Infected hepatocytes

8o
8o

> ¥
Spatial Domain [N ® Time (in days) SpaGHl Demaln °rF y, Time (in days)
(a) (b)

CASER <1

CASER <1
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Figure 27 The numerical simulation of system of equations (5.1.1)-(5.1.4)
when Ry < 1 with parameters A = 1,¢1 = 0.7,¢02 = 0.7,0 =
0.011,8 = 3 x 10713, = 0.87, 4 = 0.0693,k = 0.01,e = 0.5, =
0.001, D, = 0.1,D, = 0.1, showing that the infection-free equilib-
rium point Ej is globally asymptotically stable. The sub-figures
show the spatiotemporal behaviours of (a) uninfected hepatocytes,

(b) infected hepatocytes, (c) free viruses and (d) CTL.

5.6.2 Case II: when Ry > 1> Rerr

Here we set A = 0.5 and B = 0.0014, we have 6.5364 = Ry > 1 > Rerr =
0.7981. This set of thresholds guarantees the global stability of the immune-free
equilibrium point because the solution of the system converges to the immune-free
equilibrium point By = (6.9540, 38.5005, 145.0020, 0), which supports the result of
Theorem 5.5.4. The concentration of uninfected hepatocytes in Fig 28a decreases

faster than that in Fig 27a with HVB infection when Ry > 1 > Rerr and the

immune system is inactive.

CASER0>1?RCTL CASER0>1?RCIL

§ g

;

Uninfected hepatocytes
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CASE Ro >1> RCTL CASE Ro >1> RCTL
|

|
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Figure 28 The numerical simulation of system of equations (5.1.1)-(5.1.4)
when Rg > 1 > Rcopp with parameters A = 0.5,¢1 = 0.7,¢2 =
0.7,0 = 0.011,3 = 0.0014,c = 0.87,p = 0.0693,k = 0.01,¢ =
0.5, = 0.001, D, = 0.1,D, = 0.1, showing that the immune-free
equilibrium point F; is globally asymptotically stable. The sub-
figures show the spatiotemporal behaviours of (a) uninfected hep-

atocytes, (b) infected hepatocytes, (c) free viruses and (d) CTL.

5.6.3 Case III: when Rorp > 1

We set A = 4.0551 and 8 = 0.0014, then Rory = 6.4727 > 1. Fig 29a - 29d shows
the dynamic curve converges to equilibrium

Es(Usg, ya, Vg, 22) = (45.0112, 50, 188.3117,60.1995). Thus, it is consistent with The-

orem 5.5.6.

CASER., >1

1000

Uninfected hepatocytes
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c.o 88888828
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CASER ., >1 CASE RC.H“ >1

N 150
0
PN
N lﬂ\
Spatial Domain o e Time (in days) Spatial Domain 0 o Time (in days)

(c) (d)

Figure 29 The numerical simulation of system of equations (5.1.1)-(5.1.4)
when 6.4727 = Rcrr > 1 with parameters A = 4.0551,¢1 =
0.7, = 0.7,0 = 0.011,8 = 0.0014,&« = 0.87,u = 0.0693,k =
0.01,¢ = 0.5,q = 0.001,D, = 0.1,D, = 0.1, showing that the
immune-activated equilibrium point Fs is globally asymptotically
stable. The sub-figures show the spatiotemporal behaviours of (a)
uninfected hepatocytes, (b) infected hepatocytes, (c) free viruses

and (d) CTL.

5.6.4 Case IV: Different diffusion coefficients

Furthermore, a different set of values of D, and D, are used to investigate the
dynamics of free virus as shown in Figure 30a - 30d. Here we choose parameter
values in order for Rorr, > 1. We can observe from this figure that over the
long period, all four situations of (D, D,), which are four different cases, i.e.,
(0.1,0.1), (0.1,0.4), (0.4,0.1), and (0.4,0.4) present very similar dynamics for the
concentration of free viruses. This indicates that the diffusion of virus and CTL do
not affect the equilibria’s asymptotic properties. Further, it can be noticed from
Figure 30a - 30d that the greater the diffusion cofficient of free virus and CTL

cells, the slower the time for virus to reach the equilibrium value.
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Figure 30 Distribution of virus under different diffusion coefficients. (a)
D, = 0.1, D, = 0.1, (b) D, = 0.1, D, = 0.4, (c) D, =
0.4, D, =0.1, and (d) D, =0.4, D, =0.4

5.7 Conclusion

We propose s a model of hepatitis B viral infection (HBV) of hepatocytes with
diffusion to better understand the mechanisms and dynamics of the infection. The
model incorporates the spatial variations of cytotoxic T lymphocytes (CTL) and
viruses, the adaptive immune response exerted by CTL, and two types of drug
therapy. It consists of four variables and they are uninfected hepatocytes (u),
infected hepatocytes (y), free virus (v) and CTL (z). Nonnegativity and bounded-

ness of model solutions are verified. Three equilibrium states, i.e., infection-free,
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immune-free and immune-activated are obtained. The basic reproduction number
(Ry) and the CTL immune response reproduction number (RorL) are calculated,
and they become the threshold indicating the existence and global stability of each
equilibrium point. When Ry < 1, the infection-free equilibrium point is globally
stable, indicating biological meaning that the infection is cleared and the HBV
infection dies out eventually. When Rerr, < 1 < Ry, the immune-free equilibrium
point is globally stable, i.e., immune response would not be activated in this condi-
tion eventually. Further, the immune-activated equilibrium point is globally stable
when Rerr > 1, this indicates that the existence of CTL cells cannot eliminate
all infected hepatocytes and viruses, however, it could reduce the amount of them.
Numerical simulation of the model is performed. By the results in section 5.6, we
obtain that with the conditions set as Theorem 5.5.2 - 5.5.6, our numerical so-
lutions converge to infection-free, immune-free and immune-activated equilibrium
points, respectively, confirming global stability of all equilibrium points. This sup-
ports the theoretical findings. Finally, different diffusions of virus and CTL are
used to investigate the HBV dynamics. Our results demonstrate that the diffusion
has no effect on the global dynamics of the HBV infection. These results match the
results of Shaoli et al. [57], Bachraoui et al. [113], Yang et al. [114], and Manna and
Chakrabarty [58]. Further, our results show that the greater diffusion coefficient of
free virus and CTL cells would cause the density of free virus to reach equilibrium
state slower. Overall, our model that includes the spatial diffusion of CTL cells
has shown that the mobility of CTL cells would not affect the global dynamics of
HBYV infection.



CHAPTER VI

CONCLUSION

In this thesis, we presented three mathematical models to study the dynam-
ics of hepatitis B virus (HBV) infection. There are 5 chapters in total. We
introduced hepatitis B virus infection and the scope of the study in Chapter
1, whereas the theories and literature reviews are in Chapter 2. In Chapter 3
we propose relevant a model which expanded the work of Danane et al. [20] by
incorporating a delay in the immune response activation, specifically the
generation of cytotoxic T-lymphocytes (CTLs) denoted by 72. This delay model is
represented by a system of delay differential equations (3.1.1)-(3.1.6) and contains
six variables: uninfected hepatocytes z(t), infected hepatocytes y(t), intracellular
HBV DNA-containing capsids c(t), free viruses v(t), antibodies w(t), and CTLs
2(t). This model describes the hepatitis B virus (HBV) dynamics, considering both
immune response dynamics and two drug therapies. The parameter u; represents
drug therapy that prevents new infections, while uy represents drug therapy that
inhibits the replication of viruses. We have analyzed the local and global stability
for each equilibrium state, deriving conditions for stability in terms of the basic
reproduction number Ry. Our numerical simulations demonstrate that both drug

therapies significantly contribute to the reduction of overall HBV infection.

In Chapter 4, we extended the two-time delays model in Chapter 3 by
incorporating a non-cytolytic cure process, which explains the recovery of infected
hepatocytes to the uninfected state. We analyzed a sensitivity analysis of the
parameters to identify the most effective strategies for reducing HBV infection,
calculating the sensitivity indices of the basic reproduction number Ro. The
analysis in section 4.6 demonstrates that increasing the values of the virus death
rate (1) and the rate of curing infected hepatocytes to the uninfected state (p),
while simultaneously decreasing the parameters related to hepatocyte infection
(B), intracellular capsid production rate (a), and virus growth rate, contributes
to the reduction of Hepatitis B virus (HBV) infection. Additionally, we con-

sider time-dependent drug effectiveness and optimal control problem. We verified
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the existence of optimal control and employed Pontryagin’s maximum principle
for analysis. Numerical simulations demonstrate that the two effective control
interventions can decrease the concentrations of intracellular HBV DNA-containing
capsids, free viruses, cytotoxic T-lymphocytes, and infected hepatocytes.
Furthermore, these control strategies contribute to slowing down the time of their

epidemic peaks.

In Chapter 5, we studied the spread of Hepatitis B virus (HBV) infection within
hepatocytes, considering the assumption that hepatocytes remain stationary while
free viruses and cytotoxic T lymphocytes (CTLs) can move freely within the liver.
We extended the work of Shaoli et al. in 2011 [57]. The model includes four
variables: uninfected hepatocytes, infected hepatocytes, free viruses, and CTLs.
In this model, we calculated the basic reproduction number (Ro) at the infection-
free equilibrium and the average number of the CTLs immune cells (Rorr) as
conditions for analyzing the stability of local and global equilibria. Our results
demonstrate that the greater diffusion coefficient of free virus and CTL cells would
cause the density of free virus to reach equilibrium state slower. In conclusion, our
model that includes the spatial diffusion of CTL cells has shown that the mobility
of CTL cells would not affect the global dynamics of HBV infection.

In this thesis, we have not considered the possibility of a diffusive HBV model
with delay. There is now a several of literature works on the delay and diffusion
of HBV infection, as seen in the works by Wang et al. [43], Yang et al. [115], and
Manna, K. [68]. However, these studies have not yet incorporated the diffusion of
cytotoxic T lymphocytes (CTLs). Therefore, we are interested in addressing this

element in future research works.
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