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ABSTRACT

This thesis introduces loss functions in support vector machines that enhance
flexibility while reducing the impact of outliers, thereby improving classification
performance through several key contributions. Additionally, it also develops opti-

mization techniques to effectively solve these problems.

First, to address the limitations of pinball loss SVMs (Pin-SVM) in handling
noise sensitivity, instability, and lack of sparsity, the generalized pinball loss SVM
(GP-SVM) was developed. While GP-SVM improves sparsity, its unbounded loss
function reduces robustness to outliers. To overcome this, we propose a robust SVM
with an asymmetric bounded loss function, the asymmetric truncated generalized
pinball loss (ATGP-SVM). The model balances generalization and sparsity while re-
ducing the impact of outliers. Solving the non-convex ATGP-SVM is achieved using
DC (difference of convex functions) programming and the DC algorithm (DCA).
Experimental results confirm its superior classification performance compared to
existing models. However, its non-differentiability limits the optimization methods

that can be employed.
Second, we introduce a smooth rescaled generalized pinball loss (SRGP) to
further enhance robustness to handle outliers and ensure differentiability. This loss,

characterized by asymmetry, non-convexity, sparsity, boundedness, and differentia-



bility, is applied in SRGP-SVM. Given that SRGP-SVM involves a differentiable
non-convex optimization problem, we employ modified Broyden Fletcher Goldfarb
Shanno (BFGS) method for solving SRGP-SVM to leverage its differentiability.
SRGP-SVM demonstrates improved performance on diverse datasets.

Finally, while BFGS methods are widely used for convex and nonconvex op-
timization, they face challenges such as near-singularity, high computational costs,
and inefficiency in large-scale problems. To address these, we propose a regularized
stochastic BFGS method integrating Nesterov acceleration with an adaptive mo-
mentum coefficient. This coefficient adjusts dynamically based on selected dataset
samples, preventing overshooting and reducing computational costs. We provide a
theoretical analysis of its convergence and computational complexity. Numerical
results on classification problems using SVMs demonstrate superior performance
compared to existing approaches.

These contributions improve the efficiency, robustness, and applicability of
support vector machines and optimization techniques, leading to further advance-

ments.
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CHAPTER I

INTRODUCTION

The support vector machine (SVM) stands out as a premier supervised learn-
ing model equipped with specialized algorithms crafted for various tasks [1-25].
The SVM has attracted considerable attention due to its impressive performance
in practical scenarios and its strong theoretical underpinnings. The core concept
of the traditional support vector machine (CSVM) [26] revolves around identifying
a hyperplane within the feature space that optimally separates different categories
of observations, maximizing the margin between them. This approach utilizes the
hinge loss function to enhance the distance between the closest points belonging to
distinct classes, a characteristic that is inherently susceptible to noise. To overcome
this drawback, the SVM model employing the pinball loss function (Pin-SVM) was
introduced_, aiming to alleviate sensitivity to noise and instability in re-sampling
procedures. The pinball loss is based on quantile distance [27]. The Pin-SVM aims
to maximize the quantile distance rather than minimizing the distance between two
classes. This approach leads to lower sensitivity to noise but also entails a loss of
sparsity.

Nevertheless, the sparsity of the Pin-SVM loss requires correction. In order
to achieve sparsity, Sharma et al. [27] proposed a the e-insensitive zone within the
Pin-SVM (e-Pin-SVM). This modification ensures that the loss in the insensitive
zone is zero. Therefore, the e-Pin-SVM is expected to yield a comparatively sparser
loss and reduce computational costs because many components are zero, illustrat-
ing its sparsity characteristic. While e-Pin-SVM enhances the sparsity of Pin-SVM,
its reliance on a single value of € specified within the insensitive zone may limit its
performance. Inspired by these advancements, Reshma et al. [28] introduced the
(€1, €2)-insensitive zone Pin-SVM, termed as the generalized pinball loss SVM (GP-
SVM). This GP-SVM is resilient to noise and offers greater sparsity flexibility than
the e-Pin-SVM, as it controls the insensitive zone with two values. Notably, the
generalized pinball loss encompasses various prevalent SVM-type models within its
framework. Conversely, in many tasks, ensuring resilience against outliers remains

a consistently important challenge. In real-world scenarios, samples frequently suf-



fer from a variety of noises beyond mere feature noise. These noisy samples often
contain outliers, which can arise from errors in sampling or measurement. Feature
noise typically denotes minor perturbations, whereas outliers deviate significantly
from other samples, often due to incorrect labeling. Additionally, all the aforemen-
tioned SVM models are highly sensitive to outliers due to the unbounded nature of
their loss functions. Their sensitivity to outliers can partially obstruct the progress

of bounded loss functions, thus restricting their development.

The development of bounded functions has been developed along with the
unbounded functions. Initially, Wu et al. [29] introduced an SVM methodology that
involves truncating the hinge loss, ensuring that the loss function retains its essen-
tial properties. Naturally, it retains the same drawback as the original hinge loss
function, remaining sensitive to noise. As a result, a truncated pinball loss function,
referenced in [30, 31|, was devised to address the issue of noise insensitivity while
ensuring boundedness. It then evolved into a truncated e-insensitive pinball loss
function, derived from the e-insensitive pinball loss function, to address sparsity
more effectively. Since then, significant advancements have occurred in this cate-
gory of boundary loss functions. Recently, the asymmetric truncated e-insensitive
pinball loss function [32] and the truncated generalized pinball loss function [33]
have emerged in support vector regression (SVR) applications for regression tasks.
Notably, the asymmetric truncated e-insensitive pinball loss function can operate
independently of both boundaries of the function. However, defining the insensitive
zone using a single € value may restrict the ability to achieve sparsity. While the
truncated generalized pinball loss function offers greater flexibility in defining the
(€1, €2)-insensitive zone, it still has a limitation in that the boundaries on both sides
can only be defined by a single value, restricting the function’s flexibility. Inspired
by the advantages of asymmetric truncated e-insensitive pinball loss function and
truncated generalized pinball loss function, we intend to develop a novel bounded
loss function that offers greater flexibility. Specifically, we propose an asymmetric
truncated generalized pinball loss function that allows flexibility in defining both
the boundaries and insensitive zones, serving as a general form of both loss func-
tions. Then, we present a robust SVM with the asymmetric truncated generalized
pinball function (ATGP-SVM) explicitly incorporating outliers suppression in the
training process. It can be seen that ATGP-SVM can handle noise without losing



sparsity and can also freely set boundaries to handle outliers, which makes it very

flexible.

However, defining the function boundary causes those original loss functions
that were convex to become non-convex. The resulting optimization problem of
ATGP-SVM is non-convex and generally challenging to solve using classical convex
* optimization techniques. However, we observe that ATGP-SVM offers an advantage
in that it can be formulated as an optimization problem involving the DC (difference
of two convex functions). Therefore, the DC algorithm (DCA) [34-36] can be
applied to solve the ATGP-SVM. The DCA has been successfully employed to tackle
various non-differentiable and non-convex optimization problems, often yielding

global solutions and demonstrating greater robustness and efficiency.

Although the approach to creating bounded loss functions typically involves
using truncated functions, these have been developed to effectively handle outliers
through DC functions, which can be optimized using the DCA. However, these loss
functions often exhibit abrupt behavior. Once the loss reaches a certain truncated
threshold, it immediately becomes constant rather than transitioning smoothly,
which is too aggressive. Consequently, the gradient of the loss function becomes
zero when the function flattens out, posing challenges for first-order and second-
order optimization techniques that rely on gradient information. To address this
issue, the rescaling technique is employed. The rescaling technique [62,63] is par-
ticularly popular due to its simplicity, allowing for the creation of smoothly scaled
bounded functions while preserving the key properties of the original loss func-
tion. This technique has been applied to hinge loss, resulting in the development
of the rescaled hinge loss in SVM (RH-SVM) [64] to limit the original hinge loss.
However, it still remained sensitive to noise, similar to the original. To address
this limitation, the rescaled pinball loss in SVM (RP-SVM) was introduced [65],
which aimed to reduce noise sensitivity while retaining the bounded characteristics
of the pinball loss. On the other hand, since the loss functions in all the previously
discussed SVMs are non-differentiable, the corresponding unconstrained minimiza-
tion problems in SVMs are also non-differentiable. Consequently, several first-order
and second-order optimization methods [57], which are effective and grounded in
solid theoretical foundations, may not be directly applicable to such problems.

To overcome the limitations of the hinge loss in SVM, the smooth hinge loss in



SVM (SH-SVM) was introduced [58]. Similarly, the smooth pinball loss in SVM
(SP-SVM) was proposed [59] to address the drawbacks of pinball loss. Building
on these advancements, the smooth generalized pinball loss in SVM (SGP-SVM)
was presented [60], offering a versatile framework that encompasses both SH-SVM
and SP-SVM. These smooth loss functions are continuous and differentiable, mak-
ing the corresponding unconstrained minimization problems in SVM differentiable
as well, thus allowing the direct application of first-order and second-order opti-
mization methods. Despite these advancements, the rescaling technique has yet to
be applied to the smooth generalized pinball loss in SGP-SVM, which results in
difficulties in handling outliers.

Therefore, we propose a new approach to integrate the rescaling technique
with the smooth generalized pinball loss in SGP-SVM, enhancing its ability to
handle outliers. Building on this, we develop a robust SVM model incorporating
the smooth rescaled generalized pinball loss function, referred to as SRGP-SVM.
This approach effectively handles noise, maintains sparsity, provides boundedness
to manage outliers, and offers greater flexibility in parameter adjustment, while en-
suring the differentiability of the objective functions. The differentiability of SRGP-
SVM results in an unconstrained minimization problem, which can be efficiently
addressed using the Broyden—Fletcher-Goldfarb—Shanno (BFGS) method [66], a
well-established second-order optimization technique that utilizes an approximate
Hessian matrix update to improve its effectiveness in solving differentiable optimiza-
tion problems. In many cases, BFGS outperforms gradient descent (GD), a widely
used first-order optimization method [57]. Since SRGP-SVM constitutes a non-
convex unconstrained minimization problem, the classical BFGS method, which is
formulated for convex optimization, is not directly applicable. To address this lim-
itation, we adopt a modified variant of BFGS, namely the modified BFGS method
(M-BFGS), as presented in [67]. Nevertheless, these techniques still face challenges
in large-scale problems, including high computational costs and inefficiency. To
address these challenges, stochastic optimization techniques are often employed.

Stochastic optimization problems have attracted attention for their broad
applications in machine learning [73-76], object detection [77-79], wireless commu-
nication [80], mixed logit modeling [81-83], and stock market forecasting [84-86].

A commonly used approach to solve these problems is stochastic gradient descent



(SGD) [87], which is stochastic variants of the GD method and particularly effective
for stochastic convex optimization. By leveraging gradient information from sample
data, SGD determines the search direction, providing a simple yet effective solution.
SGD is guaranteed to converge to a minimum when using an unbiased stochastic
gradient estimate and appropriate step sizes. However, it often requires many it-
erations to reach convergence. Consequently, SGD-based optimization techniques
have become a central focus of recent research. Despite its effectiveness, SGD may
struggle with ill-conditioned problems [88]. Consequently, research has increasingly
focused on stochastic variants of the BEGS method, such as oBFGS [90,91]. These
methods adapt the classical BFGS approach to the stochastic setting by incorpo-
rating gradient estimates computed from randomly selected subsets of data, rather
than the full dataset, which reduces computational cost. Although the oBFGS
method theoretically ensures that the approximate Hessian matrix remains positive
definite, meaning all eigenvalues are greater than zero, in practical computations,
the smallest eigenvalue can approach zero. This situation leads to near-singularity
issues when inverting the approximate Hessian matrix. To address this issue, a
regularization term is incorporated into the calculation of the approximate Hessian
matrix, which helps prevent the eigenvalues from becoming excessively small and al-
leviates the near-singularity problem. This approach led to the development of the
regularized stochastic BFGS method (RES) [92]. Additionally, another approach
to enhance the practical efficiency of the oBFGS method has garnered attention.
One notable method is the stochastic Nesterov-accelerated quasi-Newton method
(oNAQ) [93], which incorporates Nesterov’s momentum with a constant momentum
coeflicient to improve the performance of 0BFGS methods. Experimental results
have shown that oNAQ can outperform both the o BFGS method and the first-order
methods like SGD. Nevertheless, oNAQ still faces certain practical challenges. The
first challenge is the near-singularity of the approximate Hessian matrix, similar to
the issue encountered in oBFGS. The second challenge stems from applying mo-
mentum in every iteration. While momentum is intended to speed up convergence,
there are cases where its application may lead to updates that are less favorable in
direction compared to those without momentum. To address these challenges, the
regularized stochastic Nesterov-accelerated quasi-Newton method (RES-NAQ) [94]

was introduced. This method integrates the RES approach with Nesterov’s ac-



celeration technique and incorporates an adaptive momentum coefficient. This
coefficient dynamically adjusts between a constant value and zero based on the ob-
jective function’s value. If the momentum fails to decrease the objective function, it
is automatically deactivated. As a result, RES-NAQ can flexibly alternate between
the characteristics of RES and oNAQ.

However, the constant value in the adaptive momentum coefficient of the
RES-NAQ method lacks flexibility, potentially leading to overshooting issues, and
evaluating the objective function on a large dataset results in significant computa-
tional costs. Moreover, addressing nonconvex optimization problems using stochas-
tic quasi-Newton methods remains a challenging task. A framework for stochastic
quasi-Newton methods applied to nonconvex stochastic optimization was proposed,
and its complexity was analyzed under conditions related to step size and method
output in [95,96]. Therefore, we introduced a regularized stochastic BFGS method
for nonconvex optimization, which integrates Nesterov acceleration with a new
adaptive momentum coefficient. This coefficient dynamically adjusts between a
reduced momentum value and zero based on the objective function value from se-
lected dataset samples, mitigating overshooting and lowering computational costs.
We theoretically analyze its convergence and complexity and validate its effec-
tiveness in both convex and nonconvex classification problems through extensive
experiments with support vector machines.

This thesis is organized in the following way.

Chapter II. We review fundamental definitions, lemmas, and theorems rele-
vant to the problems addressed within our framework. Additionally, we conduct a
comprehensive review of prior research on support vector machines, DCA, and first-
order and second-order optimization methods, establishing a robust foundation for
our work. v

Chapter III. We propose ATGP-SVM, a support vector machine with the
asymmetric truncated generalized pinball loss function, optimized via DCA. This
model incorporates asymmetry, boundedness, and non-convexity to address noise,
sparsity, and outliers. Additionally, we introduce SRGP-SVM, which employs the
smooth rescaled generalized pinball loss function, emphasizing its continuity, dif-

ferentiability, and parameter adaptability. SRGP-SVM is optimized using a modi-



fied BFGS method. Extensive numerical experiments on synthetic and benchmark
datasets validate the effectiveness of our approach in noisy environments.

Chapter IV. We propose a regularized stochastic BFGS method for non-
convex optimization, combining Nesterov acceleration with an adaptive momentum
coefficient. This method adjusts the coeflicient flexibly to enhance convergence and
reduce computational costs. We establish its convergence and complexity analysis
theoretically and demonstrate its superior performance in both convex and non-
convex classification problems through extensive experiments using support vector
machines.

Chapter V. This chapter summarizes the key contributions of the thesis



CHAPTER II
PRELIMINARIES

Throughout this dissertation, we focus on binary classification within n-
dimensional Euclidean space R™. All vectors are treated as column vectors, with
the option to transpose them into row vectors denoted by the superscript T. For

vectors X = [z1,T2,...,Zy)" and y = [y1,%2,...,¥s]" in R, the induced norm (Eu-

clidean norm) of x is defined as ||x|| = VxTx = /Y ., z?, and the scalar product

of x and y is expressed as x'y = > | T;¥y;.

2.1 Mathematical background

Definition 2.1.1. [104] Let A be an n X n real square matrix. A nonzero vector
x is called an eigenvector of A if there exists a scalar A such that Ax = Ax. The

scalar A is called an eigenvalue corresponding to eigenvector x.
Definition 2.1.2. [104] A symmetric matrix is a matrix A such that AT = A.

Definition 2.1.3. [104] A symmetric matrix A € R"*" is called positive semidef-
inite, denoted by A > 0, if x"Ax > 0 for every x € R™. A symmetric matrix
A € R™" is called positive definite, denoted by A = 0, if x" Ax > 0 for every
0#xeR"

Theorem 2.1.4. [104] A symmetric matrix A is positive definite (or positive

semidefinite) if and only if all the eigenvalues of A are positive (or nonnegative).
Definition 2.1.5 (Spectral norm). [109] Let A be an (m x n)-matrix. Then

A
—” adl = max ||Ax]||
x€R" x#0 || X]| [[x]|=1

Al =

is the 2-norm (or spectral norm) of A.

In other words, the spectral norm is the largest factor by which a vector can be

stretched in length under the mapping x — Ax. Note that as a simple consequence,

| Ax]] < [l A fIx]], vx.



Proposition 2.1.6 (Rayleigh’s Inequalities). [105] If an n x n matrix A is real

symmetric positive definite, then
/\min(A)”X”2 <x'Ax < /\maX(A)”x”Z’

where Apin denotes the smallest eigenvalue of A, and Ap.x(A) denotes the largest

eigenvalue of A.

Now, let us delve into the fundamental concepts of convexity and the valuable

characterizations of convex functions.

Definition 2.1.7. [106] A set C C R" is called a convex set if for any x;,x, € S
and any A € (0,1), we have

/\Xl + (1 - /\)Xg e C.

Definition 2.1.8. [106] A function f: C — R defined on a convex set C' C R” is

convex function if and only if for all x;,x; € C and all A € (0,1), we have

f((]. - /\)Xl + )\Xg) S (1 — /\)f(Xl) + )\f(Xz)

A function that does not satisfy above inequality is referred to as a non-convex
function.

Next, we move on to a priori knowledge of a real-valued function that involves

the function’s differentiability and convexity. We begin with by recalling the partial

derivative.

Definition 2.1.9. [106] Let f : R® — R be some function, fix some x € R". If

the limit
lim f(x+de;) — f(x)

d—0+ d

exists, where e; is the i-th unit vector, then it is called the i-th partial derivative

of f at the vector x and and is denoted by %i’,‘).

Definition 2.1.10. [106] Let f : R® — R be a convex function and x € R™. Then
g € R” is said to be the subgradient of the function f at x if

f(2) 2 f(x) +g"(z-x), VzeR"

The set of subgradients of f at x is called the subdifferential of f at x and denoted
of (x).
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Definition 2.1.11. [106] Let f : R® — R be a differentiable function. The
function denoted by V f(x) : R® — R is said to be the gradient of the function f
if -

_ [of(x) of(x)  Of(x)

Vi) = 0z, = Ozy ' Oz,

If f is continuously differentiable, the map x — V f(x) is continuous over R”,
then f is called a smooth function.
Next, given f : R® — R, if Vf is differentiable, we say that f is twice differ-

entiable, and we write the derivative of V f as

Ffx)  fx) . A
azf dr10z2 dx10zn
9fx) x| 83 (x)
v2f(x) _ azcz.aa:l Bzg (91:2.32“
fx) ) .. A
O0znOr1 Oznlza 8z2

The matrix V2f(x) is called the Hessian matrix of f at x, and is often also
denoted by H.

Definition 2.1.12. [106] Let f : R® — R be a convex function and x € R™. Then
g € R” is said to be the subgradient of the function f at x if

f(z) > f(x)+g'(z—x), VaeR",

The set of subgradients of f at x is called the subdifferential of f at x and denoted
of(x).

In optimization and mathematical analysis, critical points and stationary points
are essential for understanding the behavior of functions. The following definitions

offer clear mathematical descriptions of these points.

Definition 2.1.13. [106] A point x* € R" is called a critical point of a function
f:R* = Rif
Vf(x*) =0 or Vf(x*) does not exist.

A stationary point is a particular type of critical point where the gradient is
specifically zero. The following theorem provides the first-order necessary condition

for stationary points:
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Theorem 2.1.14 (First-order necessary condition). Let f : R® — R be a continu-

ously differentiable function. If x* is a stationary point of f, then

V") =0.

This distinction between critical and stationary points is crucial for character-

izing the behavior of a function and identifying potential optimization solutions.

Next, we introduce the order symbols O and o to discuss this property further
[105]. Let g be a real-valued function defined in some neighbourhood of 0 € R™,
with g(x) # 0if x # 0. Let f : S — R™ be defined in a domain S C R™ that

includes 0. Then, we write

e f(x) = 0O(g(x)) to mean that the quotient || f(x)||/|g(x)| is bounded near O;
that is, there exist numbers K > 0 and § > 0 such that if ||x|| < §, x € §,
then ||f(x)||/lg(x)] < K. The symbol O(g(x)) is used to represent a function

bounded by a scaled version of g in a neighbourhood of 0.

e f(x) =o0(g(x)) to mean that
7,

x—0,x€S |g(x)|

On the other hand, o(g(x)) represents a function that goes to zero faster than

g(x) in the sense that limy_,q ||o(g(x))||/|g(x)] = 0.

2.2 Statistical background

Next, we examine the statistical theories underlying our work, providing
insights into the methodologies that inform our analysis. A key concept in this
discussion is the probability space, which serves as a foundation for understanding
random processes and comprises three main components: the sample space, the set
of events, and the probability function. To clarify these components, we introduce

the following definitions and theories.

Definition 2.2.1. [107] A sample space 2 is the set of all possible outcomes from

an experiment. We denote £ as an element in €.
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Definition 2.2.2. [107] An event E is a subset of the sample space 2. The set
of all possible events is denoted as F. If F is closed under complements, countable

unions and contains the empty set @, then F is called a o-field (or o-algebra).

Definition 2.2.3. [107] A probability function is a function P : F — [0, 1] of an

event F to a real number in [0, 1].

Building on the foundational concepts, we now explore more advanced topics
in probability theory, including the idea of events occurring almost surely, the
definition and properties of random variables, and the mathematical expectations

associated with these variables.

Definition 2.2.4 (Almost Surely). [107] An event E in a probability space (Q2, F, P)
is said to hold almost surely (a.s.) if P(E) = 1.

This definition highlights the difference between events that are certain to
occur and those that are merely likely, a crucial aspect in probabilistic modeling.
A key development in probability theory is the introduction of random variables,

which link outcomes to numerical values.

Definition 2.2.5. [107] A random variable X is a function X : 2 — R that maps

an outcome £ € €2 to a number X (£) on the real line.

Random variables enable the modeling and analysis of randomness in numeri-
cal terms, making them essential tools in statistics. We now turn to the concept of
expectation, which is fundamental in understanding the average outcome of random

processes.

Definition 2.2.6. [107] The expectation (or expected value) of a random variable
X is defined as follows:

e For a discrete random variable X, the expectation is given by
E[X] = Z z - px(z),
zeX(R2)

where X () is the set of all possible values of X, and px(z) is probability

mass function of X.
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e For a continuous random variable X, the expectation is given by
BlX| = [ o fxl)ds
—00

where fx(z) is the probability density function of X.

In our thesis, the notation Ex|[-| refers to the expectation taken with respect
to the random variable X, while E[] denotes the expectation with respect to the
distribution of a stochastic process. The expectation of a random variable has
several important properties, which are outlined below. These properties apply to

both discrete and continuous random variables.

Theorem 2.2.7. [107] The expectation of a random variable X has the following

properties:

(E1) For any function g, E[g(X)] = > cx(q) 9(z)pX (z);

(E2) For any function g and h, E[g(X) + h(X)] = E[g(X)] + E[A(X)];

(E3) For any constant ¢, E[cX]| = cE[X];

(E4) For any constant ¢, E[X + ] = E[X] + ¢;

(E5) E[X] <E[Y]if X <Y (as.);

(E6) E[E[X]] = E[X].

Definition 2.2.8. [107] The conditional expectatibn of a random variable X given

Y =y, denoted as E[X|Y =y, is defined as follows:

1. For discrete random variables X and Y, the conditional expectation is given
by

EX|Y =yl= > z-px(zlY =y),
zeX ()

where px(z|Y = y) is the conditional probability mass function of X given
Y =y.
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2. For continuous random variables X and Y, the conditional expectation is

given by

o0

BXIY =)= [ o fx(olY =v)dz

—0C

where fx(z|Y = y) is the conditional probability density function of X given
Y =y.

Theorem 2.2.9. [110] Let X,Y, Z be random variables, a,b be a constant or a
deterministic function independent of Y, and g be a function. Assuming all the
following expectations exist, we have

(C1) E[alY] = q;

(C2) ElaX +bZ|Y] = aE[X|Y] + bE[Z|Y];

(C3) E[X|Y]>0if X > 0;

(C4) E[X|Y] =E[X] if X and Y are independent;

(C5) EE[X|Y]] = E[X];

(C6) E[Xg(Y)|Y] = g(Y)E[X]|Y]. In particular, E[g(Y)]Y] = g(Y);

(C7) E[X]Y,g(Y)] =E[X[Y].

Next, we state the definition of a supermartingale, and the proposition estab-

lishes the convergence of a nonnegative supermartingale.

Definition 2.2.10. [99]. Let {F%} be an increasing sequence of o-algebras. If
{X4} is a stochastic process satisfying (i) E [|Xk|] < oo, (ii) Xi € Fy for all k, and
(iii) E [Xgi1 | Fi] < Xj for all k, then {X;} is called a supermartingale.

Proposition 2.2.11. (Theorem 5.2.9 in [99]). If {Xx} is a nonnegative super-
martingale, then limg_,. Xy — X almost surely and E[X] < E [X)].

2.3 Support vector machine

Let us now discuss the support vector machine to deal with the binary classification

problem. We denote the training dataset is defined as D = {(x;,%;) € R™ x
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{1,-1}]i =1,2,3,...,m}. In the SVM model, our goal is to identify a separating
hyperplane represented by f(x) = w'x+b=0,w € R, b € R; with the objective
of maximizing the margin while minimizing the training error. The optimization

problem can be defined as

2
max —
wo [lw]

st. y(w'x;+b)>1, fori=1,...,m,
or

1
min §||w||2 (2.3.1)

w,b

s.t. yi(wai +b)>1, fori=1,...,m.

For linearly non-separable data, we introduce a non-negative variable called slack
variable §; to the objective function resulting in changing the primal problem (2.3.1)

into
I\ -
min §||W|| +C ;:1 &, (2.3.2)

st y(wix +b)>1-¢,

61'20, i=1,...,m,
where € = (£1,...,&m) ", and C > 0 is penalty parameter.

In the framework of machine learning, the concept of kernels plays an essential
role in enhancing the expressiveness and flexibility of algorithms, particularly in
the context of support vector machine (SVM) and related techniques. A kernel
can be viewed as a mathematical function that implicitly transforms data into a
higher-dimensional space, allowing algorithms to capture intricate patterns and

relationships that may not be discernible in the original feature space.

Definition 2.3.1. A function K : X x X — R is called a kernel over X, if

K(X, }’) = <¢(X), ¢(Y>>a

for any x,y € X and for some function ¢ from X to a higher dimensional feature

space.
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The following example gives kernel function commonly used in application.

Example 2.3.2. (Linear kernel) The linear kernel is the kernel K defined over
R™ as
K (X, Y) = XTY-

Example 2.3.3. (RBF kernel) For any constant ¢ > 0, a radial basis function
(RBF) kernel or Gaussian kernel is the kernel K defined over R™ as

x =yl
K(x,y) = exp(— ”T)

The SVM problem can be rephrased as an unconstrained optimization problem:

oL e . T
min S{wl’ +C Y L1 - s(w'xi +b)),

i=1

where C' > 0 is a constant parameter, and L denotes the loss function. The decision
function is determined by the sign of w'x+b. If this value is positive, x is classified
as belonging to class +1; otherwise, it is classified as belonging to class -1. The
essence of SVM lies in its loss function. Among the most popular and widely
recognized loss functions is the hinge loss function. The hinge loss function, denoted

as Lpinge : R = R, is defined as follows:

Lhinge (u) = (u)y,

where (u); = u if u > 0 and 0 otherwise. The hinge loss function is closely linked
to the shortest distance between sets, rendering the classifier sensitive to noise
and susceptible to instability during resampling. In response to these drawbacks,
Sharma [27] proposes the utilization of a pinball loss function for SVM classifica-
tion (Pin-SVM). This strategy introduces noise insensitivity by penalizing correctly
classified samples. The pinball loss function, denoted as L, : R — R, is defined as

follows:
U, u >0,
—-Tu, u<0,

where 7 > 0 is a hyperparameter (see Figure 1). However, the above formulation

achieves noise insensitivity at the expense of sparsity. This is because the pinball
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loss function’s sub-gradient is non-zero almost everywhere. To promote sparsity,
Sharma [27] further introduces an e-insensitive zone into Pin-SVM (referred to as
e-insensitive zone pinball SVM). In this setup, the sub-gradient of the loss function
becomes zero within the range [, €], thereby inducing sparsity in the model. The

definition of the pinball loss with an e-insensitive zone is as follows:

U — €, if u>e,
L (u) = S0, if —£<u<e,
—T(u+§), if u<—=£.

In this context, the parameters are ¢ > 0 and 7 > 0. However, in the formula-
tion of the e-insensitive zone pinball SVM, only one parameter, €, requires optimal
selection. In response to this limitation, Reshma [28] introduced the concept of e-
insensitive zone Pin-SVM, aiming to develop a generalized pinball loss SVM. This
approach enables the creation of an asymmetric insensitive zone by allowing vari-
ations in e. The generalized pinball loss function offers a broader scope compared
to other existing loss functions, addressing concerns related to noise sensitivity and
instability during resampling. Below is the provided definition of the generalized
pinball loss function:

Tl(u—%>, ifu>%,

Lya(w) =40, AR T
—Ty (u-l— j—i) AN © A7 Dty

where 71, 79, €1, €2 > 0 represent user-defined parameters.
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Figure 1 Unbounded loss functions with 7 =0.4, 4, =09, 7, = 0.4, ¢ = 0.2,
€1 = 0.4, and ¢, = 0.2.

It is evident that these loss functions exhibit convexity (refer to Figure 1),
a characteristic highly favored in numerous publications due to its computational
advantages. However, their convex nature also brings about a lack of robustness
to outliers, stemming from their unboundedness. This susceptibility can result
in the domination of outliers within the corresponding classifier. To address this
limitation, one approach is to enforce an upper bound on the loss functions, limiting
their escalation beyond a certain threshold. Consequently, the convex loss functions
transition into non-convex functions as a consequence of this constraint. In the
next section, we discuss some of the non-convex loss functions that are derived
from this approach. The first one is the truncated hinge loss function [29], denoted

as L, : R = R, defined as:

o

th(u) = gen(u) — hyn(u),
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with g (%) = Lpinge(u) and hy(u) = u if w > o and 0 otherwise (see Figure 2).

Nevertheless, it still exhibits the same susceptibility to noise issues as the orig-
inal hinge loss functions. To address this concern, the truncated pinball loss and
the asymmetric truncated pinball loss have been introduced. The truncated pinball

loss is defined as follows [30):

TQ, u < —a,
Ly(u) =14 —ru, —a<u<0,
u, u > 0,

where 0 < 7 < 1 and a > 0 is a given scalar parameter. The Figure 3 demonstrates
that the truncated pinball loss maintains a constant value for scores u less than
a. This indicates that similar penalties are assigned to most accurately classified
samples. Conversely, the asymmetrical truncated pinball loss function is defined as

follows [31]:

LZ},M (u) = Gip(u) — hep(u)
(

a1, U 2 o,
= U, 0<u<ay,
<| —Tu, —ag/T <u<0,
2, u< —ay/T,
with
gwp(u) = L (u) (2.3.3)
and
U — Qaq, U > aq,
hyp(u) = 0, —an/T <u< o, (2.3.4)

—Tu — g, U< —ay/T,

where the parameters are constrained as 0 < 7 < 1, a; > 0, and as > 0 (see
Figure 3). Unlike truncated pinball loss function, asymmetrical truncated pinball

loss function are bounded on both sides, which manage their robustness better.
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Figure 3 Truncated pinball loss and asymmetrical truncated pinball loss

and their decomposition functions with 7 = 0.4, o = 0.25, oy =

0.3, and oy = 0.1.

However, truncated pinball loss function still losses sparsity. Below is a defini-

tion of a more robust and efficient loss function:

(’7‘0[, u>a+ (1- "1,

(u — (1 — 7)e), (1-Te<u<a+(1—"),

—7e < u < (1—7)e,

—1=7)u+7Te), —a—Te<u<L -7,

\—(1—7’)(—04), u < —a— Te,
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where parameters 7 € (0,1), « > 0 (see Figure 4). The aforementioned loss function
is referred to as the asymmetric truncated e-insensitive pinball loss function [32].

The [*

gip exhibits independence from both boundaries of the function. However,

limitations arise when determining only a single e-insensitive zone, potentially re-
stricting its effectiveness in managing sparsity. On the other hand, Wang [33] obtain
the following truncated generalized pinball loss function:

La

— 1 €1,€2
top = Min{c, L

T1,72J?

where o > 0 and 7y, 73, €1, €2 > 0 are parameters (see Figure 4).

0.200 - 0.30 P
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Figure 4 Asymmetric truncated e-insensitive pinball loss and truncated
genei‘alized pinball loss function with 7 = 0.4, a = 0.25, € = 0.2,

1 =10.9, 7 =04, ¢, = 0.4, and ¢; = 0.2.

The truncated generalized pinball loss function can indeed be defined, and it
offers a more flexible e-insensitive zone. Unfortunately, a drawback is that the
boundaries on both sides of the function can only be determined by a single value,

thereby constraining the overall definition of the function’s boundaries.

Although the approach to creating bounded loss functions typically involves
using truncated functions, these have been developed to effectively handle outliers
through DC functions, which can be optimized using the DCA. However, these loss
functions often exhibit abrupt behavior. Once the loss reaches a certain truncated
threshold, it becomes constant rather than transitioning smoothly. Consequently,

the gradient of the loss function becomes zero when the function flattens out, posing
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Figure 5 Illustration of hinge loss, pinball loss, rescaled hinge loss, and

rescaled pinball loss.

challenges for first-order and second-order optimization techniques that rely on
gradient information. To address this issue, the rescaling technique is employed.
The rescaling technique [62,63] is particularly popular due to its simplicity, allowing
for the creation of smoothly scaled bounded functions while preserving the key
properties of the original loss function. This technique has been applied to hinge
loss, resulting in the development of the rescaled hinge loss in SVM (RH-SVM) [64]
to limit the original hinge loss. The first one is the rescaled hinge loss function [64],

denoted as L, : R — R, defined as:

)= (1 L)

0, u < 0,

(i-en(-3)). vz

where 7 is a constant that regulates the bound of the loss function, and A > 0 is a

scale parameter that modulates its magnitude (see Figure 5a).

Nevertheless, it still exhibits the same susceptibility to noise issues as the origi-
nal hinge loss functions. To address this concern, the rescaled pinball loss has been

introduced. The rescaled pinball loss is defined as follows [65]:

Lyp(u) =7 (1 — exp <_ LT/£U)>>
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n(l—exp (—%)), u <0,
n(l—exp(—%)), u > 0,

where 0 < 7 < 1 and 7 is a constant and A > 0 is a scale parameter (see Figure

5b).

Nevertheless, unconstrained minimization problems in SVM are not differen-
tiable due to the non-differentiable nature of the loss functions. Consequently,
several first-order and second-order optimization methods [57], which are effective
and grounded in solid theoretical foundations, may not be directly applicable to
such problems. To overcome the limitations of the hinge loss in SVM, the smooth
hinge loss in SVM (SH-SVM) was introduced [58]. Similarly, the smooth pinball
loss in SVM (SP-SVM) was proposed [59] to address the drawbacks of pinball
loss. Building on these advancements, the smooth generalized pinball loss in SVM
(SGP-SVM) was presented [60], offering a versatile framework that encompasses
both SH-SVM and SP-SVM. The smooth generalized pinball loss function [60] has

been proposed:

( 2

nlu=-) =3 Frnesy,

Ew-gr,  g<u<dtma
L (u, ) = 40, ™ =M S

2+ 20 WS U<

k—T2(u+§—§)—%22,u, us - mp,

where 71,73, €1,62 > 0 and u > 0. The Lg% (u, u) tent to L2 (u) as u — 07,
meaning it acts as an approximation of the generalized pinball loss (refer to Figure
6). Specifically, when 71 = 1 and 75 = ¢; = ¢ = 0, the SGP-SVM reduces to
SH-SVM. Similarly, SGP-SVM becomes SP-SVM when 71 = 1, 7y = 7, and ¢; =
€2 = 0. These smooth loss functions are continuous and differentiable, making the
corresponding unconstrained minimization problems in SVM differentiable as well,
thus allowing the direct application of first-order and second-order optimization

methods.
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Figure 6 A comparison between generalized pinball loss and smooth gen-
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2.4 DC algorithm

DC programming and DCA serve as the fundamental framework for non-
convex continuous programming [34-36]. In essence, a DC program can be repre-
sented as follows:

inf {g(x) — h(x)}, (Puw)

xER?

where g and h are lower semicontinuous proper convex functions on R™. A function
6(x) is considered polyhedral convex provided that it satisfies the expression:

0(x) = max {a’;:l“x —bi} + xa(x),vx € R*,
i€{1,2,...,m}

where a; e R*, b, € R, fori=1,2,...,m.

The function xq(x) denotes the indicator function of the non-empty convex
set {1 and is defined as follows: xg = 0 if x € 2 and +00 otherwise. A DC program
is termed a polyhedral DC program when either g or h is a polyhedral convex
function. A point x* satisfying the following generalized Kuhn-Tucker condition is

termed a critical point of (Py,):

Oh (x*) N g (x*) # 2,
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where Oh denotes the subgradient of the convex function h. It can be inferred that
if h is polyhedral convex, then such a critical point for (Py.) typically constitutes a

local solution. The necessary local optimality condition for (Py) is
Oh(x*) C 0g (x*) # .

This condition is also sufficient for many significant classes of DC programs, in-
cluding polyhedral DC programs. We utilize g*(y) = sup {x”y — g(x),x € R"} to
denote the conjugate function of g. The Fenchel-Rockafellar dual of (Py,.) is defined
as: '

inf {h*(y) —g"(¥)}. (Da)

yEeR”?
DCA is an iterative algorithm based on local optimality conditions and duality.
The idea of DCA is simple: at each iteration, one replaces the second component
h in the primal DC problem (P,,) by its affine minorization, h(x*) + (x — x*)Ty*,
to generate the convex program

min {g(x) — h(x*) — (x— x75*, y* € Oh(x")}, (2.4.1)

whose the solution set is dg* (y*).

Similarly, the second DC component ¢g* of the dual DC program (D) is
replaced by its affine minorization, g*(y*) + (y — y*)Tx**!, to obtain a convex
program whose the solution set is &h(x*). In practice, a simplified version of the
DCA is often utilized. This simplified scheme involves constructing two sequences,
{x*} and {y*}, where y* € Oh(x*). Subsequently, x**! is obtained as a solution to
the convex program (2.4.1). The simplified DCA scheme is outlined as follows:

Algorithm 1 DCA
Initialization: Choose an initial point x° € R™ and let k& = 0.

Repeat

1: Calculate y* € Oh(x*).
2: Solve convex program (2.4.1) to obtain x*+1.
3 Let k=Fk+1.

Until some stopping criterion is satisfied.
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2.5 First-order and second-order optimization methods

In this section, we address the following optimization problem:

min F(w) = E[f(w,8)], (2.5.1)

wER?
where f : R® x R? — R is a continuously differentiable and potentially nonconvex
function, § € R? denotes a random variable with distribution function P, and E[]

represents the expectation with respect to 6.

Frequently, the distribution function P may be unknown, making it impracti-
cal to directly optimize expectations over it. To overcome this challenge, we éan
approximate the expectation using a finite set of observed data points. Therefore,
the training set is represented as a collection of samples © = [6;,...,0y]|, where
9; € R? denotes the random variable in the ith sampling, and N denotes the num-
ber of data samples. It is assumed that © is independent of w. Consequently, a
Spgcial case of (2.5.1) that arises frequently in machine learning is the empirical

risk minimization problem,

Fw)i= = 3 f(w,6). (2.5.2)

The gradient of (2.5.2) at w is calculated as follows:

VF(w) = % Z Vf(w,6;).

Additionally, stochastic optimization methods are typically employed when dealing
with large datasets. At each iteration k, the stochastic optimization method defines
the function associated with the sample set & = [£k1,. . ., &km, ], Where § C © and

my, < N, as follows:

A

f(wka 'Sk) = mik Z f(Wngk,i)’

and ; denotes the random variable generated by the ith sampling in the kth
iteration. Subsequently, the stochastic gradient of f at w, given the samples &, is

defined by:

(Wi ) i= V(Wi ) = == 3 V(i ) (2.5.3)
i=1
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2.5.1 First-order methods

In first-order optimization methods, the gradient of the objective function with
respect to the parameters is used to guide the optimization process. To lay the
groundwork for understanding this class of methods, we begin by explaining the
concept of gradient descent (GD). In GD, the initial point is denoted by wy, and
the step size for each k" iteration is given by ;. Therefore, GD is used to update

w according to the following:

Zg1 = —OthF(Wk),

Wit1 = Wi + Zgy1.

The transition from traditional gradient descent (GD) to stochastic gradient
descent (SGD) marks a significant change in how model parameters are updated.
Unlike GD, which relies on the average gradient computed from the entire dataset,
SGD introduces an element of randomness into the optimization process. This is
accomplished by selecting random subsets of data for each iteration, which improves
the method’s efficiency, particularly when working with large datasets.

This indicates that, on average, the stochastic gradient provides a reliable
estimate of the gradient. Therefore, the stochastic gradient is used to update w

according to the following:

Zjy1 = —akg(Wk, fk),

Wit1 = Wi + Zgy1.

Although SGD is effective, it can encounter difficulties with ill-conditioned
problems [88].

2.5.2 Second-order methods

Recall that GD relies solely on first derivatives (gradients) to determine a
suitable search direction. However, this strategy is not always the most effective.
Utilizing higher derivatives can result in an iterative algorithm that performs better

than GD. In this regard, Newton’s method, also known as the Newton-Raphson
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method, incorporates first and second derivatives, often demonstrating superior
performance to GD, particularly when the initial point is close to the minimizer.
The essence of Newton’s method is to locally approximate the function F be-
ing minimized, at every iteration, by a quadratic function. This approximation uses
the minimizer of the quadratic function as the starting point for the next iteration.
For a twice continuously differentiable objective function ' : R® — R, we can use
the Taylor series expansion of F' around the current point w;, disregarding terms

of order three and higher. This results in the following quadratic approximation:
1 .
F(w) = F(w,) 4+ VFE(w;) (W — w;) + §(W —wy) TH, (W — wy). (2.5.4)

Here, w denotes the step vector at the point w;, and H; denotes the Hessian matrix

of F' at w;. Applying the first-order necessary condition to (2.5.4) yields:
0= VF(w;) + Hy(w — wy).
If H, . 0, then m; achieves a minimum at
w1 = w; — H IV F(wy). (2.5.5)

The vector —H; 'V F(w,) is called the Newton direction, and the algorithm induced
by the update formula (2.5.5) is called Newton’s method. If the objective function
is quadratic, then this approximation is exact, and the method identifies the true
minimizer in one step. However, a challenge with Newton’s method is need to
compute Hessian matrix in each iteration. For an n-dimensional problem, where
we have an objective function F' : R® — R, the computational complexity of
calculating Hessian matrix is generally O(n?). This can be prohibitively expensive
for large-scale problems. To address the previously mentioned issue, one approach is
to develop variations of the quasi-Newton method. The conventional deterministic

quasi-Newton method is characterized by

Zpy1 = —akBEIVF(Wk)’

Wkt1 = Wi + Zgi1,
where g, > 0 represents the step size, and B, approximates the Hessian matrix
V2F(wy). A widely used quasi-Newton method is the Broyden-Fletcher-Goldfarb-

Shanno (BFGS) method [89]. The BFGS method updates By, as follows:

Bysis, B T
By = By — kSkSk Dk | Yk

, 2.5.6
S;chkSk Y;;rsk ( )
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where s, = Wgi1 — W and y, = VF(wgi1) — VF(wy).

The primary adaptation of the BFGS method for stochastic settings involves
substituting the exact gradient VF(wy) with the stochastic gradient as defined
in (2.5.3). This substitution is the core concept of the stochastic BFGS method
(0BFGS). However, in stochastic settings, By may encounter near-singularity issues,
which can prevent the stochastic 0 BFGS method from ensuring a descent direction.
To address this issue, a regularized stochastic BFGS method (RES) [92] has been
proposed. To describe RES, we begin by modifying the matrix B, by introducing

a positive constant 6. RES provides an explicit form for By, given by:

Bsys, By n Yi¥e

Bii1 =B, —
+1 k T T
Sk Bisk Yy 8k

+ 41,

where sy, = Wy11—Wy, ¥ = 8(Wrt1, &) —8(Wk, &) — I8y, and assume that y|s;, > 0.
As aresult, if B, > 0 for each iteration k, implying that By > 0I. To mitigate the
near-singularity issues of By, it is necessary for the constant ¢ to be large. However,
increasing ¢ leads to the largest eigenvalue of B,;l approaching zero, which means
that updates must be made more slowly. To address this issue, a constant I is

introduced, and I'T is added to B;l, resulting in updated iterates wy given by:

Zi1 = —o(B " + TT)g(wy, &),

Wil = Wi 1 Zg41,

where ap, > 0 denotes the step size. On the other hand, since the o0BFGS method
has encountered considerable modifications to attain higher convergence. Conse-
quently, the Nesterov-accelerated stochastic quasi-Newton approach (0NAQ) [93]
was introduced to incorporate acceleration according to Nesterov’s technique [97).
Unlike the oBFGS method, the oNAQ approach uses a quadratic approximation at
the point wy, + pzy, where u represents the momentum coefficient. Therefore, the

oNAQ method determines a new iteration at the k-th step by using

Ziy1 = UZg — akBglg(wk + pzy, &),

Wil = Wi + Zgg1,

where By is updated by

Bisesi Br | Yi¥a

Biy1 =By - B =
S, DgSk Yy Sk

(2.5.7)
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with sy = Wip1 — (Wi + p2k), Y = 8(Wis1,6k) — (Wi + p2z, §) + Asg, Asy is
used to guarantee numerical stability, A > 0 and u € (0,1). Moreover, extensive
experiments revealed that oNAQ effectively accelerated performance within the
range of u € (0,1) while considerably decreasing both computational and memory
demands. Nonetheless, oNAQ presents notable limitations in certain scenarios.
Specifically, the parameter i, which is employed for acceleration, remains fixed and

is recalculated for each iteration, potentially leading to overshooting in the solution.

As a result, the regularized stochastic Nesterov’s accelerated quasi-Newton
method (RES-NAQ) [94] was introduced, merging the principles of RES with those
of oNAQ. This method incorporates an innovative momentum coeflicient that ad-‘
justs dynamically between a constant and zero, based on the observed values of
the objective function. According to the study discussed earlier, it was noted that
adjusting p when F(wy + pzg) < F(wy) at each iteration k is beneficial. Conse-

quently, the momentum coeflicient is defined as follows:

W, if F{wg + pzg) < F(wg),
(g = ( " §) < Fw) (2.5.8)
0, otherwise,

where p € (0,1). Thus, for every iteration k, we have

F(Wk + /,Lka) S F(Wk) (259)

Furthermore, regularized parameters are included to update the Hessian matrix
B, similarly to RES, to prevent near-singularity problems. Therefore, at iteration

k with the initial zg = 0, the proposed RES-NAQ method is updated by

Zgy1 = UkZx — ak(BEI + FI)g(Wk + prZy, fk),

Wil = Wi 1 Zgq1,

where oy > 0 is the step size and By is an approximate Hessian matrix updated by

Bisys; Bi n Yi¥a

Bs1 = By — + 41, (2.5.10)

T T
Sy, BiSk Y Sk

where s = W11 — (Wi +uxze) and y, = 8(Wi1, &) — 8(Wk + a2k, &) — 08, Eval-
uating the objective function with large datasets can be computationally expensive,

and addressing nonconvex optimization problems presents significant challenges.
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In nonconvex optimization problems, the positivity condition sly, > 0 for
the correction pairs might not always be satisfied, potentially resulting in a BFGS
matrix that is not positive definite. To address this challenge, the damped RES
method [96] was introduced to ensure the positive definiteness of the BFGS ma-
trix in nonconvex optimization problems. To begin with, the following stochastic
gradient difference ¥, is proposed to modify y,. Specifically, y, is modified to
Vi = OxYr + (1 — ¢5)(Bg +vI)sk — ds, where y, = g(Wi1, &) — 8(Wk, &) and ¢y,
is the damped parameter that satisfies

0.8s; (B + vI)sy, — ds; sk
b = ¢ St(Br+1D)sk — sy,

i’ otherwise,

, if s{yp <0.28] (B, + vI)sg + Os) s,

(2.5.11)

where v and § are positive constants such that 0.8y < §. Therefore, their proposed

Hessian approximation updating scheme

T o oT
Bisksy Be | Yi¥i

Bk+1 == Bk i + (5:[

spBiSk  Fisk
-2.6 Evaluation Metrics

In evaluating model performance, several key metrics are commonly used for quan-

titative assessment:

e Accuracy (ACC) represents the rate of correctly identified observations from

both classes. It is calculated as

TP+ TN
TP+ FN+ TN+ FP

e Matthews correlation coefficient (MCC) is a comprehensive measure for clas-
sification models. It is computed as
TP-TN—-FP-FN
V(TP + FP)(TP + FN)(TN + FP)(TN + FN)’

The MCC value ranges from -1 to 1, with 1 representing a perfect prediction,
0 indicating a random prediction, and -1 signifying complete disagreement

between predictions and actual observations.
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e Fl-score (F1) is another comprehensive metric for classification models, de-

fined as

2xTP
2xTP+ FP+FN’

The Fl-score ranges from 0 to 1, with 1 representing perfect precision and

recall, while 0 indicates the lowest performance.

In this context, TP and TN refer to true positives and true negatives, respec-
tively, while FN and FP denote false negatives and false positives. Higher values

of ACC, MCC, and F1-score indicate superior model performance.

2.7 Statistical Analysis

To justify the competitive perfbrmance of the experimental results, statistical anal-
ysis is employed. In this research, nonparametric statistics are considered. The
most well-known procedure for testing the differences between more than two re-
lated samples is the Friedman test, accompanied by post hoc analysis [47]. The
related samples in classification are the performances of the methods measured
across the same data sets. It considers that the null hypothesis being tested is that
all methods obtain similar results with nonsignificant differences. The Friedman

statistic is computed as follows:

12N k—l—l)

2 2

XF k?-f-]. ZR )
(N_l)XF

=

PTNE-1) -3

where R; = & >, r% and r} denotes the rank of the j™ algorithm on the 7" dataset
out of N datasets. Fr follows an F-distribution with degrees of freedom (k—1)(N —
1), where k is the number of methods and N is the number of datasets. If the null

hypothesis is rejected, a post hoc test can be conducted.

Moreover, the Nemenyi post hoc test is also employed and is computed using
the critical difference (CD) value, given by the formula:

k(k+ 1)

CD =q, EN
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where ¢, is the critical value for a chosen significance level (e.g., 0.05), k is the
number of groups being compared, and N is the total number of observations.
In summary, the Nemenyi test provides critical values to determine the critical
difference, which is used to assess the significance of pairwise differences between

groups.



CHAPTER III
SUPPORT VECTOR MACHINE WITH BOUNDED

GENERALIZED PINBALL LOSS

In this chapter, we will discuss the development of bounded loss functions
in SVMs related to generalized pinball loss. The chapter is divided into two sec-
tions: the first introduces the asymmetric truncated generalized pinball loss, which
provides a flexible two-sided bound for the loss and sparsity while minimizing the
impact of outliers. The second presents the smooth rescaled generalized pinball
loss function, which reduces the effect of outliers and is differentiable, enabling the

direct application of both first-order and second-order optimization techniques.

3.1 Robust support vector machine with asymmetric trun-

cated generalized pinball loss

Exploring the advantages of the asymmetric truncated e-insensitive pinball
loss function and the truncated generalized pinball loss function, we aim to craft
a versatile, bounded loss function. Our proposed loss function, the asymmetric

truncated generalized pinball loss function (L **), effectively incorporates both

tgp
loss functions. The Lg»** is given by
Lz?tglpia2 (u) = gtgp(u) — higp(u) (3.1.1)
(Ol1—€1, u > ay/m,
T1(u — e1/71), 61/T1§U§a1/T1,
=30, —€3/T Su < e/,
—mo(u+ €2/72), —an/Te <u< —€/Ty,
| o2 — €, u < —ag/7,
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with
71(u — €1/7), u > €1/m,
giap(u) =1 0, —6/T < u < €/, (3.1.2)
—Tz(u-l—Ez/Tz), u S —62/7'2,
and
Ti(u—oa/m), u>ao/m,
h‘tgp(u) =40, —(12/_’7'2 <u<L Oll/Tl, (313)

—n(u+ aa/m2), u< —ay/m,

where parameters 0 <73 <1,0< 7, <1and a; > € > 0,as > €3 > 0 (see Figure

L% is more flexible in selecting

15). From Figure 8, it can be seen that the L ;
bounds than the Lg .
0.40 . — 040 : \ T
T ket o] . i/ !
L 3 Y -- = hegplu) {
0.30 0.30 A i
\ i
0.25 0.25 1 \ h
g 0.201 % 0.20 \\ ! .,
0.15 015 y \\ ” ll
0.10 { oaad M \ 1 )
\ \ I
0.05 0.05 4 \ \ 1 1
0.00 0.00 \t— \ I__1
s —10 ~05 0.0 0.5 10 s -0 -05 0.0 05 10
u u

(a)

Figure 7 Asymmetric truncated generalized pinball loss and its decom-
position functions with n, = 0.9, m» = 0.4, oy = 0.7, a; = 0.45,

€1 = 04, and €y = 0.2.
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Figure 8 A comparison between truncated generalized pinball loss and
asymmetric truncated generalized pinball loss with =, = 0.9,

To =04, a = 0.25, oy = 0.7, oy = 0.45, ¢ = 0.4 and ¢, = 0.2.
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ton* loss function in handling

Figure 9 Effectiveness of the proposed L

noise and outliers while preserving sparsity.

Q1,02

tgp  inbo SVM, we introduce

Through the incorporation of the proposed L

a novel robust SVM formulation that utilizes the Lg;i;m loss. This formulation,
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denoted as ATGP-SVM, is presented as follows:

S ST - , T
min §||w|| +C ; Liy? (1 — ya(w ' x; + b)) (3.1.4)
Below are additional principal attributes of the L;,**(u) function:

Lalya2

top _(u) is a non-negative, asymmetric, bounded and non-

e The proposed
convex loss function that adheres to the inequality:

0 < L™ (u) < max{a; — €1, a3 — €6},

lim L U)=0x] — € lim L U) = Oy — €
§ tgp( ) 1 1, u tgp( ) 2 2)
and

Ligy " (u) # Ligp* (—u),

tgp tgp

when 7 # 7o, €1 # € and oy # ap. This indicates that Lg% (u) is less

sensitive to outliers than traditional losses such as hinge loss, pinball loss,
e-insensitive pinball loss and generalized pinball loss. Additionally, the asym-
metric feature enhances the model’s versatility and applicability to various

types of noise.

e In certain scenarios, it can be demonstrated that L;2** = L% when 7, =

tgp elp
7,79 = (1-7),6; = € = 7(1=7)e,n = Ta+7(1—7)e, a0 = (1—7)a+7(1—7)e

and Lyh*? = L

tgp tgp

al,o

2
tgp ercompasses

when oy = a+e€1, @y = a+€y. Moreover, L

and extends existing loss functions.

We will see that L&*? has a more flexible insensitive zone than L% since

tgp etp

the insensitive zone of Lg,

is defined by the values of ¢, €3, which are more independent and

is defined by a single value of ¢, while the insensitive

zone of Lfglp’az

ay,

top - has a more flexible

therefore can handle the sparsity problem better. And L
bound than L

tgp

ail,

since Ly,

*2 the boundaries of both sides of the function can be

determined independently by ay,as. This will be able to deal with outlier more

La1,a2

tgp _ Can appropriately control the amount of loss using

effectively. Furthermore,
71, while 7, can also adjust the loss and reduce the impact of noise, similar to L$'¢2.

In Figure 9, the gray tube represents the (e, €2)-insensitive zone, where the loss
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value is zero. This reduces the loss along the support line, which is not significant.

It also decreases computation time, as many components are zero, illustrating the

Q1,02

sparsity property of L,
boundary. The black solid line represents the classifier obtained by ATGP-SVM,

. The purple and brown areas represent the loss function

and the green solid line represents Bayes classifier. If data points are outside this
boundary, the loss values for these points are positive constants c; —€; and ay — €,
respectively. The flexibility in defining these bounds can help limit the influence of
both noise and outliers. Therefore, Figure 9 clearly demonstrates the effectiveness

of the proposed Lf‘;p""2 in addressing noise and outliers while preserving sparsity.

3.1.1 Sparsity

In this subsection, we show that ATGP-SVM preserves sparsity. For a train-
ing set {(x;,¥:)}™,, the optimality condition for (3.1.4) can be written as

w B 0,0
0€&- > LR (1 — yi(w'xi + b))y,
i=1

where 0 denotes the vector of which all the components equal zero, and the sub-

La11a2

top_ (u)-loss is as follows:

gradient of

,

0 u>a1/7'1
[0,71], u=a1/m,
T €1/ <u < ay/m,

[OaTl] U= 61/7—1’

OLgp™ (u) = < 0 —€3/To < u < €1/T1,
[—72,0] u=—eg/To,
—T —Qp/To < U < —€2/Ta,
[—72,0] u=—ay/T2,
0 U < —0g/Ts.

\

For given the training set {(x;,;)}™,, it does not contribute to the classification
hyperplane when 1 — y;(w'x; +b) > oy /71, —€3/72 < 1 — y;(W'x; +b) < e1/71 and
1 — yi(W'x; + b) < —aa/72. Therefore, the ATGP-SVM demonstrates sparsity to

some degree.
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3.1.2 DC algorithm for solving ATGP-SVM

By introducing the ATGP-SVM, it adeptly handles outliers and offers bound-
ary flexibility. It’s worth noting that defining the function boundary turns convex
loss functions into non-convex forms, posing an optimization challenge for ATGP-
SVM. However, Lfglp’”—loss lies in representing the difference of two convex func-
tions, allowing us to leverage the DC algorithm (DCA), known for its effectiveness
in non-convex optimization, particularly in large-scale settings. Therefore, we will
utilize DCA as a suitable method for optimizing ATGP-SVM . By employing DC
decomposition in the Lf;pa"’ -loss, ATGP-SVM can be formulated as a DC program-
ming problem:

min —1IW||2 + ngtgp — %i(W'x; + b))

=1
. >
~

convex

—Cthg,, — y(wTx; + b)) (3.1.5)

s

v
convex

with DC decomposition

Gw,b) = 2wl + O3 gisp(1 — 3w+ ) (3.1.6)

i=1

and

CZ higp(1 — yi(WTx; + b)). (3.1.7)

Evidently, both G(w,b) and H(w,b) exhibit convexity, with H(w,b) being
a polyhedral convex function. Therefore, problem (3.1.5) qualifies as a polyhedral
DC programming problem. As outlined in Section 2, the implementation of DCA
for problem (3.1.5) involves computing the sequence {x*,k = 1,2,...}, where x**!

is obtained by solving a series of quadratic programming problems:

1
(Wi, bes1)” = a,rgm1n—]|w||2

+cthg,, — y;(W'x; + b))

- CZ htgp — Y wk Xi + bk))]
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= Ol ((w, )" = (wi, b))

Te €0 hugp(1 — ta(Wix; + b))

i=1
it can be simplified as,
.. 2 - T T
mins|[w® + C;&- — Cvi (w, )7,
st. (1 —y(wixi+0) < (& +e)i=1,2,-,m,
_7-2(1 4 Z/z(WTX,L + b)) S (EZ + 62),’[: = 1, 2, cee TR,
£>0,i=1,2,---,m, (3.1.8)

where

Ve €0 hugp(l — Bi(Whx; + bi))

i=1

and the subgradient of Ay, is given by

c')htgp(ui,k) (319)
—T1yi(xiT, 1), Uk > CY1/7'1,

[0, —T1yi (%4 1)] , Uik = o /Ty,

Il

<0 —ag/Ty < Uk < /T,

[0, 7o (], 1)] U g = —Cia /T,

\T2yi(xz—'ra 1) Ui < —ay /7o,

where u;p = 1 — y;(Wix; + b),i = 1,2,--- ,m. Based on the preceding analysis,

the solution to ATGP-SVM can be outlined as follows:
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Algorithm 2 DCA for solving ATGP-SVM
Input: Training set T = {x;, 4}, ,X; € R". Let € > 0 be a small real number,

and I be the maximum number of iterations. Merge variables w and b into S.
Initialize By = (Wo, bo)” = (B1, B2, - -+, Bny1)’ and set k = 1.
1: Step 1: Using B4_1, calculate the subgradient of hg, from (3.1.9) and determine
V-
2: Step 2: Using v, calculate 5 by solving the quadratic programming problem
from (3.1.8).
3. Step 3: If |8, — Br_1| < € or k > I, then stop and x**! is the computed
solution. Otherwise, set K = k£ + 1 and return to Step 1.

Theorem 3.1.1. Algorithm 2 generates the sequence {x*} such that {G(x*) —
H(x*)} decreases monotonically, and after a finite number of iterations, the se-

quence {x*} converges to x*, which is a critical point of the DC programming

(3.1.5).

Proof. The initial statement directly follows from the convergence properties of
the general DC program. The feasible region of DC programming (3.1.5) can be
defined as a convex polyhedrai set. Furthermore, the function H(w, b) demonstrates
polyhedral convexity. Thus, DC programming (3.1.5) encompasses a DC polyhedral
program, ensuring that the sequences {x*} generated by Algorithm 2 converge to a
point x* after a finite number of iterations. Considering the convergence properties
of DC polyhedral programming, we infer that the limit point x* serves as a critical

point of DC programming (3.1.5). a

3.1.3 Complexity

In this section, we analyze the complexity of ATGP-SVM. Let n represent
the dimension of the feature for each data. To obtain the classifier, the inverse of
an (n+ 1) x (n + 1) matrix is computed during quadratic programming, resulting
in a complexity of O((n + 1)3) per iteration. Considering the maximum number of

iterations I, the overall complexity is O(I - (n + 1)3).
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3.1.4 Numerical experiments

Numerical experiments were conducted on various datasets to evaluate the
effectiveness of the proposed method. The experiments comprised two parts. Ini-
tially, experiments were performed on synthetic datasets, followed by the applica-
tion of the proposed method to benchmark UCI datasets, compared with baseline
methods. The experiments were executed on a MacBook Air equipped with an
Apple M1 chip, featuring an 8-core CPU (3.2GHz) and 8 GB of memory. Five-fold
cross-validation was employed for each dataset under consideration. In evaluating
the comparison of the proposed method with baseline methods, this study utilizes

ACC, MCC, and F1-score.
Additionally, we provide the Python code used in this study. Before running

the code, it is necessary to set up the required modules. Note that all the code
presented here is derived from the BaseEstimator class, which includes self in func-
tion inputs. If you plan to use the code, we recommend reviewing it carefully. The
Python code in this task was implemented using the following environment: pandas
1.3.2, numpy 1.20.3, matplotlib 3.5.3, scikit-learn 0.24.2, scipy 1.6.2, and cvxopt
1.3.0. The following Python code defines the class of loss functions in ATGP-SVM:

c¢lass ATGPIN: : _
def __init. (self,taui=0.1, tau2 =0.1, alphal=2, alpha2=3,
3 epsiloni = 0.1, épsilon2=‘0.1):

self . taul taul
s61f taud = tau? v
self . alphal = aiphai
self . alpha2 = alpha2
self .epsilonl = epsilonl,u
self.epsilon2 = epsilon?
def g(self,u, taul, tau2, epsilohi, epsilon2):
if epsilenl '/ ‘taul <= u;
return ‘taul * ( ﬁ ~(epsilonl/taui))
elif -epsilon2 / tau2 <= u <= epsilonl / taul:
returnyo , |
¢lif u <= <~epsilon2 / tau2;

return -tau2 * ( u +(epsilon2/tau2))

def ‘h(self ,u, taulj; tau2, -alphal, alpha2):




def

def

def

def
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if:alphal / ‘taul <= u;
return taul * ( u -(alphai/taul))
elif —alphaZ'/ tau2 <=-u <= .alphal/ taul:
return0
elif U <=  .-alpha2 / tau?:
return -tau2* (.n +(a1pha2/tau2))

sum._g (self,w, b, X, yi taul; tau2, epsilonil, epsilon2):
total. loss g =0
N = X:shape[0]
for i in range (N) :
u =1 - ((y[il * (np.dot (X[il, w))+b))
g.value = ATGPIN.g(self,u, taul, tau2, epsiloni,
3 epsilon2) ' v
total_loss_g += ghvélgé‘

return total loss.g

sum_h(self,w,b,X, y, taul, tau2, alphal, alpha2):
total_loss_ h = 0
N = X.shape[0]

for i in range(N):

u =1 = (y[i]l * (np.dot(X[i], w)+b))
h_value = ATGPIN.h(séli,u, taul:, tau2, alphal, alpha2)
total logs h += h value

return total_loss.h

subgradient_h(self,u, X, y, taul, tau2, alphal, alpha2):
value_to_add = 1
X1 = np.append (X, value_to_add)
p- = X1.shape [0]
if’u > alph#i / taul:
| return -taulk(y * X1) :
elif =(alpha2 / tau2) <= u and u: <= alphal/taul:
return np.zeros(p)
else:

return tau2*(y * X1)

sum_subgradient_h(self,w, b, %,y taul, tau2, alphai,
+ ‘alpha2):
total_sgh = np.Zeros(len(w)+1)
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50 N = X.shape [0]

57 for i in range(N):

1 - (ylil » ((X[1i] @ w )+b))

sl subgradient_h_value =

s ATGPIN.subgradient_h(self,u,X(il,y[i], taut,
<> tau2, alphal, alpha2) |

]

58 u

60 total_sgh += subgradient_h_value

61 return total sgh:

The following Python code implements the DC algorithm for solving ATGP-SVM

in this experiment:

class ATGP_SVM(BaseEstimator):

) def __init__(self, tau1=0.1, tau2 =0.1, epsiloml = 0.1,
<y epsilon2 = 0.1, alphal=2, alpha2=2, C=1,
=3 num_iterations=50):

3 self.C = C '

1 ‘ o gelf.taul = taul

5 self . tau? = tau?

6 self.epsiloﬁ1«= epsiloni

7 ’ _ self.epsilon2v=‘epsilon2

8 seif.alphal = alpﬁal

9 ' gself . alpha2 = alpha2

10 ! self .num_diterations = num_itefatioﬁs
11 self.w = None

12 gself.b = None

1 def fit(self, X, y):
15 m, n '=-X.,shape

16 Atheta =np.tnesing

17 ¥ = npizeros(n)

18 b = np.zeros (1)

19 for _ in range(self.num_iterations):

20 sum_subgradient_ h_ ATGPIN = Loss_funtions ,ATGPIN()
21 gamma = sum*subgradient_h_ATGPIN.sum,subgradient_h(w,

<» b, X, y, self.taul, self.tau2, self.alphai,
«3 self.alpha?2)

22 w
23 b

24 xi =vcp.Variable(m)

cp.Variable(n)
cp.Variable (1)
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objective = cp.Minimize ((0.5 * cp.,norm(w)*%2) + self.C

«y *%( cp.sum(xi)) - self.C *( cp.matmul(gammal[:-1],
« w)) - self . C * (gamma[-1] % b))

constraints =.(

xi >= (self.taul * (np.ones(m) - (np.diag(y) @ ((

X @ w ) 4b))))) - self .epsilonl,

xi »>= (=self .tau2 x (np.ones(m) - (np.diag(y) @

Sy (X e w o+ b))))) -self.epsilon2,

xi:># np.zeros(m)

]

problem = cp.Problem(objective, constraints)

problem.solve(solver=cp.ECOS, verbose=False)

W-= wi.value

b =
gelfiw =
self.b =

b.value

W

.br

return self.w, self.b

def predict(self; X):

# Compute the decision ‘function

decision

= np.dot (X, self.w)’+ self.Db

predictions = np.sign(decision)

predictions = np,where(predictioﬁs == 0, -1, predictions)

return predictions

def ‘score(self, X, y):

y_pred =

y._pred

[}

y_pred

accuracy

np.dot (X, self.w) + self.b
np.sigﬁ(y_pred)

np.where(y_pred == 0, -1, y_pred)
= (y_pred == y).mean()

return -accuracy

3.1.5 Experiments on synthetic datasets

We test our approach using a two-dimensional scenario where equal sam-

ples are drawn from two Gaussian distributions z;,7 € {i:y; = 1} ~ N (p1, 1)

and .’Ei,’l: S {’Lyzz

—1} ~ N (g, %), where yy = [0.5,=3]T, up = [-0.5,3]"
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and ¥, = X = [0.2 3;0 3]. We generated training data, each set consisting of
100 samples. In this experiment, the Bayes classifier is defined by the equation
f(z) = 2.52(1) — z(2), where z = [z(1),z(2)]" € R®. The Bayes classifier is il-
lustrated in Figure 10. To add complexity to the dataset, we introduced noise
to the training data. The labels were chosen from {—1,1} with equal probability
and the positions follow Gaussian distribution N(u,,¥,) with u, = [0,0]” and
¥n = [1 —0.8;—0.8 1]. We consider the ratio of noise data r, which can take values
of 0.00, 0.10, 0.15, and 0.20, to control the level of noise relative to the total number
of samples. A value of 0.00 indicates no noise data. The labels around the decision
boundaries are affected by the noise. The Bayes classifier remains unchanged. Fig-
ure 10 illustrates the outcomes achieved by Bayes and ATGP-SVM following each
iteration. The red dotted line represents the support line, the black solid line repre-
sents the classifier obtained by ATGP-SVM, and the green solid line represents the
Bayes classifier As depicted in Figure 10, a discernible trend of diminishing noise
influence emerges after each iteration. It is evident that ATGP-SVM demonstrates
insensitivity to noise along the decision boundary. Notably, ATGP-SVM exhibits
rapid convergence, as the classifier obtained after the tenth iteration closely resem-
bles the Bayes classifier. These findings suggest that ATGP-SVM is highly robust

to noise, achieving convergence within a few iterations.

Moreover, we also consider u, = [0,—20]7, which creates an outlier to com-
pare performance between ATGP-SVM and TGP-SVM in Table 1. We generate a
training set for each class of 200 (called DATA-I) and 400 (called DATA-II). We
consider the ratio of noise data r from 0.05 to 0.20. We fix the parameters as fol-
lows: 73 is 0.2 and 7 is 0.1, €; is 0.01, € is 0.015 for ATGP-SVM and TGP-SVM,
and « is 0.5 for TGP-SVM and «; is 0.5, and a5 is 0.02 for ATGP-SVM. From
Table 1, we can see that at a noise level of 0.05, TGP-SVM has better performance
than ATGP-SVM, but as the noise level increases, ATGP-SVM can perform better
than TGP-SVM in both cases. Additionally, we consider o; and ay from the set
{0.02,0.1,0.2,0.5}, which demonstrates the impact of o; and o on the accuracy of
ATGP-SVM for the synthetic dataset with outliers, as depicted in Figures 11 and
12. These figures illustrate that as the level of outliers increases, smaller values of
oy and oy should be used to reduce the effect of outliers, thereby improving the

model’s performance.
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Comparison of results obtained by Bayes classifier and

ATGP-SVM on synthetic data.
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Figure 10 Comparison of results obtained by Bayes classifier and ATGP-

SVM on synthetic data.
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Table 1 Comparison of ATGP-SVM andl TGP-SVM on synthetic

datasets with outliers.

Datasets Criteria ACC (%) MCC (%) Fy (%)
DATA-I r=0.05 ATGP-SVM 95.24 £+ 2.13 90.65 £ 4.01 95.07 + 2.59
TGP-SVM 95.71+ 2.78 91.59 + 5.33 95.50 & 3.13
r=0.10 ATGP-SVM 93.18 + 1.44 86.97 + 2.88 93.47 + 1.54
TGP-SVM 92.73 £ 1.70 86.17 £ 3.28 93.09 + 1.62
r=20.15 ATGP-SVM 90.87 + 1.63 82.37 + 2.92 91.50 £ 1.11
TGP-SVM 86.52 + 5.74 73.18 £ 12.04 87.16 £ 4.44
r=0.20 ATGP-SVM 88.75 £ 1.67 79.33 £+ 2.78 89.64 £+ 1.50
TGP-SVM 85.42 £ 4.37 71.74 £+ 8.74 86.22 +4.29
DATA-IL r=0.05 ATGP-SVM 95.00 £ 1.58 90.12 £ 3.15 95.07 & 1.70
TGP-SVM 95.24+ 1.68 90.60 + 3.34 95.38 + 1.71
r=0.10 ATGP-SVM 92,95 + 3.17 86.00 + 6.21 93.10 £+ 3.44
TGP-SVM 92.50 £ 3.71 85.14 & 7.26 92.68 + 3.98
r=20.15 ATGP-SVM 90.86 + 2.34 82.01 + 4.92 91.48 £ 2.09
TGP-SVM 89.35 £ 2.52 78.90 £ 5.43 89.92 + 2.67
r=0.20 ATGP-SVM 86.04 £ 3.27 73.22 £ 5.41 86.51 = 3.40
TGP-SVM 85.00 £ 3.70 71.13 £ 6.48 85.44 + 3.99

3.1.6 Experiments on UCI benchmark datasets

We conducted experiments on UCI benchmark datasets (Ionosphere [37],

Pima [38], Diabetes [39], Bupa [40], Sonar [41], Heart Failure Clinical Records [42],
Breast [43], Rice [44], WDBC [71], and NHANES [46]) under both noisy and noise-
less settings. In the noisy setting, the training datasets are affected by zero-mean
Gaussian noise with variances of 0.1 and 1.0. Additionally, we considered kernel
methods. Rather than having direct access to the feature vector data, support vec-
tor machines can utilize an approximate feature map. We evaluated both a linear
kernel and a nonlinear kernel (e.g., RBF kernel). To assess the effectiveness of the
proposed ATGP-SVM on the UCI datasets, we selected GP-SVM, TPin-SVM, and
CSVM as baseline methods. Furthermore, we measured the average computation
time for each method.

In this investigation, we conducted parameter optimization aiming to max-
imize accuracy through five-fold cross-validation on each dataset. Upon param-

eter selection, the optimal values were employed to scrutinize the experimental
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results. The precise optimal parameter values are outlined in the corresponding
experimental sections. We established the iteration parameters as ¢ = 10™* and

= 10. In all methods, parameter C is fixed at 1. In order to facilitate the cal-
culation, with oy = /5 we search a; from set {0.2,0.5,1,2,3} and 7,7y, 72 from
set {0.1,0.2,0.3,0.9} and €; from set {0.01,0.025,0.05,0.075,0.1} and €, from set
{0.002,0.005,0.01,0.015,0.02}. The optimal parameters are determined through
five-fold cross-validation to maximize accuracy (ACC). The optimal parameters for
the linear kernel in both noiseless and noisy cases are presented in Tables 2, 3,
and 4. The optimal parameters for the RBF kernel in noiseless and noisy cases are

shown in Tables 5, 6, and 7.

Table 2 The optimal parameters of ATGP-SVM, TPin-SVM and GP-

SVM on UCI data without noise using a linear kernel.

GP-SVM TPin-SVM ATGP-SVM
Datasets T1, T2, €1
T1, T2, €1, €2 T, k1, Qg
€2,07, 0y
0.1,0.1,0.075,0.02
Ionosphere 0.1,0.1,0.075,0.02 0.1,3,0.6
0.2,0.04
‘ 0.1,0.3,0.05,0.015
Pima 0.1,0.3,0.05,0.015 0.3,2,04
2,04
. 0.2,0.1,0.01,0.002
Diabetes 0.2,0.1,0.01,0.002 0.2,3,0.6
2,04
0.1,0.3,0.1,0.015
Bupa 0.1,0.3,0.1,0.015 0.3,2,04
2,04
0.1,0.2,0.1,0.01
Sonar 0.1,0.2,0.1,0.01 0.1,2,04
1,0.2
0.1,0.9,0.1,0.02
Heart Failure Clinical Records 0.1,0.9,0.1,0.075 0.1,2,04 Y
1,02
0.3,0.2,0.1,0.02
Breast 0.3,0.2,0.1,0.015 0.3,3,0.6
3,0.6
. 0.1,0.2,0.1,0.01
Rice 0.1,0.2,0.1,0.01 0.2,1,0.2
3,0.6
0.1,0.2,0.075, 0.002
WDBC 0.1,0.2,0.075,0.002 0.1,2,0.4 H ’
0.2,0.04
0.1,0.9,0.1,0.01
NHANES 0.1,0.9,0.1,0.015 0.1,3,0.6
2,04

Initially, we consider the noiseless case for the linear kernel in Table 8. It can

be observed that:
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Table 3 The optimal parameters of ATGP-SVM, TPin-SVM and GP-
SVM on UCI data with noise (¢ = 0.1) using a linear kernel.

GP-SVM TPin-SVM ATGP-SVM
Datasets T1, T2, €1, €2
T1, T2, €1, €2 T, 01, 0y
Qag, Qg
0.2,0.1,0.05,0.015
Ionosphere 0.2,0.1,0.075,0.015 0.3,2,04
1,0.2
0.3,0.1,0.075,0.015
Pima 0.3,0.1,0.075,0.015 0.1,2,0.4
0.5,0.1
0.1,0.1,0.01,0.005
Diabetes 0.1,0.1,0.01,0.005 0.9,2,0.4
0.2,0.04
0.1,0.9,0.1,0.002
Bupa 0.1,0.9,0.1,0.002 0.5,2,0.4
0.2,0.04
0.1,0.2,0.1,0.01
Sonar 0.1,0.2,0.1,0.01 0.1,2,04
1,0.2
0.1,0.9,0.1,0.02
Heart Failure Clinical Records 0.1,0.9,0.075,0.015 0.1,1,0.2 .
0.3,0.1,0.1,0.015
Breast 0.9,0.1,0.1,0.015 0.3,3,0.6
2,04
0.2,0.2,0.1,0.01
Rice 0.1,0.2,0.1,0.01 0.2,1,0.2
2,04
0.9,0.1,0.01, 0.002
WDBC 0.9,0.1,0.01,0.002 0.1,2,0.4
1,0.2
0.1,0.1,0.075,0.015
NHANES 0.1,0.9,0.1,0.015 0.1,3,0.6 306

e ATGP-SVM and GP-SVM frequently achieve the highest accuracy, MCC val-

ues, and F'1-Scores across datasets, demonstrating strong overall classification

performance.

e TPin-SVM shows slightly better accuracy for datasets such as ”Breast” and

”Rice.”

e CSVM outperforms in accuracy and MCC for datasets like "Heart Failure

Clinical Records.”

e CSVM is typically the fastest, requiring the least computational time across

datasets.

In summary, ATGP-SVM and GP-SVM excel in accuracy, MCC, and F1-
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Table 4 The optimal parameters of ATGP-SVM, TPin-SVM and GP-
SVM on UCI data with noise (¢? = 1.0) using a linear kernel.

GP-SVM TPin-SVM ATGP-SVM
Datasets T1, T2, €1, €2
T1, T2, €1, €2 7,01, Qn
Qay, g
0.3,0.1,0.075,0.015
Tonosphere 0.3,0.1,0.075,0.015 0.3,2,04
1,0.2
0.3,0.1,0.075,0.015
Pima 0.3,0.1,0.075,0.015 0.1,2,04
0.5,0.1
0.1,0.1,0.075,0.002
Diabetes 0.9,0.1,0.01,0.002 0.1,2,0.4
0.2,0.04
0.1,0.1,0.1,0.002
Bupa 0.1,0.1,0.1,0.002 0.1,2,0.4
0.2,0.04
0.1,0.2,0.01,0.002
Sonar 0.9,0.1,0.075,0.02 0.1,2,04
0.2,0.04
0.1,0.9,0.1,0.02
Heart Failure Clinical Records 0.1,0.9,0.075,0.015 0.1,1,0.2
2,04
0.3,0.3,0.1,0.02
Breast 0.9,0.1,0.1,0.015 0.1,2,0.4
2,0.4
0.2,0.2,0.1,0.01
Rice 0.1,0.2,0.1,0.01 0.2,1,0.2
2,04
0.9,0.2,0.1,0.02
WDBC 0.9,0.2,0.1,0.002 0.2,2,04
2,04
0.1,0.9,0.1,0.002
NHANES 0.1,0.9,0.1,0.01 0.1,3,0.6
0.2,0.04

Score, while TPin-SVM shows slightly better accuracy for some datasets, and
CSVM is preferred for time-sensitive tasks. The results for ATGP-SVM and GP-
SVM are similar, with the same optimal parameter values 7, 75, €1, and €y for
both methods, and ATGP-SVM’s parameters a; and as are notably large. This

suggests that the L **-loss tends to resemble the L2

tap 2_loss when a; and oy are

large. Both methods exhibit strong performance compared to other methods on
datasets without noise. Next, we consider the noisy cases, as detailed in Tables 9

and 10:

e An increase in noise variance (02) leads to a discernible reduction in ACC,

MCC, and F1-Score across all methodologies.

e ATGP-SVM consistently demonstrates superior performance across multiple
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Table 5 The optimal parameters of ATGP-SVM, TPin-SVM and GP-
SVM on UCI data without noise using RBF kernel.

GP-SVM TPin-SVM ATGP-SVM
Datasets T1, T2, €1
T1,T2; €1, €2 T, 01, Qg
€2, Oy, 09
0.9,0.2,0.1,0.02
Tonosphere 0.9,0.2,0.1,0.02 0.2,3,0.6
2,0.04
. 0.9,0.1,0.1,0.02
Pima 0.9,0.1,0.1,0.02 0.2,3,0.6
3,0.6
0.1,0.9,0.1,0.02
Diabetes 0.1,0.9,0.1,0.02 0.1,3,0.6
3,0.6
0.1,0.9,0.1,0.02
Bupa 0.1,0.9,0.1,0.02 0.1,3,0.6 :
3,0.6
0.1,0.9,0.1,0.02
Sonar 0.1,0.9,0.1,0.02 0.5,1,0.2
3,0.6
/ . 0.1,0.9,0.075,0.015
Heart Failure Clinical Records 0.1,0.9,0.075,0.015 0.3,2,04 . R
0.3,0.2,0.1,0.015
Breast 0.3,0.2,0.1,0.015 0.3,3,0.6
3,0.6
. 0.1,0.2,0.1,0.01
Rice 0.1,0.2,0.1,0.01 0.2,1,0.2
. 2,0.4
0.9,0.1,0.1,0.02
WDBC 0.9,0.1,0.1,0.02 0.1,3,0.6
3,0.6
0.1,0.9,0.1,0.02
NHANES 0.1,0.9,0.1,0.015 0.1,3,0.6 .
2,0.4

datasets and noise levels, maintaining high accuracy, MCC, and F1-Scores

even with increased noise variance.

e TPin-SVM also shows strong performance, particularly in datasets like Pima

and Diabetes, remaining competitive compared to other SVM variants.

e CSVM and GP-SVM exhibit higher sensitivity to noise levels, which is evi-
dent from the reduced performance measurements, possibly due to parameter

limitations.

e CSVM remains the fastest, requiring the least computational time across

datasets.

When comparing ATGP-SVM with all baseline methods, ATGP-SVM gener-
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Table 6 The optimal parameters of ATGP-SVM, TPin-SVM and GP-
SVM on UCI data with noise (¢ = 0.1) using RBF kernel.

GP-SVM TPin-SVM ATGP-SVM
Datasets T1, T2, €1, €2
T1, T2, €1, €2 T, 0, O
Qq, Qg
0.9,0.1,0.1,0.02
Tonosphere 0.9,0.2,0.1,0.02 0.2,3,0.6
2,04
0.9,0.1,0.1,0.02
Pima 0.9,0.2,0.1,0.02 0.2,3,0.6
3,0.6
0.1,0.9,0.1,0.02
Diabetes 0.1,0.9,0.1,0.02 0.1,3,0.6
1,0.2
0.1,0.9,0.1,0.015
Bupa 0.1,0.9,0.1,0.02 0.1,2,04
0.5,0.1
0.5,0.9,0.075,0.02
Sonar 0.1,0.9,0.075, 0.02 0.9,1,0.2
2,04
0.1,0.9,0.1,0.02
Heart Failure Clinical Records 0.1,0.9,0.075,0.075 0.3,2,0.4
0.2,0.04
0.3,0.2,0.1,0.015
Breast 0.3,0.2,0.1,0.015 0.3,3,0.6
0.5,0.1
0.1,0.9,0.1,0.01
Rice 0.1,0.5,0.1,0.01 0.3,2,0.4
1,0.2
0.1,0.9,0.1,0.02
NHANES 0.1,0.9,0.1,0.01 0.1,3,0.6 )
,0.2

ally outperforms the baseline methods, especially in scenarios with significant noise

interference. This further validates the effectiveness of the L

1,02
tap -l0ss. We then

consider the noiseless case for the RBF kernel, as shown in Table 11. It can be

observed that:

ticularly on datasets like Ionosphere and Pima.

highest accuracy and F1-Score.

Diabetes and Heart Failure Clinical Records.

ATGP-SVM and GP-SVM often achieve high accuracy and F1-Scores, par-

TPin-SVM shows strong performance in the Diabetes dataset, achieving the

CSVM excels in achieving the highest F'1-Scores in several datasets, including

CSVM generally has the shortest processing time across most datasets, mak-
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Table 7 The optimal parameters of ATGP-SVM, TPin-SVM and GP-
SVM on UCI data with noise (¢? = 1.0) using a RBF kernel.

GP-SVM TPin-SVM ATGP-SVM
Datasets T1, T2, €1, €2
T1, T2, €], €2 7,01, &9
Qp, Qg
0.9,0.1,0.1,0.015
Ionosphere 0.9,0.2,0.1,0.02 0.1,3,0.6
2,0.4
0.9,0.1,0.1,0.02
Pima 0.9,0.1,0.1,0.02 0.1,3,0.6
2,04
. 0.1,0.9,0.1,0.02
Diabetes 0.1,0.9,0.1,0.02 0.1,2,04
0.5,0.1
0.1,0.9,0.1,0.02
Bupa 0.1,0.9,0.1,0.02 0.1,2,0.4
0.2,0.04
0.5,0.9,0.075,0.02
Sonar 0.1,0.9,0.075,0.015 0.9,1,0.2
1,0.2
y 0.9,0.3,0.1,0.02
Heart Failure Clinical Records 0.9,0.2,0.1,0.1 0.2,2,04 2
,0.6
0.1,0.3,0.1,0.015
Breast 0.3,0.2,0.1,0.015 0.3,3,0.6
1,0.2
0.1,0.9,0.1,0.015
Rice 0.2,0.5,0.1,0.01 0.2,2,0.4
2,04
0.9,0.1,0.1,0.02
WDBC 0.9,0.1,0.1,0.02 0.1,2,04
2,0.4
0.1,0.5,0.1,0.01
NHANES 0.1,0.9,0.1,0.015 0.1,3,0.6
3,06

ing it the most efficient in terms of computation. GP-SVM also performs well

in terms of processing time on several datasets.

In summary, while ATGP-SVM and GP-SVM are competitive in accuracy and
F1-Scores, CSVM stands out for its efficiency and speed, similar to the noiseless
case for the linear kernel. Finally, we review the noisy case for the RBF kernel in

Tables 12 and 13. It can be observed that:
o ATGP-SVM frequently performs the best or is on par with other methods in
terms of accuracy and F1-Score across datasets and noise levels.

e TPin-SVM and GP-SVM generally show competitive results but do not con-
sistently outperform ATGP-SVM.
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e CSVM tends to have lower performance in terms of accuracy and F1-Score
compared to ATGP-SVM, TPin-SVM, and GP-SVM but often exhibits better

time efficiency.

Overall, ATGP-SVM frequently achieves the highest accuracy and F1-Score
across various datasets and noise conditions, while CSVM usually excels in compu-
tation time.

Based on the experimental outcomes, it is clear that ATGP-SVM performs
commendably even on datasets without noise and excels particularly well with
increased noise levels, outperforming other baseline methods in such scenarios.
ATGP-SVM’s flexibility to adjust parameters and the boundedness of its loss func-
tion contribute to its superior performance. Regarding time complexity, ATGP-
SVM and TPin-SVM take nearly ten times the computation time of GP-SVM and
CSVM due to the requirement of 10 iterations (I = 10), which involves calculating
the quadratic programming problem 10 times. In contrast, GP-SVM and CSVM
compute the quadratic programming problem only once. However, the number
of iterations can be reduced to lower computation time while maintaining model

performance under certain conditions.
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Table 8 Comparison of ATGP-SVM, TPin-SVM, GP-SVM and CSVM

on UCI data without noise using a linear kernel.

Dataset Criteria ACC (%) MCC (%) F, (%)  Time (Seconds)
Tonosphere (350 x 34) ATGP-SVM 86.34 + 7.44 70.19+9.01 88.80+7.02 0.3818
TPin-SVM  84.91 +6.94 65.67+5.65 87.811+6.84 0.3866
GP-SVM 86.34 +7.44 70.19+9.01 88.80+7.02 0.0364
CSVM 85.77+7.37 67.32+870 88.21+7.31 0.0181
Pima (768 x 8) ATGP-SVM 78.12+2.16 49.82+5.44 63.11+3.89 0.2577
TPin-SVM 77.73+3.63 49.15+8.65 63.67 % 5.77 0.2570
GP-SVM 78.12+2.16 49.82+5.44 63.11+3.89 0.2190
CSVM 77.34+324 4832+7.73 63.54+5.26 0.0153
Diabetes (1151 x 19) ATGP-SVM 78.08+5.31 49.16 £7.42 62.77 +3.96 0.2559
TPin-SVM 78.08 £4.22 49.08+£5.26 63.53 &+ 2.23 0.2487
GP-SVM  78.08+5.31 49.16 +7.42 62.77 + 3.96 0.0243
CSVM 7T7.67T+4.12 4820+4.89 63.25+ 1.57 0.0178
Bupa (345 x 7) ATGP-SVM 66.38 & 2.81 32.16 +4.87 55.94 + 3.25 0.1309
TPin-SVM 65.80 +2.69 31.59+2.06 53.20+2.18 0.1269
GP-SVM 66.38 +2.81 32.161+4.87 55.94 +3.25 0.0113
CSVM 65.22+2.90 3043+£1.77 51.16+3.37 0.0077
Sonar (208 x 60) ATGP-SVM 66.09+2.35 31.75+4.93 54.73+2.73 0.4468
TPin-SVM 67.25 +4.26 33.90+3.83 53.97+3.71 0.4336
GP-SVM  66.09+235 31.75+4.93 54.73+2.73 0.0419
CSVM 65.22+2.90 3043+£1.77 51.16£3.37 0.0210
Heart Failure Clinical Records (299 x 12) ATGP-SVM 79.93+6.06 53.10+9.88 63.354 8.88 0.4987
TPin-SVM  80.61 £5.61 5460798 66.69+ 5.86 0.4825
GP-SVM  79.934+6.06 53.10+9.88 63.35+8.88 0.0457
CSVM  80.62+6.26 54.6919.66 66.88 + 6.85 0.0242
Breast (116 x 9) ATGP-SVM 71.45+7.30 43.91 +15.25 70.77 +9.18 0.0785
TPin-SVM 72.32 £ 7.28 46.82+13.07 70.24 £ 10.04 0.0751
GP-SVM  71.45+7.30 43.91 +£15.25 70.77 +9.18 0.0069
CSVM 67.14+9.59 32.05+21.42 62.14+15.23 0.0050
Rice (3810 x 7) ATGP-SVM 92.89+0.96 8545+2.09 93.81+0.74 2.4929
TPin-SVM 93.07 £ 0.82 85.82+1.77 94.02 £ 0.65 2.0061
GP-SVM  92.89+0.96 85.45+2.09 93.81+0.74 0.2319
CSVM 92.97+0.61 85.65+1.34 93.85+0.52 0.1060
WDBC (569 x 30) ATGP-SVM 96.49+2.15 92.52+3.84 9531239 0.5001
TPin-SVM 9596 +£2.75 91.53 £5.17 94.88+2.71 0.5228
GP-SVM  96.49+2.15 9252+3.84 95.3142.39 0.0478
CSVM  97.01+1.31 93.41+2.21 95.91 +1.20 0.0298
NHANES (6287 x 7) ATGP-SVM 99.69+0.22 98.80+0.94 98.97 +0.83 1.2258
TPin-SVM  97.85+0.61 91.74 £2.69 92.96 + 2.36 0.5228
GP-SVM  99.69 + 0.22 98.80+0.94 98.97 + 0.83 0.1092
CSVM 99.52+ 043 98.09+1.84 98.37+1.59 0.0654




Table 9 Comparison of ATGP-SVM, TPin-SVM, GP-SVM and CSVM

on UCI data with noise using a linear kernel.

Dataset Criteria ACC (%) MCC (%) F (%) Time (Seconds)
Ionosphere o¢% = 0.1 ATGP-SVM 84.36 + 7.84 66.00 + 8.04 B87.74 + 7.16 0.3668
TPin-SVM  82.94 + 7.81 62.60 + 4.89 86.80 + 7.18 0.3765
GP-SVM 84.07 £+ 7.49 65.14 + 7.20 87.57 £ 6.95 0.0351
CSVM 81.79 &+ 9.22 58.86 + 13.37 85.38 + 8.82 0.0190
0?> =10 ATGP-SVM 76.08 + 11.30 46.89 + 17.98 81.40 + 10.05 0.3715
TPin-SVM  73.81 + 11.02 41.00 + 18.01  79.58 + 10.12 (0.3895
GP-SVM 75.52 & 11.57  45.66 + 17.95  80.92 £ 10.34 0.0344
CSVM 73.52 + 10.13  41.19 £ 17.38 78.99 + 9.87 0.0181
Pima 0*> =01 ATGP-SVM 177.34 & 2.68 48.48 &+ 6.37 64.24 + 4.68 0.2550
TPin-SVM  77.21 + 2.70 48.20 £ 6.42 63.98 + 4.56 0.2542
GP-SVM 77.08 &+ 3.28 47.64 £ 7.83 62.96+ 5.42 0.0240
CSVM 77.08 + 2.68 47.85 £ 6.38 63.56 + 4.46 0.0149
0 =10 ATGP-SVM 71.88 + 2.22 33.30 + 6.38 47.64 £ 7.19 0.2504
TPin-SVM  71.88 & 3.49 33.97 + 9.00 50.64 + 7.40 0.2437
GP-SVM 71.49+ 2.28 32.32 + 641 44.71 £ 5.04 0.0226
CSVM 71.36 + 3.17 32.48 + 8.47 49.26 & 7.26 0.0157
Diabetes 02 =0.1 ATGP-SVM 77.26 + 4.69 47.25+ 6.26 62.35+ 3.17 0.2535
TPin-SVM 77.261+ 4.83 47.25+ 6.68 62.56+ 3.28 0.2537
GP-SVM 76.71 + 4.22 45.63+ 4.84 60.25+ 2.17 0.0265
CSVM 77.12 + 4.56 47.01 £ 5.54 61.92+ 2.88 0.0199
o2 =1.0 ATGP-SVM 73.01 +4.12 36.56 + 4.18 52.99 + 3.01 0.2513
TPin-SVM  72.74 £ 434  36.67 + 4.87 53.13 + 4.22 0.2456
GP-SVM 72.88 £ 5.35 36.07 £+ 6.39 50.94+£ 5.00 0.0216
) CSVM 72.74+ 4.00 35.96+ 4.32 52.72 £+ 3.20 0.0240
Bupa o2 =0.1 ATGP-SVM 62.90 + 4.45 26.13+ 8.36 48.64 £ 6.50 0.1260
TPin-SVM  64.93 + 3.82 30.04 + 6.27 52.32 £+ 5.21 0.1199
GP-SVM 62.90+ 4.45 26.13+ 8.36 48.64+ 6.50 0.0110
CSVM 62.03+ 3.82 25.84+ 7.28 46.51 + 4.86 0.0075
o2 =10 ATGP-SVM  57.10+ 4.64 14.34+ 9.99 36.61 + 7.11 0.1216
TPin-SVM  57.97+ 3.43 15.82+ 4.09  34.97 + 10.63 0.1191
GP-SVM 57.10 £+ 4.64 1434 £ 9.99 36.61 + 7.11 0.0108
CSVM 55.36 + 5.61 10.59 £ 9.64 25.31 + 14.62 0.0074
Sonar o?=0.1 ATGP-SVM 57.68 + 2.66 15.63 £ 2.42 34.784 10.92 0.4517
TPin-SVM  57.10 + 3.62 14.60 + 4.50 31.80 £ 15.43 0.4406
GP-SVM 57.39 + 3.38 15.50 + 4.84 33.59 + 13.20 0.0437
CSVM 58,26 + 2.49 17.56 + 6.76 38.54 + 6.05 0.0286
o? =10 ATGP-SVM 56.81+ 8.57 7.80 + 9.56 17.10 + 21.20 0.4513
TPin-SVM 556.36 + 6.82 7.76 £ 6.64 27.30 + 12.61 0.4662
GP-SVM 54.49 + 6.46 3.98 £+ 5.27 20.03+ 17.71 0.0435
CSVM 54.20% 6.71 3.18 £ 6.14 19.93+ 17.70 0.0226
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Table 10 Comparison of ATGP-SVM, TPin-SVM, GP-SVM and CSVM

on UCI data with noise using a linear kernel (continued).

Dataset Criteria ACC (%) MCC (%) F (%) Time (Seconds)
Heart Failure Clinical Records o2 = 0.1 ATGP-SVM 79.94 £ 536 52.32 & 10.58 65.40%+ 9.65 0.1585
TPin-SVM  79.28 +4.24 50.87 & 5.89  64.76 4+ 4.76 0.1443
GP-SVM  80.28 + 5.27 52.62 + 7.79 65.09 & 5.70 0.0133
CSVM 7894+ 539 49.60 &+ 7.33  63.18 £ 5.25 0.0079
72 = 1.0 ATGP-SVM 76.95+ 6.03 43.42 + 13.75 57.89 &+ 11.90 0.1495
TPin-SVM 7492 + 460 39.38 £ 8.02 55.79+ 6.51 0.1391
GP-SVM  76.60 + 4.14  40.90 + 9.76  54.66+ 10.19 0.0129
CSVM 75.944 5.05 39.91 £+ 10.51  55.164 10.32 0.0082
Breast o2 = 0.1 ATGP-SVM 69.78 + 7.91 38.46 + 20.34 64.67 + 18.42 0.0790
TPin-SVM 69.78 + 7.91 3533 + 22.66 60.92 &+ 22.18 0.0758
GP-SVM  69.78 + 7.91 37.96 + 18.53 63.58 £ 17.39 0.0067
CSVM 68.08 + 7.14 31.88 £+ 20.83 59.36 £+ 21.13 0.0052
02 = 1.0 ATGP-SVM 61.27+ 8.77 23.24 + 18.41 53.50 £+ 15.81 0.0765
TPin-SVM  59.57 £ 10.07 14.71 + 21.08 48.04 £ 17.39 0.0737
GP-SVM  61.23 £ 593 22.89 & 15.04 54.39+ 14.28 0.0066
CSVM 59.49+ 5.78 20.00 £+ 13.68  51.05% 13.05 0.0048
Rice 0? = 0.1 ATGP-SVM 91.81 + 0.60 83.28 & 1.31 92.87+ 0.56 1.8641
TPin-SVM 91.81 + 0.66 83.33 + 1.48 92.80 £ 0.52 1.8221
GP-SVM  91.68 £+ 0.79 83.02 + 1.70 92.75 = 0.69 0.2122
CSVM 91.63 £0.84 8293+ 1.78 92.69 &+ 0.77 0.1034
72 = 1.0 ATGP-SVM 86.46+ 1.42 72.24 + 3.06 88.34 + 1.20 1.8013
TPin-SVM  86.09 + 1.37  71.60% 2.82 87.87+ 1.28 1.8020
GP-SVM  86.35 + 143 72.05 £ 3.05 88.184+ 1.23 0.2062
CSVM 86.404+ 1.40  72.16 + 3.03 88.21+ 1.18 0.0993
WDBC 0?2 =0.1 ATGP-SVM 9491 + 3.06 89.00 + 5.38  93.34 + 2.07 0.4987
TPin-SVM  94.38 & 3.07 87.83 £ 5.49 92.44+ 2.80 0.5413
GP-SVM  05.08 £ 3.45 89.46 + 6.70 93.68 + 3.51 0.0492
CSVM  95.26 + 2.39 89.75 £ 4.50 93.56 + 2.64 0.0326
0% =1.0 ATGP-SVM 90.86 + 4.62 80.67 + 6.90 87.46 + 3.45 0.4534
TPin-SVM  90.51 £+ 4.88  80.00 + 7.38 86.95 + 3.94 0.4532
GP-SVM  90.69+ 452 80.27 £ 6.44  87.17 £ 2.94 0.0436
CSVM 89.10 & 2.83  76.63% 5.46 84.51 + 4.79 0.0277
NHANES 02 =0.1 ATGP-SVM 9434+ 1.19 78.02 +5.19  80.91 + 4.48 0.9473
TPin-SVM 9434 + 1.29  78.00% 5.01 80.85 + 4.35 0.8948
GP-SVM 9416 + 143 78.02 £ 5.52 81.24+ 4.76 0.0979
CSVM 94,344+ 1.17 78.20 £ 4.78 81.30+ 4.07 0.0550
0% = 1.0 ATGP-SVM 87.05 + 1.79 45.96 + 4.45 51.92 + 3.73 0.9425
TPin-SVM 86.65 £ 1.52 38.26 + 3.74  37.12 + 5.24 0.9336
GP-SVM  87.01 £ 1.76 45.80 £4.21 51.82 £ 3.62 0.0033
CSVM 86.92+ 1.30 40.54 £ 1.90  41.22 &+ 3.60 0.0452




on UCI data without noise using a RBF kernel.
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Table 11 Comparison of ATGP-SVM, TPin-SVM, GP-SVM and CSVM

Dataset Criteria ACC (%) MCC (%) F (%) Time (Seconds)
Ionosphere (350 x 34) ATGP-SVM 90.04 +2.35 79.00+3.82 92.65+1.93 0.4342
TPin-SVM  89.75+2.94  78.44+3.87 92.45 £1.99 0.4555
GP-SVM 90.04 +£2.35 79.00+3.82 92.65+1.93 0.0458
CSVM 89.47+289 77.881+4.95 92.26 = 2.30 0.0245
Pima (768 x 8) ATGP-SVM 74.87+2.32 41.97+2.57 53.77+4.91 0.4443
TPin-SVM 7448 +2.46 41.02+3.15 52.94+5.38 0.4697
GP-SVM  74.87+2.32 41.97+2.,57 53.77+£491 0.0410
CSVM 74.74+2.44  41.69+3.00 54.33 +4.70 0.0278
Diabetes (299 x 12) ATGP-SVM 73.70+£1.82  39.57+1.84 56.87 + 2.29 0.3372
TPin-SVM 80.61 +5.61 54.60+7.98 66.69+5.86 0.4825
GP-SVM  T73.70+1.82 39.57+1.84 56.87 £ 2.29 0.0301
CSVM 72.27+296  34.60£2.70 46.09 &+ 3.74 0.0163
Bupa (345 x 5) ATGP-SVM 61.74 + 3.73 19.82+7.33 49.82 + 4.86 0.1618
TPin-SVM  58.84 + 5.62 6.44 £ 9.14 12.06 £ 14.77 0.1590
GP-SVM 61.74 £ 3.73 19.82+7.33 49.82 + 4.86 0.0144
CSVM 57.97 £4.58 4931+ 7.39 16.30 £ 18.45 0.0094
Sonar (208 x 60) ATGP-SVM 57.22 £ 7.11 13.47+15.51 51.22 £+ 10.05 0.5362
TPin-SVM 5528 +7.96 10.75+15.49  47.781+9.84 0.4843
GP-SVM 57.22 + 7.11 13.47+15.51 51.22+ 10.85 0.0565
CSVM 53.09+£6.19 6.74 £ 12.69 47.62 + 6.64 0.0241
Heart Failure Clinical Records (299 x 12) ATGP-SVM 79.93+6.06 53.101+9.88  63.35+ 8.88 0.4987
TPin-SVM  80.61 £5.61 54.60+7.98 66.69 + 5.86 0.4825
GP-SVM  79.93+6.06  53.10+9.88 63.35 + 8.88 0.0457
CSVM 80.62+ 6.26 54.69 £ 9.66 66.88+6.85 0.0242
Breast (116 x 9) ATGP-SVM 57.72 + 3.64 17.35 £+ 10.06 45.72 + 10.55 0.0850
TPin-SVM  56.85 +4.29 12.07+16.96 45.10+16.18 0.0803
GP-SVM  57.72+ 3.64 17.35+ 10.06 45.72+ 10.55 0.0078
CSVM 56.01+2.04 9.72+13.40 44.90+14.89 0.0060
Rice (3810 x 7) ATGP-SVM 92.76 + 0.72 85.19 + 1.59 93.68 £ 0.54 3.1768
TPin-SVM  92.28+0.91 8442+1.85  93.13:+0.76 2.9074
GP-SVM  92.76+ 0.72 85.19+ 1.59 93.68+ 0.54 0.3055
CSVM 92.62+0.70 84.97+149  93.52+0.63 0.1330
WDBC (569 x 30) ATGP-SVM 96.13+0.71  91.81 +1.27 94.67 £ 0.77 0.5891
TPin-SVM  96.13+0.71  91.81 £1.30 94.64 + 0.75 0.5753
GP-SVM  96.13+0.71  91.81 +£1.27 94.67 £ 0.77 0.0619
CSVM 96.48+ 0.57 92.563 £+ 1.01 95.20 £ 0.51 0.0375
NHANES (6287 x 7) ATGP-SVM 96.93 + 0.28 88.37 £ 1.38 90.11 + 1.33 2.7089
TPin-SVM  88.634+2.79 50.20£10.16 46.88+12.73 ‘2.3376
GP-SVM  96.93+ 0.28 88.384+ 1.59 90.10x 1.53 0.2962
CSVM 94.03 £ 0.62  76.16 + 3.42 78.94 & 3.48 0.1736




62

Table 12 Comparison of ATGP-SVM, TPin-SVM, GP-SVM and CSVM
on UCI data with noise using a RBF kernel.

Dataset Criteria ACC (%) MCC (%) Fi (%) Time (Seconds)
Ionosphere ¢? = 0.1 ATGP-SVM 88.34 + 4.99 7529 +£ 1030 91.34 + 3.80 0.4189
TPin-SVM 88.33 £ 4.67 75.32 £ 9.51 91.33 £+ 3.60 0.4314
GP-SVM 88.05 + 5.09 74.74 + 10.43 91.14 £+ 3.91 0.0459
CSVM 87.77 + 4.59 73.91 £ 9.21 90.91 £+ 3.60 0.0214
c? =10 ATGP-SVM 78.66 + 5.80 53.60 + 11.04 84.78 & 4.35 0.4146
TPin-SVM  73.81 4+ 11.02  41.00 & 18.01  79.58 + 10.12 0.4180
GP-SVM 75.62 4 11.57 45.66 + 17.95 80.92 + 10.34 0.0461
CSVM 73.52 £ 10.13  41.19 £ 17.38 78.99 &+ 9.87 0.0224
Pima 0? =01 ATGP-SVM 74.73 £ 2.72 41.50 £ 6.63 52.39 + 4.87 0.4390
TPin-SVM 74.08 £ 2.72 39.72 £ 6.79 50.09 £ 4.89 0.4377
GP-SVM 74.60 £+ 2.48 41.12 + 6.05 52,23+ 4.64 0.0393
CSVM 74.87 + 2.17 41.74 £ 5.12 53.07 + 4.73 0.0243
0?2 =10 ATGP-SVM 70.44 + 3.84 28.60 + 10.14 38.29 + 8.09 0.4131
TPin-SVM 70.05 + 3.83 27.50 £ 9.49 36.26 + 8.28 0.4110
GP-SVM 70.05 &+ 3.69 27.44 £ 9.92 37.62 £ 8.08 0.0360
CSVM 70.05 + 3.69 27.44 4 9.92 37.62 + 8.08 0.0247
Diabetes ¢%2 =0.1 ATGP-SVM 73.57 + 2.48 38.94 + 8.09 55.05 + 6.08 0.3309
TPin-SVM 70.97 £ 2.45 31.31 + 4.54 40.87 = 4.07 0.4377
GP-SVM 73.57 + 2.48 38.94 + 8.09 55.05 + 6.08 0.0297
CSVM 71.49 + 1.75 32.59 + 4.57 42.75 + 3.34 0.0166
o2 =10 ATGP-SVM 69.92 + 1.74 29.42 + 6.98 44.32 £+ 3.17 0.3132
TPin-SVM 68.49 + 3.60 23.97 £ 5.09 25.94 & 5.72 0.2923
GP-SVM 69.92 + 1.74 29.42 + 6.98 44.32 + 3.17 0.0289
CSVM 65.50 £ 4.27 5.68 £+ 8.73 6.59 £ 8.75 0.0192
Bupa 0?2 =01 ATGP-SVM 57.68 & 8.52 11.41 + 17.90 43.01 + 10.80 0.1618
TPin-SVM 55.65 + 6.12 4.59 4+ 9.41 2247 £+ 16.61 0.1592
GP-SVM 57.39+ 8.07 10.80+ 16.98 42.80 + 10.28 0.0142
CSVM 56.23 £ 6.70 1.67 + 9.67 10.15 + 12.89 0.0096
0? =10 ATGP-SVM 56.52 + 7.04 9.08 X 15.75 39.56 + 8.44 0.1571
TPin-SVM  54.49 + 10.31 3.29 £+ 23.13 27.80 £+ 14.06 0.1543
GP-SVM 56.52 + 7.04 9.08 £ 15.75 39.56 + 8.44 0.0141
CSVM 55.36 + 7.58 3.60 + 14.61 24.71 £ 15.44 0.0096
Sonar o? =0.1 ATGP-SVM 55.30 + 10.90 10.90 + 8.29 48.88 + 6.79 0.4998
TPin-SVM 52.94 £+ 5.58 5.45 + 11.32 43.75 + 5.47 0.4913
GP-SVM 52.92 + 6.35 7.09 &+ 10.08 41.61 + 7.81 0.0491
CSVM 53.88 £ 4.30 8.14 + 8.24 48.69 + 4.04 0.0274
o =10 ATGP-SVM 53.374+ 857 9.25 &+ 18.75 46.84 &+ 10.30 0.4940
TPin-SVM 52.87 + 5.70 8.47 & 13.96 51.22 + 9.45 0.5170
GP-SVM 50.49+ 7.58 3.11+ 13.63 36.59 + 14.94 0.0468
CSVM 51.46 + 6.98 5.49 £+ 15.97 46.41 £+ 10.16 0.0344
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Table 13 Comparison of ATGP-SVM, TPin-SVM, GP-SVM and CSVM

on UCI data with noise using a RBF kernel (continued).

Dataset Criteria ACC (%) MCC (%) F (%) Time (Seconds)
Heart Failure Clinical Records 02 = 0.1 ATGP-SVM  76.26 4 4.10 42.99 + 8.69 59.48 + 7.91 0.4511
TPin-SVM  75.59 + 4.28 38.66 £ 7.43 47.88 = 7.10 0.4377
GP-SVM 7291 £ 5.61 30.28 4 5.08  36.60+ 6.52 0.0372
CSVM 76.59 + 4.95 4144 +6.06 52.38 +7.26 0.0189
0? = 1.0 ATGP-SVM 71.25 + 10.04 26.17 + 16.01 25.00 & 18.08 0.4289
TPin-SVM  70.58 + 9.02  25.53 + 0.88 24.41 + 13.87 0.4165
GP-SVM  70.58 £ 9.02 25.20 &+ 10.69 26.75 £+ 13.23 0.0386
CSVM 70.91 £ 9.38 26.42 £+ 12.72 29.65 + 13.53 0.0192
Breast 02 = 0.1 ATGP-SVM 54.20+ 8.92 9.10 + 22.60 39.66 + 14.69 0.0857
TPin-SVM  54.20 £ 13.05 7.62 £+ 31.92 44.47 + 17.94 0.0819
GP-SVM  53.30 + 13.62 7.19 &+ 29.26  38.86+ 18.32 0.0075
CSVM 53.30 + 14.95 3.25 £ 32.75  43.50 £ 18.55 0.0060
c? = 1.0 ATGP-SVM 52.57 £ 2.86 5.37 &= 7.50 38.87 + 7.64 0.0835
TPin-SVM  50.83 + 466 4.23 4 11.29  32.69 + 7.23 0.0784
GP-SVM  49.09 + 6.06 3.53 £9.66 15.58 + 14.52 0.0078
CSVM 50.00 &+ 4.35 2.17 + 10.93 28.48 + 10.05 0.0060
Rice 02 =0.1 ATGP-SVM 91.84 + 1.00 83.33 + 2.10 92.89 + 0.82 2.8116
TPin-SVM  91.31 £ 1.02 8247 + 2.02  92.26 £ 0.87 2.3788
GP-SVM  91.78 £ 0.94 83.22 4+ 2.00 92.85% 0.77 0.2742
CSVM 91.31+£ 0.70 8233 £ 1.49  92.40+ 0.54 0.1198
o? = 1.0 ATGP-SVM 85.14 + 0.99 69.66 + 2.27 87.05 + 0.74 2.8194
TPin-SVM  84.62 +£ 1.12 68.81 +£ 2.562  86.38 £ 0.79 2.3411
GP-SVM 8417+ 0.71 67.89 + 1.87  85.99 + 0.30 0.2119
CSVM 84.62 £ 090 68.62 + 2.02 86.54 + 0.70 0.1359
WDBC 02 = 0.1 ATGP-SVM 95.96 + 1.06 91.30 + 2.43 94.34 + 1.69 0.5773
TPin-SVM  95.78 £ 1.03  90.94+ 2.36  94.09 + 1.63 0.5669
GP-SVM  95.96 + 1.06 91.30 + 2.43 94.34+ 1.69 0.0539
CSVM 95.43+ 1.43  90.18 +£3.04  93.68+ 1.88 0.0488
02 =10 ATGP-SVM 89.28 £ 2.78 76.84 &+ 5,99  84.45 + 4.23 0.6149
TPin-SVM  89.46 £ 2.65 77.23 £ 5.70 84.74 + 4.06 0.6231
GP-SVM  89.28 £ 255 76.82 £ 5.59 84.50 £ 4.03 0.05694
CSVM 90.16 + 1.94 78.81 + 4.02 86.04 £+ 3.10 0.0339
NHANES 0% =0.1 ATGP-SVM 93.15 + 0.69 73.96 + 1.88 77.88 + 2.06 2.6348
TPin-SVM  86.08 +£ 2.34  32.68+ 8.57 2541 £+ 9.13 2.4375
GP-SVM  93.06 +£ 0.89  73.78 + 1.82 77.74+ 1.78 0.2694
CSVM 91.09+ 0.72  62.82 +£ 4.28  65.72+ 4.61 0.1726
0? = 1.0 ATGP-SVM 85.43 + 0.76  39.55 + 4.50  46.94 + 4.18 2.4095
TPin-SVM  84.55 £ 1.91 15.26 £+ 7.96 8.60 i.4.97 2.3494
GP-SVM  85.51 + 0.90 39.89 X 3.67 47.18 + 3.36 0.2119
CSVM 84.59 + 1.96  16.00 4 8.60 9.63 + 5.69 0.2177
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3.1.7 STATISTICAL ANALYSIS

We will utilize the ACC, MCC, and F;j-score for linear kernel case from Tables
20 and 21 and RBF kernel case from Tables 26 and 27. In the case of the linear
kernel, assuming the null hypothesis where all methods are considered equivalent,

the computation of the Friedman statistic for accuracy (ACC) is as follows:

,  12x30
X4t D)
2
x | (170 + 2.6 + 246> + 3.20%) — = 25
~ 19.77,
~ 1) x 19.
Fp = 30D X197 o0

T 30x (4—1)—19.77
For Matthews Correlation Coefficient (MCC), the Friedman statistic is com-

puted as follows:

2 12x30
X 1)
2
x [(1.78% + 2.70% + 2.45% + 3.06%) — 2 %/3
~ 14.85,
30 — 1) x 14.85
Fr ( ) x ~ 5.73.

T30 (4—1) - 14.85

Similarly, for the Fj-score, the Friedman statistic is computed as:

,  12x30
X X (4+1)
2
x | (2.08% +2.607 + 2.45% 4+ 2.862) — T2
~ 4.83,
~1)x 48
Fpo 301 x48 o

T 30x (4—1)—4.83
For the RBF kernel, assuming the null hypothesis where all methods are con-

sidered equivalent, the computation of the Friedman statistic for Accuracy (ACC)

is as follows:

12 x 30

2:—
X A+ 1)
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4 x 52

x |(1.57% + 3.08 + 2.43% + 2.92%) —

~ 24.87,

(30 — 1) x 24.87

Fr = = 11.08.
F™30x (4—1) — 24.87

For Matthews Correlation Coefficient (MCC), the Friedman statistic is com-
puted as:

12 x 30

2 __
XFZ x4+ 1)

4 x 52

x |(1.63% 4 3.00° + 2.45% + 2.92%) —

~ 21.34,

_ (30—1)x 2134
S 30x(4—1)—21.34

Ep ~ 9.02.

Similarly, for the Fj-score, the Friedman statistic is computed as:

,  12x18
XX @+ 1)
2 2 2 2 4 x 52
X [(1.682 +3.072 + 2.47% + 2.78%) —
~ 11.87,
18—-1 11.
R\ SN QU BT

T 18x (4—1)—1187

At a 0.05 confidence level, the critical value of F(3,87) is 2.723. Thus, for
ACC and MCC with the linear kernel (8.16 > 2.723 and 5.73 > 2.723), and for
ACC, MCC, and Fj-score with the RBF kernel (11.08 > 2.723, 9.02 > 2.723,
and 4.79 > 2.723), the null hypothesis is rejected, indicating significant differences
among the algorithms. However, for the Fy-score with the linear kernel (1.64 <
2.723), the null hypothesis is not rejected, suggesting no significant differences for
this metric.

The Nemenyi post hoc test, with a critical difference CD = q, k(g]~|\;1) and
CD = 0.856, shows that ATGP-SVM outperforms some baseline methods but does

not significantly differ from others. Nonetheless, ATGP-SVM generally has the

lowest average ranks for ACC, MCC, and Fj-score. Average ranks across different

noise percentages, based on accuracy, are shown in Figure 13 and 14.



66

; Accuracy
| ATGP-SVM |

6 'R TPin-SVM

5 ‘mmm GPSVM |
= mEm CSVM
2]
o
g 3
)

1

0.

Q 0.1 1.0
Noise

(a)

Matthews Correlation Coefficien . Fi-score
BN ATGP-SVM | EEm ATGP-SVM

6 mm TPin-SVM | 6] “mmg TPIn-SVM

5 MR GP-SVM 5 . GP-SVM
E B CSVM | = W CSVM
g, Bt g, - Nt
[ [
7 g
§ 3 § 3
< 2 < 2

1 1

0 0-

d 0 0.1 1.0

Noise Noise

(b) (c)

Figure 13 The average rank at different variance of noise for ACC, MCC,

and Fj-score of each method using the linear kernel.
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Figure 14 The average rank at different variance of noise for ACC, MCC,
and Fj-score of each method using the RBF kernel.

3.2 Smooth support vector machine with rescaled general-

ized pinball loss

We introduce a smooth rescaled generalized pinball loss function (Lsygp),
which enhances the smooth generalized pinball loss used in SGP-SVM through
a rescaling technique. Based on this, we develop a robust SVM model named
SRGP-SVM that incorporates L,.,,. This method effectively addresses noise, pre-
serves sparsity, provides boundedness for managing outliers, and allows for greater
flexibility in parameter adjustment, all while ensuring the differentiability of the

objective functions. The L4, is given by
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1 (- ) - ;
n(l —exp(———3—-)), 2+nuuy,

2 (=)’
n(1 — exp(—*-—"-)), T <u<d +nyu,
=40 2 Jy< 4
) ) T — —_ 1’
1 (452
o -ep(- 208 a o nucucss,

where parameters 0 < 7,75 < 1,1, A,> 0,€1,62 > 0,0 € R (see Figure 15). The
Lg,gp effectively manages the amount of loss through 7, while 7 further adjusts
the loss and mitigates the impact of noise. Additionally, n serves as a constant
that regulates the bounds of the loss function, and A > 0 acts as a scale param-
eter that modulates its magnitude, similar to L,,(u). The L4, also defines the
(€1, €2)-insensitive zone, where the loss value is zero, which lies between —eg/72 and
€1/71. This reduces the loss along the support line, rendering it insignificant. This
characteristic of Lsg, can also decrease computation time, as many components
become zero, while p controls the smoothness of the function, further highlighting
the sparsity and smoothness of L7}%2. Therefore, Ly, combines the advantages of
both L,, and L3, |

Furthermore, the smooth rescaled generalized pinball loss within SVM (SRGP-
SVM) provides a flexible framework that encompasses variations such as the rescaled
hinge loss within SVM (RH-SVM) [58] and the rescaled pinball loss within SVM
(RP-SVM) [59]. In particular, when 71 = 1 and 75 = ¢; = €2 = 0 with p — 0%,
SRGP-SVM approximates SH-SVM. Similarly, SRGP-SVM approximates SP-SVM
when 11 =1, 7, = 7, and €; = €5 = 0 while p — 0%.

Without loss of generality, we can reformulate compact form of the loss func-

tion Lgygp(u) as follows:

.

r(n(u—=01) —34), 6i+6<u,

(%5 (u—6)%), 6 <u<b+4,
Lorgp(u) = 4 0, -0y <u<b,,
T(;—g(u +92)2), '—92 —d<u< —02

\7"(—7'2(“ +0;) — 26), u< 0,4,
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where r(a) = n(1 — (exp(—a)/}A)), a € R. However, we only show a convenient way
to write function formulas. Therefore, we still use the formula from the previous
equation to prove the properties and to present the experimental results for easy

comparison with the previous loss function.

1 . U I o8 —-- LEE(u,p)
N, == Laglu), (n=0-5)§ femmw Lopolu), (A =5)
0.6 | Batadd Lgrglu), (n=0.4) 064 —= Lsglu), (A =1)

. Lorglu), (n=0.3) - Lsg(u), (A =0.5)
Foatme S oa o v e
0.21 0.2
0.0 1 0.0 1
-2.0 =15 -1.0 —0.5 0.0 0.5 1.0 1.5 2.0 -2,0 =15 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
u u
(a) Variation in 7 (b) Variation in A

Figure 15 Illustration of the smooth rescaled generalized pinball loss.

Below are additional principal attributes of the Ly.g,(u) function:

e The proposed L4, is a non-negative, asymmetric, bounded, non-convex loss

function that adheres to the inequality:
0 S Lsrgp(u) S n.
and

ull)rfoo Lergp(u) =, uli)r_noo Lrgp(u) = 1.

This indicates that Lg,.,,(u) is less sensitive to outliers than traditional losses
such as hinge loss, pinball loss, e-insensitive pinball loss and generalized pin-

ball loss.

o Lggp(u) is differentiable and its derivative is also bounded. The gradient of
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L4 (u)-loss is as follows:

( 71 {u—=L —ﬁu
52 eXp(—l—(%), S+ rp <y,

n €1 ﬁ(u_;]f)z € €1
m(u—;)exp(—————:\—), " <u< H+7—1,u'a

V Lergp() = 4 0, za <yu< g, (3.2.1)
& (a2 .
s Dep(-BHL) ey cucce
mo(ut2)-"2p _
\ %exp(— 2< 2) : ), u< %_TZN,

and we have

lim VLggp(u)=0and lim VLigg(u)=0

u—r+00 U —00
Thus the Lj,gp-loss is a robust loss function in presence of outliers and noises.
For a training point {(x;,y;)}Y,, it does not contribute to hyperplane when
—€9/Ty < 1—yi(WTx;+b) < €1/71. Therefore, the SRGP-SVM demonstrates

a sparsity to some degree.

To analyze the asymptotic behavior of L4, (u) under varying parameters, we

consider the following proposition.

Proposition 3.2.1. For any u € R™ and n = (1— exp(—1/A))™!, it can be proved
that Legp(u) tends to Lsgp(u) when A — oo. Moreover, Ly gp(u) tends to Lgy(u)

when A — 0o and.u — 0.

Proof. For an exponential function, it can be Taylor expanded into the following

form,
2 n

x o z
exp(x):1+i+§+...+m+_,,

thus we get the following Taylor series of Ls.gp,(u):

= (DR L, ()

Lsrgp(u) =" Z Ll )
k=1 ’

where Lgg,(u) is smooth generalized pinball loss as seen in [28]. When n = (1—

exp(—1/A))~! and A — +o00, by L’Hospital’s rule, it can be known that

1)k 1, k=1
lim nA™% = lim Ll =
A—>400 Ao4oo ] — exp (_X) 0 k>1
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and thus we obtain

lim L = L.
Ao Fesrap sgp

From Lemma 1 in [60], we get lim,, ,o+ Lsgp = Lgp. Hence

”llg{r( AEI_POO Lsrgp) = Lgp.

This means that smooth generalized pinball loss L,,,(u) can be seen as a special
case of Lgpgp(u) with A — 400. Moreover, L, encompasses and extends existing

loss functions. OdJ

Through the incorporation of the proposed L., into SVM, we introduce
a novel robust SVM formulation that utilizes the L4, loss. This formulation is

presented as follows:

| /A =
e §||w“2+CZLsrgp(ui); (3.2.2)

i=1
where w = [w',b]" € R*™ u; =1 — y;(w'[x],1]7). Since the Lg,g,-loss is contin-
uous and differentiable, (3.2.2) can employ the BFGS method, a well-established
second-order optimization technique known for its effectiveness in solving differ-
entiable optimization problems. In many cases, BFGS outperforms widely used
first-order optimization methods. However, the L,g,-loss is also nonconvex, mean-
ing that (3.2.2) involves nonconvex minimization. Therefore, we will use modified
versions of the BFGS method for solving (3.2.2), specifically the modified BFGS
method (M-BFGS) as described in [67]. In the next section, we will outline the steps

to use M-BFGS to solve the problem in (3.2.2) and perform convergence analysis.

3.3 Modified BFGS method for solving SRGP-SVM

This section describes the M-BFGS method we used to solve our problem.

Again, we consider the non-convex differentiable problems (3.2.2):

. 1 .
min F(w) = 5f|w||2 +C Y Langp(us), (3.3.1)
=1
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where w = [w',b]T € R™1 u; =1—y;(wT[x/,1]"). The M-BFGS method solving
SRGP-SVM can be described as follows:

Wei1 = W — Oﬁk(Bk_l)VF(wk),
we compute the VF(wy), that is,

VF(wi) = wk — C Y ViEggp(uf)uilx, 1], (3.3.2)

i=1

where uf =1 — y;(w [x/,1]7),

( k_a)_mi
717 l(ul—n)_?“ € k
> exp(— h) )5 # + i < Uy,
2
A (b el
L ex (——2“(ui Tl) ) S cyfcs 4t
AN p A ) (al 7 T ]-lu”
VILp(uf) = ¢ § e < k< a
srgp\ % s m SU S 3
1 k) €2
AT +__.
7 2#( 2 Tz) —€ k —€
35 exp(— S ), T2 —Tp <up < 2,
A\ (o E el
T2 u;+ )— u
—T21 A\ ( HE Tl N2 ko —€2
=5 exp( - )y Ui < 52— el

and ay > 0 is step size satisfying the Armijo’s-type line search condition. This
condition determines a; as largest value in the set {d‘|¢ = 0,1,...} that satisfies

the inequality
Flwy — ak(Bgl)VF(wk)) < F(wg) — cakVF(wk)T(B,jl)VF(wk), (3.3.3)

where ¢ and d are constants in the interval (0,1), and By is an approximation to
the Hessian matrix V2F(wy). Then, for the next iteration, the By, is defined as the

matrix that satisfies the secant condition as follows:

Bk _ Bksks;chk kag y;—Sk > 01||VF(Wk)HUZ
seBrsk  yise  |lsel? T ’ (3.3.4)

B;, otherwise,

Biy1 =

where o1 and o are positive constants and

Sk = Wit1 — Wk,
Ye = VF(wk+1) - VF(wk)
. y;sk
Clearly, if e > 01||VF(wg)||7? holds for all k, then
k

B B T
kSkSk k+kak (3.3.5)

Bii1 =By —
+1 k T T
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which implies that Byy; in the M-BFGS method becomes equivalent to By in
the BFGS method. From the update of (3.3.4), we can see that if we start from
By, as a positive definite matrix, we will find that By is a positive definite matrix
for all k. This property is crucial because it ensures that —a(B;")VF(w},) serves
as a descent direction, leading to a decrease in the objective function values for all

k, i.e.,
F(wk+1) S F(wk), Vk. (336)

The proposed M-BFGS for solving SRGP-SVM is summarized in Algorithm 3.

Algorithm 3 M-BFGS-SRGP-SVM
Require: Choose an initial point wg, an initial symmetric and positive definite

matrix By, constants oy, 05 > 0, number of iteration K > 0 and tolerance ¢t > 0.

1: while k < K and ||VF(wy)|| >t do

2: Determine a stepsize oy > 0 by (3.3.3).

3: Compute gradient VF(wy) by (3.3.2).

4: Update the next iterate be wry = wy — ak(B;I)VF(wk).
5: Update Hessian approximation matrix By, by (3.3.4)

6: end while

3.3.1 Convergence analysis

In this section, we prove the convergence of Algorithm 3 under the following
assumption, which we assume throughout this section. To prove the convergence
of the proposed model, we follow the approach of [67] and make the following

assumption.

Assumption 3.3.1. The level set
Q={weR"| Flw) < F(wp)}

is bounded. From (3.3), it is clear that the sequence {wy} generated by Algorithm

3 is contained in €2, which means it satisfies Assumption 4.1.1.

Assumption 3.3.2. The function F' is continuously differentiable on 2, and there

exists a constant L > 0 such that

|[VF(u) = VF(v)|| £ Liju—v| VYu,veq. (3.3.7)
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In the following proposition, we will demonstrate that the gradient VF of the

function F' is Lipschitz continuous.

Proposition 3.3.3. The gradient VF of the function F is Lipschitz continuous
with constant Lp =14+ CG Y%, y2(1 + ||zi||?), where G = max{zl\z%", sz—;’ :

Proof. From (3.2.1), it is easy to verify that it is Lipschitz continuous, namely
|V Lsygp(a) — V Lgrgp(b)| < Gla — b|, for any a,b,

where G = max{T/\lz—f, %} Let p; = yilx; ,1]7, weget VF(u) = u—C > 1", Vgg(1—

(u"p;))p;. For any u, v, we have
IVE(u) = VE(V)|

=|u=C} Vgl ('p))pi =v—C) Viag(l - (v'p))pil

i=1 i=1

<JJu= ]|+ C > IVLargp(1 = (0" p:))pi = VLargo(1 — (v"p:))pill

i=1

< lu—vf|+ CZ |V Lorgp(1 — (u"p;)) — V Lgrgp(1 — (v ")l l

=1

m
<Ju=v{[+CG) Ju"pi—v'pi|lpi

i=1

<= +0GY " Jlu—vipi?

i=1
<A+CG Y lpdl*)u =]
i=1
Therefore, we have shown that |[VF(u) — VF(v)|| < Lg|lu — v||, where Lp =
14+ CGY ", y2(1 + ||x4]|?), which proves that VF is Lipschitz continuous with

constant Lp. O

From Proposition 3.3.3, it follows that F' satisfies Assumption 4.1.2. We will
now demonstrate that the convergence of Algorithm 3 for solving SRGP-SVM is
theoretically guaranteed, using an approach similar to [67]. To prove the conver-

gence results, we will begin quote the following useful Lemma 3.2 in [67].
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Lemma 3.3.4. [67] Let By, be updated by the BFGS formula (3.3.5). Suppose By
is symmetric and positive definite and there are positive constants m < M such

that for all k > 0, vy, and sy satisfy

2
vese o lwll” o

= m, =
e Yi Sk
Then there exist constants [y, B2, B3 > 0 such that, for any positive integer t, the

relations
| Brsell < Bullsell,  Ballsill® < S;‘C_Bksk < Bs ||skl)? (3.3.8)
holds for at least [t/2] values of k € {1,...,t}.

The results of Lemma 3.3.4 provide a crucial guarantee of the existence of
positive constants (1, Bz, f3 such that (3.3.8) holds for infinitely many values of &.
This condition is necessary for demonstrating the convergence of Algorithm 3. We

can now proceed to establish the convergence of Algorithm 3.

Theorem 3.3.5. Let {wy} be generated by Algorithm 3. If there are positive con-
stants By, Bz, B3 > 0 such that the relations (3.3.8) hold for infinitely many k, then

we have

liminf | VF (wg)|| = 0. (3.3.9)
k—co

Proof. Since Assumptions 4.1.1 and 4.1.2 are satisfied, and given the update rule
in Algorithm 3, we can conclude (3.3.9) by directly applying the proof technique
outlined in Theorem 3.1 of [67]. The next step is to establish that there exist
infinitely many indices k that satisfy (3.3.8). For simplicity, we define the set of

indices as follows:

ot

First, consider the case where the set K is finite. In this scenario, the sequence By

y';rsi o9
T [ VF | | (3.3.10)

will stabilize to a constant after a finite number of iterations. Since each update By
in Algorithm 3 is symmetric and positive definite, there exist constants 31, 52, B3 > 0
such that (3.3.8) is satisfied for sufficiently large k. Next, consider the scenario

where K is infinite. To reach a contradiction, assume that (3.3.9) does not hold,
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which implies there exists a constant € > 0 such that ||VF(wy)|| > € for all k. By
the definition of K in (3.3.10), we have

-
Y Sk
||sk||? e

for all k € K. Together with (4.1.2), this implies that for any k € K,

2

2
vl < L '

yise T 0167
By utilizing Lemma 3.3.4 on the subsequence {By }rex, we can deduce the existence
of constants [, 52, B3 > 0 such that (3.3.8) is satisfied for infinitely many values of
k. This completes the proof. U

According to Theorem 3.3.5, there exists a subsequence of {wy,} that converges
to a stationary point w* of (3.3.1). Therefore, we can now establish the convergence

theorem for Algorithm 3 regarding the solution of the SRGP-SVM.

3.3.2 Numerical experiments

Numerical simulations were conducted oh various datasets to evaluate the
effectiveness of the proposed SRGP-SVM method. As baseline methods, we selected
SGP-SVM, SP-SVM, and SH-SVM. The M-BFGS method, as described in [67],
was used to solve all methods. The experiments were divided into two parts. First,
experiments were performed on synthetic datasets, followed by the application of
the proposed method to benchmark UCI datasets. The simulations were executed
on a MacBook Air with an Apple M1 chip, featuring an 8-core CPU (3.2GHz) and 8
GB of memory. Five-fold cross-validation was employed for each dataset, involving
random partitioning of the data into five subsets, with one subset reserved as the
testing set. It is important to note that the performance of the proposed method
is closely linked to the selection of its parameters. To assess the effectiveness of the
method, the study uses ACC, MCC, and Fl-score. Additionally, we assessed the
average computation time for each method, enabling a comprehensive comparison
of their computational efficiency. This analysis provides insights into the trade-offs

between execution speed and performance.
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The Python code used in this work requires setting up the necessary modules

and is based on the BaseEstimator class, which includes self in function inputs. If

you intend to use the code, we recommend reviewing it. The implementation was

carried out using the following environment: pandas 1.3.2, numpy 1.20.3, matplotlib
3.5.3, scikit-learn 0.24.2, scipy 1.6.2, and cvxopt 1.3.0. The following Python code
1mpbmmﬁsﬂwnwdﬁaiBFGSnwﬂmdﬁnsdvmgSRGPSVNhntbsmqmmmmm

class M_BFGS_SRGPIN SVM(BaseEstimator)

def

def

__init__(self taul=0.9, tau2 =09, epsilonl = 0.1,

< epsilon2 =0.1, lambd = 0.1, eta = 100, mu = 0.1,C=1,

<5 ‘max iteration = 100):

self.C = [¢;

self ,tadl = taui

éelf.tau2 = tau2

self.epsilonl. = epsiloni
self.epsilonz = epsilonz
self.lambd = }ambd‘
éelf.efav=éta

self.mu = mu

self max_iteration = 'max. iteration

Srgp. 1oss(self u):
if u >= (self, epsiloni / self , taul) + self.taul * self.mu:
return self eta * (1 = np exp (= (self taul * (u -
= self. epsiloni / self.taul) - ((self . taul k% 2) %
< self.mu) / (2)) /[ self . lambd))

elif self.epsilonl / self.taul <='uy &= ‘(self.épsilont /

<y gelf.taul) + self.taul * self.mu:
return self.eta * (1 - np.éxp(— (14 (2% self .mu) *
= (- sélf.epsiloni / self.taul) *x 2) /
‘> self.lambd)) _
elif -self.epsilon2: / self.tau? <= u <= self.epsilonl /
~ self.taul:
return 0 _ :
elif -(self.epsilon2 / self.tau2) - self.tau2 * self.mu <=
«y u <= -gelf, epsilon2 / self .tau2:
return self.eta * (1 - np.exp(~ (1 / (2 * self.mu) *
<+ (u +'self,epsilon2 /. self.tau2) *x 2) /
— 'self.lambd)) | ’
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elif u <= -(self.epsilon2 / self.tau2) - self.tau2 x
s« self .mu:
return self.eta % (1 - np.exp(- (-self.tau2 * (u +
<> self epgilon2’ / self.tau2) - ((self, tau *x 2) =
— self.mu) / (2)) / self.lambd))
elsge:

return 0

F(self, omega; X, y):
regularization term = 0.5 * (np.linalg.norm(omega) ** 2)
srgp.loss_term =0 :
for i:in range(len(y)):
u =1 = y[i] * (np.dot(omega, X[il))
srgp_loss_term += gelf.C % self.srgp_loss(u)
return regularization.term + srgp.loss_term
nébla_L;srgp(self;'u):
if self.epsiloni / self.taul + self, taul * self.mu <= u:
return (self.taul * self.eta / self.lambd) *
: L-}'np.é:xp(—((s,elf.taui * (u - self.epsilonl /
<5 self.taul) - self.taul**2 / (2 % self.mu)) /
<3 self.lambd)) '
elif‘self.epsiloni / self.taﬁl <=u <= self.epsilonl /
4 self taul + self.taul ivself.mu:
" veturn (self.eta / (self.lambd # sé1f.mu)) *
\ = np.exp(-(1 / (2 % self.mu) * (u - self.epsilonl
— / self .taul)*%2) ./ self . lambd)

' elif -self.epsilon2 / self.tauZ <= u <= self.epsilonl ./

s.8elf . taul:
return 0 : : ,
¢lif {(-self.epsilon2 / self.tau2')- self.tau2 * self.mu <=
B ~self.epsilon2 / self tau?:
return (self.eta / (self,lambd * self.mu)) *
W npiexp(=(1/ (2 % self.mu) * (u + self.epsilon?
5 '/ self, tau2)**2) / self.lambd)
elif u <= -gelf.epsilon2 [/ gelf . tau2 = self.tau * self.mu:
return = (self . tau2 * self.eta / self.lambd) *
<+ np.exp(-(-self.tau2 % (u + self.epsilon2 /
<4 -gelf tau2) =~ self . tau**2./.(2 % self,mu)) /
<5 gelf . lambd)

else:




return 0
def gradient (self, omegd, X, y)i
m = X.shape [0]
X .shape[1]
g.E = omega.copy()

n

for i in range(m):
u =1 - y[i] * (np.dot (omega, X[il]) )
g.L_srgp = self.nabla_L_srgp(u)
g.F += -self.C % g L._srgp * y[il * X[il

return m, n, g.F

def Update BFGS(self, B, dw, dg):

dg.t = dgl:, np.newaxis]

‘Bdw = np.dot(B, dw) ’

dwit.B: = np.dot(dw, B) v

. dwBdw = np}dot(hp.dot(dw, B) i dw

pir dg_.t x dg.. v |

u = Bdwl[:, npwﬁewaxis] ¥ .dw_ t.B

B.new = B + (p / np.dot(dg, dw)) - (u / dwBdw)

return p, . u, B.new

def:armijo_rulé(self, omega, H, g, X, y):
lambda_k = 100 -
c=0.1 '
~while True:v ‘
1hs = self.F(omega - lambda_k % np,dot(H, g), X, y)
rhs = self.F(omega, X, y) - ¢ % lambda_k * np.dot (g,
s np.dot(H, g))
if’ Ths <= rhs:
. break
lambda_k %= 0.5

return iambda_k

def fit(self, X, ¥y);
k=0 |
jo=1
ones vector = np.ones((X.shapé{O], 1))
X = np.hstack((X, ones_vector))
omega = np.zéros(len(X[O]))
obj_M_BFGS_SRGPIN_SVM = []

79




85

86

BN

0

om

23

94

95

[0

08

29

100

101

102

103

1044

1035

106

107

108

100

110

111

13

114

115

116

Iy

118

119

def

def

80

iter M.BFGS.SRGPIN_SVM:= []
B = np.identity(len(X[0]1))

pbar = tqdm(total=self.max_iteration, desc="Training

e M_BFGS_SRGPIN_SVMV", leave=False)
for iteration in range(self.max;itération):
iter_M_BFGS_SRGPIN_SVM,append (k)
cost = self.F(omega, X, ¥)
obj_M_BFGS_SRGPIN_SVM.append(cost)
Leliay BB éeli,gradient(omega, X, ¥)
H = np,linalg.inv(B)
~ lambda_k = self.armijq_rule(omega,ﬂ, g, X, y)
oméga_new = omega - (lambda_k * (np.matmul(H, g)))
_,‘_,'génew =‘self.gradiént(omega_new,vX, y)
dw = oﬁega;new ~omega :
if np.all(dmega;new == oméga) or’np.linalg.norm(g_ﬁew)
< < 0.0001 or (np.linalg.norm(dw)**2)==0:
prihf(’Stop’)
break
dg =‘g;newv- g :
if ’(np.métmul(dg, dw) '/ (np.linalg.norm(dw)**2)) >=
- (npulinalg.norm(g))f
_, _, B_mew = self.Update BFGS(B, dw, dg)
else: : L
B_new = B
B .= B new
omega = omega.new
pbar.ubdate(i)

self .omega .= omega

I

self.w
self.b

omega[:-1]

1}

omega [~1]

return ‘self.w, self b

predict (self, X):
decision = np.dot (X, self.w) + self.b

predictions np.sign(decision)

It

predictions np.where(predictions == 0, -1, predictions)

return predictions

score(self , X, y):
y.pred = np.dot(X, self.,w) + self.b
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y-pred = np,sign(y_pred)
y.pred = np.where(y_pred == 0, -1, y_pred)
accuracy = (y.pred == y)umeah()

return. accuracy

3.3.3  Experiments on synthetic datasets

We evaluated our approach using a two-dimensional scenario, drawing equal
samples from two Gaussian distributions: z;,2 € 1 :y; = 1 ~ M(u, X1) and z;,0 €
iy = —1 ~ N (g, Bg), where pg = [0.5,=3]", pg = [-0.5,3]T, and %y = Ty =
[0.2 0; 0 3]. The training data consisted of 400 samples (DATA-I) and 12,000 samples
(DATA-II), evenly divided between the two classes. To introduce complexity, we
added outliers, with labels chosen from —1,1 and positions following a Gaussian
distribution N (o, o) where p, = [0,—10]" and £, = [I — 0.8;—-0.8 1]. The
outlier ratio r, set to values 0.00, 0.05, 0.10, 0.15, and 0.20, controls the proportion
of outliers relative to the total sample size, where » = 0.00 indicates no outliers.

In the M-BFGS method, we set o, and o, to 1, with stopping criteria t = 1074
and K = 20. For all methods, we used C = 1 and g = 0.1. The optimal 7 for
SP-SVM was selected from {0.5,0.7,0.9}, while for SRGP-SVM and SGP-SVM,
both 7, and 7 were chosen from this same set. The best €¢; and e, values for
SRGP-SVM and SGP-SVM were selected from {0.01,0.05}. Additionally, we set
A = 1 and chose A and 5 for SRGP-SVM from {0.5,1,2,5}. Optimal parameters
were determined via five-fold cross-validation to maximize ACC. Tables 14 and
15 display the optimal parameters for varying r values in DATA-I and DATA-II,

respectively.
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Table 14 The optimal parameters of SRGP-SVM, SGP-SVM, SP-SVM
and SH-SVM on DATA-I.

SH-SVM SP-SVM SGP-SVM SRGP-SVM
r C, 1 7C\u T1, T2, €1, €2 T1, T2, €1, €2
O,ﬂ /\177) Cvﬂ'
0.5,0.9,0.01,0.01 0.5,0.9,0.05,0.01
0.00 1,0.1 0.5,1,0.1
1,0.1 1,2,1,0.1
0.5,0.9,0.05,0.01 0.5,0.9,0.05,0.01
0.05 1,0.1 0.9,1,0.1
1,0.1 1,2,1,0.1
0.5,0.9,0.05,0.01 0.7,0.9,0.05,0.01
0.10 1,0.1 0.9,1,0.1
1,0.1 1,1,1,0.1
0.5,0.9,0.05,0.01 0.5,0.7,0.01,0.01
0.15 1,0.1 0.9,1,0.1
1,0.1 1,1,1,0.1
0.5,0.9,0.05,0.01 0.5,0.7,0.01,0.05
0.20 1,01 0.7,1,0.1
1,0.1 1,0.5,1,0.1

Table 15 The optimal parameters of SRGP-SVM, SGP-SVM, SP-SVM
and SH-SVM on DATA-II.

SH-SVM SP-SVM SGP-SVM SRGP-SVM
r C,/L T,C,/.L T1, T2, €1, €2 T1, T2, €1, €2
Ciu AnCip
0.5,0.9,0.05,0.01 0.5,0.9,0.01,0.05
0.00 1,0.1 0.7,1,0.1
1,0.1 1,5,1,0.1
0.5,0.9,0.05,0.01 0.5,0.9,0.01,0.05
0.05 1,0.1 0.7,1,0.1
1,0.1 1,5,1,0.1
0.7,0.9,0.05, 0.01 0.5,0.9,0.01,0.05
0.10 1,0.1 0.7,1,0.1
1,0.1 1,2,1,0.1
0.7,0.9,0.05,0.05 0.5,0.9,0.01,0.05
0.15 1,0.1 0.9,1,0.1
1,0.1 1,2,1,0.1
0.7,0.9,0.05,0.05 0.5,0.9,0.01,0.05
0.20 1,0.1 0.9,1,0.1
1,0.1 1,2,1,0.1

Table 16 compares SRGP-SVM, SGP-SVM, SP-SVM, and SH-SVM on two
synthetic datasets, evaluating their ACC, MCC, F}, and computation time under
varying outlier levels (represented by different r values). In DATA-I, SRGP-SVM



83

consistently achieves the highest ACC, MCC, and Fj across all outlier levels, demon-
strating its robustness and reliability, although it requires more computation time
compared to the other models. SH-SVM is the fastest, particularly with minimal
outliers, but its performance metrics are slightly lower than those of SRGP-SVM
and SGP-SVM. Both SGP-SVM and SP-SVM deliver comparable performance,
with. SP-SVM showing slightly better F1-scores under higher outlier conditions. A
similar trend is observed in DATA-II, where SRGP-SVM again leads in metrics,
though its computation time increases significantly as the outlier level rises. SH-
SVM maintains the shortest computation times across most outlier levels, though
its perforrhance drops more noticeably as the outlier level increases. SGP-SVM
and SP-SVM balance accuracy and efliciency, with SP-SVM performing particu-
larly well under high-outlier conditions. Overall, SRGP-SVM is optimal for tasks
requiring high accuracy, while SH-SVM is a practical choice when computation

time is a priority.



Table 16 Comparisons of SRGP-SVM, SGP-SVM,
SVM on synthetic datasets.
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SP-SVM and SH-

Dataset T Criteria ACC (%) MCC (%) F (%) Time
DATA-I 0.00 SRGP-SVM 97.68 +1.26 95.40 £ 2.47 97.61 +1.38 0.6501
SGP-SVM 97.42 +1.41 94.88 + 2.78 97.34 £ 1.53 0.2362

SP-SVM 97.42 1+ 0.81 94.87 £ 1.53 97.30 = 0.89 0.3095
SH-SVM 9742 +£1.41 94.88 + 2.78 97.34 £ 1.53 0.1969

0.05 SRGP-SVM 92.06 + 3.36 84.48 + 4.43 92.06 £ 2.09 0.5252
SGP-SVM 91.83 £+ 2.64 84.03 £+ 5.08 91.90 + 2.25 0.1860

SP-SVM 91.83 £ 2.64 84.03 £5.08 91.90 £ 2.25 0.2714

SH-SVM 91.13 £3.32 82.46 £+ 6.75 91.17+£2.71 0.3157

0.10 SRGP-SVM 89.32 +1.75 79.10 + 3.33 89.75 +£ 1.12 0.8588
SGP-SVM 89.11 £2.71 78.69 £ 5.60 89.56 + 2.04 0.2011

SP-SVM 88.89 +£2.72 78.21 £ 5.67 89.36 + 1.86 0.3277

SH-SVM 88.47 £2.53 77.20 £5.17 88.85 £ 1.60 0.2201

0.15 SRGP-SVM 83.86 = 2.12 68.72 + 4.53 84.27+£1.32 0.8494
SGP-SVM 83.47 £ 2.87 67.99 + 5.92 84.08 £ 1.66 0.2036

SP-SVM 83.86 £ 2.59 68.73 £ 5.34 84.45 + 1.37 0.3436

SH-SVM 82.68 £ 2.81 66.05 £ 5.81 82.94 + 1.96 0.3024

0.20 SRGP-SVM 84.13 £1.85 69.49 + 3.11 84.71 + 2.35 1.2958
SGP-SVM 83.94 £2.38 69.23 £ 5.19 84.47 £2.49 0.2102

SP-SVM 83.39 £ 3.06 68.21 £ 6.49 83.89 + 3.22 0.3240

SH-SVM 82.48 +3.31 66.10 £ 6.77 82.87 + 3.51 0.2964
DATA-II 0.00 SRGP-SVM 97.71 +0.38 95.43 £ 0.76 97.71 £ 0.38 34.2374
SGP-SVM 97.41 £0.41 94.83 + 0.82 97.41 + 0.39 9.6841

SP-SVM 97.66 +0.33 95.33 £ 0.65 97.66 £ 0.32 8.5258
SH-SVM 97.66 + 0.37 95.31 £ 0.75 97.65 + 0.37 6.0556

0.05 SRGP-SVM 93.07 £ 0.71 86.48 +£1.34 93.33 £ 0.63 6.6168
SGP-SVM 92.68 £ 0.72 85.62 +£1.39 92.91 + 0.65 8.1003

SP-SVM 92.84 £ 0.69 85.97 +£1.31 93.09 + 0.63 8.3629

SH-SVM 92.32 £ 0.50 84.88 £0.93 92.55 £ 0.45 6.2276
0.10 SRGP-SVM 88.75 + 0.67 78.15 +£1.35 89.38 + 0.61 21.3095
SGP-SVM 87.66 £ 0.63 75.56 +1.21 88.08 £ 0.57 11.5787

SP-SVM 88.69 £ 0.60 77.98 £1.12 89.31 + 0.50 8.6152

SH-SVM 88.36 £ 0.59 77.21£1.07 88.93 £ 0.51 8.6090
0.15 SRGP-SVM 85.45 £+ 0.80 71.90 £ 1.62 86.55 1 0.68 21.0877
SGP-SVM 84.24 £ 0.79 68.81 + 1.66 84.96 + 0.63 12.4207

SP-SVM 85.11 £ 0.59 70.90 £1.17 86.06 + 0.46 8.2706

SH-SVM 78.44 £1.98 58.67 £+ 3.88 80.81 £ 1.45 8.4608
0.20 SRGP-SVM 83.14+0.41 67.99 £ 0.94 84.75 £+ 0.30 12.3295
SGP-SVM 81.24 +£0.89 62.90 £1.94 82.15+0.79 13.8231
SP-SVM 82.20 £0.77 65.27 £+ 1.69 83.45 +£ 0.63 10.0628

SH-SVM 82.21 £0.71 65.26 + 1.61 83.43 + 0.59 8.7313
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Moreover, Figures 16 and 17 illustrate the outcomes of SRGP-SVM solved
using M-BFGS with the following fixed parameters: for both DATA-1 and DATA-
I, C =1, =05, 7 =09, and ¢ = 0.1. For DATA-I, ¢, = 0.05 and ¢, =
0.01, while for DATA-II, ¢; = 0.01 and ¢; = 0.05. The black line represents the
outcomes achieved by SRGP-SVM, demonstrating that SRGP-SVM is insensitive
to outliers and effectively captures the true data structure. These results suggest
that SRGP-SVM is robust to outliers. Additionally, we consider n and A from the
set {0.1,0.5,1, 2,5}, which demonstrates the impact of 5 and A on the accuracy of
SRGP-SVM for the DATA-I and DATA-II with different outliers levels, as depicted
in Figure 18 and 19. We focus on the impact of two parameters, n and A, while
keeping the others fixed. Appropriately low values of both 7 and A can reduce the
impact of outliers and control the loss, thereby improving the accuracy of SRGP-
SVM, as illustrated in Figures 18a, 18b, 18c and 18d for DATA-I and 19a, 19b,
19¢, 19d and 19e for DATA-II. However, selecting excessively low values for n and
A may be problematic, as this can lead to an undue reduction in the overall loss
function, as illustrated in Figure 18e. Our analysis indicates that n should not be
too small in the presence of outliers, and both 1 and A should be appropriately

adjusted to ensure a proper fit to the data.
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3.3.4 Experiments on UCI benchmark datasets

We conducted experiments on UCI benchmark datasets (Ionosphere [37], Aus-
tralian [68], Diabetes [39], Appendicitis [69], Heart [70], WDBC [71], Pima [38],
Rice [44], Heart Failure [42] and Auction [72]) under both noisy and noiseless set-
tings. In the noisy setting, the training datasets are affected by zero-mean Gaussian
noise with variances of 0.1 and 1.0. Additionally, we explored kernel methods by
utilizing an approximate feature map. We assessed both a linear kernel and a

nonlinear kernel, such as the RBF kernel.

Table 17 The optimal parameters of SRGP-SVM, SGP-SVM, SP-SVM
and SH-SVM on UCI data without noise using a linear kernel.

SH-SVM SP-SVM SGP-SVM SRGP-SVM
Datasets O, " - O, % T1, T2, €1, €9 T1, T2, €1,€9
C,p A, Cop
0.9,0.1,0.01,0.05 0.9,0.1,0.01,0.01
Tonosphere 1,0.1 0.9,1,01
1,0.1 1,5,1,0.1
) 0.5,0.1,0.05,0.01 0.2,0.1,0.01,0.05
Australian 1,0.1 0.1,1,0.1
1,0.1 0.5,5,1,0.1
. 0.9,0.2,0.01,0.05 0.9,0.1,0.01,0.01
Diabetes 1,0.1 0.1,1,0.1
1,0.1 1,5,1,0.1
A\ 0.1,0.5,0.05,0.01 0.1,0.5,0.01,0.01
Appendicitis 1,0.1 0.2,1,0.1
1,0.1 0.5,5,1,0.1
0.2,0.1,0.05,0.01 0.2,0.5,0.05,0.01
Heart 1,0.1 0.5,1,0.1
1,0.1 0.5,5,1,0.1
0.5,0.1,0.01,0.01 0.2,0.9,0.01,0.01
WDBC 1,01 0.1,1,0.1
1,01 1,5,1,0.1
) 0.9,0.1,0.05,0.05 0.9,0.2,0.05,0.01
Pima 1,0.1 0.2,1,0.1
1,0.1 1,5,1,0.1
. 0.1,0.1,0.01,0.01 0.2,0.2,0.05,0.05
Rice 1,0.1 0.9,1,0.1
1,01 1,5,1,0.1
. 0.9,0.1,0.05,0.01 0.2,0.9,0.01,0.01
Heart Failure 1,0.1 0.2,1,01
1,0.1 1,0.5,1,0.1
. 0.9,0.9,0.05,0.05 0.2,0.9,0.01,0.01
Auction 1,0.1 0.9,1,0.1
1,0.1 1,0.5,1,0.1

In this investigation, we conducted parameter optimization aiming to maxi-

mize accuracy through five-fold cross-validation on each dataset. Upon parameter
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Table 18 The optimal parameters of SRGP-SVM, SGP-SVM, SP-SVM
and SH-SVM on UCI data with noise (¢ = 0.1) using a linear

kernel.
SH-SVM SP-SVM SGP-SVM SRGP-SVM
Datasets o r.Cou Ty, T2, €1, €2 T1, T2, €1, €2
C”LL /\7777 CvlJ‘
0.9,0.2,0.01,0.05 0.9,0.2,0.05,0.05
Ionosphere 1,0.1 0.1,1,0.1
1,0.1 1,05,1,0.1
. 0.5,0.1,0.05,0.01 0.1,0.1,0.01,0.05
Australian 1,0.1 0.1,1,0.1
1,0.1 0.5,5,1,0.1
. 0.5,0.5,0.01,0.05 0.5,0.9,0.05,0.01
Diabetes 1,0.1 0.2,1,0.1
1,0.1 1,5,1,0.1
. 0.1,0.1,0.05,0.01 0.2,0.9,0.01,0.01
Appendicitis 1,0.1 0.5,1,0.1
1,0.1 1,5,1,0.1
0.9,0.1,0.05,0.05 0.1,0.1,0.05,0.05
Heart 1,0.1 0.2,1,0.1
1,0.1 1,5,1,0.1
0.5,0.1,0.05,0.01 0.5,0.2,0.01,0.01
WDBC 1,0.1 0.1,1,0.1
1,0.1 1,05,1,0.1
0.9,0.1,0.05,0.05 0.1,0.2,0.05,0.05
Pima 1,0.1 0.1,1,0.1
1,0.1 1,1,1,0.1
\ 0.1,0.1,0.01,0.01 0.1,0.9,0.01,0.01
Rice 1,0.1 0.9,1,0.1
1,0.1 1,1,1,0.1
\ 0.9,0.1,0.05,0.01 0.2,0.9,0.01,0.01
Heart Failure 1,0.1 0.2,1,0.1
1,0.1 1,0.5,1,0.1
. 0.9,0.9,0.05,0.05 0.2,0.9,0.01,0.01
Auction 1,0.1 0.9,1,0.1
1,0.1 1,0.5,1,0.1

selection, the optimal values were employed to scrutinize the experimental results.
The precise optimal parameter values are outlined in the corresponding experimen-
tal sections. We set 01 = 03 = 1 and selected ¢ = 107 and K = 20 as the iteration
parameters in the M-BFGS method. Since the parameters C' and p, which control
the total loss of all data and the smoothness of the function, respectively, are com-
mon to all methods and do not directly affect the reduction of the outlier effect, we
will fix C' =1 and u = 0.1 to facilitate the analysis of the other parameters. The
optimal 7 in SP-SVM and 7; and 73 in SRGP-SVM and SGP-SVM are chosen from
the set {0.1,0.2,0.5,0.9}. The optimal ¢; and e, in SRGP-SVM and SGP-SVM
are chosen from the set {0.01,0.05}. Additionally, we select parameters A and 7 in
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Table 19 The optimal parameters of SRGP-SVM, SGP-SVM, SP-SVM
and SH-SVM on UCI data with noise (02 = 1.0) using a linear

kernel.
SH-SVM SP-SVM SGP-SVM SRGP-SVM
Dataset , T2, €1, , Ta,y €1,
atasets C’/j, T,C,'LL T1,T9, €1, €2 T1, T2, €1, Cy
Cal—‘ /\17]1 Cnu
0.2,0.2,0.05,0.01 0.5,0.2,0.05,0.01
Ionosphere 1,0.1 0.5,1,0.1
1,0.1 1,0.5,1,0.1
. 0.5,0.1,0.05,0.01 0.5,0.1,0.05,0.01
Australian 1,0.1 0.1,1,0.1
1,0.1 1,1,1,0.1
0.2,0.1,0.01,0.01 0.5,0.9,0.01,0.01
Diabetes 1,0.1 0.1,1,0.1
1,0.1 1,2,1,0.1
y 4 0.1,0.9,0.05,0.01 0.5,0.9,0.05,0.01
Appendicitis 1,0.1 0.2,1,0.1
1,0.1 1,2,1,0.1
0.5,0.1,0.05,0.05 0.1,0.1,0.05,0.05
Heart 1,0.1 0.2,1,0.1
1,0.1 1,5,1,0.1
0.2,0.9,0.01,0.01 0.5,0.9,0.01,0.01
WDBC 1,0.1 0.9,1,0.1
1,0.1 0.5,0.5,1,0.1
| 0.9,0.1,0.05,0.05 0.9,0.2,0.01,0.05
Pima 1,0.1 0.1,1,0.1
1,0.1 0.5,0.5,1,0.1
\ 0.1,0.1,0.01,0.01 0.1,0.9,0.01,0.01
Rice 1,0.1 0.9,1,0.1
1,01 1,1,1,0.1
\ 0.9,0.1,0.05,0.01 0.2,0.9,0.01,0.01
Heart Failure 1,0.1 0.2,1,0.1
1,0.1 1,0.5,1,0.1
. 0.5,0.9,0.01,0.05 0.9,0.9,0.01,0.01
Auction 1,0.1 0.9,1,0.1
1,0.1 1,0.5,1,0.1

SRGP-SVM from the set {0.5,1} and {0.1,0.5,1,2,5}, respectively. The optimal
parameters are determined through five-fold cross-validation to maximize the ACC.
The optimal parameters for the linear kernel in both noiseless and noisy cases are
presented in Tables 17, 18, and 19. The optimal parameters for the RBF kernel in
noiseless and noisy cases are shown in Tables 23, 24, and 25. Initially, we consider

the noiseless case for the linear kernel in Table 20. It can be observed that:

¢ SRGP-SVM generally provides the highest accuracy across multiple datasets,

particularly excelling in the Ionosphere, Australian, Heart, and Auction datasets.

e SGP-SVM stands out with strong MCC performance in several datasets, in-
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but generally lags behind SH-SVM in speed.

e SH-SVM consistently has the fastest computation times across all datasets
and also achieves the best performance in terms of accuracy and other metrics

on certain datasets, such as Appendicitis, WDBC, Rice, and Heart Failure.

Overall, in the noiseless case using a linear kernel, SH-SVM consistently shows
the fastest computation times, while SRGP-SVM generally provides strong results
in terms of accuracy. However, SGP-SVM and SP-SVM also deliver competitive

performance across different criteria depending on the dataset.
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Table 20 Comparisons of SRGP-SVM, SGP-SVM, SP-SVM and SH-

SVM on UCI data without noise using a linear kernel.

Dataset Criteria ACC (%) MCC (%) F (%) Time
Ionosphere SRGP-SVM 86.09 + 1.80 71.75 £ 3.20 84.25 + 1.80 2.4663
(350 x 34) SGP-SVM 85.65 £1.16 72.18 £+ 2.62 85.06 £ 2.02 0.4454

SP-SVM 85.51 +1.30 71.82 £ 3.03 84.85 & 2.41 0.5944
SH-SVM 85.51 &+ 0.92 71.78 £2.01 84.86 £ 1.79 0.4427
Australian SRGP-SVM 86.23 + 1.89 72.05 £+ 3.42 84.38+1.96 3.4977
(690 x 14) SGP-SVM 85.561 +1.30 71.82 £ 3.03 84.85 £ 2.41 0.7914
SP-SVM 85.65 +1.25 72.08 £2.94 84.974+2.43 0.7354
SH-SVM 85.65 £ 0.85 72.04 +1.88 84.98 + 1.82 0.5671

Diabetes SRGP-SVM 75.78 &+ 2.89 46.44 £5.13 64.58 + 2.44 1.9816

(1151 x 19) SGP-SVM 77.09 +2.25 47.82 4 2.86 62.93 + 2.65 0.9876
SP-SVM 76.83 £ 2.32 47.31 £2.73 62.563 £ 2.34 0.8387

SH-SVM 76.96 £+ 2.63 47.77 £ 3.99 63.32 £ 2.99 0.7367

Appendicitis SRGP-SVM 85.93 £ 4.82 48.06 £ 25.40 56.03 £ 28.56 0.2454
(106 x 7) SGP-SVM 85.93 + 6.44 45.31 £ 27.70 49.46 + 28.13 (.0860
SP-SVM 84.03 & 10.97 33.76 £ 31.84 37.46 £ 33.38 0.0844

SH-SVM 88.79 £ 6.75 52.35 £ 29.85 57.60 £ 30.49 0.1021

Heart SRGP-SVM 84.44 £ 5.69 68.35 £ 11.52 86.14 + 4.99 0.8933
(303 x 14) SGP-SVM 84.07 = 4.48 67.75 £ 8.97 85.73 £ 4.39 0.2815
SP-SVM 82.50 +4.77 64.61 £9.73 84.54 + 4.07 0.2523

SH-SVM 83.33 £ 5.62 66.07 £ 11.47 85.19 £4.77 0.2064

WDBC SRGP-SVM 96.66 & 1.03 92,92 +£2.12 95.55 £ 1.24 3.3468

(569 x 30) SGP-SVM 96.30 £ 1.31 92.13 £ 2.67 94.95 & 1.57 0.5918
SP-SVM 96.66 = 0.66 92.93+1.34 95.42 £0.78 0.4920

SH-SVM 97.01+1.19 93.66 + 2.52 96.00 £ 1.55 0.3586

Pima SRGP-SVM 75.26 &+ 2.55 45.19 £ 6.76 64.15 +6.12 5.2275
(768 x 8) SGP-SVM 76.56 + 2.64 46.44 + 4.29 62.24 £ 2.67 0.6091
SP-SVM 77.60 - 2.96 48.83 =+ 5.31 63.63 + 3.44 0.6982

SH-SVM 76.95 & 2.57 47.29 £ 4.50 62.75 £ 2.88 0.5229

Rice SRGP-SVM 91.47 +0.99 82.66 & 2.13 92.46 £ 0.75 4.4473
(3810 x 7) SGP-SVM 92.49 +0.94 84.72+2.02 93.39+£0.76 4.4368
SP-SVM 92.18 £ 1.07 84.10+2.19 93.37 £ 0.88 3.2084

SH-SVM 92.97 £ 0.68 85.65 £ 1.46 93.85 +0.59 3.3586

Heart Failure SRGP-SVM 82.93 +£3.12 61.35 £+ 6.00 72.34 + 5.66 2.0357
(299 x 12) SGP-SVM 53.19 + 6.82 6.53 + 15.98 40.93 £ 12.16 0.3496
SP-SVM 54.53 + 11.95 10.30 £ 21.76 44.28 +£13.37 (.2673

SH-SVM 60.53 + 12.39 17.36 £ 28.34 47.27+£20.13 0.2380

Auction SRGP-SVM 87.03 £ 0.63 10.23+£1.99 5.67 4 2.70 9.7506
(2043 x 7) SGP-SVM 70.09 + 2.82 11.05 £ 4.87 25.40+£4.37 9.7506

SP-SVM 67.01 + 6.58 10.33 £ 6.81 55.74+£12.44 2.2623
SH-SVM 55.74 £ 12.44 15.69 + 8.11 28.02 £ 4.37 1.4443
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Table 21 Comparisons of SRGP-SVM, SGP-SVM, SP-SVM and SH-

SVM on UCI data with noise using a linear kernel.

Dataset o? Criteria ACC (%) MCC (%) F (%) Time
Ionosphere 0.1 SRGP-SVM 85.36 + 1.80 70.28 £+ 3.54 83.39 £ 2.67 2.2977
(350 x 34) SGP-SVM 84.78 £ 1.52 70.16 £ 3.36 83.97+2.64 0.4149

SP-SVM 84.93 +1.48 70.48 + 3.30 84.13 £2.71 0.3691

SH-SVM 85.07 +1.42 70.44 £+ 3.10 84.04 + 2.64 0.3122

1.0 SRGP-SVM 76.96 + 3.65 53.66 £ 7.19 74.68 +4.24 0.7505

SGP-SVM 78.99 + 3.27 57.45 + 6.89 76.23 + 4.50 0.3234

SP-SVM 78.70 +2.23 56.90 &+ 4.77 76.01 £ 3.38 0.2861

SH-SVM 77.54 £4.27 54.56 £ 9.08 74.60 £+ 6.04 0.2308

Australian 0.1 SRGP-SVM 85.36 £ 1.91 70.17 £ 3.87 83.32+2.48 4.6384
(690 x 14) SGP-SVM 84.93 +1.48 70.48 + 3.27 84.14 + 2.68 1.0206
SP-SVM 84.93 +1.48 70.48 £+ 3.30 84.13 £ 2.71 0.7063

SH-SVM 85.07 + 1.42 70.44 £+ 3.10 84.04 +2.64 0.4910

1.0 SRGP-SVM 79.13 + 3.56 58.14+6.73 76.97 £ 3.12 4.5096

SGP-SVM 78.556 + 4.50 56.68 £ 8.32 75.70 = 4.45 0.8750

SP-SVM 78.12 + 4.36 55.98 + 7.81 75.25 + 4.35 0.6473

SH-SVM 78.55 +4.34 56.84 £ 7.78 75.61 +4.40 0.4769

Diabetes 0.1 SRGP-SVM 75.91£1.11 45.14 + 2.34 61.28 + 2.59 1.6550

(1151 x 19) SGP-SVM 74.61 + 0.83 41.03 +2.88 55.92 +4.18 0.8354
SP-SVM 75.26 + 1.69 43.60 + 1.70 59.95 + 2.14 0.7588

SH-SVM 75.39 £ 1.32 43.90 £ 1.73 60.52 £ 2.32 0.5273

1.0 SRGP-SVM 72.27+1.84 37.58 + 4.65 57.26 + 4.98 3.6874

SGP-SVM 71.35 +4.81 32.00 £ 7.76 44.04 £ 6.77 0.8475

SP-SVM 71.35 £ 4.13 32.32 £+ 5.63 46.04 +5.11 0.6851

SH-SVM 71.74 £2.77 33.77 £ 3.93 50.25 £+ 5.08 0.5119

Appendicitis 0.1 SRGP-SVM 85.02+£7.78 47.01 + 30.73 52.14 + 30.26 0.3341
(106 x 7) SGP-SVM 84.03 + 10.97 - 33.76 £ 31.84 37.46 + 33.38 0.0877
SP-SVM 80.26 £ 9.96 9.22 +£18.44 8.00 £ 16.00 0.1242

SH-SVM 86.02 £+ 9.88 43.55 + 31.61 50.39 £ 30.09 0.0776

1.0 SRGP-SVM 83.07 + 4.57 41.82 + 23.58 48.65 + 26.36 0.2277

SGP-SVM 82.08 +8.18 29.45 £+ 24.11 29.43 £ 24.64 0.0834

SP-SVM 82.08 + 8.18 33.61 £+ 28.09 34.76 + 28.87 0.0775

SH-SVM 83.98 £ 2.14 40.52 £ 20.48 42.76 £ 23.09 0.0672

Heart 0.1 SRGP-SVM 84.07 £ 5.05 67.85 + 10.62 85.48 + 4.66 1.3154
(303 x 14) SGP-SVM 82.22 + 4.32 63.68 + 8.82 84.23 + 3.81 0.2712
SP-SVM 83.33 £ 4.83 66.26 £ 10.17 85.34 £4.03 0.2860

SH-SVM 83.70 £ 5.67 66.98 £ 11.53 85.59 £ 5.03 0.2165

1.0 SRGP-SVM 79.63 £ 6.09 58.68 & 11.83 80.89 +6.44 1.3355

SGP-SVM 78.52 £ 5.32 56.18 £ 10.52 81.36 £ 5.39 0.2833

SP-SVM 77.04 +6.48 53.19+ 13.01 79.87 £ 6.59 0.2496

SH-SVM 79.63 &+ 7.50 58.92 1+ 14.84 81.53 +£8.03 0.2369
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Table 22 Comparisons of SRGP-SVM, SGP-SVM, SP-SVM and SH-

SVM on UCI data with noise using a linear kernel (continued).

Dataset o? Criteria ACC (%) MCC (%) Fy (%) Time
WDBC 0.1 SRGP-SVM 96.30 + 2.47 92.21 4+ 5.09 95.16 + 3.07 3.1254
(569 x 30) SGP-SVM 96.13 4+ 1.54 91.74 + 3.18 94.77 + 1.89 0.6164
SP-SVM 95.60 £ 1.57 90.58 & 3.29 94.02 +2.04 0.4839
SH-SVM 95.60 + 1.93 90.63 + 4.04 94.05 + 2.51 0.3724

1.0 SRGP-SVM 91.56 + 2.15 82.08 + 4.53 88.85 + 2.83 2.1204

SGP-SVM 85.23 £ 3.70 69.31 &+ 7.04 75.68 £ 6.75 0.7091

SP-SVM 90.51 £ 2.69 79.94 + 6.24 85.62+4.76 0.5668
SH-SVM 89.80 & 3.05 78.20 % 6.18 86.34 & 3.69 0.4707

Pima 0.1 SRGP-SVM 74.48 + 3.10 43.65 + 8.15 63.01 £ 6.25 1.4284
(768 x 8) SGP-SVM 75.78 £ 2.35 44.68 + 6.42 60.87 £ 5.13 0.5971
SP-SVM 75.78 +2.19 44.64 +5.71 60.61 +4.44 0.7341
SH-SVM 75.65 + 2.40 44.41 +6.43 60.88 = 5.31 0.5867

1.0 SRGP-SVM 71.36 £ 1.44 37.96 + 2.25 60.20 £ 2.78 5.4437

SGP-SVM 73.04 £+ 4.57 37.18 £ 9.50 53.16 + 7.92 0.6137

SP-SVM 73.17 £4.77 37.52 + 10.03 53.49 + 8.35 0.6827
SH-SVM 73.30 £ 4.30 37.63 £ 8.64 63.64 £ 7.74 0.5757
Rice 0.1 SRGP-SVM 90.60 +1.18 80.95 + 2.52 91.67 £ 0.87 16.1857
(3810 x 7) SGP-SVM 80.79 +7.32 61.41 +14.83 82.65 + 6.44 4.6910
SP-SVM 81.21 £5.03 62.23 £ 10.17 82.97 +4.65 4.4916

SH-SVM 86.25 +2.13 73.62 £+ 3.62 87.00 £ 2.29 2.8010
1.0 SRGP-SVM 85.04 £ 1.19 70.01 &+ 2.39 86.48 + 1.05 15.7048

SGP-SVM 78.79 £ 1.02 57.12 £ 2.28 80.95 + 0.73 4.8973

SP-SVM 81.924+1.05 63.38 +2.37 83.85 £+ 0.59 4.5454

SH-SVM 52.13 £ 16.39 4.19 £ 32.33 55.056 + 16.49 2.9618

Heart Failure 0.1 SRGP-SVM 81.60 &+ 3.37 59.26 + 4.49 71.63 +3.64 1.7145
(299 x 12) SGP-SVM 50.82 £ 7.79 0.91 £ 16.05 38.45 +13.31 0.2901
SP-SVM 50.16 £ 7.16 1.94 +14.27 40.48 £ 12.41 0.2483

SH-SVM 50.49 £ 8.45 0.88 &+ 20.59 39.18 £ 16.09 0.2072

1.0 SRGP-SVM 72.90 4 3.94 42,15+ 7.47 60.61 +5.70 1.7605

SGP-SVM 59.50 £+ 8.97 15.64 £17.44 46.61 £+ 10.26 0.3142

SP-SVM 68.16 £ 7.35 18.24 + 15.16 48.92 + 7.38 0.2663

SH-SVM 52.86 +10.01 6.95 +19.76 4247 £10.29 0.2119

Auction 0.1 SRGP-SVM 86.93 £ 0.73 7.70 &+ 3.96 5.58 + 2.58 10.1965
(2043 x 7) SGP-SVM 66.23 &+ 2.60 9.60 £ 6.07 25.06 +£4.75 3.0673
SP-SVM 65.45 + 4.28 9.81 1+ 6.06 25.23 +£4.77 2.3299

SH-SVM 41.42 + 16.89 6.32+6.91 22.72 +£2.97 1.4356

1.0 SRGP-SVM 86.29 + 0.85 1.90 +6.31 3.47 £ 3.91 11.6335

SGP-SVM 65.78 £ 2.36 0.70 £ 6.68 18.12 £ 4.58 3.4709

SP-SVM 63.87 £ 11.68 3.20+4.28 20.12+1.00 3.0230

SH-SVM 62.56 £ 3.39 5.61 +£6.99 22.55 £5.25 1.5762
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Next, We will consider the noise case using linear kernel, which can be seen in

Table 21 and 22:

e SRGP-SVM achieves the highest ACC, MCC, and F; score across various
datasets, particularly excelling in noisy environments with low noise levels
(62 = 0.1), although its training time is significantly longer, especially for

larger datasets.

e SGP-SVM demonstrates strong performance, particularly in MCC and F;
scores, but slightly behind SRGP-SVM. It is faster in training, especially
on smaller datasets, and handles higher noise levels (o? = 1.0) effectively,

although it struggles a bit with lower noise.

e SP-SVM balances predictive accuracy and speed, offering shorter training
times than both SRGP-SVM and SGP-SVM. However, it shows some vari-
ation in MCC performance under noisy conditions and is ideal for fast pro-

cessing where moderate noise resilience is acceptable.

o SH-SVM is the quickest method in terms of training time, making it ideal
for time-sensitive applications. It provides reasonable accuracy but performs

less effectively in highly noisy environments, with lower MCC and F} scores
compared to SRGP-SVM and SGP-SVM.
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Table 23 The optimal parameters of SRGP-SVM, SGP-SVM, SP-SVM
and SH-SVM on UCI data without noise using a RBF kernel.

SH-SVM SP-SVM SGP-SVM SRGP-SVM
Datasets C“u r C,# T1, T2, €1, €2 T, T2, €1, €
Cou AnCip
0.1,0.1,0.01,0.01 0.1,0.1,0.01,0.01
Ionosphere 1,0.1 0.9,1,0.1
1,0.1 1,5,1,0.1
. 0.5,0.5,0.01,0.01 0.5,0.5,0.05,0.01
Australian 1,0.1 0.1,1,0.1
1,0.1 0.5,5,1,0.1
. 0.1,0.1,0.05,0.05 0.5,0.5,0.05,0.05
Diabetes 1,0.1 0.1,1,0.1
1,0.1 0.5,5,1,0.1
L 0.9,0.1,0.05,0.05 0.1,0.9,0.05,0.05
Appendicitis 1,0.1 0.1,1,0.1
1,0.1 1,5,1,0.1
0.9,0.1,0.05,0.05 0.1,0.1,0.05,0.05
Heart 1,0.1 0.2,1,0.1
1,0.1 1,5,1,0.1
0.9,0.1,0.05,0.05 0.1,0.9,0.05,0.01
WDBC 1,0.1 0.2,1,0.1 ’
1,0.1 1,5,1,0.1
J 0.9,0.1,0.05,0.05 0.1,0.1,0.05,0.05
Pima 1,01 0.1,1,0.1
1,0.1 1,5,1,0.1
. 0.9,0.9,0.01,0.05 0.1,0.9,0.05,0.05
Rice 1,0.1 0.9,1,0.1
1,0.1 1,5,1,0.1
. 0.9,0.1,0.05,0.05 0.1,0.1,0.05,0.05
Heart Failure 1,0.1 0.1,1,0.1
1,0.1 0.5,5,1,0.1
. 0.5,0.5,0.01,0.05 0.5,0.5,0.05,0.05
Auction 1,0.1 0.9,1,0.1
1,0.1 1,5,1,0.1




99

Table 24 The optimal parameters of SRGP-SVM, SGP-SVM, SP-SVM
and SH-SVM on UCI data with noise (¢ = 0.1) using a RBF

~ kernel.
SH-SVM SP-SVM SGP-SVM SRGP-SVM
Datasets C.u "G T1, To, €1, €2 T1, T2, €1, €2
Cyu A Cou
0.9,0.2,0.01,0.05 0.9,0.2,0.05,0.05
Tonosphere 1,0.1 0.1,1,0.1
1,0.1 1,0.5,1,0.1
. 0.1,0.1,0.01,0.01 0.1,0.1,0.05,0.05
Australian 1,0.1 0.9,1,0.1
1,0.1 0.5,5,1,0.1
. 0.1,0.1,0.05,0.05 0.5,0.5,0.05,0.05
Diabetes 1,0.1 0.1,1,0.1
1,0.1 0.5,5,1,0.1
. 0.9,0.1,0.05,0.05 0.1,0.9,0.05,0.05
Appendicitis 1,01 0.1,1,0.1
1,0.1 1,5,1,0.1
0.5,0.1,0.05,0.01 0.2,0.5,0.01,0.05
Heart 1,0.1 0.5,1,0.1
1,0.1 1,0.5,1,0.1
0.9,0.1,0.05,0.05 0.1,0.9,0.05,0.05
WDBC 1,0.1 0.2,1,0.1
1,0.1 1,5,1,0.1
0.9,0.1,0.05,0.05 0.1,0.1,0.05,0.05
Pima 1,0.1 0.9,1,0.1
1,0.1 1,5,1,0.1
\ 0.1,0.9,0.01,0.05 0.1,0.9,0.05,0.05
Rice 1,0.1 0.9,1,0.1
1,0.1 1,5,1,0.1
. 0.9,0.1,0.05,0.05 0.1,0.1,0.05,0.05
Heart Failure 1,0.1 0.1,1,0.1
1,0.1 0.5,5,1,0.1
) 0.9,0.9,0.01,0.01 0.5,0.5,0.05,0.05
Auction 1,0.1 0.9,1,0.1
1,0.1 1,2,1,0.1
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Table 25 The optimal parameters of SRGP-SVM, SGP-SVM, SP-SVM
and SH-SVM on UCI data with noise (¢ = 1.0) using a RBF

kernel.
SH-SVM SP-SVM SGP-SVM SRGP-SVM
Datasets Cou oy T1, T2, €1, €3 T1, Te, €1, €2
Cu A Cop
0.1,0.1,0.01,0.01 0.1,0.1,0.05,0.05
Tonosphere 1,0.1 0.9,1,0.1
1,0.1 1,5,1,0.1
. 0.5,0.5,0.01,0.01 0.5,0.5,0.05,0.01
Australian 1,0.1 0.1,1,0.1
1,0.1 0.5,5,1,0.1
. 0.5,0.5,0.05,0.05 0.5,0.5,0.05,0.05
Diabetes 1,0.1 0.1,1,0.1
1,0.1 0.5,2,1,0.1
y 4 0.1,0.9,0.05,0.01 0.5,0.9,0.05,0.01
Appendicitis 1,0.1 0.2,1,0.1
1,0.1 1,2,1,0.1
0.5,0.5,0.05,0.01 0.9,0.2,0.01,0.01
Heart 1,0.1 0.2,1,0.1
1,0.1 0.5,0.1
0.9,0.1,0.05,0.05 0.2,0.9,0.01,0.05
WDBC 1,0.1 0.2,1,0.1
: 1,0.1 1,5,1,0.1
] 0.9,0.1,0.05,0.05 0.1,0.1,0.05,0.05
Pima 1,0.1 0.1,1,0.1
1,0.1 1,2,1,0.1
) 0.1,0.9,0.01,0.05 0.1,0.9,0.01,0.05
Rice 1,01 0.9,1,0.1 {
1,0.1 1,5,1,0.1
) 0.9,0.1,0.05,0.05 0.1,0.1,0.05,0.05
Heart Failure 1,0.1 0.1,1,0.1
1,0.1 0.5,5,1,0.1
. 0.9,0.1,0.05,0.05 0.2,0.2,0.01,0.05
Auction 1,0.1 0.1,1,0.1
1,0.1 1,0.1,1,0.1

Overall, SRGP-SVM stands out as the most reliable and robust method, ex-
celling in both predictive accuracy and handling noise, though it requires more
computation time. For scenarios where time is a critical factor, SH-SVM provides
a more eflicient option while maintaining reasonable accuracy levels.

We then consider the noiseless case for the RBF kernel, as shown in Table 26.

It can be observed that:

e SRGP-SVM demonstrated the highest accuracy across datasets like Iono-
sphere, Australian, and WDBC, indicating its effectiveness in various classifi-

cation tasks. It excelled in metrics such as Matthews Correlation Coefficient
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ever, it generally required longer training times, especially on larger datasets

like Rice.

e SGP-SVM delivered competitive accuracy, notably on datasets like Australian
and WDBC, where it ranked closely behind SRGP-SVM. It showed strengths
in MCC and F1 scores, making it a solid choice for performance-oriented tasks.
Additionally, it benefited from significantly shorter training times, especially

in smaller datasets, allowing for quicker model deployment.

e SP-SVM achieved accuracy levels similar to SGP-SVM on datasets such as
Heart and Diabetes, while maintaining reasonable F'1 scores. This method
consistently required shorter training times across all datasets, making it
suitable for applications that demand fast processing without compromising

predictive performance.

e SH-SVM excelled in training speed, achieving the fastest times on datasets like
Ionosphere and Australian. While it maintained high accuracy, it sometimes
lagged in key metrics like MCC and F1 scores in noisy environments. This
indicates a potential trade-off between computational efficiency and predictive

accuracy, making it best suited for time-sensitive applications.

Overall, SRGP-SVM stands out as the most reliable and accurate method, par-
ticularly in noise-free environments, while SGP-SVM and SP-SVM offer a favorable
balance of accuracy and speed. In contrast, SH-SVM provides a suitable option for

time-sensitive applications, albeit with some sacrifice in predictive performance.
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Table 26 Comparisons of SRGP-SVM, SGP-SVM, SP-SVM and SH-
SVM on UCI data without noise using a RBF kernel.

Dataset Criteria ACC (%) MCC (%) F (%) Time
Ionosphere SRGP-SVM 71.22 +6.00 43.38 £ 10.41 75.29 £ 5.80 0.9070
(350 x 34) SGP-SVM 70.36 £ 5.10 47.36 + 6.70 72.38 £ 4.35 0.3462

SP-SVM 70.65 + 4.05 45.01 £6.71 73.52 +3.36 0.3171
SH-SVM 64.08 + 18.67 39.60 +20.28 60.45 + 30.33 0.2496
Australian SRGP-SVM 80.43 +2.43 61.23 £ 4.48 7747+ 4.14 4.1597
(690 x 14) SGP-SVM 75.65 £ 4.11 56.23 = 6.77 77.05 £ 4.96 0.6939
SP-SVM 7217+ 4.84 51.62 £ 7.66 74.95 £ 5.04 0.6257
SH-SVM 85.65 £ 0.85 72.04 + 1.88 84.98 +1.82 0.5067

Diabetes SRGP-SVM 71.88 £ 2.66 32.44 £ 8.95 37.80 £ 11.67 4.3275

(1151 x 19) SGP-SVM 67.97+3.14 39.00 £ 4.86 63.03 + 3.50 0.6549
SP-SVM 67.06 + 2.18 38.78 £ 3.51 63.00 & 2.77 0.5549

SH-SVM 67.58 + 2.41 39.09 £ 3.53 63.14 £ 3.19 0.4656

Appendicitis SRGP-SVM 88.79 + 8.53 49.23 £+ 29.36 53.03 £+ 29.95 0.1291
(106 x 7) SGP-SVM 83.07 + 8.68 31.85 £ 21.41 33.89 £ 21.97 0.0801
SP-SVM 82.12 + 10.06 25.52 £ 24.93 28.89 + 25.92 0.1110

i SH-SVM 83.07 £ 10.98 28.98 &+ 30.90 32.70 £ 31.90 0.1041
Heart SRGP-SVM 73.70 & 14.83 42.48 4- 34.75 81.22 - 8.02 1.0153
(303 x 14) SGP-SVM 84.07 £ 4.77 67.48 + 9.68 85.98 +4.01 0.2005
SP-SVM 84.44 + 3.43 68.42 + 6.87 86.07 + 3.22 0.2380

SH-SVM 84.07 £4.77 67.50 £ 9.64 85.85 1 4.24 0.2336

WDBC SRGP-SVM 95.78 £ 1.41 90.93 £ 3.10 94.09 £ 2.14 2.4985

(569 x 30) SGP-SVM 96.48 £ 0.79 92.56 £ 1.52 95.15 + 0.89 0.6771
SP-SVM 96.66 = 0.66 92.93 +1.34 95.42 +0.78 0.5029

SH-SVM 97.01 £1.19 93.66 £ 2.52 96.00 £ 1.55 0.3417

Pima SRGP-SVM 67.58 £ 2.81 11.19 & 14.49 16.67 £ 20.76 2.7284
(768 x 8) SGP-SVM 70.96 &+ 2.27 30.94 £ 8.11 40.09 £ 3.96 0.6330
SP-SVM 71.22 £1.95 31.89 + 7.43 40.04 £2.74 0.6830

SH-SVM 71.22 £ 2.58 31.54 £9.14 40.92 + 4.97 0.5880

Rice SRGP-SVM 88.19+1.83 76.39 + 3.44 90.12 + 0.99 15.7806
(3810 x 7) SGP-SVM 76.12 £ 7.26 59.10 £ 9.47 73.80 £9.97 4.2263
SP-SVM 86.27 £ 7.06 74.19 + 10.75 86.08 £ 9.68 3.6930

SH-SVM 71.71 £ 2.23 54.16 + 3.12 67.55 + 2.86 2.3791

Heart Failure SRGP-SVM 77.56 +6.92 43.64 £17.23 55.76 + 15.67 1.1790
(299 x 12) SGP-SVM 76.58 £ 8.12 43.96 £+ 12.84 54.52 +9.34 0.2106
SP-SVM 76.57 £ 8.02 42.65 £ 15.68 53.18 + 11.96 0.2887

SH-SVM 77.25 + 8.37 45.78 £ 14.45 56.32 +10.92 0.2805

Auction SRGP-SVM 80.61 +£13.61 1.99 +£3.99 5.38 £10.77 5.1431
(2043 x 7) SGP-SVM 54.04 + 2.81 1.46 £5.09 20.85+£3.15 1.8624

SP-SVM 56.88 £ 2.92 2.80 +4.03 21.36 + 2.56 1.6964
SH-SVM 57.38 + 23.01 3.05 £+ 5.69 20.34 +4.38 1.2496
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Table 27 Comparisons of SRGP-SVM, SGP-SVM, SP-SVM and SH-
SVM on UCI data with noise using a RBF kernel.

Dataset a? Criteria ACC (%) MCC (%) F (%) Time
Ionosphere 0.1 SRGP-SVM 72.09 £ 1.54 36.03 £+ 18.34 76.70 £ 4.35 1.3068
(350 x 34) SGP-SVM 69.81 +1.53 44.29 + 4.88 72.46 £ 2.08 (0.2861

SP-SVM 72.37+1.84 46.24 + 3.68 75.90 +1.71 0.2902

SH-SVM 62.09 + 17.56 34.34 £ 17.54 59.10 & 29.60 0.2403

1.0 SRGP-SVM 65.82 + 7.92 10.46 £ 20.92 78.65 + 4.49 2.0817

SGP-SVM 62.96 + 3.00 32.97+3.29 64.72 £+ 3.86 0.3048

SP-SVM 65.25 £+ 2.81 33.47 £ 5.86 68.97 £ 2.94 0.3168

SH-SVM 44,18 +12.28 8.35 +16.70 14.88 £ 29.77 0.2634

Australian 0.1 SRGP-SVM 80.87 + 4.26 61.61 + 7.86 77.37 £ 4.51 4.4095
(690 x 14) SGP-SVM 72.90 £ 2.73 51.55 £ 5.01 75.04 + 3.74 0.8232
SP-SVM 70.72 £ 3.68 48.84 + 6.30 73.80 + 4.25 0.7175

SH-SVM 74.93 £ 5.40 56.25 £ 7.53 76.87 + 3.78 0.5443

1.0 SRGP-SVM 70.14 + 6.62 37.77 £ 19.29 52.73 £ 26.63 4.1535

SGP-SVM 67.39 £+ 3.92 39.39 £ 7.86 69.76 + 4.43 0.6910

SP-SVM 66.38 & 3.45 38.27 + 6.86 69.46 + 3.94 0.5225

SH-SVM 66.67 & 3.31 38.92 £ 6.27 69.69 & 3.94 0.4465

Diabetes 0.1 SRGP-SVM 68.62 + 0.89 17.35 +14.87 19.03 £ 16.23 4.5629

(1151 x 19) SGP-SVM 67.45 £ 2.73 38.58 + 4.25 62.84 & 4.09 0.6801
SP-SVM 66.93 + 2.67 39.28 + 4.00 63.33 +£3.13 0.5643

SH-SVM 66.54 £ 2.69 37.37 £ 4.06 62.24 & 3.85 0.4702

1.0 SRGP-SVM 66.80 +5.73 12.21 £ 15.21 16.75 + 21.05 4.4119

SGP-SVM 60.29 + 3.99 25.37 + 8.14 56.23 £ 5.35 0.7256

SP-SVM 58.86 + 3.98 25.17 £ 7.39 56.40 £ 5.29 0.56506

SH-SVM 58.99 & 4.57 24.81 + 8.62 56.14 &+ 5.75 0.4389

Appendicitis 0.1 SRGP-SVM 87.84 + 8.56 45.31 £ 27.70 49.45 + 28.13 0.2143
(106 x 7) SGP-SVM 84.94 £ 8.12 39.93 + 22.89 39.76 £ 24.21 0.0743
SP-SVM 83.03 +9.30 29.45 £ 24.11 29.43 & 24.64 0.1386

SH-SVM 83.98 £ 9.76 33.61 + 28.09 34.76 £ 28.87 0.1318

1.0 SRGP-SVM 82.16 +9.44 9.18 +18.35 8.89+17.78 0.5258

SGP-SVM 82.12 £ 10.92 21.46 + 18.69 20.38 £17.03 0.0706

SP-SVM 81.21 £11.46 14.33 +18.72 14.67 £ 18.09 0.1081

SH-SVM 82.16 +£10.36 20.66 + 18.14 19.67 £ 16.75 0.0949

Heart 0.1 SRGP-SVM 67.04 £+ 12.96 25.69 + 31.96 76.27 £ 7.05 1.2488
(303 x 14) SGP-SVM 82.22 + 4.16 63.98 + 8.16 84.32 + 4.04 0.2178
SP-SVM 80.37 £ 4.48 60.41 £ 8.95 82.78 + 4.67 0.2633

SH-SVM 81.48 + 4.22 62.43 + 8.39 83.81 £ 3.95 0.2039

1.0 SRGP-SVM 59.63 £11.07 11.59 £ 23.19 73.30 £ 6.92 0.9577

SGP-SVM 75.56 £ 4.12 49.54 + 8.27 78.95 £4.27 0.2305

SP-SVM 74.07 £ 4.22 46.58 + 8.96 77.65 £ 4.48 0.2071

SH-SVM 75.56 + 4.29 49.43 +8.91 78.90 + 4.49 0.2248
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Table 28 Comparisons of SRGP-SVM, SGP-SVM, SP-SVM and SH-
SVM on UCI data with noise using a RBF kernel (continued).

Dataset a? Criteria ACC (%) MCC (%) F (%) Time
WDBC 0.1 SRGP-SVM 95.25 £ 1.06 89.86 + 2.44 93.46 £ 1.73 2.2572
(569 x 30) SGP-SVM 95.78 + 0.87 91.08 +£1.62 94.28 + 0.94 0.6164
SP-SVM 95.08 £+ 2.52 89.62 + 5.33 93.17 £ 3.67 0.6398
SH-SVM 95.08 + 1.32 89.56 - 2.73 93.38 £ 1.63 0.3551

1.0 SRGP-SVM 92.44 £ 0.41 84.08 + 0.99 89.95 + 0.89 1.9893

SGP-SVM 92.27 £ 1.51 83.61 £3.18 89.68 + 2.01 0.6392

SP-SVM 92.44+1.19 84.09 + 2.51 89.74 £ 1.77 0.5309
SH-SVM 90.68 +1.20 80.35 +2.49 87.49 + 1.36 0.4811

Pima 0.1 SRGP-SVM 65.63 + 3.84 7.01 +£9.39 11.28 + 14.63 2.7359
(768 x 8) SGP-SVM 70.18 £+ 3.27 28.64 £ 6.63 38.05 £ 5.07 0.5804
SP-SVM 70.31 £3.02 29.46 £ 6.61 36.99 + 6.21 0.5702
SH-SVM 70.70 £ 2.54 30.22 £5.15 39.76 £ 2.65 0.5197

1.0 SRGP-SVM 65.36 & 3.48 3.00 +£6.01 3.45 £ 6.90 2.2736

SGP-SVM 65.89 + 2.66 12.94 + 5.02 10.83 £+ 10.01 0.5833

SP-SVM 66.02 + 3.44 11.58 £ 7.15 9.04 £ 11.53 0.5883

SH-SVM 65.76 £ 2.46 12.28 +4.99 11.41 +9.43 0.4688
Rice 0.1 SRGP-SVM 85.67 +1.61 72.06 £ 2.60 88.49 + 0.95 16.5398
(3810 x 7) SGP-SVM 70.37 +2.18 51.87 4+ 3.00 65.66 + 3.08 3.5564
SP-SVM 84.91 £6.93 71.53 +10.33 84.71 £ 9.87 3.6760

SH-SVM 71.21 £1.90 53.02 1+ 2.64 66.94 + 2.89 2.3754
1.0 SRGP-SVM 77.66 L+ 2.89 56.45 £ 4.30 83.15 +£2.17 18.0738

SGP-SVM 66.06 + 2.32 41.20 +7.80 61.72 £0.90 4.0470

SP-SVM 69.24 +5.78 45.54 £ 7.88 66.64 + 7.81 3.8511

SH-SVM 69.48 £1.15 4843+ 1.41 65.46 £ 0.74 2.4823

Heart Failure 0.1 SRGP-SVM 76.90 £+ 9.05 45.45 £ 17.63 53.79+13.85 1.1309
(299 x 12) SGP-SVM 75.89 £ 7.75 40.87 + 16.92 51.18 + 12.68 0.1993
SP-SVM 76.56 £ 7.93 43.01 £ 17.87 52.03+13.31 0.3105

SH-SVM 76.56 + 7.93 42.76 £ 18.03 53.10 £13.79 0.2979

1.0 SRGP-SVM 72,89 £ 4.26 30.42+17.33 40.87 £ 16.77 0.9750

SGP-SVM 69.55 + 8.03 22.64 £ 10.39 24.86 £ 9.79 0.2340

SP-SVM 69.22 £+ 8.38 21.32 +10.80 23.43+11.52 0.3750

SH-SVM 69.89 + 7.73 22.93 £ 10.39 27.23 + 8.41 0.3753

Auction 0.1 SRGP-SVM 74.05 £+ 16.01 1.37£1.70 8.74 £10.72 5.4243
(2043 x 7) SGP-SVM 64.31 £11.25 4.66 + 7.20 21.70+ 3.16 2.3643
SP-SVM 56.97 + 6.09 1.93+£3.21 20.74 £ 1.80 1.8383

SH-SVM 57.58 £+ 23.13 1.87 £ 4.16 19.31 + 3.24 1.3417

1.0 SRGP-SVM 67.06 + 5.64 4.31 1+ 9.42 19.60 + 6.96 2.4708

SGP-SVM 68.28 +4.10 3.30 £ 2.52 19.80 £ 1.75 2.0067

SP-SVM 67.21 £3.20 3.64 +2.92 20.21+1.91 1.6795

SH-SVM 64.81 +1.54 0.52 + 5.98 18.19 + 4.32 1.2385
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Finally, we review the noisy case for the RBF kernel in Table 27 and 28. It

can be observed that:

e SRGP-SVM generally exhibits competitive accuracy and F; scores, particu-
larly in the Ionosphere and Australian datasets. It shows the highest F} score
across multiple datasets, indicating robust performance in balancing precision
and recall. However, it often has longer computation times, especially with

larger datasets, such as Rice.

e SGP-SVM Offers consistent performance across datasets, especially with a
lower noise level (0 = 0.1). It frequently achieves commendable MCC scores
and provides a good balance between accuracy and time efficiency, especially

evident in smaller datasets like Appendicitis.

e SP-SVM competes closely with both SRGP-SVM and SGP-SVM in terms of
accuracy and Fj scores. Notably, it performs well in various metrics across
most datasets, making it a strong contender, though it does not outperform

SRGP-SVM in most scenarios.

e SH-SVM generally lags behind the other methods in accuracy and F} scores,
particularly in the presence of higher noise levels (62 = 1.0). While it shows
reduced computation times in many cases, its lower performance in classifi-
cation metrics indicates it may not be suitable for applications requiring high

accuracy.

Overall, SRGP-SVM emerges as the most reliable method for various datasets,
especially when noise levels are low. SGP-SVM and SP-SVM follow closely, offering
robust alternatives depending on the specific dataset and required computational
resources. SH-SVM may be reconsidered for applications where speed is prioritized
over accuracy.

Based on the experimental outcomes, we observe that as the noise level in-
creases, 11 in SRGP-SVM decreases to mitigate its impact while still maintaining

strong performance. Additionally, the values of 71, 73, €;, €3 in other methods, along
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with A in SRGP-SVM, should be optimized for each data type. Overall, SRGP-
SVM demonstrates notable performance even in datasets without noise. Moreover,
it excels particularly when the data exhibits heightened levels of noise, outperform-
ing other baseline methods in such scenarios. Specifically, SRGP-SVM possesses

the flexibility to adjust its parameters and the boundedness of its loss function.

3.3.5 STATISTICAL ANALYSIS

The Friedman Test, accompanied by post hoc analysis [47], serves to evaluate
the statistical significance of the proposed SRGP-SVM against SGP-SVM, SP-
SVM, and SH-SVM. The method with the lowest rank value in the Friedman test
is considered the best performing. We will utilize the ACC, MCC, and F}-score for
all case.

For accuracy (ACC), under the assumption of the null hypothesis where all

methods are considered equivalent, the computation of the Friedman statistic un-

folds as:
12 % 60 4 x 52
e ({ 2 2 2 2y ~ 5.
& S {(1.84 +2.732 4 2,922 + 2.522) } 25.35,
60 — 1) x 25.
\L\X( ) X 2685 o6

T 60x (4—1)—2535
For Matthews Correlation Coefficient (MCC), the Friedman statistic compu-

tation unfolds as:

12 x 60
o= ————— |(2.45° + 2.60° + 2.53° + 2.42%) —
X7 Ix @+ 1) [( + 2.60° + 2.53% + 2.42°%)
_ (60—1)x0.71
60 x (4—1)-0.71

Similarly, for the Fi-score, the Friedman statistic is computed as:

4 x 52
x ]z0.71,

Fp ~ 0.23.

12 x 60 4 x 52
/2:— 2 2 . 2 ) 2 ' 2y _ ~ 5.
= aeT {( 30° + 265" + 278" + 2.82%) - — ] 5.32,

60 — 1) x 5.32
Fp ( ) X532 e

T 60x (4—1)-5.32

We observe that at a confidence level of 0.05, the critical value of F(3,177) is
2.75. Thus, for ACC, where 9.67 > 2.75, the null hypothesis is rejected. This indi-
cates significant differences among the algorithms at a 0.05 confidence level. How-

ever, with regards to the MCC and the Fij-score, where 0.23 < 2.75 and 1.80 < 2.75,
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respectively, the null hypothesis is not rejected. This suggests no significant differ-
ences among the algorithms at the 0.05 confidence level for this particular metric.
From the Nemenyi post hoc test, with a critical difference of CD = qa\/w
yielding C'D = 0.80, it is observed that the proposed SRGP-SVM outperforms
both SGP-SVM and SP-SVM but does not exhibit significant differences compared
to SH-SVM in ACC. Nevertheless, the average rank of ACC for SRGP-SVM is the

lowest compared to the other methods, while maintaining strong MCC and F;-score

illustrated in Figure 20.
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s SGP-SVM
B SP-SVM
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Figure 20 The average rank for ACC, MCC, F;-score of each methods



CHAPTER IV
REGULARIZED NESTEROV’S ACCELERATED
DAMPED BFGS METHOD FOR STOCHASTIC
OPTIMIZATION WITH APPLICATIONS

In this section, we introduce a novel adaptive momentum coefficient in regu-
larized stochastic Nesterov’s accelerated quasi-Newton methods for stochastic opti-
mization problems, including nonconvex cases. For any iteration k, we can see that
compute uy in (2.5.8) adjusting between p and 0. Although using the momentum
of uy, defined by the constant p value to switch to zero will reduce the negative im-
pact of the momentum and improve the overall performance of the model. However,
the constant x4 may lead to overshooting problem. Since the momentum p should
decrease as the method approaches the stationary point to avoid the overshoot
problem. Therefore, we should define a p value that can be adjusted to decrease.
Moreover, py, in (2.5.8) by adjusting by observing the value of the objective function
(F(wy) := % Zf;l f(Wg, &) and F(wg+ pzy) = % vazl f(wWr+ p2zg, E i) With a
large dataset, it incurs a high computational cost and setting fixed values p is not
flexible. Therefore, we proposed flexible momentum coefficient by observe from the
objective function of some samples of the dataset ( f (W, ék) 1= le Z.L=‘“1 f(W, ki)
and f(wk +,3kzk,ék) = L—lk Zfﬁl J (Wi +Brzr, &) instead. Since Ly < N, then ob-
viously it reduces the constant computation greatly if L, < N. The novel adaptive

momentum coefficient is defined as follows

Br, if f(wi + Bz, &) < F(Wiy &),

0, otherwise,

(4.0.11)

=
ES
l

where B € (0,1) and By < fx_1 for all k& (Note that this can be satisfied if Sy is
non-increasing). Therefore, it can be seen that the novel adaptive momentum coef-
ficient offers greater flexibility in adjusting the momentum coefficient and reducing

' computational cost. We now present our DRES-NAQ method as Algorithm 4.
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Algorithm 4 DRES-NAQ

Require: A training set represented as a collection © = [fy,...,60y]. Choose an

initial point wy, an initial symmetric and positive definite matrix By, z; = 0,

positive constants vy and ¢ such that 0.8y < 6, batch sizes {Li}x>1 and {my }e>1,

where Ly < N and my, < N for all k, momentum coefficient {f }x>1 and step sizes

{ak}kZI-

1: fork=1,2,... do

2:
3:

10:
11:

12:
13:

Select L sample & = [6k1s- - €k r,] from © = [6y,...,0N].
Calculate f(wy, &) = S~ S5k f(wg, &) and
F(wWi + Bzk, &) = LL,c SOEk (Wi + Brzks k)
Calculate momentum coefficient

1 Bka if .]E(Wk + ﬂkzk) ék) < f(wkaék)a

o=
0, otherwise.
Select my, sample & = [€k1, - - » Ekm,) from © = [64, ..., 0x].
Calculate stochastic gradient g(wy + pxzi, &) = mik Sk Vf(wg +
HEZ, §k,i)-

Generate a positive definite Hessian inverse approximation Hy = B!
Update

Zry1 = prZr — ok (Hi + TT)g(wy + przi, §),

Witl = Wi + Zgq1.
Calculate stochastic gradient g(wy,1,&k) = mik Yot V (Wi, €iy)-
Calculate s, = W11 — (Wi + 1i2k) and y, = 8(Wit1, &) — 8(Wk + 12k, §)-
Calculate damped parameter

0.8s1(By, +7I)sy — dsisp .
, if 8Ty, <0.2sT(By + 71)sg + Is] s,
b =14 StBr+ sk — sty ko * *
1, otherwise.

Calculate y, = dryy + (1 — ¢%)(By + vI)si, — Isy.
Update Hessian approximation matrix

Bisisy Br | Jidx 4§l

Bk+1 = Bk - TB T
Sk DSk Yi Sk

14: end for
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By setting 8y = pu, Ly = N, and 8, = 1 for all k, DRES-NAQ simplifies to
RES-NAQ [94]. Additionally, when py = 0 for all k¥, DRES-NAQ corresponds to
the damped RES method presented in [96]. Therefore, DRES-NAQ serves as a
unified framework encompassing both RES-NAQ and damped RES, combining the

advantages of these approaches.

4.1 Convergence and complexity analysis of DRES-NAQ

with diminishing step size

We assume that an noisy gradients of F' outputs a stochastic gradient V f(w, &)
of F for a given w. The following assumptions are required throughout this paper.

'The assumptions in this section are based on those outlined in [95].

Assumption 4.1.1. F : R® — R is continuously differentiable. F(w) is lower
bounded by a real number F'¥ for any w € R*. VF is globally Lipschitz con-

tinuous with Lipschitz constant L; namely for any v,u € R?,
IVF(v) = VE(u)|| < L||v — uf.

Assumption 4.1.2. For any iteration k, we have
Ee, [g(Wi + pezk, §)] = VF (Wi + pzs,)

Ee, [Ilg(wk + bkZi, &) — VI (Wi + ,ukzk)“2] <d?,

where o > 0 is the noise level of the gradient estimation, and &,k = 1,2,.. ., are

independent samples, and for a given k the random variable £ is independent of

k
{w; + :u‘jzj}j:]'
From Assumption 4.1.2 we can see that g(wy, &) has the following properties:

E [g(wi + (trze, &) | Wi + tzi, ) = VE (Wi + uzi) (4.1.1)
2
g

E [”g(Wk + /Lka,fk) —VF (Wk + ,U/ka)Hz | Wi + ,Uka,] < m—k (412)

Assumption 4.1.3. There exist two positive constants x, & such that

&l < H, <RI ,Vk.
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We denote & = (€k1,- .., &k m,) as the random samples in the k-th iteration,
and £ = (&1,...,&) as the random samples from the first k iterations. Since Hj
is generated iteratively from historical gradients via a random process, we assume

the following for Hy, (k > 2) to control the randomness (note that H; is initialized).

Assumption 4.1.4. For any k > 2, the random variable H;, depends only on &[k—1)-

It then follows directly from Assumption 4.1.4 and (4.1.1) that
E [(Hk + FI)g(Wk + Uz, Ek:) | §[k—1]] = (Hk i FI)VF (Wk + ukzk) , (413)

where the expectation is taken with respect to &, generated in the computation of
g(Wr, + LrZk, Ek)-
Assumption 4.1.5. For any iteration k, we have

A

By, [f(wi,é0)] = F (wy),
Ee, {]E(Wk + #ka,ék)] = F (Wi + pz) -
From (4.0.11), for any iteration k, we have
Fwi + pnzi, &) < fwi, &). (4.1.4)

F(wy, + urzp) = E [f(Wk + HkZg, Ek)] <E [f(wk,ék)] = F'(wy). (4.1.5)

We will not specify the computation of Hy and 8. Instead, we will propose an up-
dating scheme for Hy and fj, that satisfies both Assumption 4.1.3 and Assumption
4.1.4, with B € (0,1) and B, < Bx_; for all k. The following section examines the
convergence and complexity of DRES-NAQ), considering the assumptions outlined

earlier.

In this subsection, we analyze the convergence and complexity of DRES-NAQ
under the condition that the step size o, diminishes. Our analysis is informed
by [95], which explores the convergence and complexity of a general framework
for stochastic quasi-Newton methods in nonconvex optimization. We assume ay

satisfies the following condition:

400 400 :
Zak = +00, Zai < +o00, (4.1.6)
k=1 k=1
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which is a standard assumption in [91,95,98]. A simple choice for oy that satisfies
(4.1.6) is a, = O(1/k). The following lemma establishes that DRES-NAQ exhibits

a descent property regarding the expected objective value.

Lemma 4.1.6. Suppose that {wy} is generated by DRES-NAQ and Assumptions
4.1.1-4.1.5 hold. Further assume that (4.1.6) holds, and o < ﬁ for all k.
(Note that this can be satisfied if ay is nonincreasing and the initial step size a; <

m. ) Then the following inequality holds:

1
E [F (Wey1 + frt12641) | We + ppze] < F(wy + ppzi) — §akEI|VF (wy + pz) ||
La?(r + IN)?
pLEERD e es 1, @)
ka

where the conditional expectation is taken with respect to &.

Proof. Define 6, = g(wy + urZzi, &) — VF (Wi + uzzi). Based on Algorithm 4,

along with Assumptions 4.1.1 and 4.1.3, we obtain the following results.

F(Wey1) < F (W, + upzi) + (VF (Wg + tx2e) , W1 — Wi + [iZg)
L 2
D) IWis1 — Wi + ppzi|

o ||(Hy + TDg(wi + pez, &)l
(Wk O ,LLka) — Oy <VF (W]c + ,LLka) (Hk + PI)VF (Wk + ,LLka)>

— QO (VF (Wk + ,uka) (Hk -+ FI)5k>

L

+ Fad(R + )2 lg(w + mz, €)1 | (4.1.8)

F
.
= F (Wi + paz) — o (VF (Wi + pezi) , (Hi + T g(wi + pizi, &)
n
< F

Taking expectation with respect to & on both sides of (4.1.8), conditioned on

Wy, + UgZi, We obtain
EF (Wit1) | Wi + pnze] < F (Wi + pinzi) (4.1.9)
— O <VF (Wk + ukzk) , (Hk + FI)VF (Wk + ukzk))

L
+ gai(k +T)’E [||g(Wk + HkZg, fk)||2 | Wy, + ,U«kzk] ;
(4.1.10)
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where we used (4.1.3) and the fact that E[§; | wx] = 0. From (4.1.2) and the
condition E [d | wg] = 0, it follows that

E [|lg(wk + nze, E)|° | Wi + w2
= E [lg(wi + 2k, &) — VF (W + tz) + VF (W + pzi) | | wi + ez
=E [IVF (Wi + mze) II* | Wi + pzi] + E [llg(wi + prze, &) — VE (Wi)l* | Wi + peza]
+ 2K ({0, VF (Wi + pin2)) | Wk + pir2s]
= |VF (Wi + pz)||* + E [||E(Wk + ez, &) — VF (Wi + ) |* | wi + ,Ukzk]
<IVE (Wi + pze)|* + 0%/,

which together with (4.1.9) and Assumption 4.1.3 yields that

E [F (Wk_|_1) l Wi + uka] < F (Wk + ,ukzk) (4111)
L
- (ous Fodm + TP ) IVF (w4 )l
Lo*(R +T) ,

. 4.1.12
i G ( )
From Assumption 4.1.5 and (4.1.4), we have that

E [F (wk+1 + ,uk:—i—lzk+1) l Wi + ,ukzk] S E [F (Wk+1) | Wi + ,LLka] . (4113)
Finally, using (4.1.13) and (4.1.11), we obtain that

E [F (Wit1 + be1Zr+1) | Wi + przy)

L Lo?(k +T)?
< F (Wk + Mka) — (akﬁ — 50(]26(% + F)z) ||VF (Wk + Nka)||2 + ;Tk)ai
(4.1.14)

Thus, by combining (4.1.14) with the assumption ¢y < m, we obtain that
inequality (4.1.7) holds. O

We are now ready to give convergence results for DRES-NAQ (Algorithm 4).

Theorem 4.1.7. Suppose that Assumptions 4.1.1-4.1.5 hold for {wy} generated by
DRES-NAQ with batch size my, = m for all k. If the step size oy, satisfies (4.1.6)

and ay, < ﬁ for all k, then

lign inf ||VF (wg + przi)|| =0 with probability 1. (2.14)
—c0
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Moreover, there exists a positive constant Mg such that

Proof. Define f, := 25 ||V F (wy, + uxzy)||” and v, := F (wy + #k%)‘l'% S ool

Let Fi be the o-algebra measuring S, vk, and wy + px2Zg. From (4.1.7) we know
that for any k,

Lo?(R + r)?
E st | Fi] = E[F (Wei1 + peprzi) | Fil + — —— Z o
i=k+1

Rk K—I—F N
< F(wg + pzg) — —%— IVF (Wi + pezee)||” + Z %
i=k

= — Br, (4.1.15)

which implies that E [yg41 — % | Fi] <% — /% — By. Since B > 0, it follows
that 0 < E [y — f%] < m — f° < +o0o, which implies the bound in (2.15).
According to Definition 2.2.10, {v. — f**} is a supermartingale. Consequently,
Proposition 2.2.11 establishes the existence of a limit y such that limg oo v = 7
with probability 1, and ensures that E[y] < E[y;]. Note that from (4.1.15), it
follows that E[Sk] < E[vx] — E[Vx+1]. Therefore,

E [Z ﬂkJ = Z (E [v] — E [yg41]) < +o0,

which further yields that

Zﬁk = % ay [VF (wy + ,LLkzk)||2 < 400  with probability 1. (2.17)
k=1 k=1
Since Y o, ax = 400, it follows that (2.14) holds. O

Subsequently, we are able to analyze the iteration complexity of DRES-NAQ),

for a specifically selected step size .

Theorem 4.1.8. Suppose that Assumptions 4.1.1-4.1.5 hold for {wy} generated by
DRES-NAQ with batch size my, = m for all k. We also assume that the step size

oy s specifically chosen as

SR—— (2.22)
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where B € (0.5,1). Note that this choice satisfies (4.1.6) and o < 7 +r ==z for all
k. Then

N _
1 o1 _ 2L (Mp—F2) (R+T)% __ o? - _
— < p-1,__ ~ (N P_pN-?
W 2 BIVF et sl < % N Ty | )

(4.1.16)

where N denotes the iteration number. Moreover, for a given e € (0, 1), to guarantee
that L S0 i E [|VF (wr + przx)||?] < ¢, the number of iterations N needed is at
most O(e” l—ﬂ).

Proof. Taking expectation on both sides of (4.1.7) and summing over k= 1,..., N

yields
1 X
L Z [IVF (wi + pazi) ||’]
N
1 LU2R2
z_: a— IE [F Wi + Mka)] =7 [ (Wk,+1 + Mk+1zk+1)]) + om ; ke
1 - 1
A & p =4 _ E|F
)+ (5~ 5 ) ELF (et )
EIF Lo2(k +T)2 &
_ E[F(Wys + pnvzny)) L= (k+T) Za’“
aN 2m k=1
= N
Mp 1 1 Flov  Lo*(R+T)
< —+4+M o —
T o q F;(ak ak—l) an " 2m ;ak
Me— F  Lo2(k + T')2 -
_ My n o?(R+T) Zak
AN 2m k=1
L(MF_Flow) (R-I—F)Z o2k
< Nt _——=— (NP -1
= P * 2(1—B)m ( )

which results in (4.1.16), where the second inequality is due to (2.15) and the last
inequality is due to (2.22). Then for a given € > 0, to guarantee that & Z,?[:l
E[|VF (wi + ukzk)||2] < ¢, it suffices to require that

2L (Mp — F*¥) (R+T)* . | o’ 5 _ -1
m N g (e

Since f € (0.5,1), it follows that the number of iterations N needed is at most

@] (e“ﬁ). O
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Remark 4.1.9. Note that Theorem 4.1.8 also provides iteration complexity anal-
ysis for the classic SGD method, which can be regarded as a special case of DRES-
NAQ with Hy =1, =0, forall kand I' =6 = 0.

In the next section, we will show experimental results to compare the perfor-

mance of DRESNAQ with other methods.

4.2 Numerical experiments

Numerical simulations were performed on various datasets to assess the effective-
ness of the proposed DRES-NAQ methods. The simulations were conducted on a
MacBook Air with an Apple M1 chip, featuring an 8-core CPU (3.2 GHz) and 8
GB of memory. This section provides an empirical analysis of the performance of
DRES-NAQ in comparison to SGD and RES-NAQ for both convex and non-convex
problems, using the support vector machine (SVM) framework. First, we compare
the DRES-NAQ method with SGD and RES-NAQ in solving the following convex
SVM problem with a squared hinge loss function (see [100)):

: SR ST - T, \\2
Inin F(w) = §||w|| + C;max(O, 1 —yi(w' z;))?, (convex)

where C' > 0 is a constant parameter, z; represents the training data, and y; €
{1, —1} denotes the corresponding label. Additionally, we also compare DRES-
NAQ with SGD and RES-NAQ on a non-convex SVM problem involving a smooth

truncated squared hinge loss function (see [101]):

min F'(w) := %||w||2+CZa(1—exp(—% max(0, 1—y(w'z;))%)), (nonconvex)

i=1

where a > 0 is a constant parameter.

The Python code used in this work requires setting up the necessary modules
and is based on the BaseEstimator class, which includes self in function inputs. If
you plan to use the code, we recommend reviewing it. The implementation was
done using the following environment: pandas 1.3.2, numpy 1.20.3, matplotlib 3.5.3,
scikit-learn 0.24.2, scipy 1.6.2. The following code defines functions for the gradient
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and cost of the squared hinge loss function and the smooth truncated squared hinge

loss function, respectively.

Pl eradient of squareHinpeloss 277

def gradient(self, w, x, t):

)

u

P
grad = self.C *x w + p

np.maximim (0; 1-((t[:,»np.newakis]*x),dot(w)))
fgﬁlén(t)*u.dot(t[:,np.newaxis]*x)

return u,p,grad

MLl east funetidn of $quareﬂiugelogs i
def»Cost?funétion(self,w,x,f): =
loss = 1/len(t) * (np.sum((hp;maxiﬂum(o, 1=((tl:,
< np.newaxis]#*x).dot(w)))*¥2)))
cost = self.C/2 * np)linalg,nprm(W)**2 +:10685s

return loss, cost

”’grédient‘af smooth Fruncated sauared hinge lomur )
def gradient (self; w, x, t):

a.= self a

u = -a*np.exp(-(1-((t[: , ﬁp_'-newé’xis]*x) Ldot (w))) x*2) *

<5 (-(1-((t[:, np.newaxisl#*x).dot(w))))
p.= —2*(1/a)/len(t)*ﬁ.dot(t[:,npfnewaxis]*x)
grad = self C % w 4 p &

returnxu,p,grad

P maeppomiibhetion of o sivoth Cruficated gquared bin

def costifunction(self ,w,x,t):

a & gelf.a

logs = 1/len(t) * np.sum(a*(1-np.exp(-(1/a)*(1-((t[:,

> np.newaxis]xx).dot(w)))*%2))) :
cost = gelf.C/2 * np.linalg.norm(w)*%2 + loss

return loss); «cost

The following Python code implements the DRES-NAQ method in this exper-

iment.

class DResNaq():-
def. __init. (self, C=1;, delta=0.0001, gamma=0.0001,
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epsilon_0=0.0001, tau_0=0.0001,
mu=0.99, méi_epochsﬁQOOOQ, n batches=1000,
oy time=100, bétchesz=100, arl)
assert]C:> 0 \ :

“BelfiC =.C
‘assertrepsilon_0-> 0

self.epsilon_0 = epsilon_0

assert tau.0 > 0

'self tau 0 = tau.0

assert dqlta'ﬁ 0.

self . aélta delta'

assert gamma > 0

’self.gamma.é gamma .

assert'o = mu < i

'Self mu =. mu

assert max. epochs > 0 .and 1slnstance(max epochs, int)

self .max_ epochs é'max epochs

'-assert n_ batches >0 and 151nstance(n batches, inty)

Ciias

def

self .n_batches = n_batches

asgert time > 0

seif.timev= time

self.batchés? = batches? o

self.a =a

Update DRES. BFGS(self B, dw, dg; I):

dg.t = dg[., np. newax1s] i Bdw = nf.dot(B. dw)

Bdw = np.dot (B, dw) by '

dw_t_B = np. dot (dw, B)"

dwBdw = np. dot(np dot(dw, B), dw)

p = dg_txdg , :

U= Bdw[v“ np.newaxis] * dw_t_B

B_new = B + p / np. dot(dg, dw) - u / dwBdw + self.delta % I

return p, W, -B.néew

fit'(self, x,,f):

w0

=0 ;

= np.zeros(len(x[0]))

N e s

i

np.zeros(len(x[0]))
0

)
|
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obj_dresnaq = (]

objnatndﬁesnaq =[]

itef_d:esnaq = [1

MUl
B

1

for

= [

np.identity(len(x[OJ)) #ivverae heseion

np. identity (len(x[0]1)) #identity

epoch in range(self max_ epochs):

np. random seed(42)

o ddx

for

= np.random. permutatlon(len(t))

i in range(len(t)).

I =f1dx[1*self n batches (1+1)*self n.batches]

1f r.size==0: break

1 = idx[a x . self. batches2 (a + 1) * self batches2]
1f L. size == 0: i ' :

" a‘é O .

ri =;idi[a % self.batches2:(a + 1) *

o self. batches2]

a=a 1 -
k é K o+ 1

iter dresnaq append(k) v
omu_t = 0.99 % np.exp(;OLOOOi * k)

cost é‘self.cost_fpnction(w,'x[rl, 11, tlrll)

-3

. CoBt2 = selficost_function(w, X, t)

bt

}obj;d;esnaqfappend(bost2)'

., cost.naq = self.cost_function(w + (mu_t * z),
ey x[rl, 11, tlril)
cost_nag2 = self.cbst;function(w +o(mut *0z)

X )

bbjnathdresnaq.append(bost_naq2)
if cost < cost.naq or cost == cost_nag:
mu_t ‘= 0 ' i
mu_.append (mu_t)
-+ ., g.naq = self .gradient(w + (mu_t * z),
oxlr, ol tle])
H' = np.linalg,inv(B)
H_RES = H .+ self.gamma * I
eta = (self.epsilon_ 0 * self.tau_0) /
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5 (self.tau_o +.k)

ew = mu_t‘* Zz - eta * np,matmul (H_RES,
<3 g.maq)

eﬁ‘= W+ 2,ned

g.new = self.gradient(vw.new, x[r, :],

< t[r])
= w_new - (w +omu_to* z)
old = g_new - g.naq

B+se1f.delta * I
np. dot(dg'dld, dw) i< 020 %]
G np dot (1p.. dot(dw, A), ‘dw)+ (self.deltax

ey np. dot(dw, dw) ) _
' theta (O 8 * np. dot(np dot(dw, A) ;idw)+

els

dg

B'a

s
i

z =

{35 > .
I

L+ (self delta*np dot (dw, dw))) //
b np.dot(np,dot(dw, A), dw)+
“» (np.dot (dw,dw))

et '

theta =1

= theta*dg_ old * (1 theta)*np dot (A, dw) -

5 (self delta* dw)
B _new = self Update DRES BFGS(B dw, .dg,
.I) '

B_new

W_new

z_new

j*+l ‘

mu_.appéﬁd(muff)‘ .

-l

H =

-, g._naq = self,gradient(w + (mu.t * z),
syvoxle ol tle])
np.linalg.inv(B)

H.RES = H + gelf . gamma * I

eta
Z. .1

w.n

=y

dw

= (self.apsilon_o ¥ 5elf . tau.0)./

RN (self.fau,o + k)

ew = mu_t ¥ z - eta x np.matmul (H_RES,
<y g.naq)

ew = w + zZ.new

s g_ﬁew = éélf.gradient(w_new, x[r, 11,

et [£Y)

sy new s o (wid mult % i2)
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dgﬂold = g new —;g.naq
A = B+self.delta % I v
if np.dot(dg.old, dw) < 0.2 *

121

ey np.dof(np,dot(dﬁ, A), dw5+ (self :deltax*

<> np.dot(dw, dw)):

e np:ddt(np.dot(dw} A), dw)#
» ¢+,(gp.d6t(dw,vdw))
elpe: . :

theta =1

thét§‘¥ (0,8'*'np;dot(np.dot(dw, A), dw)+
> (self.deltax np.dot(dw, dw))) //

dg = thetaxdg old + (1-theta)#np.dot(A,dy) -

o (self.deltax dw)

_, ., B.nev = self.Update_ DRES_BFGS(B, dw, dg,

5' 5“$'1)
B a B_new
- w.new.

Z = z.new

el final iter k_,” 
'sélfr;épéf:=,w ‘ ” e
self.dbj;d:eshaq = obj;dféénaq
sélf.iter“drésnaq = iter*d:esndq'/
self}ﬁbjnat_drésnaq éhbpjnéﬁ_dfésnaq
self .mu_ = mu_ (& e

return - self

def predict(self, x) . :
"p = np;Sign(np.matmﬁl(x, seif;_coéf))
plp == 0] = 1 S . '
return p.astype (int)

The methods was evaluated on synthetic datasets. We evaluated this ap-

proach using a two-dimensional scenario where samples are drawn equally from

two Gaussian distributions: w;, for i € {i : y; = 1}, is sampled from N (ua), Zq)),

and z;, for i € {i : y; = —1}, is sampled from N(p1), E(-1)).

Specifically,

pay = [1.5,=3]7, -1y = [~1.5,3]7, and Ty = T(_1) = [0.2 3;0 3]. We generated

training datasets, each containing 500 samples, resulting in a total of m = 1000
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samples. The SVM parameter settings were C = 1072 and a = 1. For each it-
eration k, the parameter settings for SGD, RES-NAQ, and DRES-NAQ were as
follows: the step size o, = 10°/(108 + k), batch sizes m; = 1 and my, = 5, and for
RES-NAQ and DRES-NAQ, § = 1072 and I' = 10~3. RES-NAQ was configured
with- ¢ = 0.99, while DRES-NAQ was configured with the momentum coefficient
Br = 0.99exp(—(107%)k), and v = 1073 and a batch size L, = 15. The stopping

criterion was ||VF(wy)|| < €, where € = 0.25.

10° — — 10! — - g
{—— SGD (my=1) —— 5GD (m=1)
{—= SGD (my=5) e SGD {mMy=5) !
" |=~= RES-NAQ (m=1) ~e RES-NAQ (my=1)
6x10 [ RES-NAQ (my=5) | ' —— RES-NAQ (my=5) |
{—— DRES-NAQ (my = 1) | : ~ DRES-NAQ (M =1
ax101 _—— DRES-NAQ (my = 5) ,\ — DRES-NAQ (my =5
é ax10-! é 10°
2x10™?
MQQ L L
107! 10™!
0 200 400 600 800 1000 [} 200 400 600 800 1000
iteration (k) iteration (k)
(a) Convex problem (b) Nonconvex problem

Figure 21 Comparison of SGD, RES-NAQ, and DRES-NAQ for varying

batch sizes.

In Figure 21, we observe that DRES-NAQ consistently outperforms both SGD
and RES-NAQ in terms of convergence speed and robustness for convex and non-
convex problems. First, considering the convex problems, as illustrated in Figure
2la, it is evident that while SGD remains stable, its convergence rate is slower
compared to RES-NAQ. Although RES-NAQ initially converges more rapidly, it
eventually encounters oscillations. In contrast, DRES-NAQ improves both the con-

vergence speed and stability.

For nonconvex problems, as shown in Figure 21b, DRES-NAQ continues to
exhibit both stability and accelerated convergence. In this case, although SGD is
stable, it converges slowly. RES-NAQ), with a batch size of m; = 1, also oscillates
but ultimately converges and reduces the objective function. However, with my = 5,

RES-NAQ fails to converge, as it is not suited for nonconvex optimization, and
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the choice of my; = 5 adversely affects performance. Therefore, while increasing
the batch size my can often enhance convergence speed, careful selection of my is

essential to avoid negative outcomes.

10° 100

(7 DRESINAQ (my = 1, Ly = 1)
—~ DRES-NAQ (m =:1, L = 5) {—— DRES-NAQ {my =1, Lt = 5)

-—- DRES-NAQ (my =.1. Lk=1)

— DRES-NAQ (my = 1, Ly = 10) {—— DRES-NAQ (my:= 1, L = 10)
6x10-1 ~—— DRES-NAQ (my = 1, L = 15) 6x 107 ; DRES-NAQ (my = L. Ly = 15)
— pemom il sz
—_ - x =5, Lg = [J— | = =
ax10- —— DRES-NAQ (i = 5, L = 5) 4x 10t ‘ ggg: z:‘o i = : t“ = ;)
= —— DRES-NAQ (my =:5, Lg = 10) = [ -NAQ {my = 3, Ly = 5)
Za0m ~—— DRES-NAQ {mj =:5, L = 15) 2 35101 (== DRES-NAQ (my = 5, Ly = 10)
------ ~ DRES-NAQ (mi ='5, Ly = 20) s ‘. DRES-NAQ (my = 5, Ly = 15)
| ——— DRES-NAQ (my:= 5, Ly = 20)
2x107 T 2x107 —— | |
T —— e
<cfmemen, ] i i
4NN
107t 107! . r
0 200 400 600 800 1000 0 25 50 75 100 125 - 150 175 200
iteration (k) iteration (k)
(a) Convex problem (b) Nonconvex problem

Figure 22 Performance of DRES-NAQ with varying batch sizes and val-

ues of L.

In Figure 22, we observe that increasing the parameter Ly, which controls the
number of data samples used to compute the objective function in pg, can enhance
the performance of DRES-NAQ. However, this also increases the computational
overhead. Nevertheless, DRES-NAQ still requires fewer computational resources

for py calculations compared to RES-NAQ.

Table 29 Number of iterations and time utilized to achieve the stopping

criterion (convex problem).

Batch size Methods Iterations Time
mg =1 SGD 432 0.05306
RES-NAQ 102 0.01107
DRES-NAQ 49 0.00537
My =5 SGD 362 0.02558
RES-NAQ 90 0.00919

DRES-NAQ 45 0.00638
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Table 30 Number of iterations and time utilized to achieve the stopping

criterion (nonconvex problem).

Batch size Methods Iterations Time
mg =1 SGD 125 0.02752
RES-NAQ 160 0.02815
DRES-NAQ 75 0.01174
mg =5 SGD 163 0.02457
RES-NAQ - -
DRES-NAQ 37 0.00642

In Table 29, DRES-NAQ consistently surpasses both SGD and RES-NAQ in
terms of the number of iterations and time to convergence. Increasing the batch
size significantly decreases the iterations and time required for all methods. With
a batch size of 5, DRES-NAQ performs optimally, needing only 45 iterations and
0.00638 seconds to converge. Similarly, in Table 30, DRES-NAQ again outperforms
SGD and RES-NAQ. RES-NAQ does not converge when the batch size is set to
5. However, DRES-NAQ achieves the best results with a batch size of 5, requiring

only 37 iterations and 0.00642 seconds to converge.

On the basis of experiments with synthetic datasets, DRES-NAQ proved to be
a more effective optimization method than both SGD and RES-NAQ. By carefully
tuning the batch size and the parameters u; and Li. However, there is a trade-
off between computational efficiency and convergence speed, as larger batch sizes

demand more computational resources, but can lead to faster convergence.



CHAPTER V

CONCLUSION

This thesis introduces three advanced techniques aimed at enhancing classifi-
cation performance and optimization efficiency in support vector machines (SVMs)

and stochastic optimization.

First, the asymmetric truncated generalized pinball loss (Lg,**) was devel-
oped to improve robustness and flexibility in parameter tuning. Integrated into the
ATGP-SVM framework, this loss function ensures insensitivity to noise and outliers
while maintaining sparsity. Due to its non-convexity, a difference of convex (DC)
programming approach was employed to efficiently optimize ATGP-SVM, ensur-
ing finite convergence. Experimental evaluations on synthetic and UCI benchmark

datasets demonstrated that ATGP-SVM consistently outperforms existing meth-

ods, particularly in noisy environments.

Second, the smooth rescaled generalized pinball loss (SRGP-SVM) was pro-
posed to further address challenges related to noise sensitivity, parameter flexibility,
and outlier robustness. By combining the advantages of rescaling with the differ-
entiability of smooth generalized pinball loss, SRGP-SVM enhances classification
performance while maintaining adaptability across various datasets. Experimental
results confirm its strong accuracy, MCC, and Fj-score compared to alternative
approaches, albeit with a trade-off in computational efficiency. Future work will
explore refined parameter selection strategies and the application of more efficient

optimization techniques to extend its scalability.

Finally, a regularized stochastic BFGS method was introduced for nonconvex
optimization, incorporating Nesterov acceleration and an adaptive momentum co-
efficient. By dynamically adjusting momentum based on the objective function’s
value from selected dataset samples, this method mitigates overshooting issues while
preserving computational efficiency. We theoretically analyze its convergence and
complexity, and numerical results demonstrated its superiority over existing tech-
niques, such as SGD and RES-NAQ), in convex and nonconvex SVM-based classifi-

cation problems. Further research will explore extensions to more complex machine
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learning models and large-scale optimization challenges.

In summary, this thesis presents novel loss functions and optimization strategies
that significantly enhance the robustness, adaptability, and computational efficiency
of SVM classification and nonconvex stochastic optimization. Future directions
include refining parameter selection methods, expanding applicability to broader
machine learning models, and integrating more efficient optimization algorithms to

address large-scale problems.
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