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ABSTRACT

In this thesis, we present a bison brucellosis model with both direct and in-
direct transmissions from infected animals, including the chronic state, and the
bacteria in the environment. Additionally, we assume that some of the recovered
animals have temporary immunity. We derive the basic reproduction number, con-
duct equilibrium analysis, perform numerical simulations, and sensitivity analysis
of the basic reproduction number in term of some parameters. Furthermore, an
optimal control study is carried out to explore strategies involving culling, animal
vaccination, and bacteria elimination. Our results show that the combined imple-
mentation of these three controls yields a significant reduction in the total number
of both chronic and infectious animals. Meanwhile, we also formulate and analyze
a deterministic mathematical model to describe the transmission dynamics of the
brucellosis-bovine tuberculosis epidemic in animals. We first analyze two submod-
els, brucellosis and bovine tuberculosis submodels, and then investigate the basic
reproduction number and perform equilibrium analysis for each one. Besides, we
proceed to analyze the full brucellosis-bovine tuberculosis model and extend our
model to an optimal control problem. The model includes culling infected ani-
mals and elimination of Brucella and Mycobacterium Bowvis in the environment as
control variables to minimize the total number of infected animals while minimiz-
ing the implementation costs. Finally, we compute the average cost-effectiveness
ratio (ACER) and the incremental cost-effectiveness ratio (ICER) to examine the

cost-effectiveness of all possible combinations of the three control measures. Our



findings indicate that the most cost-effective control strategy involves the imple-
mentation of a combined approach using all available controls. Additionally, in
the final segment of our study, we engage in data fitting and compare our model
with others. Through parameter adjustments, we demonstrate our capability to

align our model with provided data.
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CHAPTER 1

INTRODUCTION

Zoonotic diseases have the potential to infect humans through either di-
rect contact with infected animals or indirect means like contaminated food, water,
or the environment. These diseases pose substantial public health concerns [1].
Brucellosis, recognized by various names such as undulant fever, Mediterranean
fever, or Malta fever, is classified as a zoonotic disease. The transmission of this
infection primarily occurs through direct or indirect interaction with infected ani-
mals or their byproducts [2]. Additionally, brucellosis can give rise to noteworthy
economic and welfare challenges within livestock populations [3]. The disease is
attributed to various bacteria within the Brucella family, which generally display
an inclination to infect specific animal species. Nevertheless, it is important to
note that many Brucella species possess the ability to infect diverse animal species
as well [4]. Presently, this genus encompasses several distinct members, including
Brucella abortus in cattle, B. melitensis in sheep and goats, B. suis in swine, B.
ovis in livestock, B. canis in dogs, B. ceti and B. pinnipedialis in marine mammals,
B. neotomae and B. microti in wild rodents, alongside a few other organisms that
remain only partially understood [5]. The typical mode of Brucella transmission
is from animal to animal through contact, often following an abortion event [2].
Elevated levels of the bacteria are usually present in the birth fluids of infected
animals [4]. Moreover, the bacteria can be detected in the milk, blood, urine, and
semen of afflicted animals [6]. Consequently, animals may contract the bacteria
through oral ingestion, direct contact with mucous membranes (such as the eyes,
nose, mouth), or openings in the skin. Brucella can also be transmitted through
contaminated objects (fomites), such as equipment, clothing, shoes, hay, feed, or
water [6]. The bacteria can survive outside the host animal in the environment
for several months, especially in cool and moist conditions [4]. Nevertheless, it
is highly susceptible to destruction by sunlight, high temperatures, and desicca-
tion [7]. Moreover, brucellosis leads to substantial economic losses for farmers

due to diminished animal production, including instances of abortion, stillbirth,



sterility, longer calving intervals, and reduced milk yields {8,9]. In humans and
animals, brucellosis ecology can be divided as acute (0-2 months), sub-acute (3-12
months), and chronic (more than 12 months) [10]. Moreover, it is worth noting
that animals in the chronic state show no clinical signs of the disease and the
majority of these animals would not be pregnant [11].

Mathematical models are used to analyze brucellosis outbreaks in some
animal species. Moreover, they can be useful for a better understanding of disease
dynamics and can be used as tools to seek effective control strategies for brucel-
losis. In 2013, Qiang Hou et al. [12] studied the transmission dynamics of sheep
brucellosis in Inner Mongolia. They purposed a dynamic model for the sheep-
human transmission of brucellosis, involving sheep population, human population,
and brucella in the environment. In 2014, Gui-Quan Sun and Zi-ke Zhang [13]
presented a sheep brucellosis model with immigration and proportional birth to
include both direct and indirect transmission with infected animals, and the bac-
teria of the environment. In the same year, Ming-Tao et al. [14] presented a
mathematical model that focused on the disease transmission between cattle and
sheep populations on the same farm. The study shows that prohibiting mixed
feeding in a public farm should remove mixed cross infection between sheep and
cattle. In 2015, Emmanuel Abatih et al. [15] proposed a model for the transmis-
sion dynamics of brucellosis among bison. The model contains three subclasses;
susceptible, infected, and recovered individuals. In 2017, Yang et al. [16] pre-
sented a nonlinear modeling framework to investigate the transmission dynamics
of brucellosis, incorporating both the spatial and seasonal variations. In 2018,
Lolika et al. [17] proposed an extended model in [15] to include an additional
epidemiological class that accounts for animals in chronic state, a seasonal varia-
tion on disease transmission pathway, and time-dependent culling effort. In 2020,
Nyerere et al. [18] presented a mathematical model for the impacts of different
control options on the transmission dynamics of brucellosis. They focused on live-
stock vaccination, gradual culling through the slaughter of seropositive cattle and
small ruminants, environmental hygiene and sanitation, and personal protection.
However, this study did not include the animal recovered class with a waning
vaccine or temporary immunity. In 2022, Stephen Abagna et al. [19] studied the

transmission dynamics and control of bovine brucellosis in a herd of cattle.



We see that many papers have considered brucellosis in animals such as
cattle and sheep, and there are only a few focused on bison. Also, there are studies
mentioned before that environmental factors can cause both direct and indirect
transmissions of brucellosis in a bison population. Thus, we have developed and
extended the model of Lokika et al. [17]. We will investigate environmental factors
as one of our interests, which will be relevant for places such as wildlife sanctuar-
ies and national parks. Therefore, we have incorporated the subclass of Brucella
present in the environment into our model. Since vaccination usually results in
clinical disease elimination, we will also include vaccination control in our study.
Also, we assume that some recovered animals can lose their immunity and are
susceptibles to the disease since not many researchers have included this fact in
their studies. We also conduct a rigorous analysis of the trivial and non-trivial
equilibria of the system and establish their existence and stability where possible.
Meanwhile, we perform an optimal control study for the model and seek effective
strategies that best balance the outcomes of the controls in reducing the disease.
Our modeling, simulation, and analysis focus on the complex interplay among the
animal hosts, the vaccinated class, the chronic infectious bison, the environmental
pathogen, and the recovered animals (temporary immunity).

On the other hand, bovine tuberculosis are major zoonotic diseases world-
wide [20]. Bovine tuberculosis is a chronic bacterial disease of animals caused by
the bacterium Mycobacterium bovis [21,22]. 1t is a major infectious disease that
mostly affects cattle, but it can also infect other domesticated animals and certain
wildlife populations [22]. Hence, bovine tuberculosis has an important economic
impact and threatens livelihoods [23]. In developed countries, Bovine tuberculosis
is still common and significant economic losses can occur from livestock deaths,
chronic disease, and trade restrictions. In some situations, this disease could also
be a serious threat to endangered species [21]. Infected animals expel bacteria in
milk, feces, respiratory secretions, and, less frequently, other bodily fluids [24]. Tt
is possible to contract the disease through direct contact with infected domestic
or wild animals or indirectly by ingesting contaminated material [22]. Cattle are
infected by inhaling droplets (aerosol) that contain the bacteria. Furthermore,
calves can be infected by ingesting colostrum or milk from infected cows [22,24].

Bovine tuberculosis and brucellosis are significant zoonotic diseases of



global economic and public health importance, particularly in developing coun-
tries. These diseases further strain public health systems and hinder efforts to
enhance livestock production and export [20]. The rapid expansion and intensifi-
cation of livestock production are anticipated to lead to an increased prevalence
of both brucellosis and bovine tuberculosis [25]. In Morocco, both diseases are
endemic zoonoses in ruminants, impacting both animal and human health [25].
Furthermore, these two diseases are noteworthy milk-borne zoonoses, showing
varying degrees of prevalence among Ethiopian cattle [26]. In Burkina Faso’s
Sahel and Hauts-Bassins regions, brucellosis and bovine tuberculosis are present
on cattle farms, exhibiting high herd prevalence. Given the potential transmis-
sion of these diseases to humans through the consumption or handling of milk or
meat from infected animals, this situation holds critical implications for public
health [27]. Moreover, both diseases are easily transmissible to humans through
the consumption of animal products like raw dairy or close contact with infected
animals or animal tissues [26].

In 2008, Simeon and colleagues reported a.case of co-infection involving
brucellosis and tuberculosis in cattle slaughtered at the Bodija abattoir in Ibadan,
Nigeria. This incident resulted in six animals being afflicted by both brucellosis
and bovine tuberculosis [65]. In 2013, Gorisch et al. monitored 126 buffalo in
South Africa for tuberculosis and brucellosis infections. It was noted that buf-
falo co-infected with both pathogens exhibited the highest mortality rates [29].
Additionally, Folitse et al. conducted a study in 2014 involving the testing of
444 cattle for tuberculosis and brucellosis using the single comparative intrader-
mal tuberculin and Rose Bengal plate tests in Dormaa and Kintampo Districts,
Brong Ahafo region, Ghana. According to their findings, a cow older than 5 years
had both diseases, yielding a prevalence estimate of 0.23% [30].

Numerous mathematical models have been proposed to study the trans-
mission of brucellosis only [12-19,31-36], as illustrated above. Additionally, sev-
eral mathematical models have been proposed and analyzed in bovine tuberculosis
only [37-47]. As an illustration, in 2016, Patrick B. Phepa et al. [41] studied the
transmission dynamics of bovine tuberculosis (BTB) in both buffalo and cattle
populations. In the same year, Tasmi et al. [46] discussed a model for the trans-

mission of badger tuberculosis with vaccination. In 2017, Mahamat Fayiz Abakar



et al. [47] established a mathematical model for BTB transmission in cattle and
humans in Morocco to provide a general understanding of BTB. However, these
studies did not focus on the co-infection of brucellosis and bovine tuberculosis
within a single host population.

Recently, Lolika et al. [48] introduced a framework for modeling co-
infection of brucellosis and tuberculosis. They incorporated all pertinent biologi-
cal factors and considered culling of infected animals as the primary intervention
strategy. Furthermore, they conducted an optimal control study to assess the im-
pact of culling infectious animals on the prevalence of both infections. Nonetheless,
this study did not take into account the influence of Brucella and Mycobacterium
bovis in the environment.

In our thesis, we have developed a co-infection model that encompasses
both brucellosis and bovine tuberculosis infections, while also incorporating ad-
ditional environmental factors. Concurrently, we undertake an optimal control
analysis of the model, with the goal of identifying the most effective strategies
to mitigate disease transmission. Our approach initiates with the formulation of
a comprehensive mathematical model that captures the dynamics of co-infection
and the associated environmental variables. Following this, we carry out analy-
ses of disease dynamics. Lastly, we conduct numerical simulations to explore an
optimal control problem, aiming to pinpoint cost-effective measures for disease
management. Moreover, we engage in real data fitting and compare our model
with other existing models to further enhance the depth of our investigation.

This thesis is organized as follows: Chapter 2, we introduce lemmas and
theories important for our model. Additionally, we present some interesting math-
ematical models related to the transmission of brucellosis and bovine tuberculosis.
The establishment and analysis of the mathematical model for Brucellosis infec-
tion in bison were presented in Chapter 3. Furthermore, in Chapter 4, we develop
and scrutinize a mathematical model for the co-infection of brucellosis and bovine
tuberculosis, along with exploring the optimal cost-effective control strategies for

this model. A discussion and conclusion are given in Chapter 5.



CHAPTER 11

PRELIMINARIES

2.1 Lemma and theories

2.1.1 The basic reproduction number

The next-generation matrix is a method used to derive the basic repro-
duction number for a compartmental model of the spread of infectious diseases.
It calculates the basic reproduction number by dividing the population into n
compartments. Let z = (z1, ..., 2,)", where each z; > 0 representé the number
of individuals in each compartment, whereas m compartments correspond to in-
fected individuals. Moreover X, = {a: >0:z;=0,1=1,..., m} is defined as the
set of all disease free states. Let JF;(z) be the rate at which new infections emerge
in compartment i. V;f(z) denotes the rate of people entering the compartment
3, and V; (z) denotes the rate of people leaving the compartment . The disease
transmission model consists of nonnegative initial conditions together with the

following system of equations:

dz;
% = i) = Fi@) - (o) (21.1)

where Vi(z) = V; (z) — V(=) and the functions satisfy assumptions (A1)—(A5)
described below.

(A1) If 2 >0, then F;, V}H, V7 > 0fori=1,..,m.

(A2) If z; = 0, then V; = 0. In particular, if z € X, then V;” =0fori=1,...,m.
(A3) Fi > 0ifi > m.

(A4) If z € X,, then Fi(z) = 0 and V; (z) =0 for i = 1,...,m.

(A5) If F(z) is set to zero, then all eigenvalues of Df(xo) have a negative real
part. Here, Df(zo) represents the derivative [0f;/0x;] evaluated at the

disease-free equilibrium point zg, i.e., the Jacobian matrix.



Let z, be the disease-free equilibrium point of (2.1.1), and let f;(z) satisfy
(A1)-(A5). We have F and V as m x m matrices defined by:

0F; oV, .
_ _ |9 <ii<m.
F [axj (xo)] and V [axj (3:0)] for1<i,j<m

The matrix FV ! is referred to as the next-generation matrix for the model. The
basic reproduction number, denoted as (Ry), for the model is the spectral radius

of FV1.

Theorem 2.1.1. [49] Consider the disease transmission model given by (2.1.1)
with f(z) satisfying condition (A1)-(A5). If zo is a disease-free equilibrium of
model, then xq is locally asymptotically stable if Ro < 1, but unstable if Ro > 1.

2.1.2 The stability of continuous systems by Routh-Hurwitz

criteria

Given the characteristic equation of Jacobian matrix at steady state as
PO\ = X"+ a; X"+ a1 A + ap,

where the coefficients a; are real constants, 7 = 1,2,...,n, define the n Hurwitz

matrices using the coefficients a; of the characteristic polynomial as below:

a3 1 0
ay 1
Hy=(a1),H; = yHy = | as az a;
as a9
as a4 ag
and
(¢, 1 0 0 - 0|
as ag ay 1 -0
H,=1{ a5 a4 az ay 01,
_O 0O 0 0 --- ay,

where a; = 0 if j > n. All of the roots of the polynomial P()) are negative or
have negative real part if and only if the determinants of all Hurwitz matrices are

positive that is:

det H; > 0,5 =1,2,...,n.



When n = 2, the Routh-Hurwitz criteria simplifies to det H; = a1 > 0 and

ax 1
det Hy = det =ajas >0
) 0 as

or a; > 0andas > 0.
For characteristic equation of degree n = 2,3,4 and 5, the Routh-Hurwitz
criteria are summarized below.
n=2; a >0 and ay;>0
n=3; a >0,a3>0 and aia;>a3
n=4; a >0,a3>0,a,>0 and aiaas> a3+ alay
n=>5 a>0i=12234,5 aaa;>a3+af+as and

(a1a4 — as)(a1a2a3 — a2 — alay) > as(araz — a3)? + aia?.

2.1.3 Forward-backward bifurcation

Theorem 2.1.2. [50] Consider the following general system of ordinary differ-

ential equations with the parameter ¢:
d
Eg — f(z,4), f:R*xR—R" andfeC*R"xR). (2.1.2)

Without loss of generality, it is assumed that 0 is an equilibrium for system (2.1.2)

for all values of the parameter ¢, that is f(0,¢) = 0 for all ¢. Assume that

(A1) A = D,f(0,0) = (%(0,0)) is linearisation of system (2.1.2) around the
equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of A and

all other eigenvalues of A have negative real parts:

(A2) Matriz A has a non-negative right eigenvector w and a left eigenvector v

corresponding to the zero eigenvalue.

Let fi be the k** component of f and

- 9 fr
a = Z ’Uk’ll)iw]'m(o, 0),
Fiba=t (2.1.3)
b= v w._aﬁck_(o 0)
- kyi=1 BTN

The local dynamics of (2.1.2) around 0 are totally governed by a and b.



(i.) a>0,b>0. When¢ <0 with |4 < 1, 0 is locally asymptotically stable, and
there exists a positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable

and there exists a negative and locally asymptotically stable equilibrium;

(ii.) a < 0,b<0. When ¢ <0 with |¢| <1, 0 is unstable; when 0 < ¢ K 1, 0 is

locally asymptotically stable, and there ezists a positive unstable equilibrium;

(iii.) a > 0,b < 0. When ¢ < 0 with [¢| < 1, 0 ds unstable, and there exists
a locally asymptotically stable negative equilibrium; when 0 < ¢ <1, 0 s

stable, and a positive unstable equilibrium appears;

(iv.) a < 0,b> 0. When ¢ changes from negative to positive, 0 changes its stabil-
ity from stable to unstable. Correspondingly a negative unstable equilibrium

becomes positive and locally asymptotically stable.

Corollary 2.1.3. [50] When a > 0 and b > 0, the bifurcation at ¢ = 0 is

subcritical (backward).

2.1.4 The global asymptotic stability of the disease-free equi-

librium

Lemma 2.1.4. [51] Consider a model system written in the form

dX

3 Tl F(X1,X5)
dX.
- =G0, %), G(X;,00=0,

where X; € R™ denotes (its components) the number of uninfected individuals and
X, € R* denotes (its components) the number of infected individuals including
latent, infectious, etc; Up = (X *,0) denotes the disease-free equilibrium of this

system. And assume,

(H1) For £1 = F(X},0), X{ is globally asymptotically stable ;

(HQ) G(Xl,Xz) = AX2 hen é(Xl,Xz), G(Xl,Xz) 2 0 fO’l" (Xl,Xz) € Q, where
the Jacobian A = ——a%— is an M-matriz (the off-diagonal elements of

2
A are nonnegative) and € is the region where the model makes biological

Sense.
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Then the disease-free equilibrium Uy = (X7,0) is globally asymptotically stable for
Ry < 1.

2.1.5 The global asymptotic stability of the endemic equilib-

rium

Lemma 2.1.5. [52] Consider a dynamical system X = f(X), where f : 2 - R”
is a C* function and QL C R™ is a simply connected domain. Assume that there
exists a compact absorbing set K C Q and the system has a unique equilibrium
point X* is globally asymptotically stable in 2 if ¢ <0, where
1 L
¢ = limsup sup Z/o m(B(X (s, Xo)))ds. (2.1.4)

t—oo Xpg€K

In (2.1.4), B is a matriz-valued function defined as

B=Q;Q ' +QJ%Q™,

n n
where Q(X) is a X matriz-valued C function in Q, Qy is the derivative
2 2

of Q (entry-wise) along the direction of f, and J 2] js the second additive compound
matriz of the Jacobian J(X) = Df(X). If J = (ai;) is a 4 x 4 matriz, then J¥
is given by [53],

aix + agz a3 g4 —a13 —a14 0 ]
asz a1 + ass azq a2 0 —a14
7 _ 42 43 ay1 + Q44 0 a2 a13
—az1 a1 0 ag2 + ass a34 —024
—a41 0 a1 a43 Qg + G4q 23
I 0 —aq asi —ay2 azz a33 + Gaq |

(2.1.5)

Meanwhile, m(B) is the Lozinski measure of B with respect to a matriz norm;
i.e.,

. JI+hRB|-1
mB) =i

where I represents the identily matriz.
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2.1.6 The Arithmetic Mean - Geometric Mean Inequality

Theorem 2.1.6. [54] Let ay,as, ..., a, be positive numbers. Then,
a;+ag+ - +an
> Yajas - Ay,
n
Equality holds if and only if a1 = ag =+ = ayn.

2.1.7 LaSalle’s invariance principle

Theorem 2.1.7. [55] Let Q C D be a compact set that is positively invariant
with respect to & = f(z), T € D. Let V : D — R be a continuously differentiable
function such that V(z) < 0 in Q. Let E be the set of all points in Q) where
V(:z:) = 0. Let M be the largest invariant set in E. Then every solution starting

in Q approaches M ast — oo.

2.1.8 Sensitivity analysis

The normalized forward sensitivity index is used to calculate sensitivity indices of

the basic reproduction number with respect to the parameters [56, 57].

Definition 2.1.8. [58] The normalized forward sensitivity index of Ry that de-
pends differentiability on a parameter P is defined by

ORy P

2.1.9 Optimal control

Optimal control is a powerful method for solving dynamic optimization
problems, when the problem are expressed in continuous time. This primary
method was developed by Pontryagin et al. in 1962 [59].

Lenhatrt and Workman in 2007 [60] consider u(t) as the control and (%)
as the state. The state variable is governed by a differential equation involving

the control variable:
z (t) = g(t, z(t), u(t)).
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An optimal control problem consists of finding piecewise control «(t) and
the associated state variable z(t) to maximize (minimize) the given objective
funtional,

t1

J(u) = maz(min) (¢, z(t), u(t))dt,

o
subject to

z'(t) = g(t, 2(t), u(t)),

z(tg) = zo and z(ty) free.

Such a maximizing (minimizing) control is called an optimal control. By z(t) free,
it means that the value of z(t) is unrestricted; f and g are continuous differen-
tiable functions in all three arguments. Thus, the control will always be piecewise
continuous and the associated states will always be piecewise differentiable.

The principal technique for an optimal control problem is to solve a set
of “necessary conditions” that an optimal control and corresponding state must
satisfy. The necessary conditions are generated from the Hamiltonian H, which

is defined as follow;
H(t,z,u,\) = f(t,z,u) + \g(t,z,u).

Since, we want to maximize (minimize) H with respect to u at u*, and the neces-

sary conditions can be written in terms of the Hamiltonian:

H
aa_u =0 at v*= fu+Agu=0 (optimality condition),
/ 0H /
)\ = o = X = —(fs +Agz) (adjoint equation),
AMt) =0 (transversality condition),

where the dynamics of the state equation is

Tz = g(t,z,u) = , z(to) = Zo.

F2)
Therefore, we can solve the optimal control problem by the following scheme;
1. Form the Hamiltonian for the problem.

2. Set up the adjoint differential equations, transversality boundary conditions

and optimality conditions. Now there are three unknowns, u*,z* and .
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3. Eliminate u* by using the optimality equation H, = 0, that is, solve u* in

terms of z* and .

4. Solve differential equations for z* and A with boundary conditions, substi-
tuting u* in the differential equations with the expression for the optimal

control from the previous step.

5. After finding the optimal state and adioint, solve the optimal control.

2.2 Literature reviews

In this section, we will introduce intriguing mathematical models associ-

ated with epidemics of brucellosis and bovine tuberculosis.

Mathematical modeling of brucellosis

In 2013, Qiang Hou et al. [12] studied the transmission dynamics of sheep
brucellosis in Inner Mongolia. They purposed a dynamic model for the sheep-
human transmission of brucellosis, involving sheep population, human population,
and brucella in the environment. The results show that vaccinating and disinfect-
ing both young and adult sheep are appropriate and effective strategies to control
brucellosis in Inner Mongolia of China. This model classifies the sheep popu-
lation into four compartments: the susceptible compartment S(t), the exposed
compartment E(t), the infectious compartment I (t), and the vaccinated compart-
ment V(t). Additionally, it classifies the human population into three groups:
the susceptible group Si(t), acute infections I, (t), and chronic infections Ly(2t).
Furthermore, let B(t) denote the number of infectious unit in the environment.

The flow diagram of the model is shown in Figure 1.
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Figure 1 Flowchart of sheep brucellosis transmission [12].

The system of ordinary differential equations of their model is as follows:

Notation:

=S T =

<

as

dt
av

= s —

dt
dE

dt
I _
dt
@
dt
S,
dt
dIah

dt
dl, ch

dt

oF — (p+c)l,

= k(E +I) — (d+n7)B,

= —A-BS(E+I)-¢SB - (p+v)S+4V,
(n+0)V —efV(E+I) —edpVB,

—— =B(S+eVYE+I) +¢(S+eV)B—(0+1E,

—BrSh(E +I) — ¢pSkB + on(1 — p)Ian,

= opplan.

is the sheep vaccination rate.

= BrSh(E + I) + ¢rShB — onlan,

is the rate of sheep natural elimination.

is the rate of sheep loss of vaccination.

is the sheep-to-sheep transmission rate.

is the recruitment rate of the sheep population.

is the elimination rate caused by brucellosis.
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is the invalid vaccination rate.

is the Brucella-to-susceptible sheep transmission rate.

is the rate of clinical outcome of exposed sheep.

is the Brucella shedding rate by exposed and infected sheep.
is the decaying rate of brucella in the environment.

is the disinfection times.

is the effective disinfection rate.

is the transmission rate from sheep to humans.

is the transmission rate from brucella to human.

is the transfer rate from acute infections to chronic infections.

is the transfer rate from acute infections to susceptible population.

In 2014, Gui-Quan Sun, & Zi-ke Zhang [13] presented a sheep brucellosis

model with immigration and proportional birth to include both direct and indi-

rect transmission with infected animals, and the bacteria of the environment. In

addition, this paper confirmed that elimination, vaccination and disinfection are

the useful control strategies. The model’s flowchart is depicted in Figure 2.

dSI dE I I (d+a)

A BSE+I)+piSW mgE
S " E " I
b(S+V)
S| [ov kI, KE
v “‘ b'l'
\% w
dVl l(m' +e)W

Figure 2 Diagram depicting the dynamic transmission of brucellosis

among sheep [13].

The model is given by the following system of ordinary differential equa-
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tions:

%=A+b(S+V)+5V—(d—l—r)S—ﬂS(E-I-I)—ﬁ1SW,

O = BS(B+ 1)+ BSW - (d+m)E,

dl
E—mE—(d+a)I,

av

%:k(I—kE)—(nT—ke)W.

Notation:

is the number of susceptible individuals.

is the number of vaccinated individuals.

is the number of exposed individuals.

is the number of infected individuals.

is the quantity of sheep brucella in the environment.
is the immigration rate of sheep.

is the birth rate of sheep.

is the removed rate of sheep.

SR T LT o [ M

is the rate of sheep losing immunity from vaccination.

is the vaccination rate of sheep.

-

is the transfer rate of sheep from exposed to infectious compartment.

is the disease-related elimination rate.

> Q@ 3

is the shedding rate from exposed and infectious sheep into the environment.

is the natural death rate of brucella in the environment.

™

B is the transmission rate from exposed and infectious sheep to susceptible sheep.
B, is the transmission rate from brucella to susceptible sheep.
n is the disinfection number.

7 is the efficient disinfection rate.

In the same year, Ming-Tao et al. [14] presented a mathematical model
that focused on the disease transmission between cattle and sheep populations on
the same farm. In their model, Sy(t), E1(t), I1(t), R1(t) and Sa(t), Ex(t), Ia(t), Ra(2)
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represent susceptible, exposed, infectious, vaccinated cattle and sheep at time ¢,
respectively. Moreover, V;(t) and V;(t) represent the quantity of cattle brucella
and sheep brucella in the environment at time ¢, respectively. The flow diagram
of the model is shown in Figure 3.

The system of ordinary differential equations of their model is as follows:

1
lelI dlSl dlEI dlll
) AlRl PuSiE + 1)+ BuSiVy
ML, I
R [ s, o E, ok, I ady
< S, BioSiEs + b))+ fipiVa
7 ..
4 klEl tkl[l
Y
Vl 61V1
6,V
/5 lay
kZEZ.' Y
& _—"/ ?kzlz
AR 152V, I
PuSoE, + 1) + 63,5V I
R, 22, 5, ) E, 1) L, b
725, PiaSyEs + 1) + 8,5,V
leRZ &S, 1 0> 1 dl,
y

Figure 3 Transmission diagram on the dynamical transmission of bru-

cellosis between cattle and sheep in public farm [14].

das;
dt

2
= A; — (di +%)Si + MR — Z (BiiSi(E; + I;) + Bi;S:V;)

g=1

dE;, < ,
=S (BuSE; + L) + B;SiV;) — (di + &) By

LY
Il

dl;
T ¢ E; — (d; + i),
dR
_d& = %S — (N + di) Ry,
t
av;
= ki(E; + I;) — 0V,
pr ki(E; + L) — &V

where i = 1, 2.

Notation:

A; is the recruitment rate of cattle population.

A, is the recruitment rate of sheep population.
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is the natural mortality rate of cattle.

is the natural mortality rate of sheep.

is the loss rate of vaccination immunity of cattle.

is the loss rate of vaccination immunity of sheep.

is the vaccination rate of cattle.

is the vaccination rate of sheep.

is the clinical outcome rate of exposed cattle.

is the clinical outcome rate of exposed sheep.

is the disease-related elimination rate of cattle.

is the disease-related elimination rate of sheep.

is the brucella shedding rate by exposed and infected cattle.

is the brucella shedding rate by exposed and infected sheep.

is the decaying rate of cattle brucella in the environment.

is the decaying rate of sheep brucella in the environment.

is the transmission rate from exposed and infected cattle to
susceptible cattle.

is the transmission rate from exposed and infected cattle to
susceptible cattle.

is the transmission rate from exposed and infected cattle to
susceptible sheep.

is the transmission rate from exposed and infected sheep to
susceptible cattle.

is the transmission rate from exposed and infected sheep to
susceptible sheep.

is the transmission rate from cattle brucella of the environment
to susceptible cattle.

is the transmission rate from cattle brucella of the environment
to susceptible sheep.

is the transmission rate from sheep brucella of the environment
to susceptible cattle.

is the transmission rate from sheep brucella of the environment

to susceptible sheep.

18
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In 2015, Emmanuel Abatih et al. [15] proposed a model for the transmis-
sion dynamics of brucellosis among bison. The model contains three subclasses;
susceptible (S), infected (I), and recovered individuals (R). Figure 4 displays the

flow diagram of the model.

(1-e)pla—pN)I ep(a— ¢N)I
(a-@NYS+R) 1 P l
a— + N vl mR
» S N g »y R —

A
mS (m+ )l

6R

Figure 4 Flow diagram of the transmission dynamics of brucellosis

among bison [15].

The model is given by the following system of ordinary differential equa-

tions:
dsS I
- = (a — ¢N)[S+ R+ Ip(1 —e)] —mS—I—JR—BNS,
ﬂ—ﬂ-‘LS—i- ( SN — (a+m +v)I
7 =P ep(a a+m+uv)l,
dR
Notation:
S is the number of susceptible individuals.
is the number of infected individuals.
R is the number of recovered individuals.

is the birth rate.
is the density dependent reduction in birth.
is the per capita disease free death rate.

is the disease related death rate.

> R 3 o o

is the rate of loss of resistance.



v is the recovery rate.

B is the disease transmission rate.

e is the proportion of vertical transmission.

p is the reduction of fecundity in infectious bison.

N is the number of susceptible, infected and recovered individuals.

20

In 2017, Yang et al. [16] presented a nonlinear modeling framework to

investigate the transmission dynamics of brucellosis, incorporating both the spa-

tial and seasonal variations. They introduced a two-patch model that animals

in each patch had distinct populations and infection characteristics. The study

found that if animals living in patch 1 immigrated to patch 2, prevention and

intervention efforts should be devoted to animals in patch 2 to control brucellosis

outbreaks.

A ' (@], +B;B)S d
A S ayly + BBy SRR - ff’_] ________ J B, /4l
b5 6,
A 4 v
A (a1, + B, B,)S d.
L7 A4 S2 ayly + fBy . 12 ________ _¢_2 ________ N B2 __2’

Figure 5 Flowchart illustrating the dynamics of brucellosis [16].

The following system of ordinary differential equations describe the brucellosis

transmission dynamics:

S1(t) = Ay — (anl1 + B1B1)S1 — (0s + 1) S,
jl(t) = (ul; + p1B1)S1 — (01 + c1 + pu) 1,

Bi(t) = $111 — d1 By,
Sz( ) (azlg + ,3232)52 — ,LLzSz + 0551,
I(t) = (Otzfz + B2B2)S2 — (p2 + c2) I + 0114,
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By (t) = 0,1, — d2By.

Notation:

S; ( =1,2) is the number of susceptible individuals.
1

,2) is the number of infectious individuals.

B; (j=1,2) is the population of the free-living pathogen (i.e., Brucella).
A; (j =1,2) is the constant recruitment rate for animals in each patch.
pi (j=1,2) is the natural animal death rate.

a; (=1,2) is the host-to-host disease transmission rates.

B; ( =1,2) is the environment-to-host disease transmission rates.

c;! (=1,2) is the mean infectious period for animals in each patch.

#; (j =1,2) is the pathogen shedding rate.

d; (=1,2) is the pathogen removal rate that includes the effects of both
the natural decay and the decontamination practices.

s (j = 1,2) is the migration rate of susceptible animals from patch 1
to patch 2.

r (j =1,2) is the migration rate of infectious animals from patch 1

to patch 2.

In the 2018, Lolika et al. [17] proposed an extended model in [15] to in-
corporate an additional epidemiological class that accounts for animals in chronic
state. Additionally, they introduced a non-autonomous bison-brucellosis model
integrating seasonal variations and time-dependent culling effort. Figure 6 shows

the model’s flow diagram.
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Flow diagram of the dynamics of brucellosis infection in bison

population with vertical transmission and culling [17].

The model is given by the following system of ordinary differential equa-

tions:

as

dt

al
dt
dA
dt
dR
dt

Notation:

S

b [ N

> R 3 o o

==(a—¢N)[S+R+(I+A)p(1—e)]—mS+5R——ﬂE_JV€ﬁ,
=é(L—l‘;TEA—)S-—I—ep(a—qSN)(I—I—A)—(m+a+')'+v)I,

= pvl — (m + )4,

= (1 —pwl — (m+9d)R.

is the number of susceptible individuals.

is the number of infected individuals.

is the number of chronic infected individuals.
is the number of recovered individuals.

is the recruitment rate.

is the density dependent reduction in birth.
is the natural mortality rate.

is the disease related death rate.

is the rate of loss of resistance.
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v is the recovery rate.

B is the disease transmission rate.

e is the proportion of vertical transmission.

p is the reduction of fecundity in infectious bison.

p is the proportion of symptomatic animals that become chronic.
e is the modification factor.

~ is the culling rate.

In 2020, Nyerere et al. [18] presented a mathematical model for the im-
pacts of different control options on the transmission dynamics of brucellosis.:
They focused on livestock vaccination, gradual culling through the slaughter of
seropositive cattle and small ruminants, environmental hygiene and sanitation,
and personal protection. The study recommends that the combination of vacci-
nation, gradual culling of seropositive cattle and small ruminants, environmental
hygiene, and personal protection in humans should be implemented. The flowchart

representing the model can be seen in Figure 7.

T:ur:sc T(ﬂc+ "?.dc)lt:
N, S A-wlrabs | g
c " = ST pc] 4
""""" A (e +uD)B
B —
T”SSS (s + ”Zd:)I:T p:I.r T
N, Ss (1 = (B, +a,B)S, N Is ......
(1 = ) Byl + Bl + Budi + 4B)Sy
[ [ 2
=Ny ol FuRi
— 5, I, —| R,
y
K hS,, l‘hIhl
lez

Figure 7 A schematic diagram for direct and indirect transmission of
brucellosis in cattle, small ruminant, and human populations

[18].



24

The system of ordinary differential equations of their model is as follows:

ddic = moNe = (1 — w(£)) (Bele + 0eB) + pe) Se,
%Its = (1 = ur(8))(Bele + @eB)Se — (o + ua(t)de) e,
B muNy = (1 = (@) B + 0uB) + )S,
% = (1 = wa())(Be]s + @:B)Ss — (s + u2(t)ds) I,
idsti = 1Ny + YR — (1 — ua(t)) (Bre(t) I + Bhsls -+ Bun () In + nB) + pin) Sk,
%— = (1 — ug(t)) (Brele + Bhsls + Bunln + @1B)Sh — (0 + ptn + dr) I,
El% = ol — (v + pn)Ra,
5‘% = pele + pels — (€ + us(t)T) B.
Notation:

S, is the number of susceptible humans.

I, is the number of infected human.

R;,  is the number of recovered humans.

S. is the number of susceptible cattle.

I.  is the number of infected cattle.

S, is the number of susceptible small ruminants.

I,  is the number of infected small ruminants.

B is the number of Brucella bacteria load per unit volume in the environment.

7, is the per capita cattle birth rate.

7,  is the per capita human birth rate.

o is the human recovery rate.

gy is the per capita human natural death rate.
B. is the transmission rate within cattle.

a. is the transmission rate of Brucella from the environment to cattle.

a, is the transmission rate of Brucella from the environment to small ruminant.

o  is the transmission rate of Brucella from the environment to human.
Bre is the rate of transmission from cattle to humans.
Brs is the rate of transmission from small ruminants to humans.

7, is the per capita birth rate of small ruminants.
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Bs is the transmission rate within small ruminant.

Us s the per capita natural death rate of small ruminants.

7 is the rate of environmental hygiene and sanitation.

¢ is the decaying rate of Brucella in the environment.

d, is the culling rate of seropositive cattle.

ds is the culling rate of seropositive small ruminants.
uy(t) is the measure of the effectiveness of the S19 and Revl vaccines for

cattle and small ruminants.

uy(t) is the measure of the effectiveness of gradual culling of seropositive animals.
ug(t) is the measure of effectiveness of environmental hygiene.

us(t) is the measure of the effectiveness of personal protection in humans.

In 2022, Stephen Abagna et al. [19] studied the transmission dynam-
ics and control of bovine brucellosis in a herd of cattle. The cattle population
is divided into five compartments: susceptible (5), infected (I), recovered (R),
vaccinated (V), and biosecured (B). The biosecured class (B) represents cattle
that are unable to contract bovine brucellosis due to comprehensive adherence to

biosecurity protocols. Figure 8 shows the model’s flow diagram.

eS B uB
yST 74
ST + I
u » S ‘B —> I W &>
7S 1% KR al
Vv R

lyV l B

Figure 8 Schematic diagram of the transmission dynamics of bovine

brucellosis in cattle with biosecurity [19].
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The model is given by the following system of ordinary differential equa-

tions:
as '
7E=u;—ﬂSI—(,u+'y+ts)S—l—fcR+7'V,
%:ﬂSI—(ﬂ+¢+a+X)I,
B oI~ (0B
id?:e—uB,
o =S~ (u+IV.

Notation:

B is the rate at which infected cattle transmit Brucella infections.
is the rate at which cattle are recruited into the susceptible class.
is the rate at which cattle die naturally in each compartment.

is the rate at which susceptible cattle are vaccinated.

is the rate at which vaccinated cattle lose temporal immunity.

is the rate at which cattle die as a result of Brucella infections.

is the rate at which infected cattle are culled.

Q X & 83 R & &

is the rate at which cattle recover from Brucella infections.
k is the rate of waning of recovery-derived immunity.

¢ is the rate at which susceptibles enter the biosecured compartment.

Mathematical modeling of bovine tuberculosis

In 2016, Patrick B. Phepa et al. [41] studied the transmission dynamics
of bovine tuberculosis (BTB) in both buffalo and cattle populations. The model
incorporates cross-infection and contaminated environment transmission routes.

Figure 9 displays the flow diagram of the model.
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Figure 9 The flowchart of the transmission dynamics of bovine tuber-

culosis in buffalo and cattle population [41].

The system of ordinary differential equations of their model is as follows:

ddct’s =1 — ACs — pCs,
ddi'e = .G, — 6.C. — pCe,
e = 40— (pe+€)C
% = 0.C; + 0pB; — 0V,
ddBts = 15 = MB, — B,
dze = \yB; — ¢pBe — i Be,
dﬁi = ¢pB. — (1o + &) Bi,

Notation:

N, is the population size of cattle.

is the population size of buffalo.

is the number of susceptible cattle.
is the number of exposed cattle.

is the number of infected cattle.

QLR

&

is the number of susceptible buffalo.
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is the number of exposed buffalo.

is the number of infected buffalo.

is the quantity of infectious M. bovis in the environment.

is the pathogen shedding rate.

is the pathogen decay rate.

is the maximum carrying capacity of M. bovis in the environment.
is the transmission rate with the infected cattle.

is the transmission rate with the infected baffalo.

is the transmission rate with the contaminated environment.

is the progresses rate from the exposed cattle to the infectious class.
is the natural death rate of the cattle.

is the disease related death rate of the cattle.

is the recruitment rate of cattle.

is the transmission rate with the infected baffalo.

is the transmission rate with the infected cattle.

is the transmission rate with the contaminated environment.

is the progresses rate from the exposed baffalo to the infectious class.
is the recruitment rate of baffalo.

is the natural death rate of the baffalo.

is the disease related death rate of the baffalo.

In the same year, Tasmi et al. [46] discussed a model for the transmission

of badger tuberculosis with vaccination. The badger population is divided into

five compartments: susceptible badgers (S), vaccinated susceptible badgers (S;),

exposed badgers (E), vaccinated exposed badgers (E;), and infectious badgers
(I). Let N be the total population of badger. The flow diagram of the model is

shown in Figure 10.
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Figure 10 Transmission diagram of tuberculosis in badger [46].

The system of ordinary differential equations of their model is as follows:

d
75 = (N —I) + wS; — bSI — aSN — al,
ds
d_tt =al — CLStN Qa U.)St,
dE
'E = ,LLI+LUEt+bSI— (CLN+'Y+Q)E,
dF,
_dt—t =aF — (aN +w+ (1 + p))Ex,
dl
Notation:
g is the birth rate of badger.
o is the rate of vaccination.
w is the rate of drop out vaccination.

> v R o R

is coefficient of logistic.

is coefficient of contact between susceptible badger with infected badger badger.
is the rate of transition of badger from the incubation period became infected.
is the effect of vaccination in exposed badger.

is the effect of vaccination in infected badger.

is the rate of death from disease.
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In 2017, Mahamat Fayiz Abakar et al. [47] established a mathematical
model for BTB transmission in cattle and humans in Morocco to provide a gen-
eral understanding of BTB. The cattle population is divided into three mutually
exclusive compartments: susceptible cattle (S¢), exposed cattle with latent BTB,
which test positive to the tuberculin test but do not exhibit visible lesions (E¢),
and infected cattle with active BTB, displaying tuberculosis lesions (I¢). Hence,
the total cattle population (N¢) is the sum of the populations of susceptible (Sc),
exposed (E¢), and infected (I¢) cattle. The human population consists of four mu-
tually exclusive compartments: susceptible humans (Sx), exposed humans with
latent BTB reacting to the Mantoux test (Ex), infected humans with active BTB
(Ig), and humans who have recovered from BTB, possessing temporary immu-
nity (Rg). The total human population (Ng) is the sum of the populations of
susceptible (Sg), exposed (Egx), infected (Iy), and recovered (Ry) individuals.

Figure 11 shows the model’s flow diagram.

a- SP)PSCI I/‘csc se XPECI I/‘CEC se XPICI I cle

beS pece acE,
cSc N, cEc
o Sc <—»| Ec » I
0.95 X b(E+Ic)
/‘HSHI /‘HEHI ,"' Euly I H#uRy I
IS, .
bySy S pCT: J £ ayEy I vuly R
v H > 'H H v H
r s
SyRy

Figure 11 Schematic diagram of the BTB cattle-human transmission

model for Morocco [47].

The model is given by the following system of ordinary differential equa-

tions:
ds. IS,
2 — boSc + (0.95 x bo(Eo + o)) — Bo fVCC — peSo — (1 — sp)pSe,
dEo . IcSc
o = Po No acEo — po — se X pEc,
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S IoSi
dt
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= acEc — pelc — se X plg,

=bySy — Bu — puSH,

Nc

dEy IcSu

dt
Iy
dt
dRy
dt

= — Ey — ugF
Bu N apgltvg — UpLH,
= agEy — yuln — puln,

=vgly — éyRy — paRy.

Notation:

bc
Bc
Hc
(670]
p
sp
se
by
Pu
274
ag

YH
O

is the birth rate of cattle.

is the transmission rate of cattle to cattle.
is the mortality rate of cattle.

is the inverse of cattle incubation period.
is the proportion of tested animals.

is the specificity of the test.

is the sensitivity of the test.

is the birth rate of humans.

is the rate of transmission from cattle to humans.
is the natural mortality rate of humans.

is the inverse of human incubation period.
is the rate of success in treating humans.

is the loss of immunity in humans.

Mathematical modeling of brucellosis-tuberculosis co-infection

In 2021, Lolika et al. [48] developed a modeling framework for brucellosis-

tuberculosis co-infection that incorporates all relevant biological factors, with

culling of infectious animals as the primary intervention strategy. Let S, i1, Io

and I;» denote proportions of the susceptible, animals singly infected with bru-

cellosis, animals singly infected with tuberculosis and dually infected animals,

respectively. Figure 12 displays the flow diagram of the model.
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Figure 12 The flowchart of the transmission dynamics of brucellosis

tuberculosis co-infection [48].

Their model is governed by the following system of equations:

djtg = p— (B11() a1 + Borfiz + Bazlzz + Boz(t) 12 + Pra(t) 12) S — w5,

%l = (Bu(t) i1 + Bor(t)T12) S — (Baa()Iaz + Boz(t) Tr2) Tnr — (k + cult)) + du) T,
%— = (B22(t) T2 + Bo2(t) 112) S — (Bua(t) a1 + Bor (t) 12) Taz — (1 + cu?)) + d22) 12,
%3 = P12(t) 125 + (Baz(t)Iaz + Boz(t)T12) Tn1 + (Bra(t) 111 + Bor (t) 12) T2z

= (p+ cu(t)) + diz)12.

Note that the transmission rate of brucellosis is denoted by S11(t), while those
singly infected with tuberculosis transmit the disease at a rate represented by

B2a(t). These rates are defined as:

~ . [ 27t _
Bii(t) = B [1 + a;; sin (E) ], i=1,2.
Furthermore, co-infected animals are assumed to transmit both infections at rate

Bi2(t), given by

Pia(t) = Bra [1 + ajo sin <217r2_t) ] ;
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Additionally, co-infected animals can transmit either brucellosis or tuberculosis at

rates fBo1(t) and Boa(t), respectively. These rates are defined as:

~ 27t
Boi(t) = Poi [1 + ag; sin ({2—) ], i=1,2.
Here, B;-i, ,512, and Em’ denote the basic contact rate without seasonal forcing, while

0 < ag, aig, ag; < 1 represent the magnitude of seasonal fluctuations.

Notation:

4 is the constant rate of entry for new animals into the susceptible class.
¢ is the culling rate.
dy; is the mortality rate related to brucellosis.
deg  is the mortality rate related to tuberculosis.
dis  is the disease related mortality rate for dual infected animals.

u(t) is the control function.



CHAPTER III

MATHEMATICAL MODELS OF BRUCELLOSIS
INFECTION IN BISON

3.1 Model formulation

In this section, we classify the bison population into four compartments:
the susceptible S(t), the infectious I(t), the chronic (still can infect others) A(t),
and the recovered (with temporary immunity) R(t) at time ¢. The total bison
population at time ¢ is N(t) = S(¢) + L(t) + A(¢) + R(t). Moreover, W(?) is the
concentration of Brucella in the environment.

The parameter a denotes birth rate, and ¢ is the density-dependent re-
duction in births. The natural mortality rate for the bison population is denoted
by m, and the natural death rate of Brucella in the environment is denoted by
d. The parameter e is the proportion of vertical transmission rate, and p is the
reduction of fecundity in infectious bison such that p < 1. Therefore pe is the
reduced birth rate. Note that (a — ¢N) is the total birth rate of the susceptible
and recovered class. Our flow diagram in Figure 13 shows that the recruitment
rate of the susceptible class can come from infectious and chronic classes at the
overall per capita birth rate of p(1 — e€)(a — ¢N) and the recovered class at the
rate of § due to waning immunity. Now, susceptible individuals can be infected
from both direct and indirect transmissions. The direct transmission comes from
contacting the infectious and chronic states at a rate of ;. Besides, we denote
the indirect transmission by Bs. Therefore, 5, (%) S is the direct infection rate
from the infected and chronic states to the susceptible bison, and S2SW is the
indirect infection from the Brucella in the environment. We assume the bison in
the infectious individuals has more bacteria load than the bison in the chronic
state, and thus € is the modification factor such that € < 1. Some susceptible in-
dividuals can enter the recovered individual with a vaccination rate of ¢;, whereas
the immunity waning rate is J. Besides, a and v are the disease-related death rate

and the culling rate, respectively. The infected population recovery rate is v in



35

which a fraction of this denoted by p moves to the chronic state and (1 —p) moves
to the recovered class. In the environment, the Brucella shedding rate from the
infectious and the chronic individuals are £, and &, respectively. Furthermore, ¢,
is the elimination rate of Brucella in the environment. The model flow diagram

is represented in Figure 13.

(1 —e)pla— pNYI +A) epla— ¢NYIT +A)
mS m+a+pi mR
A
L2 NG+ R ”‘(HNE >S+”’SW (1=py!
S I 2 R
pvi G
P
EA
AN e A M W
1 (m+ A 1 (d+ )W
hS
6R

Figure 13 The flowchart of the transmission dynamics of brucellosis
in bison. The solid arrows represent transfer orientation of
bison population (the transitions between compartments).
The dashed arrows represent incoming of Brucella to

environment discharged by I and A.
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The model is given by the following system of differential equations:

‘;—f — (a— N)(S+ R) + (1 — e)p(a — oN)(I + A) + 6R
- (8 (B2) s+ a5 ) — (m 0
% =p (I —i]_V,EA> S—I—ﬁzSW—!-ep(a — ¢N)(I+A)
—(w+m+a+q)] (3.1.1)
%=pv[—(m+a)A
%: (1 —pwl+ ¢S — (m+0)R
aw

= &I+ &A— (d+ ¢2)W.

The model has initial conditions given by :

S(0) > 0,1(0) > 0, A(0) > 0, R(0) > 0, W (0) > 0.

3.2 Positivity of solution

Theorem 3.2.1. The solutions S(t), I(t), A(t), R(t) and W (t) of the system are

nonnegative for t > 0.

Proof. : Let the initial data S(0) > 0,7(0) > 0, A(0) > 0, R(0) > 0 and W(0) >
0. We prove that S(t) is positive. Assume that there exists a first time ¢; : S(t1) =
0,8 (t1) < 0and S(t) >0,1(t) > 0,A(t) > 0,R(t) > 0,W(t) >0 for 0 <t <ty.
By the first equation of (3.1.1), we have

B) _ (o gN)(5(0) + R(0) + (1 = e)pla— SN)(I(8) + Alt) + 5R(E)
- (1 (ML) s0) + masw ) - (m+ )5
~ (= 6N)(R@)) + (1 - pla— SN (1) + A) + 6R(t)
>0,

which leads to a contradiction, implying that S(t) remains positive.

Next, we prove that I(¢) is positive. Assume that there exists a first time
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ta: I(ty) = 0,I'(t2) < 0 and S(t) > 0,I(t) > 0, A(t) > 0, R(t) > 0, W(t) > 0 for
0 < t < ty. By the second equation of (3.1.1), we have

dt N
—(@+m+a+7)I(t)

_ 8, (il]ff—)) S(ta) + BaS ()W (t2) + epla — BN A(ta) > O,

dilta) _ g, (I(tz) ; eA(tz)) S(tz) + PaS(t)W (t2) + ep(a — $N)(I(t2) + A(ta))

which leads to a contradiction, implying that I(t) remains positive.

Next, we will show A(t) is positive. Assume that there exists a first time
ts : A(ts) =0, A'(ts) < 0 and S(¢) > 0,I(t) > 0,A(t) > 0, R(t) > 0, W(t) > 0 for
0 < t < tg. Consider the third equation of (3.1.1), we have

%(fi) = pvl(ts) = (m + ) Alts)

= pul(t3) > 0,

which is a contradiction, meaning that A remains positive.

Then, we will prove that R(t) is positive. Assume that there exists a first
time ts : R'(ts) = 0, R(ts) < 0and S(t) > 0,I(¢t) > 0, A(t) > 0, R(t) > 0,W(t) >0
for 0 < t < t4. In the fourth equation of (3.1.1), we have

flR_d(tti) = (1 — p)vI(ts) + ¢1.S(ts) — (m + 0)R(ts)

= (1 — p)vI(ts) + $15(ta) > 0,

which is a contradiction. This means that R(t) remains positive.

Next, we will show W () is positive. Assume that there exists a first time
ts : W(ts) = 0,W'(ts) < 0 and S(t) > 0,I(t) > 0, A(t) > 0,R(t) > 0,W(t) >0
for 0 < t < t5. Consider the last equation of (3.1.1), we have

dW (ts5)
dt

= &I(ts) + £2A(ts) — (d+ $2)W (ts)
= &1 (ts) + &A(ts) > 0,
which is a contradiction, meaning that W remains positive.

Therefore, all solutions of model (3.1.1) are nonnegative whenever

t>0. O
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3.3 Boundary of solution

We determine the boundary of solutions of the system of (3.1.1)
Since N=S+ 1+ A+ R, then

dN dS dI dA dR

T d @ & A
— (a— ¢N)(S+R) + pla— ¢N)(I + A) —m(S + I+ A+ R)
—(a+7)—aA
<(a—¢N)(S+R)+pla-—¢N)I+A)—m(S+I+A+R)
= (a — ¢N)(S + R+ pI + pA) —mN
<(a—¢N)(S+R+I+A)—mN

= (a — ¢N)N —mN.

By integration both sides, we have

/ot @M = = /o y#

/ot ((T—IT)N> dN_/ot (a—m)(qS]\(/?_ (a_m))dN g

VOGN - @=m)] _ .

: [N(O)(ti)N(t) —(a—- m))] < (a—mj)t
N(®)(¢N(0) — (@ —m)) < gla—m)t
N(0)(¢N(t) — (a— m)) ~

then
ele=™EtN(0)(¢N (t) — (a —m))
N < =38 (0) - (a—m)
elemEN(0)PN(t) (a— m)els~™¢N(0)
NOS NG —@-m)  oNO)—(@a—m)
_el™INQ)¢N(t) . (a- m)ele—™tN(0)
NO -~ RO = @-m) = #NO) - (a-m)
SN(ON(H) — (a — m)N(t) — @ ™NQO)¢N() _ _(a—m)e* ™ N(0)
$N(0) — (a—m) =TTgN©) - (a—m)
a — m)ele—™? —(a—m
(¢, N(0) — (a — m) — gele=mt N(O)) N < - Le=m) Wg(g) EZJX(SL)) (a = m))

(a _ m)N(O)e(a—m)t
t) < pele—mEN(0) — dN(0) + (a —m)
(a _ m)N(O)e(a—m)t
N(t) < ¢N(0)(e(“‘m)t — 1)+ (a—m)
. (a — m)N(0)ela—™)t
= $N(0)e@m™) — ¢N(0) + (a —m)

N(

N(t)



(a — m)N(0)ele—m)*

a—m

2
=
A

Therefore, we get
a—m

limsup N <
t—o0 ¢

Next, we consider W (t),

%‘ =4I+ 6EA— (d+ )W

S (G +&N - (d+ o)W

< (gl + 6235(0' — m) _ (d+ ¢2)W,

then

aw (61 + &)(a—m)
= T (d+ ¢a)W < s :

By using an integrating factor, we have

4 (wigewrsr) < GEDET are

Integrating both sides, we obtain that

E+&)a—m) ((G+&)(a—m) o—(d+o2)t
WO S T e T W) e

Thus, we have (
: &+ &)(a—m)
limsupW < :
MWW =TT+ d0)d

Therefore, the biologically-feasible region for this model is

Q= {(S,I,A,R,W) €RS :S,[,ARW>0,S+I+A+R<

(&1 +&)(a—m)
and W< a1 60 }

¢

All solutions of this model enter the region from the boundary of {2. This means
that every solution of this model will enter the region 2 and stay inside €2. Hence

Q) is positively invariant and attracting with respect to model (3.1.1). In this

region, the model is mathematically and epidemiologically well-posed.

N(O)tomm (= ge-temmit 4 Liglemtemm

> ¢_ ¢e_(a—m)t + (ﬁ) 6_(a—m)t .

a—m

)
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3.4 Disease-free equilibrium

We find a disease-free equilibrium by setting I, A and W to be equal to zero, i.e.
I =A=W = 0. First, we set the first equation (3.1.1) to be equal to zero, and

we get
(a—¢N + )R
S = . 3.4.1
ON+m+¢1—a ( )
And, by setting the fourth equation (3.1.1) to zero, we obtain
¢S
= —. 3.4.2
# m+4 ( )
Substituting (3.4.2) into equation (3.4.1), we have
(@ — m)(m + 6)
S = . 3.4.3
¢(m +46+ ¢1) ( )
Substituting (3.4.3) into equation (3.4.2), we have
R _a=mh (3.4.4)

¢(m—|—5—|—¢1)'

Therefore, the system (3.1.1) has an evident disease-free equilibrium, which is

given by

Fo = (S°, I°, A°, RO, W°) = ((a—m)(m+5) 0.0 (a —m)és 0)

pm+d+¢1) " dm+d+ 1)

provided a > m.

3.5 The basic reproduction number (R;)

The basic reproduction number, Ry, uses a threshold parameter for the infectious
disease, and it is important in determining the spread of the disease. To calculate
Ry, we used the next-generation matrix method by van den Driessche et al. [49]

and we obtain
b1 (“]';A) S + B2SW +ep(a— dN)(I + A)
F = 0
0




and

(v+m+a+yI
V= —pvl + (m+a)A
—&] —&A S (d+ ¢a)W

Let F and V are the 3 x 3 matrices, defined by

O0F; oV, . .
= = < <
F [633,- (Eo)] and V [833,- (Eo)] with 1<14,j <3,

where z = (I, A, W) and Ej is the disease-free equilibrium of (3.1.1).

Therefore, we have

B o B om S

F = 0 0 0
0 0 0
and
v+m+a+y 0 0
V= —pv m4a 0
-& =& d+ ¢
And
\ (m+ a)(d + ¢2) 0 0
Vvl= —)71 pv(d + ¢2) (v+m+a+fy)(d+¢2) 0

pvé€s + E1(m + a) (v+m+a+v)é (v+m+a+y)(m+a)

where ¥, = (v+m +a+ 7)(m + a)(d + ¢2)-
The next generation matrix is

‘B——}VSOO +epm L—}ifo +epm 2SO

1
._.1__
FV —Yl 0 0 0
0 0 0
(m+ a)(d + ¢2) 0 ' 0
X pv(d + ¢2) (v+m+o+7)(d+é2) 0
pvéa + &1 (m + a) (v+m+at+v)é w+m+a+y)(m+a)
) Y Y3 Y3
= O 0 0 )

Y;
0O 0 O

41
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B1eS°
NO

Yo = (ﬂ1S° + em) (m+ a)(d+ ¢2) + ( + emn) (po(d+ ¢2)) + B2S° (pva2 + &1(m + ),

NO

V]
Y3 = (ﬁ;f +epm) (+m+at+7)(d+ d2) + B8 +m + o + 7z,

Yy =B25°(v+m+a+7)(m+a).

Therefore, the basic reproduction number of system (3.1.1) is given by the sepectal
radius of a matrix FV 1, which is
_h
Yh
(B + eom) (m+ a)(d -+ ¢a) + (B + epm) (pold + 92)) + 525" (po6a + Ex(m + )
(v+m+a+y)(m+a)d+ )

p15°(m + o) (d + ¢3)
NO

Ry

1
T wtmtaty)(m+a)(d+ )

. B1eS%pu(d + ¢2)
NO

+ epm(m + a)(d + ¢2)

+ epmpv(d + ¢2) + P2S° (pv&a + &1 (m + @)

N 1 ﬂlso(d+¢2)(m+a+eg+ep'u)
T wtmta+)(mta)(d+é) N°

+epm(d + ¢2)(m + o + e2 + pv) + B28°(pvéa + &1 (m + a))] .

Since S0 = {e=mlmtd) ,nq NO — a=m then we obtain that

$(m+o+¢1) P
= { m+ 8
'%_@+m+a+ww+ww+@>1<m+mwj““¢”m+a+w+wm
+epm(d + ¢o)(m + a + €2 +pv) + B (%%) (pv€s + &1 (m + a))]
- ks [ﬂ1k4k3(k2 + epv) + epmbks (k2 + pv) + (a — m) ka(pvz + §1k2)] , (35.1)
kikoks 3
where

ki=v+m+a+y

khb=m+a
ks =d+ ¢
ky = m+4

m+6+¢1
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Figure 14 The reproduction numbers of the two models: with controls

and without control.

Figure 14 shows the reproduction numbers of the two models. The solid
line represents the reproduction number of the model without controls, while the
dashed line represents the reproduction number of the model with cooperative
controls. Since the reproduction number of no control model is constant and
starts at about 47, the disease will spread. However, if controls are implemented
at the beginning of the disease onset, the number of infections will not grow since
the reproduction number at the beginning of the outbreak is less than 1 (about
0.5, see the zoomed-in version in Figure 15). The reproduction number of the
model with optimal control will rise to the original number after a few years (see

Figure 14) because of no longer controls needed.
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Figure 15 The zoomed-in reproduction number of the model with

controls

3.6 The local stability of the disease-free equilibrium point

For the model (3.1.1), it can be established that the disease-free equilibrium is
locally asymptotically stable whenever Ry < 1 and unstable Ro > 1. Mathemati-

cally, based on the result in Theorem 2.1.1, we have the following theorem.

Theorem 3.6.1. The disease-free equilibrium, Ey, is locally asymptotically stable

when Ry < 1 and unstable when Ry > 1.

3.7 The global stability of the disease-free equilibrium point

In addition, the global stability of the disease-free equilibrium is analyzed by using
the global stability result established in Lemma 2.1.4.

Theorem 3.7.1. The disease-free equilibrium point, Ey, is globally asymptotically
stable provided that Ry < 1.

Proof. : By following Theorem 2.1.4, we write system (3.1.1) in the form

dX;
o = F(Xi,Xs)
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d—d"% _ QXL X)),  G(X.,0)=0,

where X; = (S,R) and X, = (I, A,W). The disease-free equilibrium is now
* % a— m-+90 a—m

denoted by Ey = (X7,0) where X7 = <( ¢(1T:’2§ +;'1)2, ¢Em +63-4:i>11)>' We note that the

system is linear and its solution can be easily found as

dX,

- =F
dt (XI)XZ)

_ |(@a=¢N)(S+R)+ (1 —e)p(a— $N)(I + 4) + OR - (b1 (L5e2) S + B2SW) — (m + ¢1)S
(1 =p)vl + ¢S — (m+8)R

Therefore, we have

axdlf LI [<a—¢N)<S+R>+aR— <m+¢l>s] .
dt ¢S — (m+0)R

is linear and its solution can be easily found. As for R, we can deduce from the
equation above that

dR
NI | $1S — (m +0)R.

Since S+ R < “_qs’", it follows that

-

%i—%sd)l (“‘m-R) — (m+8R

dR a—
ES%( 5 )
%+(m+5+¢1)R£¢1 (a_m)-

3

—(m+6+é)R

©-

By using an integrating factor, we have

d a—m
G (mto+e1)t _ (m+d+h1)t .
dt( R) ‘ ¢1< s )

Integrate both sides of the above equation, we have

]
e(m+6+¢1)tR — e(m—}- +¢1)t(a’ - m)d)

1
+ Co,
$(m+ 6 + ¢1) °
for arbitrary constant value of Cy. Thus, we have
(a —m)¢y

— +C e—(m+6+¢1)t.
dm+0o+¢y)
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Since R < “;’" — S and we assume that N = %, then we get

%’tgz(a_d,N)(S-{-R)—i—éR—(m-i-d’l)S
a—m

s(m+5)( 5 )—(m+¢1+6)8.

And by using the same technique, we obtain that
(@ — m)(m + 9)
S =
d(m + 6 + ¢1)
where C; arbitrary constant value.
It followed that, S(t) — S° and R(t) — R’ as t — oo. Therefore
X = (S R?) is globally asymptotically stable.

§ Cyem(motant

Next consider that

Br (1EE4) S + By SW + ep(a — ¢N)(I + A) — ki1
G(X1,X3) = pvl — kA

&1+ A — kW

Then
66—}%()(1,)(2)

NOE-MI+e)S | ep(a— ¢N) + (I + A)(—epg) by NOERIIEAE S epla— 9N) + (T + A)(~epd) P25
= pv —kz 0

31 &2 —k3
Hence, we have
B 4 epla— ¢N) — ki 55 4 epla— ¢N) 5S°
G (xx.0) = Ay = k 0
09X, 1Y) = aAM = pv —R2
& 3} —ks
This matrix is an M-matrix, meaning it has non-negative in its off-diagonal ele-

ments.

Therefore, we have

G(X1, Xs) = Au Xy — G(X1, Xa)
G(X1, X3) = Ay Xy — G(X1, X)
B L epla— ¢N) — k1 B5Z tep(a — ¢N) BoS°| | 1
= pv —ky 0 A
fl §2 —-k3 W
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By (ZE4) S + BoSW + ep(a — ¢N)(I + A) — k!
- p’UI - sz
flf + sz — ksW
BT 4+ ep(a— pN)I — kol + BE° A+ epla — $N)A + f25°W
= pul — ko A
&I + £ A — ksW
B1 (HI_\;A) S + B2 SW + ep(a — ¢N)(I + A) — ki1
— pul — kA
&1 + & A — ksW
BUELA) (50 — S) + B (S° — 8)
= 0
0

Meanwhile, we consider the first equation of system (3.1.1) and since S+ 1+ A+
R < “;m, it follows that

as

s < (a—¢N)(S+

pla — ¢N)(I + A) + 6R — (m+ ¢1)S

R) -+

< (a—¢N) ( (I+A)>+p(a—¢N)([+A)

()
(m+6( ) (m+ 1 +8)S — (1— p)(a— ¢N)(I + A)

< (m+5)( p )—(m+¢1+5)S.

Clearly, S(t) — %—Mﬁ%f)) — S° ast — oo. Therefore, we get S(t) < S°

This implies that G(Xl,Xz) > 0. By Lemma 2.1.4, we can conclude that the
disease-free equilibrium, denoted as Ey, is globally asymptotically stable. O
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3.8 The endemic equilibrium point

The endemic equilibrium E* = (§*, I*, A*, R*, W*) is determined by equations:
0= (a— $N)(S" + B*) + (1 - e)pla— oN)(I* + A") + SR’

_ (ﬁl (I* -|J-V€A*) S*+,328*W*) _(m+¢1)S*

I* +eA*
0=4 ( ;/f ) S* 4+ BS*W* + ep(a — ¢N)(I* + A*)

(3.8.1)
—(v+m+a+y)I*

0=pvl*— (m+ a)A”

0= —pl*+ ¢5* — (m+ )R

0=§&T + &A™ — (d+ g2) W™
From the third equation and the last equation in (3.8.1), we get

_ (m+ o)A
pv

I*

and

. &I+ LA
W= 8Tl
d+ ¢

1 *
= W [(fl(m + Ol) + €2pU)A ] )

respectively.

Substitute I* into the fourth equation in (3.8.1), we obtain that
1
R*= ———— ((1 = p)v(m + a) A" vS*).
(m +5)(p'l1) (( p) (m ) + ¢1p )
Theorem 3.8.1. When Ry > 1, there exists a unique endemic equilibrium point

of system (3.1.1).

Proof. : First, we can reduce the dimension of the system into four by setting
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R=N-S5—1-—Atoget

2 = (a— M)V + (o1 — ) = (T + A + (N =S~ 1 = 4),
_ (gl (ITVGA) s+ﬂzsw) — (m+ 1),

% _ B <I *J'VEA) S + B SW + epla— dN)(I + A), (352)
—(m+a+y+v)l,

% — pol — (m+a)A,

B el t A~ [+ W,

The endemic equilibrium of system (3.8.2) is determined by equations

0=(a— ¢N)[N + (p(1 — &) = 1)(I" + A")] — (m + ¢1)5"
FO(N =8 —I"— A") — (ﬁl (I—%‘L) + B (%i—fl)) ,

(3.8.3)
. I* + EA* * * f]_I* + £2A* * *
0=p5 ( N )S + 325 ( i+ b ) +epla — ¢N)(I* + A%)
—(m+a+y+v)l* (3.8.4)
0 =pvI* — (m+ a)A". (3.8.5)
From (3.8.5), we have
pv pv
I+ A* = M A", (3.8.7)
I* + €A = MyA* (3.8.8)
and
LI' 4+ HA™ = M3 AT, (3.8.9)
with
M, = k2 —I—pv’
pv
M, = ks + epv,

pv
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and

E1k2 + Eapv
pv

M; =
It follows from equation (3.8.3) that

0=(a — ¢N)[N + (p(1 — €) = Y(M1A")] — (m + 61)5"
+5(N —§*— I* _A*) _ (:BIM2A* + IB2M3A*> S*.

N d+ ¢

Then, we get

(a— ON)[N + (p(1 — &) — 1)(MLA*)] + 6(N — My 4%) = (m TP N f\}MzA* + sz_"[;) s*

a— ¢N)N + (a — pN)pMy A* — (a — $N)peM1A* — (a — $N)M1 A* + SN — 6M1 A
m+ 08+ ¢+ B MpA* + B '
(3.8.10)

S*=(

for A* # 0, substituting (3.8.6)-(3.8.9) into (3.8.4), we get

ﬁleA*S* B2S* M3 A*
d+ ¢

—ep(a— ¢N)M A"

I

+ 6,0((1 7, ¢N)(M1A*) - klI*

A*S*

0
(ﬂlkst + ﬂzNMs) k1k2A

As a result, we achieve

klkzk'g —~ ep(a v qu)p’Uk;;NMl

S* = 3.8.11
pv(Brks M + B2 N Ms) ( )
Substituting (3.8.10) into (3.8.11) for A = A*, we get
F(A) = F(A)
where
(a — #N)N + (a — ¢N)pM1 A — (a — ¢N)peM1 A
Fl(A) - 5 BiMaA | fBaM3A
—(CL— ¢N)M1A+(5N (5M1A
A
m+ 3+ ¢y + A28 4 Bl
ep(a — ¢N)p’Uk3NM1 _ k1k2k3N (3812)

pv(BiksMy + BoNMs)  pv(BiksMy + BaNM3)’
Fy(A) = 0. (3.8.13)
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Clearly, Fy and F are differentiable functions for all A > 0. Direct calculation
for A > 0 shows

Fé(A)=0’
FlA) = (m+ 6+ ¢y + 21202t 4 Balad) [ — ¢N)pM; — (a — ¢N)peM — (a — $N) My — 3M:]
S (m+ 6+ ¢y + 12ad 4 BaMad)o

[(a— $N)N + (@ — $N)(pM14) — (a — $N)peM1 A — (a — $N)(M14) + 6N — sM1 A] (P72 + B70)

(m+6+ ¢y + EM2A 1 ByMad )2

_ —m++d1) (e — SNYM1(1 — p) + (a — N)peM16M1 + (a — ¢N)N X1 + SN X1]
= 2 ,

where

M. M.
Xl———'Bl 2+'32 3 and X2=m+(5+¢1+X1A*.
N* ks

Since p € [0, 1], it implies that F{(A) < 0. Thus the function F;(A) is monotonic

decreasing function for A > 0, and it follows that

Fi(0) = (a— ¢N*)N*  ep(a — ¢N*)pvks N My _ k1koks N
y m+0+ 61 pu(BiksMa+ BoNMs)  pu(BiksMz + BoNMs)’

Since N = “;’", then

Fi(0) = (m+0)N*  epla— @N*)pvksNM; ki koks N
W T o+ 61 pu(BiksMy + BNMs)  pu(BiksMa + BN Ms)
_ klkzkaN [(m + 5)(,31k3M2 + ,32NM3) epmp’uMl -1
pv(Brks My + B2 N Ms) (m + 0 + ¢1)(kikaks) kK,
kikoks N [ 1 ( m-+9 )
| ks Mopv + B2 N Mzpu
pv(BiksMs + BoNMs) | kiksks m+0+ ¢ (BrksMapv + 3 y)
1 .
o € (i 1]
kikoks N [ 1 ( m+ 6 )
= k3(ky + epv
pu(BiksMs + BoNMs) | krksks \m+ 6 + ¢1 (Brks (k2 + epv)
- 1
+ 2 (a m) (€1ko + Eapv) + (epmks (ke + pv)) — 1]
¢ k1koks
_ kikoksN(Ry — 1)
pv(BrksMy + BoNMs)

Therefore, we obtain that Fy(0) > 0 = F3(0) when Ry > 1. Since the
function Fy(A) is a monotonically decreasing function and F3(A) = 0, we can
conclude that the function Fj intersects the constant function Fy. This implies

that there exists a unique positive root in the interval [O, %] when Ry > 1 and

there is no positive root in the interval [O, “;’"] when Ry < 1. Thus model (3.1.1)
O

has a unique endemic equilibrium E* = (S*, I*, A*, W*).
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3.9 Global stability of the endemic equilibrium point

We now discuss the global stability of the endemic equilibrium point. To do
that, we analyze the point by using the geometric approach proposed by Li and
Muldowney [52] as follows:

Theorem 3.9.1. The endemic equilibrium point, E*, is globally asymptotically
stable in Q when Ry > 1 and b > 0, such that

!
b= min {—(Mll + M3;) — inf{—ﬂzs, —@, —B; — ﬂ;\e{S} + £>

I
S —fB:SA r
—pv—El—M11+k2—inf{—B1——ﬂl—,' P2 }+—

N I I’
S\A I
—pv—&+(m+dr1+d+d+¢) - <B1+%>7+7

- (o (D) vaw) (145) - (Bea- B ) 7

+epla—gN) (%) +(m+a),
-p=-&—-&— (,31 (I—;—\;A) +ﬂ2W) <1+£) - (€1+§2—P’U)£

_ep(a—¢N) + (d+¢2) —inf{——ﬂjlv—s_*_ (’U+a) —pv, —,3\1]'65}} -

Proof. : The Jacobian matrix of system (3.1.1) is

[ My M2 Mg —B2S ]
J(S, 1, A, W) = (Bd) + B, W My BieS + ep(a — ¢N) B2S |
0 U —(m + o) 0
i 0 31 &2 —(d+ ¢2)
(3.9.1)
where

My =—-0~- (,31 (I+ €A> +,32W> — (m+ ¢1),

N
M = (@ = #N)(p(1 - )~ 1) = 222
Mg = (a— $N)(p(1 — ¢) = 1) — 3 - 222,

S
M22=’Blw—l—ep(a—d)N)—(v—l—m%—a—l—'y).



Tts corresponding second additive compound matrix J (] is given by,

93

M1 + Mo él,;—s + ep(a — ¢N) B2S By + QNLS B2S 0 T
v M1 — k2 0 —B; — ‘B}\,—S 0 B8
72 = & &a M1 — k3 0 —B1 — ‘B—}—vﬁ —B1 — E—NELS
B1 (H}i—A) + oW 0 Mag — k2 0 —Ba2S
0 0 B1 (B}\;—A) + B2 W é2 Mz — k3 BieS 4 ep(a — ¢N)
L 0 0 —£1 v —ka—ks |
(3.9.2)
where B, = (a — ¢N)pe + (a — ¢N)(1 = p) + 6.
We take the function Q = Q(S, I, A, W) = diag (1 1,1,1,£ T ﬁ) Then we get
1 I
QrQ ™" = diag (0,0,0,0 T AT
Next, since C' = Q;Q~* + QJ @Q-1, therefore
0o 0 0 O 0 0
0 0 0 o 0 0
oo 0 o o0 0 0
0 0 0 0 0 0
0 0o o o L -4 0
0 0 0 0 0 B L
M1 + Maa B35 1 ep(a — $N) B2S B, +£§E 8254 0
= s £254
pv M1y — k2 0 —By — &~ 0
3% &2 My — k3 0 ( By — E}vi 4 (—31 ﬂ;S) 4
+
0 B1 (—+—I ;A) + B2 W 0 Mgz — k2 0 e
0 0 (131 (ﬂﬁ-'i) +BzW) £z ﬁﬁl Mag — k3 E’ﬁﬁ +ep(a — ¢N)
0 0 0 =l v —(ka + k3)
[My1 + Ma2 f—‘;—s +ep(a — ¢N) 828 By + Eli_s Ezf_A 0
pv My — k2 0 '—Bl——hg 0 BoSA
- 3 €2 M1 — ks ) (-B1-55) 4 (-B1 - B325) 4
- 0 B (B2 ) + 2w 0 Mas - ka 0 W ELY
0 (61 (£52) + W) £ Sl Ma—ks+ i -4 B35 tep(a—oN)
I 0 0 =&I v B I
— [C11 Clz]
[C21 Caz)’
where
C11 = M11 + Maa,
Cia=[ERE +ep(a—oN) B Bt BFR o],
-
&1
Ca1=|0],
0
lo
[ M-k 0 _B, - BS 0 BzSA
2 My — k3 0 (—31—5}\{5)% (—Bl—ﬁ!es)-?-
Caz2 = A1 (I—'ljvié) + B2 W 0 Mgz — ko 0 _EZ%‘;
0 (ﬂ1 (H%)+ﬂzw)% ﬁﬁi M22—k3+—IIL—ﬁL —]ﬁ—‘g+ep(a—¢N)
\_ 0 0 11——5 I pv ——(k2+k3)+—— 'ﬁi
The Lozinski measure of matrix C is defined as follows:
p(C) < max{g1, g2}, (3.9.3)
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where g; = p(Cu1) + [[Ci2]l and g2 = ||Ca|| + p(Ca2)-

Thus we have

1(Ch1) = My + Maa,

SA €S
(Cial = max {25, 202, 5y + B2,
[[Carll = pv + &1
Therefore, we have
= u(Cu1) + [|Cre|
= My; + My + max {,32 a5 ,B1+ 'B;\Efs} ) (3.9.4)
g2 = [|Ca|| + p(C22)
= pv+ & + pu(Ca). (3.9.5)
The matrix Chy is now partitioned as,
Dy, D
Cypy = D = 11 D2 \
Doy Doy
where
Dy = My — ks,
D=0 -Bi—-& o0 fasd]
& |
I+eA
+ oW
0
. O -
Mis ~ o o (m-E)E (CB-594
D 0 Mjs — k2o 0 —éz}g—A
92 = ) ) .
B +pW) L G Mu—k+7-% A7 +epla—¢N)
I 0 _—%l pv (kz-l—ka)-l————l_

We define the Lozinski measure of matrix D as follows:

(D) < max{gs, g4}, (3.9.6)




where g3 = p1(D11) + || Diz|l and gs = | Dar|| + p(Da2)-

Thus, we have

w(D11) = My1 — ko,

S BrSA
Dl = max { B + 52 2221,
[+eA
||D21||=€2+ﬂ1( Ne >+ﬂ2W-

Hence, we have

gs = (D) + [| Daall

=M11—k2+max{Bl+—,

g4 = | Dl + p(D22)

=6+ B (I_*J—VGA

Again, the matrix Dy is partitioned as,

Dy = E = [En
B
where
Eyy = My — ks,
Bo=[o (-Bi-8)% (-Bi-
\ 0
En = | (B (55%) + B2W) 1| »
i 0
[ Mys — ks 0
Eay = %—I M22_k3+IT'_A7’
| % pv

BS BSA
N I ’

) + ,32W + ,U«(Dzz)

fres) A]
N I’

__BaSA
i

ﬂ—;f,ﬁ-l-ep(a—ng)
—(k2+k3)+lfl—%

Now, we define the Lozinski measure of matrix E as follows:

/J’(E) S ma‘x{g{i)gﬁ}i

where g5 = p(E11) + || Erz|l and go = || o || + 1(E22)-

Thus, we have

w(E1) = My — ks,

55

(3.9.7)

(3.9.8)

(3.9.9)
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Since € < 1, then we get
S\ A
| Eall = (Bl + él—) T

In addition, we obtain that

| Easrll = (,Bl (I—i]_VeA) +,32W) él

Therefore, we have

gs = t(En) + || Ena|

= My — ks + (Bl - %5:) ?, (3.9.10)
96 = || Ba1|| -+ p(Ea2)
I+eA I
= (,81 ( —{J—Ve ) +ﬁ2W> 7 + ((Enn)- (3.9.11)

We need to determine u(Es), therefore the matrix Eyp is again partitioned as,

F; F;
E22=F=[11 12]’

Fy  Fy

where

Fi1 = My — ko,
Fyy = [0 _@ﬁ] )

[ 6!
Fn=| %1,

e Mp-ks+% -4 BE repla—oN)
22 = ' ,
pU —(k2+k3)+17—A7

Next, we again define the Lozinski measure of matrix F as follows:

u(F) < max{gr, gs}, (3.9.12)
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where g7 = p(Fi1) + || Fiz|l and gs = [|Fasll + p(Fa2)-

Thus, we have

pu(Fiy) = Moy — ko,

B2SA
| Fizll = 21- )
&I &l
Fyll = 22 + 22
[| Fau | A + A
And,
I A r A S
,u(ng)zmax{Mzz k3+7—Z+pv, (k2+k3)+ A+'B;;. +ep(a—¢N)}

! !

= mae{ 2 + epla— o) - w+m+a+w—wwm+§—j+m,

I A PieS
—(mta+dt+d)+ T -7+ 5

+epla= oM)}

r A S S
=ep(a—¢N)+—I-—Z—(m+a+d+¢2)+sup{—'B]1V——(v+a)+pv,’B;S_ }

Therefore, we have

= p(Fu1) + || Fazl|

=M22—k2+ﬂ2fA
A
=ﬁ—1—+ep(a— N)—(v+m+a+7y) - k2+'82f (3.9.13)
g8 = || Fall + n(Fa2)
I r A
:%+€i-+ep(a—¢N)+————(m+a+d+¢2)
BiS Bre
+sup{ N (v + a) + pv, N } (3.9.14)

Next, considering the second equation of system (3.1.1), we get

I+eA
) ( L ) S 1 B,8W + epla— NY(I + A) — (w+m+a+)],
I' _pS (I+€A N B2 SW N ep(a — dN)(I + A)
I I N I I
Thus, we have
I' BS (I+eA\ _[SW epla — pN)Y(I +A)
I I N I I B
Substituting (3.9.15) into (3.9.13), we have

_ﬂl_ L’ 1S [(I+eA BaSW

—(w+m+a+7).

—(v+m+a+7y). (3.9.15)
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- ep(“_¢1}[)(l+‘4) —k2+ﬂ2}9A (3.9.16)
_r BreA S A
= -I— - ( N + ﬁzW - ,3214) 7 - ep(a - ¢N) (7) - k‘z. (3917)
Next, from the third equation of system (3.1.1), we have
A =pvl — (m+a)A
A pul
Again, substituting (3.9.18) into (3.9.14), we have
&l 51 I I
gg=p+ 2o +epla—¢N)+ 5 - +(m+e)
S
(m—l—a—l—d—i—qﬁz)—l—sup{ﬂl——( —I—a)—l—pv,ﬁ}; }
r I
= 7‘*‘(51 +§2—PU)Z +ep(a— ¢N) — (d + ¢2)
—I—sup{élNE — (v+a)+pv, ﬂ;\e[S}. (3.9.19)

Thus,

p(F) < max{gr, gs}

=— -I-max{(ﬁzA— fred

) S —epla=oM) (3) =
(61 62— pu) 5 + epla— 9N) = (d+ o)

+sup{%— (v+a)+pv,ﬂﬁs}}. (3.9.20)

Now from (3.9.9),
. :U(E) < ma’x{95796}7

where
A I+ €A I
= My — ks + (31 + @N_) T and g = (ﬁl ( ~ ) +ﬂ2W) 1 + p(Eo2),
and we consider
B1S\ A
M k3~|—(B—I— N I+0



I A T
=7+M11—k3+<B1+§'}v—>7—7

Therefore, we have

N)I I
(51 (52) + 0w ) 5+ (moa- B2 - ﬂzW> % —enta—om) (%)

A [+ed +BW ) 2+ (G +&—pv) o +6P(a—¢N)—(d+¢2)
(8 (557%) +2m) 5

+sup{%—(v+a)+ v, IB;V }}

Now from (3.9.6),

/ /
N(E)S-If+max{M11—k3+(Bl+@)——£

w(D) < max{gs, 94},

where

S B2SA I+e

FTAAWVAE

= My — k2 +max{B1 + =

and we consider

S B.SA
g3=M11—k2+max{B1+'B]1v,ﬁ2[ }+0

I
=——|—M11—k2+max{Bl-l—

N’ I 4

B8 ﬂZSA} r
1

Therefore, again we have

I piS r
,LL(D)ST-I—max M, — kg + sup Bl—l-T I -7
II
Ez—(m+¢1+5+d+¢z)+(Bl+.5]1v_>7_7,

o (8 (L522) aw) (14 5) + (ma- B2 - o) 7

~epla—oN) (7) - (m+a),
(ﬁl (I J;VfA) + mw) (1 + %) + (6 + 6 — pv) o +epla— gN)

2 — (d—|-¢2)-|-sup{ﬁ1 (v+a)+pv,ﬂ;§fs}}.

Now from (3.9.3),
N(C) < ma’x{gl’QZ},

59

—k2,

} andgs =&+ A1 ( NA> + BoW + p(Da2),
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where

B2SA preS

N

g1 = My + Mj; + max {52 , B1 + } and g2 = pv+ & + p(Ca),

and we consider

SA S
91:M11—|—M22+max{ﬂ2 h54 15’1*"'816 }+0

T N
r ﬂzSA ,3168 r
—'I_+M11+M22+ma«x{ﬂ2 7 , B+ N (T T
Therefore, we get
I SA S I
p(C) < T +max {Mn + Mas + sup {ﬂ25 ﬂzI , B1 + '3.1,\6, } -7
~ f1S pSA| I
pv+& + M k2+Sup{Bl+ NI }—I’

b —(m+dr+d+d+¢a) + (Bl+ﬂjlvs> 7 —IT,

porata (o (Fh) o) (1+) + (ma- 25 -paw) 3
~eola—9N) () ~(m+a),

I+EA> +ﬂ2W> <1+£> +(§1+€2—pv)£

+ep(a— ¢N) — (d+ ¢o) +sup{% oy AV ﬂ;\e}S}}

pv+& +E&+ <,31<

r , . SA S r
=7—mln{—(M11+M22)—1nf{—ﬁ25,—ﬂ2[ ,—Bl—ﬂ}; }+7,
. BrS —fSA I
pv — €1 — Mi1 + ke mf{ —B; NI T
S\A I
—pv—£1+(m+¢1+5+d+¢z)—<Bl+ﬂ]1v>7+7,

-t (o (D) v ) (14 5) - (B - B )

+epla— o) () + (m+a),

—pv—§ — & — (,31 (I_;VEA> +52W) <1+:{;—> - (€1+§2—PU)§

—epla— ¢N) + (d + ¢2) —inf{—%ﬂ +a)—pv, _@ES}}.

Hence, we obtain that u(C) < IT' — b, where
ﬂzSA B

!
Bl _ BleS} I

b = min {—(Mn + Myy) — inf ¢ —f2S, — N + 7
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S SA I
—pv—§1—M11+k2—inf{ —-B; - BS =P }-l—

N’ I T’

N +
Cpv—ti— o (ﬁl (I + EA) +/32W) (1 ) <ﬂ2A— hred —/32W> s
+epla— ¢N) (?) T (m+a),

w-g-a- (0 (52) +aw) (147) - @ +6-m

_ep(a—¢N)+(d+¢2)—inf{—%.,.( v+ a) - pu, —ﬂj\lfeS}}.
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Finally, let us consider any solution S(t),I(t), A(t), W(t) emanating from the
compact absorbing set T' C Q. Let ¢ be large enough such that the system is
persistent and (S(t), I(t), A(t), W(t)) c T for all ¢ > . The along each so-
lution S(¢),I(t), A(t), W(t) such that (S(0),I(0), A(0),W(0)) € T, for t > {,
HinI(t) — InI(0)] < % As a result

1 [t T LN -
Z <= —
t/o“(o)ds—t/o<l b)ds

= % (InI(t) —nI(0) — bt)
_InI@#)-WI@) -

b
~ t
—s
2
which implies that ¢ < —% < 0. This completes the proof. O

Figure 16 shows that all eigenvalues of the Jacobian matrix approach
negative numbers. This numerical result confirms that the endemic equilibrium
points are stable. Besides, as shown in Figure 17, for each initial conditions (by
assuming that I(0) = 1, I(0) = 200, and I(0) = 450), all the curves converge to an
equilibrium point. Consequently, this numerical simulation confirms our analysis

that the endemic equilibrium point is globally stable.
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Figure 16 The eigenvalue approximation of the Jacobian matrix in our

model
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Figure 17 Phase plot for each number of initial infected individuals.
It is clearly seen that all the curves converge to an endemic
equilibrium point. This simulation ran for 4,000 months. We
have conducted running longer than this period, and it gave

a similar result.
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3.10 Sensitivity Analysis

Sensitivity analysis informs us about the importance of each parameter in disease
transmission. This is accomplished by calculating sensitivity indices of the basic

reproduction number with respect to the model’s parameters (see Section 2.1.8).

Table 1 Parameter values of the Brucellosis in bison model

Symbol Value Unit Reference
N 4500 animals [17]
a 0.0517 month™! [15]
¢ 3.3 x 1078 month~! [17]
m 0.0058 month ™ [17]
a 0.0042 month™! 7]
) 0.0017 month~? [17]
v 0.0417 month~! [17]
By 0.0062 month™! 17]
Bo 2.9167 x 1074 month~! Assumed
e 0.0750 month~! [17]
p 0.0417 unitless [17]
0.0417 unitless [17]
€ 0.0067 unitless [17]
v 0.0333 month™! [17]
& 0.12 month ™! Assumed
& 0.1 month™! Assumed
d 0.00005 month~? Assumed
1 0.0263 month™! [12]

o 0.004 month™? Assumed
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Table 2 Numerical values of sensitivity indices of Ry

Parameter Sensitivity index Parameter Sensitivity index
a +1.1272 p +6.9381 x 1077
¢ —0.9999 D +0.0130
m +0.4490 € +5.4621 x 107°
e —0.0208 0% —0.1626
) +0.1730 & +0.4016
v —0.1903 & +0.0012
B +5.1917 x 1075 d —0.0123
Ba -+0.9999 o1 —0.7783
e +6.9381 x 1077 o2 —0.9876

Table 2 shows the sensitivity index of each parameter. The values are
calculated using the parameters given in Table 1. As presented in the table, a, m,
8, B1, Ba, e, p, Py €, &1, and & have a positive sensitivity index showing that when-
these parameters are increased, the value of Ry increases as well. Therefore, to
reduce the value of Ry, we should consider reducing the value of these parame-
ters. Meanwhile, ¢1, 2,9, a,v,7, and d have a negative sensitivity index. The
most negative sensitive parameter is the density-dependent reduction in births,
¢. Other interesting two parameters that give a negative sensitivity index are ¢
and ¢,. These two parameters are initially considered as constant controls that
we have included in our model. Since the parameter ¢ depends on other factors
that we may not be able to control the value, hence we will study the control pa-
rameters instead. If ¢, and ¢, are increased by 10%, then the basic reproduction
number decreases approximately by 8% and 10%, respectively. Hence, under this

situation, the infected population decreases as well.
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3.11 Optimal control

Our goal in this section is to determine the implementation optimal control strate-
gies of vaccination (uy(t)), the elimination of Brucella in the environment (u2(?)),
and culling infected animals (u3(t)) that will result in minimizing the disease
transmission. Now, the system of differential equations describing our model

with time-dependent controls is

% = (a—¢N)(S+R)+ (1 — e)pla — ¢N)(I + A) + 6R
~ (o (T2) s+ 8w ) — mS — s
dI I+eA
. — B ( *]‘\; )S+ﬂ25W+ep(a—¢N)(I+A)
Y+ mcailis (3.11.1)
A
% =va—(m+Ot)A
dR
S 1 (1 —-ppl +u(t)S — (m+0)R
% =&l +HA— dW —wp(HW.

We consider the system on a time interval [0, T]. The functions u1(t), ua(t),
and u3(t) are assumed to be at least Lebesgue measurable on [0,T]. The control

set is defined as

Q= {ul(t))u2(t)7 U3(t)|0 < ul(t) < Uimaz,
0 S UZ(t) S U2maz)

0 < u3(t) < Usmaz}) (3.11.2)

where U1maz; Usmaz, 3d Usmez denotes the upper bound for the effort of vaccina-
tion, elimination of Brucella in the environment, and culling, respectively. The
bound reflects a practical limitation on the maximum rate of control in a given
period. Our goal here is to minimize the total number of infectious bison and the
costs of control over the time interval [0,T]. We consider the following objective

functional
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T
J(u}, ug, uz) = min/ (I + crui(8)S + coua(t)W + cua(t)]
0
1
+3 (cavd(t) + csud(t) + couz(t)))dt,  (3.11.3)

where ¢; (i = 1,2, 3) represents the appropriate positive balancing constants, and
terms cqu?(t), csu2(t), and ceul(t) represent the cost associated with vaccination
control, elimination control of Brucella in the environment, and culling control
of infected bison, respectively. By utilizing the Prontryagin’s minimum Principle

(section 2.1.9), we have the following Hamiltonian function H:
H= [I + 111 (£)S + coua(B)W + caus(t)I + % (caud (t) + csus(t) + csu3(t))
+ As [(a — ¢N)(S+ R)+ (1 —e)p(a—¢N)(I+ A)+ R
o (ﬁl (I *J'VEA) S+ ,BQSW) S — ul(t)S]

+ A [,31 (I *]'VEA) S + BSW + ep(a — $N)(I + A)

—(v+m+a)l - u;:,(t)I]
4+ A4 [pvI — (m + o) 4]
+ Mg [(1 — p)vI + w1 (t)S — (m + O)R]
+ M [6] + LA — AW — ug () W]

Given an optimal control wi(t),u$(t), and uj(t), there exist adjoint functions,

As, A1, A, Ar, and Ay, corresponding to the state S, I, A, R and W, respectively

satisfying
ds  O0H
dt ~ 8S
= — |:Cl’u,1(t) + )‘S ((a - ¢N) — ,31 (I —']—VEA) - IBQ —-—m — ’Uq(t))
+ A ([31 (I }EA) + ,32W) + )\Rul(t)] (3.11.4)
d\y OH
dt -~ oI

= [1 + cauz(t) + As ((1 —e)pla—¢N) + ﬁzlvﬁ)
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#20( B2 4 cpta— o) = (m-+a-40) - ua(t)
+ dapv + Ar(1 — plv + )\W&] (3.11.5)
d\a  OH
dt  0A
=— l)\s ((1 —e)p(a — ¢N) — ﬂ;\efS’) + A1 ('B;\E/.S +ep(a — d)N))
- )\A(m + a) -+ Awfz} i (3.11.6)
d\n  OH
& = am
= — )\5((0, ¥ ¢N) + 5) — /\R(m + 5)] (3.11.7)
dw _ 0H
& T W
= — Cz’ltz(t) o~ /\3,323 + )\],328 S Aw(d-l- ’u,g(t)):l o (3118)

With transversality conditions,
As(T) = 0, )\I(T) = 0, /\A(T) = 0, /\R(T) = 0, and Aw(T) = 0.

The characterizations of the optimal controls u; (t), u2(t), and us(t) are then based
on the conditions
OH 0H 0H

a—ul=0, a—u2=0, andba:O,

subject to the constraints 0 < u;1(t) < Uimaz, 0 < Ug(t) < Ugmas, and

0 < us(t) < Usmae- Furthermore, the optimal controls are characterized by the

optimality conditions:
4} (t) = max {0, min {1 (), Y1maz } } »

uy(t) = max {0, min {us(t), Uomaz } } »

us(t) = max {0, min {u3(t), Usmas } } »

where
un (t) = 2252 ACIZS —ad (3.11.9)
un(t) = iv&c;cﬂ (3.11.10)
us(t) = ME =L (3.11.11)

Ce
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3.12 Numerical simulations

In this section, the forward-backward sweep method is used to solve the
optimality system numerically. Table 1 contains the model parameters, sources,
and the values used in our numerical simulations. For simplicity, in our numerical
simulation we set'S(0) = 4050, I(0) = 450, A(0) = 0, R(0) = 0 and W(0) = 10000.
Furthermore, we set U1 max = Uzmax = Usmax = 0.7,¢c4 = 1,¢5 = 1,¢6 = 1 and the
entire period of time 7" = 100 months.

Figure 18(a) shows the infection curves for the model without control
(solid line) and with the optimal control (dashed line) in which the cost parameters
are ¢; = 0.01, c; = 0.001, and c3 = 0.01. The basic reproduction number with this
set of parameter values is about 45. We can see that the infection level is reduced
in the control condition and approaches zero about seven months after the disease
onset. Besides, as presented in Figure 18(b), we observe that applying controls
can reduce the number of chronically infected animals (carriers). The solid curve
in Figure 18(a) represents that the number of infectious animals reaches its peak
of approximately 3,500 cases after the disease onset in just a few months. On the
other hand, the dashed-line curve shows that we can reduce the highest number
of infected cases down to just about 2,500 cases, and the number of infections
sharply reduces to zero only in a few months after the disease outbreak. Figure
18(c) confirms that if the controls are applied, the number of Brucella in the
environment is significantly reduced to almost zero within 20 months after the
disease outbreak. Consequently, the number of infectious cases and carriers or

chronic state is small.
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Figure 18 Simulation results: (a) infected animals (b) chronically in-
fected animals (c) Brucella in the environment. Note that
the basic reproduction number value for this set of parame-
ters is about 45 with other cost values ¢; = 0.01,c; = 0.001
and cs = 0.01.
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Figure 19 Dynamics of controls (a) vaccination (u1(t)), (b) elimination

of Brucella in the environment (u3(t)) and (c) culling of in-
fected bison (us(t)).

Figure 19 (a) says that the vaccination rate should be implemented in
the first 20 months with a rate of about 0.7 after the disease onset. Then, the
rate is sharply reduced to zero, and it stays at that level for about 30 months
before taking off another round of implementation. Meanwhile, the eliminating

and culling rates are also distributed in similar patterns, which you can see in
Figures 19 (b) and (c).
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Figure 20 Simulation results: (a) infected animals (b) chronically in-

fected animals (c) Brucella in the environment. Note that

the basic reproduction number value for this set of param-

eters is about 45 with other cost values ¢; = 0.00001,c; =

0.001 and c3 = 0.01.

Next, we investigate another set of cost parameters. Now, we reduce

the vaccination cost (c;) lower than that of the other costs say ¢; = 0.00001,

c; = 0.001, and ¢ = 0.01. Figure 20 demonstrates that only the numbers of

infected animals and Brucella in the environment are affected by this strategy.

Besides, due to a lower vaccination cost, the peak of the infection curve is not as

high as the previous case. The control measures are presented in Figure 21.
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Figure 21 Dynamics of controls (a) vaccination (u;(t)), (b) elimination

of Brucella in the environment (u2(t)) and (c) culling of in-
fected bison (us(t)).

The last case of our simulations is when all control costs are the same. In
this simulation, we let ¢; = c; = c3 = 0.001, and the results are shown in Figure 22
and Figure 23. In this case, only eliminating bacteria and culling animal controls
are implemented, so the second round of the disease outbreak can occur, which

you can see in Figure 22 (a) and Figure 22 (b). However, the total number of

cases is still not that much as without the control model.
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Figure 22 Simulation results: (a) infected animals (b) chronically in-
fected animals (c) Brucella in the environment. Note that
the basic reproduction number value for this set of parame-
ters is about 45 with other cost values ¢; = 0.001,c; = 0.001
and c3 = 0.001.

Our model is formulated based on bison population data, and there are
just a few research to compare with our results. However, we have looked closely
at the research proposed by Lolika et al. [17] that focused on investigating the
dynamics of brucellosis infection in the bison population. They also formulated an
optimal control problem that included culling measures to eradicate the disease.
We see that our results with more controls show flexible public interventions to
stop the disease outbreaks.

From our observation, when the environmental rate increases, the number
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of infections increases as well. We also have simulated with no environmental

Rl

factors and found that the number of infections among bison increased slower

than that with the transmission pathway from the environment. It indicates that

environmental factors are one of the most important keys to be considered.
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Figure 23 Dynamics of controls: vaccination u,(t) =0, (a) elimination

of Brucella in the environment (u2(t)) and (b) culling of in-

fected bison (us(t)).



CHAPTER IV

MATHEMATICAL MODEL OF BRUCELLOSIS AND
BOVINE TUBERCULOSIS CO-INFECTION

4.1 Model formulation

This section introduces a classification of the total animal population at
time t, denoted as N(t), into four distinct compartments: susceptible animals
(S(t)), animals infected with brucellosis (I;(t)), animals infected with bovine tu-
berculosis (I(t)), and animals infected with both brucellosis and bovine tuber-
culosis (I15(t)). Consequently, the overall animal population is represented as
N(t) = S(t) + Li(t) + I(t) + I12(t). We make the assumption that animals tend
to group together within their habitats. Consequently, the spread of a disease
within one group can lead to contamination of the surrounding environment. In
this context, we define Wy(t) and Wy(t) as the concentrations of Brucella and
Mycobacterium bovis in the environment, respectively.

Further, we assume that susceptible animals cannot simultaneously con-
tract both brucellosis and bovine tuberculosis infections. The population of sus-
ceptible animals increases through recruitment from births and immigration, oc-
curring at a constant rate A, while experiencing a natural mortality rate of p.
When susceptible animals have close contact with brucellosis-infected animals,
they can contract Brucella at a rate of fi;. Similarly, they can contract My-
cobacterium bovis from infectious bovine tuberculosis animals at a rate of [Sag.
Additionally, animals with bovine tuberculosis can become co-infected by Bru-
cella at the same rate Bi1. Interestingly, we find that the transmission rates for
these two scenarios are not distinct, thus allowing us to employ a unified value
for the sake of simplicity. Similarly, animals infected with Brucella have the po-
tential to contract bovine tuberculosis at the rate of B2, and become co-infected
individuals.

Likewise, when encountering the co-infection state, a susceptible indi-

vidual can undergo various outcomes. They may remain uninfected, contract
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brucellosis at a rate of Bo1, or contract bovine tuberculosis at a rate of Spa. For
simplicity, we assume that an individual infected with brucellosis can also become
co-infected by acquiring bovine tuberculosis at the rate By;. Similarly, an indi-
vidual with bovine tuberculosis can contract brucellosis and become co-infected
at a rate of fo;.

Regarding environmental factors, we consider that animals inhabit spe-
cific habitats. If one group becomes infected with brucellosis, the surrounding
environment may become contaminated with Brucella (denoted as W1). Addi-
tionally, another infectious group with bovine tuberculosis (Mycobacterium bovis)
might release the pathogen into the environment in that area (denoted as W3). In
the absence of controlled animal movement, animals can move between different
locations, facilitating the exchange of different disease agents. In simpler terms,
susceptible individuals can ingest contaminated food from W at a rate of oy and
from W, at a rate of as.

Furthermore, 811, 622, and d;2 represent the disease-related death rates for
individuals infected solely with brucellosis, individuals infected solely with bovine
tuberculosis, and co-infected individuals, respectively. The culling rate for in-
fected animals is denoted as . Brucellosis-infected and co-infected animals can
shed Brucella into the environment at a rate of £; due to factors such as abortion,
animal secretions, and related factors. Similarly, the shedding rate of Mycobac-
terium bovis from bovine tuberculosis-infected and co-infected individuals is &3,
resulting from activities like urination, fecal excretion, and related factors.

It is also assumed that the natural death rates of Brucella and Mycobac-
terium bovis in the environment are represented by d; and ds, respectively. Fur-
thermore, ¢; and ¢, denote the rates of elimination for Brucella and Mycobac-
terium bovis in the environment, respectively. A schematic representation of the

transmission diagram used to derive our model is displayed in Fig. 24.



7

TU’+5II+7)11
I] (d; + ¢)W,
A
/5
uS N KN
o ool
o (u+8p+ Ny S
(O ™
4 A
W (dy + BV,
\
'Y 7 Sh . o W
l(ﬂ+5zz+r)lz

Figure 24 The diagram illustrates the model for brucellosis and bovine

tuberculosis.

The system of differential equations below corresponds to the flowchart
diagram of the brucellosis-bovine tuberculosis co-infection model depicted in Fig-
ure 24:

—‘(ig = A — (B11S]; + Bo1STiz + a1SW1) — (B22SIz + Bo2STha + a2 SW2) — S,
fldI_tl = (811811 + Bo1STz + 01SW1) — (Baal1 Iz + Boali iz + 021 W5)
— (p+ 011 + )N,
% = (B22SIs + Bo2Shiz + a2SWa) — (Bralaly + Borl2lr2 + o ;W)
— (1 + 022 + 7)1z, (4.1.1)
% = (Baoh I + Poal1 L1z + 0 iWl) + (Builoy + Borlaliz + a1 aWh)
= (b + 012 + 7)1z,
d—dv% = (I + Ii2)é1 — (d1 + 61)W1,
%E = (I2 + 2)&2 — (d2 + ¢2)Wa.

The model is initialized with the following initial conditions:

S(0) > 0,1;(0) > 0, I(0) > 0, I15(0) > 0, W1(0) > 0, W,(0) > 0.
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4.2 Positivity and boundedness of solutions

The model system (4.1.1) delineates the dynamics of the total population. It is
crucial to establish the non-negativity of all variables, including S(¢), I1(t), I2(t),
I15(t), Wi(t), and Wa(t), for all time instances. Consequently, solutions of the
model system (4.1.1) with positive initial data will maintain positivity over all

time intervals ¢ > 0 and will remain bounded within the domain €.

Theorem 4.2.1. The solutions S(t), I1(t), I2(t), Ii2(t), Wa(t) and Ws(t) of the

model system (4.1.1) with initial condition are positive and bounded for t > 0.

Proof. : Let the initial conditions S(0) > 0,1:(0) > 0,55(0) > 0,I12(0) >
0,W1(0) > 0 and W,(0) > 0. We will prove that S(t) is positive, we assume
a contradiction: that there exists a first time t;: S(¢t1) = 0,5(t1) < 0 and
S(t) > 0,I;(t) > 0,15(t) > 0, I12(t) > 0, Wi(t) > 0 and Wa(t) > 0 for 0 <t < ;.
By the first equation of (4.1.1), we have

ds(t)

g A — (Bi1S(t1)I1(t1) + BorS(ta) Tna(t) + @1 S(t) Wi (t))

— (Ba2S(t1) Ix(t1) + Bo2S (t1) T12(t1) + a2 S(t1) Wa(th)) — wS (1)
=A>0,

which leads to a contradiction, implying that S(¢) remains positive.

Similarly, we prove that I;(t) is positive. Assume that there exists a first
time ¢y : Iy (2) = 0, I}(tz) < 0 and S(t) > 0, Io(t) > 0,112 > 0, Wi(t) > 0, Wa(t) >
0 for 0 < t < t5. Using the second equation from (4.1.1), we obtain that

) _ (613 (ta) (1) + Bin S(t2) (1) + e S(E2) Wi (1)

dt
— (BaaI1(ta) In(t2) + Boal1(t2) I1a(t2) + anlr(t2) Wa(t2))
= Bo1S(t2) 12(t2) + a1 S(t2)Wi(t2) > 0,

which constitutes a contradiction, implying that I;(¢) remains positive.

Next, we will demonstrate the positivity of I5(t). Let’s assume the ex-
istence of a first time 3 : Iy(t3) = 0,I5(t3) < 0 and S(¢) > 0,I1(t) > 0,112 >
0, Wi (t) > 0, Wy (t) > 0 for 0 < t < t5. Utilizing the third equation in (4.1.1), we
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find that

dI(ts)
dt

= (B22S(ts) Io(ts) + Bo2S(ts) 12(ts) + 2 S(t3) Wa(ts))

— (BrIa(ts) 1 (t3) + BorLa(ts) 12(ts) + culz(ta) Wi(ts))
= ﬁozS(t3)Ilg(t3) =+ OZzS(tg)Wz(tg) > 0,

which leads to a contradiction, implying that I5(t) remains positive.

Next, we will show that I;»(t) is positive. Assume that there exists a
first time 4 : Lia(ta) = 0,Ii5(ts) < 0 and S(t) > 0,L(t) > 0,1 > 0, Wi(t) >
0, Wy(t) > 0 for 0 < t < t4. From the fourth equation in (4.1.1), it follows that

dlia(l4) _ (5,1, (1) To(ts) + oo a(t0) ua(te) + s () Wa(ta))

dt
+ (Bir Lo (ta) I1 (ta) + Borl2(ta) L2 (ts) + 01 I2(t) W (t1))
= Bools (ta) o (ts) + 21 (ta) Wa(ts) + P La(ta) 1 (ta) + ay I (ta) Wi (ts) > 0,

leading to a contradiction, implying that I;; remains positive.

Following this, we seek to establish the positivity of Wy (t). Assuming the
existence of a first time &5 : Wi (t5) = 0, Wi(ts) < 0 and S(t) > 0, I1(t) > 0,12 >
0, I15(t) > 0, Wa(t) > 0 for 0 < ¢ < t5. By the fifth equation of (4.1.1), we obtain
that

W) _ (1, (t5) + La(ts))er — (d + d1)Walts)

dt
= (Li(ts) + Lz(ts))é1 > 0,

which is a contradiction meaning that W, remains positive.

Finally, we will show that W;(t) is positive. Assume that there exists a
first time t4 : Wa(te) = 0, Wi(ts) < 0 and S(t) > 0,L1(t) > 0,12 > 0, I15(t) >
0,Wi(t) > 0 for 0 < t < ts. From the sixth equation in (4.1.1), it follows that

dwst(tfi) = (Ia(ts) + 1a(te))62 — (dz + ¢2)Wa(te)

= (Iy(te) + T12(ts))é2 > 0,

which leads to a contradiction, implying that Wj(t) remains positive. Therefore,

all solutions of model (4.1.1) are positive whenever ¢ > 0.
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We consider the boundary of solutions of the system of (4.1.1). Since the
total animal population of the model is N = S+ I + I5 + I, then
F-atEratE
=A—p(S+ L+ L+ Iip) — Bu+ ) — (622 + 7)1z — (612 +7) Tz
< A—puN.

Then, we obtain that

dN
e +uN <A

Next, by using an interating factor, we get

d

= ut 1
7 (Ne ) < Aet.

Integrating both sides, we have

d

t
fhas ut
/0 = (Ne*) dt

¢ N(t) — N(0)

t Aettdt

A

7

@)~ (2-v0)
-(3- NO) )

IA

IA
1>l S—

VS
(y]
=
&+
o
|

e’ N(t)

IA

CN@) <

Therefore, we have

lim sup N (¢) < é

t—o00

Next, we consider W (t). From the fifth equation in (4.1.1), we have

d—dV[% = (Il + 1-12)51 - (dl + ¢1)W1
< &N = (di + 1)W1

< %‘é — (d1 + ¢1)W1.

Thus, we have

dW- A
d—tl + (dy + ¢1)W1 < éﬂ-

Furthermore, by utilizing the second equation from (4.1.1), we obtain that

dW-
= = (o + In)e — (da + $)Ws
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< EN — (do+ )W

< %}A — (dg + ¢2)Wa.

Therefore, we have

dW, EA
22 < 2
T+ (T )Wy <2
In the same way of solving the inequation by using the integrating factor, we have
: A& : Aé
lim supW; < ————~ and lim supWy < ——————.
oo D= (dy + 1) oo 00 (dy + o)
Therefore, we can conclude that the set
Q = {(57 Il) I2) I12) Wl) W2) S R_6+_|S, Il) I27 I12) Wl) W2 2 O)
A A& A&, }
0<S+hL+L+Ip<—- W <—F—— W £ —— = 4.2.1
1 2 12 L 1 lll(dl - ¢1) 2 ,Uz(dz L\ ¢2) ( )

is positively invariant with respect to system (4.1.1). This means that every
solution of this model will enter the region Q and stay inside € and it is sufficient
to consider the dynamics of the model (4.1.1) in . In this region, the model is

mathematically and epidemiologically well-posed. O

4.3 Brucellosis submodel

We have the brucellosis submodel when I, = I;; = Wy = 0, which is given by,

as 1172

E =A- (511511 + a1 S 1) P ,U,S,

drl

L = BuSh +a1SWi = (u+bu + N, (4:3.1)
dw’
_dtl = &1 — (dy + ¢1) W7,

with S(0) > 0,1,(0) > 0,W1(0) > 0 as the initial conditions, and the total
population is given by

Na(t) = S@t) + L(t).

Therefore, the biologically-feasible region for this model is

A A&
_ 3 > < < — —
Ql {(S,Il,Wl) €R+|S,II)W1 _070— S+1I < #’Wl - ,u,(d1+¢1)}

(4.3.2)
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It can be shown that the solutions S, I, W, of the submodel system (4.3.1) are
positive for t > 0. Hence (Y is positively invariant and attracting with respect to

model (4.3.1).

4.3.1 The disease-free equilibrium point and the basic repro-

duction number

The brucellosis-only model (4.3.1) has the disease-free equilibrium, obtained by

setting the right-hand sides of the equations in the model to zero, given by
A
Eg = (S° 10, Wy) = (E,O, 0) : (4.3.3)

The stablility of this equilibrium is determine by its basic reproduction number
Rg, which is computed using the next generation operator method in the work
of van den Driessche and Watmough [49] on system (4.3.1). The matrix F' and
V,Vfor the new infection terms and the remaining transfer terms are, respectively,

given by

ﬁu% 011% and V= w4011+ 0

0 0 =& di + ¢1

F =

The next generation matrix is

1 Br1A(d1+¢1) AN a1 Aéy a1 A(p+611+7)
Fv—1l= 7 P p
(1 + 611 +7)(di + ¢1) 0 0

It follows that the basic reproduction number for brucellosis submodel system is
given by the sepectal radius of a matrix FV~!, which is

_ ABuldi+¢1) + ay)
p(p + 11 +7)(di + 1)

Rs (4.3.4)

4.3.2 The local stability of disease-free equilibrium point

Using Theorem 2.1.1, the following result is established.

Theorem 4.3.1. The disease-free equilibrium, ES is locally asymptotically stable

when Rg < 1 and unstable when Rg > 1.



83

Theorem 4.3.1 can also be proven using the Jacobian matrix as follows:

—,31111 — 011W1 — U —,3115 —(115
J= Pl + oWy B11S — (u+ 011 + ) S
0 &1 —(dy + ¢1)

The Jacobian matrix at that the disease-free equilibrium, E% of the submodel

system (4.3.1) is

—u —BuA —oah
7 9
J(EZ)={ 0 %—(#4‘511*—’)’) %,LA
0 & —(d1 + ¢1)

The eigenvalues of J(ES) are calculated using det(J(E%) — AI) = 0, then we
obtain that

,BlliA> A+ (ﬂ+511 +'Y)(d1 +¢1) 1 %ﬁ) =°

(—p—=2A) <)\2+ <#+511+’Y+d1+¢1—

Therefore, \y = —p < 0.

Next, we consider A\2 + a; A + ap = 0, where

A
a1=,u+511+’7+d1+¢1—ﬁ1; ,

A
ag = (,U + 011 + ’)’)(dl + ¢1) = El(;l -

Since Rp < 1, we obtain that
BuA(di + ¢1) + a1A& < p(p+ 611 +7)(di + 61).
Since B11A(dy + ¢1) < PuiA(dy + ¢1) + a1 ALy, then

BraA(di + ¢1) < p(p + 011 +7)(da + ¢1)

PuA < p(p+ 611 +7)
P

< p+on+7.

As p+ 011+ < p+ 6+ +di + é1, we get

Pul

<p+on+y+d+ ¢
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Therefore, this implies that a; > 0.
Furthermore, as Rz < 1 and oy A€y < BriA(dy + ¢1) + oq A&y, we deduce
that '

aiAé < p(p+ 611 +7)(dy + ¢1)
a1Aé

< (p+ 011 +7)(d1 + 1)

This deduction leads to the conclusion that a; > 0. Therefore, by the criteria of
Routh-Hurwitz, E% is locally asymptotically stable when Rp < 1 and unstable
when Rp > 1.

4.3.3 The global stability of the disease-free equilibrium point

To invesitgate the global stability of the disease-free equilibrium, we will utilize

the method outlined in Lemma 2.1.4.
Theorem 4.3.2. The disease-free equilibrium point, ES, is globally asymptotically

stable provided that Rg < 1 and conditions (H1) and (H2) are satisfied.

Proof. In Theorem 4.3.1 we have EY is locally asymptotically stable when Rp < 1.

Rewrite the brucellosis submodel system (4.3.1) as:

dx
= = F(X1, X) = [A — (BuSL + alswl)ﬂs] ,
ST, + 0 SWy — (i + 6 I
X _ gy, xo) = |PrShtesSWi=(routnhy o o),
dt &1 — (dy + )W

where X; € R denotes the number of uninfected individuals, that is X; = ().
Moreover X, € R” denotes the number of infected individuals including latent,
infectious, that is X, = (1, Wh).
The disease-free equilibrium is denoted by
Eg = (X7,0), where X| = (%) : (4.3.5)

Consider

F(X1,0) = [A - #s] .
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As for S, we can deduce from the equation above that

§=A—,LLS

dt
ds
— +uS=A
a T
We solve this equation using the integrating factor, which results in S(t) — % as
t = 0o. Therefore X7 is globally asymptotically stable.

Next, let’s consider

oG B11S = (B + 611 +7) ;1S
— (X1, X,) = .
6X2( ; 2) |: & —(d1 + (}51)}

Thus, we have

BuA _ 5 arA
A:E(Xf,o)z P, (1 + 611 +7) 7
90X, & —(d1 + ¢1)

This matrix is an M-matrix, meaning it has non-negative in its off-diagonal ele-
ments. Furthermore, based on (H2) we will show that G(X, X2) must be greater

than or equal to zero. Thus, we consider

G(X1, Xs) = AXy — G(X1, Xs)
\ ‘ﬂ,i—A—(N+511+’Y) a_,lté h
&1 —(di +¢1)| | W1

~ B11SI + a1 SWh — (p+ 611 + 7)1
&I — (di+ d)W)

S [ﬂnh (8-9)+ 2w (- S)] .

0
Meanwhile, we consider the first equation of system (4.3.1), then we get
— = A— (BuShL + a1 SW1) — uS
<A-—uS.
Thus,
tli)nolosupS < % = S°.

Hence, we have S(t) < S°, which leads to G (X1, X3) > 0. Therefore E3, is globally
asymptotically stable when Rp < 1. O
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The endemic equilibrium point is denoted by E} = (S* I}, W) and it occurs

when there is a persistence of the disease. It can be obtained by equating the

model equations (4.3.1) to zero. Therefore, we have
0=A—(B11S*I] + a1 S*WY) — pS™,
0= ﬁnS*If -+ alS*Wl* — (# + 611 + 7)'[;)
0=&I7 — (d + )07,
From the third equation in (4.3.6), we have
* gllf
W* = ——.
di + ¢
According to the second equation in (4.3.6), we obtain
o+ 611 +7)(di + ¢n)

Pua(di + 1) + auls
Furthermore, based on the first equation in (4.3.6), we find that

h= Bii(di + ¢1) + &y’
Substituting (4.3.8) into equation (4.3.9), we can deduce that
(g -were
= Pii(di + ¢1) + s
_ (uRp —p)(di + ¢n)
— Buldi + é1) + s
_ u(Re—1)(di+ 1)
T Buldi+ ) + s
Substituting (4.3.10) into equation (4.3.7), we obtain that
e GuBs=1)
Pi1(di + ¢1) + a1y
Therefore, we have is B = (9%, I}, Wy), where
gt — (g + 011+ 7)(d1 + ¢1)
Pri(dy + ¢1) + aréy
_ pldi+ ) (Rp — 1)
© Buldi+ 1) + &y’
Wi = &p(Rp—1)
Pri(di + ¢1) + s

it

I

(4.3.6)

(4.3.7)

(4.3.8)

(4.3.9)

(4.3.10)

(4.3.11)

Furthermore, we see that for the endemic equilibrium to exist, when R > 1.



87

4.3.5 Local stability of the endemic equilibrium point

We use the Centre Manifold theory [61] as described in Theorem 4.1 by Castillo-
Chavez and Song [50], to establish the local asymptotic stability of the endemic
equilibrium (see the Theorem 2.1,2 in Chapter 2). To apply this theory, the
following simplification and change of variables are made first. Let S = z1, 1 = T2
and Wy = z3, so that N = z; + z;. We now use the notation X = (z1, z2, z3)T.
Thus, the brucellosis-only model (4.3.1) can be written in the form X = F(X),
with F = (f1, f2, f3)T, as follows:

dzx

_dt_l = fi=A— (Buzizs + 0 T1T3) — YT,

dz

d—tz = fo = Puz1z2 + ayz123 — (1 + 61 + ¥) T, (4.3.12)
dx

Eti = f3 = &1zg — (di + ¢1)Z3.

The Jacobian of the system (4.3.12) at EY is given by

—u :@LA —a A
7 W
J(Bp)=10 2 (ut+outy) =4
0 &1 —(d1 + ¢1)

Choose (311 as the bifurcation parameter, then setting Rp = 1 gives

Biy = G _Mptnty) ab
(D A d+

The eigenvalues of J(E%) are calculated using det(J(E}) — AI) = 0, then we
obtain that

(—u—»((%f>wn+&y+w—A)e«h+¢o—Aw—@%§)=a

Since B3 = & (ptduty) _ _e1fi  then we can deduce that

A di+¢1?
a§1A ) flalA)
O=(—p—2A ————— = A)(=(di+ &) —A) ——— ).
(u-N( (- 7y ) e -0 - 2
Thus, we get A, = —p. Next, we consider
OllflA ) ElalA
0= ——F————=—-A)(-(d1+¢1) — A) —
( w(di + 61 (=(dr+ ¢1) = A) p
_ mbA 4 ar1§1AM F(dy + d)A+ N2 — &oaA

M p(dy + é1)
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_ 12 a1 A )
=\+ (—M(d1+¢1) +(dy + ¢1) | A

_ aréi A
B A(A " p(dy + 1) Tl ¢1)).

Therefore, we have Ay =0 and A3 = — (ﬁ% + (dy + ¢1)>-

Note that the linearised system (4.3.12) at E} evaluated for 811 = B has
a simple zero eigenvalue, and all other eigenvalues have negative real part. Hence,
the Centre Manifold theory can be used to analyze the dynamics of (4.3.12) near
Bu = By

It can be shown that the Jacobian of (4.3.12) at f1; = Bi; (denoted
by Jgs,) has a right eigenvector (corresponding to the zero eigenvalue) given by

w = [wy, wy, ws]T, such that

ﬂnA a A

— g — wy — —u—w3 =0 (4.3.13)
A A
(ﬂ” — (u+ 611 + 7))w2 + B =0 (4.3.14)
w p
Ewy — (dl -+ ¢1)W3 =0. (4315)

Considering equation (4.3.15), we can observe that

§1wa
= ¢ 4.3.16
Ws a4 ¢1 ( )

Substituting equation (4.3.16) into equation (4.3.14), we obtain that

Buh oA _
( T ¢1))w2 ’

: o+
Since fy; = L& . M _ d‘i‘fqtl, then we can deduce that

;(u+511+7)+ﬁ1£))w2=0

_ a1§iA
((ﬂ+511+’)’) o R

di + ¢1)

As a result, w, can assume any value. Thus, we choose wq > 0.

Next, substituting equation ws into equation (4.3.13) yields

Pul alA( £1wz >
0=—pw, — Wy —
Hn M ? po\di+ ¢
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w =

1 (_ﬁn/\ _ a s A )w
M M p{dy + 1) ?

: s
Since fi1; = plat A”+7) — d(:-ﬂl’ then we get that

1 a1& A aiA )
wy=—|—(p+dn+7y)+ — w
YT ( (bt 8 +7) pldi+¢1)  p(di + ¢1) 2
_ —(p + 611 + Y)we
7

Further, Jgx, has a left eigenvector associated with the zero eigenvalue at £11 = 573

is given by v = [v1, Vs, vs], where

vy =0 (4.3.17)
—Buh A
,3;1 n + (131; - (/Ja + 011 + ’)’))’Uz +&u3=0 (4.3.18)
A A
—%vl + O%vz — (dy + ¢1)vs =0. (4.3.19)

Considering equation (4.3.17), we find that v; = 0.
When substituting equation v; = 0 into equation (4.3.18), we find that

A
(,81; & (,U + 511 +’)’)>’Uz +§1’U3 =0

Since B11 = “(“""/5\11""7) -~ dj‘f(;l, then we get that
OtlflA
=y + £u3 =0
(i + 1) 2+ £1U3
p(d1 + ¢1)vs
== '/ 4.3.20
o O[lA ( )

By substituting the equation v; = 0 and (4.3.20) into equation (4.3.19), we obtain
that

oA
%7& - (dl + ¢1)’U3 =0

a1 (p(dy + ¢1)vs
M OtlA

) — (dy + ¢1)vs =0

(0)'03 =0.

As a consequence, we have vz can take any value. Therefore, we choose vz > 0.
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Computation of ¢ and b:
For the system (4.3.12), the associated non-zero partial derivatives of

F = (f1, fa2, f3)T (at the disease-free equilibrium) are given by
’fi & f1 D f 9 f

81,015 —Pu, 91,025 Y Bmdzy

It follows from the above expression that

= Enj & g9
a= VWi W; 8m~3xj( ,0)
ky,j=1 g

= 2uywywa(—Pu1) + 2viwiws(—ay) + 2vewiwe(Br1) + 2vwiws(—on)

= 2uwy (Br1wa + oy ws)

o 1ldy - d1)vs\ (= (1 + du + Y)ws §1ws
= (M) (St ) (g w (522) )

d 5
=2 (( 1t ¢1)£’:I - +7)) (,6’11 1 dlaflqbl) vgwj < 0.

For the sign of b, it is associated with the following non-vanishing partial deriva-

tives of F' = (f1, f2, f3)7,

8f A 8f A

Oz, n' Omfh  p

So, we get

Since a < 0 and b > 0 at B1; = 8], and Theorem 2.1.2 item (iv), therefore a
forward or transcritical bifurcation occurs at Rp = 1 as depicted in Fig. 2. Hence

the following result is established.

Theorem 4.3.3. The endemic equilibrium E}, of the brucellosis submodel is locally

asymptotically stable for Rp > 1, but close to unity.



91

Stable EE

Infectious poputation, 1
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Figure 25 Forward bifurcation for the infectious population (I7) of
the model (4.3.1). Using the parameter values: A =
16.6667,u = 0.0058,6;; = 0.0125,y = 0.0333,§ =
0.8333,d; = 0.00005, ¢; = 8.333 X 1075, a; = 2.9167 x 10~°.

4.3.6 Global stability of the endemic equilibrium point

We analyze the global stability of the endemic equilibrium of system (4.3.1) by
using a Lyapunov function. It is important for us to understand the extinction

and persistence of the disease.

Theorem 4.3.4. The endemic equilibrium E3}, of the brucellosis submodel system

(4.3.1) is globally asymptotically stable if Rp > 1.

Proof. Consider the first equation (4.3.1), we have
as _
dt

= S(% — (,811.[1 + Ole1) — /L) .

Substituting endemic equilibrium E% = (S*, I}, W}) to the first equation (4.3.1),

A— (,8115[1 + alSWl) - ,U,S

we obtain that

0=A—~ (BuS'T + 00 S*W7) — uS*
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When we multiply every term by -5}—., we obtain

A
0=1 — (Buli + a,W7y) —
Thus, we get
dsS A
E = S(E - (,811[1 + a1W1) e 0)
A A v *
=5 5~ (Bulh +oaWh) — p— S (Bulf + aWY) —
A A
= S(E — -S—* — Bl + ,311.[; - oW + CYlW1*>

A 7 I W-
o (A5 ) () G):

Next, we consider the second equation in (4.3.1), we have

dl
dtl —,3115[1+0115W1 (ﬂ+511+")’)]1.

Substituting endemic equilibrium Ej = (S*, I}, Wy) to the second equation (4.3.1),

we obtain that
0= ﬂuS*I{‘ + alS*Wl* — (,u + 511 +’Y)Iik

When we multiply every term by % and subsequently by I;, we obtain

o S*Wi I
0=pn1S"1 + ‘1—1*1—1 — (4611 + I
1
Hence, we get
aly
P = S+ a1 SWy — (u+ 811 +v)1 =0
o S*WET .
= BuSh +aSW1 — (p+0u + )5 — (/5115*11 + LI-Tl—l = (p+ 011+ 7)11)
1
o S*WE T
= BuShL — fuliS* + o SW) — ——5—=
1

S OllS*Wl*Il SWll’f
= BuhS* (= -1 -
s (g 1) + 7 (swin )

LS, (S L SWALy
I (ﬁ uh (S* 1)+°‘1W1 (S*Wl*fl 1))

Next, we consider the third equation (4.3.1), we have

aw
dt

=61 — (di + )W
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Substituting endemic equilibrium E% = (S*, I, W) to the third equation (4.3.1),

we obtain that

0=¢&1 — (di+ $1)W

When we multiply every term by Wlf and subsequently by W, we obtain

LIV

Wr (d1 + 1)W1

0=

Thus, we have

dW,
— =&h = (di+ )W =0
W,
=& — (dy + ¢1)Wh — (51‘/‘1/* ) (di + ¢1)W1)
1
&EITW,
=&l —
&1y W
3 LWy (LW —
Wi nw, '

Therefore, the system given by (4.3.1) can be transformed into the following form

ds (A (S I Wi
(5 (5 1) - (32) o (5 1)),

dI, _ 1,S* s SWi T}

— = A ) — 3.21
= (i (5-1) +oms (g5 -1)), 321
Wy _ LW (WD

d — Wy \I W ‘

We construct the Lyapunov function as:

« « S * * I alS*Wl* W1
= — 8% — §*In — —Ir - 1 Wi — W* —W*1
(S S*—-S nS*>+(Ig 1—I{ln If>+ NG ( 1 1 1 nW1>

Therefore, the derivative of L along solutions of system (4.3.21) is

dL ( S*)d8+(1 I*)d11+alS*Wf‘(1_Wf)c_im

1-2_)122
dat S ) dt L)@ " an Wy ) Tdt

- (A (5 ) e (2o1) - Wy
== (5 (5 1) -t (5 1) e (71 )
N s L[ SWiL}
etn=1n (F) (st (5 -1) +am (555 )

L GhW o (a1 (LW
Wy Wl)(wl* W, !




94

_A(S - 8% (% - Si) Bu(S = ST — I) = an(S — §%) (W — W)
* * KT * I* SWl 1)
L IS -8 S*W. —
+IB]-1( 1 1)( )+a1 1( )(S*Wl If

+ als*(Wl — Wl*) (IlWl — 1)

=A (2 - Sﬁ - %) +aasWy — 222 Wl[f - aﬁ}}f/“ + 01 S* W}
g5 e B
NI

— o SW; (2 2 - %)

Substituting endemic equilibrium E} = (S* If,W;) to the first equation in
(4.3.1), we have
A= BuS* I + on S*WY + pS*

Therefore, we get

dL S S* S* SW I* I W*
e (o ) s -5 S8

dt S* S S SWiL LW
Thus, by the arithmetic-geometric mean inequality, we get 7 < 0. The equality
4L — 0 holds, if and only if S’ = S*, I = I}, Wi = WY. Therefore, by LaSalle’s
invariance principle, the endemic equilibrium E} is globally asymptotically stable

when R < 1. This completes the proof. O

4.4 Bovine Tuberculosis (BTB) submodel

The model with bovine tuberculosis only (obtained by setting Iy = 0,12 =
0, W, =0 in (4.1.1)) is given by

as

2 A (B22ST + agSWa) — S,

dl.

dt2 = B2aSIh + 0pSWy — (p + 622 + 7) I, (4.4.1)
dW,

T & r — (da + ¢2) Wy,
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with S(0) > 0,15(0) > 0,W2(0) > 0 as the initial conditions, and the total
population is given by
Nr(t) = S(t) + L(t).

Therefore, it can be shown that the region,

A A&,
Qo= (S, I, W,) e R3S, [, W, >0,0< S+ 1, < —,W. g———},
2 {( 2 2) +| 2, ¥V2 = 2 7 2 ,u(dz—l-gbz)

(4.4.2)

is positively-invariant and attracting. Therefore, the dynamics of the bovine tu-

berculosis submodel will be considered in ;.

4.4.1 The equilibrium point and stability analysis

The bovine tuberculosis submodel (4.4.1) has the disease-free equilibrium given

by

A
EY = (8°, I3, W) = (;,o,o) : (4.4.3)
Moreover, the F' and V matrices are given, respectively, by
A A b 0
Fo ﬁzzﬂ Q' and V= B+ 022 +
0 0 —& dy + ¢2
It follows that
Rp = A(B2a(dz + ¢2) + abs) _ (4.4.4)
p(p 4 b2z +v)(d2 + ¢2)

Similar results about existence and stability of brucellosis submodel can be obtain
for bovine tuberculosis submodel, such that the endemic equilibrium point of
bovine tuberculosis submodel E} = (S, I, W;) upon the change of variables:
Bi1 = Baz, 011 — 029,61 — &a,dy — da,d1 — ¢ and Rgp — Rr. Therefore, we

have established the following result.

Theorem 4.4.1. The disease-free equilibrium of the bovine tuberculosis submodel,

E3, is locally asymptotically stable if Rr < 1 and unstable if Rr > 1.

Theorem 4.4.2. The disease-free equilibrium point, E3., is globally asymptotically
stable provided that Ry < 1 and conditions (H1) and (H2) are satisfied.
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Theorem 4.4.3. The endemic equilibrium E% of the bovine tuberculosis submodel

is locally asymptotically stable for Ry > 1, but close to unity.

Theorem 4.4.4. The endemic equilibrium E} of the bovine tuberculosis system

(4.4.1) is globally asymptotically stable if Rp > 1.

4.5 Analysis of the Brucellosis-Bovine Tuberculosis model

In this section, we delve into the dynamics of two sub-models within the context

of the complete model (4.1.1).

4.5.1 The disease-free equilibrium point and its stability

The disease-free equilibrium point is given by

E%T = (Soa I?) Ig, I{)Za Wloa WZO)

= (é,0,0,0,0,0
L

A

).

Using the next generation method in [49], we obtain F' and V' in the following:

(4.5.1)

A1 4 0 Buh ik 0
A A A
A 0 Bazy  Bo2iy 0 a2y and
0 0 0 0 0
| 0 0 0 0 0
[+ 611+ 0 0 0 0 |
0 u+ 022 + 7y 0 0 0
V= 0 0 L+ 612+ 0 0
—-&1 0 —& dy+ ¢1 0
0 —& -& 0 da + ¢2 ]
It follows that
p— 1 =3
pto11+y 0 0 0 0
1
0 p+daa+y 0 0 0
-1 __ 1
Vo= 0 0 ptE12+y 0 0
&1 0 &1 1 0
(mu+d11+7){(d1+¢1) (pt+d12+7)(d1+é1)  di+d1
0 & & 0 1
B (utdaa+7)(d2+¢2)  (pt+d12+7)(da+e2) da+¢2 |
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Therefore, we have

[ A(B11(d1+¢1)+a161) 0 ABo1(d1+¢1)+a1é) Aay 0
p(pto11+7)(dito1) p(utdiz+7)(di+é1)  ulditér)
0 A(Baz(datd2)+agts)  A(Boa(da+¢a)+azéa) 0 Aay
wlutdazt7)(dz+d2)  plut+dia+7)(dz+¢2) u(d2+é2)
Fv~'t= 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

Therefore, the basic reproduction number for the brucellosis-bovine tuberculosis
model (4.1.1) (denoted by Rpr) is given by

A(Bra(dy + 1) + i) A(Baa(de + ¢2) + 0262) }

p(p+ 611 +7)(di + ¢1)" p(p + 822 + 7)(d2 + 62)

— ma,x{RB, RT},

RBT = max{

where Rp and Ry are the basic reproduction numbers of brucellosis submodel and
bovine tuberculosis submodel, respectively. So that the following results follows

from Theorem 2.1.1.

Theorem 4.5.1. The disease-free equilibrium, E% is locally asymptotically stable

if Rpr < 1 and unstable if Rpr > 1.

The local asymptotic stability of the disease-free equilibrium in the brucellosis-
bovine tuberculosis model is demonstrated in Theorem 4.5.1 when Rpr < 1. To
explore the global stability of this equilibrium, we employ the approach of Castillo-
Chaves et al. [51] (See Lemma 2.1.4 in Chapter 2). The equation governing the

co-infection model for brucellosis and bovine tuberculosis (4.1.1) is reformulated

as follows:
dX;
— = F(X;, X
dt ( 1 2)
X
—d—tz = G(XlaX2)1 G(Xh O) =0,

where X; = (S) and Xy = (I1, I, I3, W1, W,)T. The disease-free equilibrium is
now denoted by E%, = (S, I9, 12, I%,, W2, WJ) where X* = (%) We note that

the system is linear and its solution can be easily found as
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dX
—dt—l = F(X1,X,)

= [A — (Bu1Sh + Po1Shha + 01.SW1) — (BaaSITz + BoaSTiz + aeSWs,) — MS] .
So, we have

F(X1,0) = [A _ uS] .

As for S, we can deduce from the equation above that

ds

== gl
as
E-F,U,S—A

We solve this equation using the integrating factor, which results in S(t) — % as
t — 0o. Therefore X* is globally asymptotically stable.

Next, we consider

] (B11ST1 + Bo1Sha + a15W1) — (Beali Iz + Po2 1112 + asiWs) — (b + 611 + 7)1 ]
(B22STy + BozSTha + aaSWs) — (Bulely + Borloliz + 1 bW1) — (b + 62 + )1
(Baa Iz + Boali iz + aoliWe) + (Buloly + PorInhz + cn LWh) — (ke + 812 + ) a2 | -
(It + L)1 — (d1 + ¢1)W1
Iz + Nha)é2 — (da + 62)W2

G(X1,X2) =

Thus, we have

giu —Poli  PoS — Bo2la a8 —aglh |
Br1lz 922 Bo2S — Borlz —ailp S
oG
5)?2()(1’ X3)=| gs; 932 g33 o1 Fy aoly ;
& 0 & —(d1 + ¢1) 0
| 0 &2 & 0 —(dz2 + ¢2) ]
where

g11 = Bu1S — (Baalz + Poa iz + 0aWa) — (b + 611 + ),
ga2 = Ba2S — (Buly + BorTiaas Wh) — (1 + 822 +7),
931 = Pazla + Poz 1z + caWa + P ls,

gs2 = PBoali + Purly + Borf12 + cu Wi,

933 = Poor + Bl — (1 + d12 + 7).
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Then, we get

oG
A= —(X}
8X2( 170)

“% —(u+811+7) 0 @%A‘ o= 0
0 ,BszA —(p+ 822 +7) E°,f—A 0 EﬁA
= 0 0 —(u+ 612 +7) 0 0
& 0 & —(d1 + ¢1) 0
0 & & 0 —(d2 + ¢2)

This matrix is an M-matrix, meaning it has non-negative in its off-diagonal ele-

ments. Furthermore, based on (H2) we will show that G(X1, X,) must be greater
than or equal to zero. Thus, we consider

5(X1,X2) = AXs — G(X1,X2)

[G1 (X1, X2)
= |Ga(X1, X2)
| Gs (X1, X2)

(81111 (% - S) + Bo1l12 (% o 5') + %W1 (% - S) + (BaaI1I2 + PozI1 12 + a1 W2)

= |Baal2 (% = S) + Boz2I12 (% = S) + e (% - S) + (ﬂ11I2I.1 + Porlali2 + o1 I2W1) |

—(BozI1 Iz + Boalihha + a1 Wa) — (B11lals + Borla 1z + a1 o W)

Since 63(X1,X2) < 0, which leads to @(Xl,Xz) < 0, that means the second
condition (H2) is not satisfied. Consequently, the disease-free equilibrium Ep;,
may not be globally asymptotically stable in Q for Rpr < 1, owing to the pos-
sibility of backward bifurcation. Hence, we shall only derive the bifurcation pa-
rameters for the full model. Let S = 1, [1 = z3, Iz = 3,110 = x4, W1 = x5
and W, = x4, so that N = z; + 23 + z3 + z4. Further, by using notation
X = (x1, %2, T3, T4, T5, Tg) ", the full brucellosis-bovine tuberculosis model can be
written in the form £ = F(X), with F = (f1, fa, f3, f1, 5, f6)" as follow:

dt

dr1
a = A — (B11z172 + Bo1Z1%4 + 12125) — (Ba2z123 + Po2TiTa + QaT1%6) — PT1,
dz
d—: = (B1171%2 + Bo1Z1T4 + a121Z5) — (Boazazs + PoaTaze + QT2 T6)

— (g + 011 + 7)z2,
dz
_d_t3 = (227123 + Po2Z1%4 + aaz126) — (Br123%2 + BoaTaza + Q1T3Ts5)

— (4 =+ 022 + 7)z3, (4.5.2)
dz
d_t4 = (BazT23 + Po2TaTs + c2T2%6) + (B11Z322 + BorLats + 1 Z3Ts)

— (b + 612 + )24,
dz
d_t5 = (z2 + x4)61 — (d1 + é1)7s5,
dil,‘e

I (z3 + z4)€2 — (d2 + ¢2)s.



The Jacobian of the above system at E%. is given by,

[ —fus =Bl —(Bo + Bo2) 4 —ch
0 h‘,‘A —(u+d11+7) 0 Q%LA %A
JEy = | 0 B2l _ (4 533 + ) fazd 0
0 0 0 —(p+82+7) 0
0 &1 0 & —(d1 + ¢1)
0 0 &2 &2 0

100

o |
[ O'FlN Ot}g
> >

—(da2 + ¢2)]
(4.5.3)

Consider, the case when Rgr = 1 (that is, Rp = 1). Suppose, further, that

B11 = Bi; is chosen as a bifurcation parameter. Solving for 81, from Rp = 1 gives,

e _Bptdn+y) o
1311_1311_ A (d1+¢1)

(4.5.4)

The eigenvalues of J(E%;) are calculated using det(J(E%s) — AI) = 0, then we

obtain that

0=(-p—2)
gl,,f—A—(#+511+’Y)—)\ 0 % %
ézﬁé-(#-l-tszz-i-’)')—)\ EQ,%A 0
0 —(p+d2+7) -2 0
&1 0 &1 —(d1+¢1)— A
0 &2 é2 0
Thus, we get \; = —u. Next, we consider
El;,LA—(#+511+'Y)—'\ 0 EO;}A 5,1:/\‘
Baah _ ()i 1 830 + ) — A fiat 0
0= 0 0 (4 b12+7) — A 0
& 0 & —(d1+ 1) — A
0 &2 & 0
A A
. ((ﬂ‘Tl—(u+6u+v)—x)(—(d+¢1)—x)— ﬁ%)
Bl _ (44 635 +7) — A Baah ek
X 0 —(p+di2+v)— A 0 .
€ & —(d2 +¢2) — A
: _ petinty)  _aily :
Since f11 = A Tl then we obtain that
B22d _ (4 4 Ga5+ ) — A ozt
0= (—_ﬂE—IA——A)(—(d+¢1)—A)—m s 022 " (4 b1z 47) - A
u(di + ¢1) p prorTy
&2 &
Bagh _ 8 - Boah a2h
A =288 s (“+022+7) b1n A 0
w(ds + 61) 1+¢1 —(p+d82+7)—

Q
o O RN O
|:>

—(d2 + ¢2) — A

OO‘EFO
>

—(d2 + ¢2) — A

azd
m
0
—(d2 +¢2) — X

&2 & —(dz + ¢2) — A
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Hence, we get Ay = 0 and A3 = —( 8‘1115_'{21) +d, + ¢1) Next, we will consider

B”A —(p 4022 +7) — 'BO%A %
0= 0 —(N+512+’)’)—/\ 0
& &2 —(da + ¢2) — A
— (p+ 02 +7) =X 2ot
=(—(p+b2+7)=N]| * (b 82 ) kot
& —(dy + ¢2) —

Therefore, we obtain Ay = —(u + d12 + 7). Next, we consider

V4 5”" —(u+02+7y) =X "‘—;’—‘
P —(dy + ¢2) —

A
=/\2+(u+622+7+d2+¢2—ﬁt )/\

+ [(u i N %(szaz T Ba(da + ¢2>>] .

Since Ry < 1, then we obtain that

u+622+7+d2+¢2—ﬂ%>0

(+ 822 + ¥)(da + ¢2) — %(52(12 + Baz(d2 + ¢2)) > 0

According to the Routh-Hurwitz Criterion, it follows that two eigenvalues of the
characteristic equation have negative real parts.

It follows that the Jacobian matrix at the disease-free equilibrium with
P11 = B, has a simple zero eigenvalues (with all other eigenvalues having negative
real part). Therefore, the Centre Manifold theory can be used to analyze the
dynamics of system (4.5.2). By applying the Center Manifold theory in Castillo-
Chavez and Song [50], left and right eigenvectors of the Jacobian matrix J(E%)
are computed first. For case Rpr = 1, It can be shown that the Jacobian of
(4.5.3) at 11 = B}, has a right eigenvector (associated with the zero eigenvalue)

given by w = [wy, wy, w3, ws, ws, we)” , such that

A A A A A
B Wy — Paz ws — (Bo1 + ,302);11)4 - %—ws - %’ws 0 (4.5.5)

A A A
(&;— — (46 + 7)) wy + B(Z wy + a; ws=0 (4.5.6)
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2A Ole

A
(ﬁ” —(u+522+v))w3+ﬁ° wi+ 2205 =0 (457
p 7 7

—(p+62+7)wa=0 (4.5.8)
Ewy + Ewy — (di + ¢1)ws =0 (4.5.9)
§2w3 + {-“211)4 — (d2 + (]52)’(1)6 =0. (4510)

Considering equation (4.5.8), we can observe that
wy = 0. (4.5.11)

Substituting equation (4.5.11) into equation (4.5.9) and (4.5.10), we obtain that

§1’wz
ws = : 4.5.12
5= 31 6 ( )
Eaws
= ) 4.5.13
28 ds + ¢o ( )

Substituting equation (4.5.11) and (4.5.12) into equation (4.5.6), we obtain that
B ) oA ( &Lws )
— (A b+7) Jwr + == [ =} =0.
( p (161 +) g \di+d

Since B = “(“""/5\1”'7) - d?fdix’ then we can deduce that

(0)’11)2 = 0.

As a consequence, wy can take any value. Therefore, we choose wy > 0. Next,

substituting equation (4.5.11) and (4.5.13) into equation (4.5.7), we have

Ba2 A awh [ Lws \ _
( Y —(M+522+’7))w3+—#— (d2+¢2) =0

Baz(da + d2) A + apAéy — pp + 832 +77)(d2 + ¢2) e = 0
p(dz + ¢2) T

ASSllmiIlg ,322 (d2 + ¢2)A + Olefz = ,U:(M + 522 -+ ’)’) (d2 + ¢2), we can derive

Consequently, ws can vafy across a range of values. Therefore, we specifically
select ws to be greater than 0.

Substituting equation ws = 0, (4.5.12) and (4.5.13) into equation (4.5.5) , we
obtain that

Pul BooA A ( SL) ) _ ol ( {aws ) =0

Wo — w
T Y p \dit+ o p \da+ ¢
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A 01161 ) A ( 01262 )
—pwy — = ( fu1 + —Z B+ ws =0
L 7 (ﬂll di + ¢ w2 L Brr dy + &2 8

5
Since By = L&t A”M) daféy then we get that

A agés
pwy = (i + 0+ y)ws (ﬁzz dy + ¢2) .

Therefore, we obtain that

_ 1 A a2
w = _/.L |:(,Ua + (511 + ")’)‘ll)z + [ (522 + (d2 T ¢2)) ’LU3:| . (4514)

Furthermore, the Jacobian matrix has a left eigenvector (associated with the zero

eigenvalue) represented by v = [v1, Vo, Us, V4, Vs, Ug], Where

—pvy =0 (4.5.15)

"ﬁtA <ﬂ1;A (e + 011 + ’7)) vp+&vs =0 (4.5.16)

_ﬂ22Av1 | (IBZZA

— (B+61+ 'y)> vs +&avg =0 (4.5.17)

A ﬂ01A ,302A

—(Bo1 + Boz) ”v1 + —#— v3 — (p + 012 + Y)va + E105 + v =0 (4.5.18)

A A
—aL’Ul + -a—l—'vz —(d1+ é1)vs =0 (4.5.19)
2 u
asA ay

A
——”—vl + T’U3 y . (d2 + ¢2)’U6 =0 (4520)

Considering equation (4.5.15), we find that v; = 0.
When substituting the equation v; = 0 into equation (4.5.19) and (4.5.20), we
obtain that

alAv2
—" 4521
T i+ ) ( )
azA’U3
= ———. 4.5.22
v p(ds + ¢2) ( )

Next, substituting equation v; = 0 and (4.5.21) into equation (4.5.16), we have

BulA §rouA _
< p ~lt ot (d1+¢1))v2—0

Since fB1; = "(“+‘;\11+'7) — d‘:fdl;l’ then we obtain that
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As a result, v, can assume any value. Hence, we opt for vz to be greater than 0.

Substituting equation v; = 0 and (4.5.22) into equation (4.5.17), we have

CM%+%M+mMr-w+M+ﬂ%+%g o

Since ,822 (d2 + ¢2)A + O!2A£2 =

(da + ¢2)

(i + b2z + v)(da + ¢2), then we can deduce that

(0)’1)3 =0.

Consequently, v3 can take any value. Therefore, we choose vz > 0.

Substituting equation v; = 0, (4.5.21) and (4.5.22) into equation (4.5.18),
A
fuh

Bo2A
L

Therefore, we get

Vg =

A

p(p+ 612 + )

’Us—(,u+512+’)’)v4+€1( (

Computation of a and b:

Algebraic calculations show that

o L
6ac1612 \ 6:32(9:171 - —,311,
#f _ 0*hH
311,‘1815 | 6(125311 &0
Bf 0y
07,0zs 0z40T1 Bo,
82 f2 82fh
0150z4  Oz40x0 ~Boz,
fs  fs
6$18£E4 - 3$46:l}1 o 'BOZ’
Pfs  fs _
0z30zs Oz4drs ~For,
fa _ fa _
010,0zs  Oz40x2 Boa,
fs _ OPfs
6:033.’175 - 8$53$3 =

It follows from the above expression that

a= E VeW;

k,zi,j=1

= 2 wiwe(—PFa1) + 2v1wiwa(—Por

Y Bw:01; a am,

75— (0,0)

O[lA’Uz

7 d1+¢1)) &

we have

azA’U3 .
(m¢+¢a)‘“

§10q §20i2
[(ﬂ01+d1—|—¢1> (ﬁoz-l- A +¢2> 'U3:|. (4.5.23)
& fi 9 f 8% f1 0% f1
8110z3  0z3071 = —Pa, 8z10%4 = Bz401; = —Por — boa
fi Ffh f 0 -8
31}18226 N staxl Vo 3 leaxz - 8x289:1 A
Pf  Pfr Bf  Pfr
9210zs  0Oz5011 0z,0r3 Oz30ry P2z,
0% fs Pfr fs _ fa .y
Bz0zs  Owgdrz Y  Oz10ms  Owsdmi
R 9 fs 9 fs Pfs
6.’1?16(116 6226(91121 e 81:26:53 - 6.’1:331‘2 o _,811,
9*fs 8 fa 9% fs 9%f4
Oz30zs  Oz5013 - T Oz,0r3 0307, =B+ Au,
s Pfs fs  Pfa _
dx,01  Oxe0Tg > 0z30rs Oxs0rs Bor,
9% f1 A Pfa _A
011081 p’ Br20f11  u

— Boz) + 2viwyws (—an) + 2vywywz(—Paz)
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+ 201w1we (—arz) + 2vowwa(B11) + 2vewrwa(Bor) + 2vawiws ()

+ 2uawaws(—PBaz) + 2vswaws(—Boz) + 2vewowe(—a2) + 2vswiws(Baz)
+ 2ugwiws(Boz) + 2vswiwe(as) + 2vswaws(—Pa1) + 2vswswa(—Por)
+ 2uzwsws(—au) + 2vswaws(Boz + P11) + 2vawrws(Boz) + 2v4wawe(cr2)
+ 2vswawa(Bor) + 2vswsws ()

= 2B11VwW1Wa + 201 Vw1 W5 — 2PV Wols — 20V W W

+ 2203wy w3 + 200vswWiwWe — 2B11V3WaWe — 204 V3W3Ws

+ 2(Baa + Pr1)vawaws + 202v4Wowe + 201 V4W3Ws,

F & fr A N/
b= Z ’Uk’wim(o, 0) = N1 W2 (—;) + Vows (;) = Ugls (;) > 0.

kyji=1 K

Therefore, it follows from Theorem 2.1.2 that the full brucellosis-bovine tubercu-

losis model 4.1.1 undergoes backward bifurcation at Rgr = 1 whenever
a>0. (4.5.24)

This result is summarized below.

Theorem 4.5.2. The full brucellosis-bovine tuberculosis model (4.1.1) undergoes

backward bifurcation at Rpr = 1 whenever inequality (4.5.24) is satisfied.

Figure 26 depicts the simulation of model (4.1.1), highlighting the pres-
ence of the backward bifurcation phenomenon. This phenomenon typically arises
when a stable disease-free equilibrium coexists with a stable endemic equilibrium,
occurring when the associated basic reproduction number is below unity. This
signifies that eradication of the disease might not be feasible despite having a ba-
sic reproduction number lower than unity. Additionally, Figure 26 validates the
analytical ﬁndingé by confirming the emergence of the endemic equilibrium when

the basic reproduction number exceeds 1.
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Figure 26 Illustration of the co-infection model’s simulation, reveal-
ing the presence of a backward bifurcation. Employing the
following parameters: A = 16.6667,a; = 1 X 1075, a; =
1X 1073, Bo1 = 3X107%, 8oz = 9x 107 %,dy =5X107%,dy =5
1078, 671 = 0.0125, 6,2 = 0.0292, §,; = 0.0167,v = 0.0333, u =
0.0058, ¢, = 0.0833, ¢, = 0.0833,&, = 0.1200 and &z = 0.1.

Furthermore, the disease-free equilibrium of the brucellosis submodel is
globally asymptotically stable when Rg < 1, and the endemic equilibrium at-
tains global asymptotic stability for Rp exceeding unity. Similarly, the bovine
tuberculosis submodel features a globally asymptotically stable disease-free equi-
librium when Ry < 1. Additionally, the endemic equilibrium for bovine tu-
berculosis alone achieves global asymptotic stability when Ry > 1. Given that
Rpr = max{Rg, Rr}, in scenarios where both Rg > 1 and Rr > 1 (ie., Rgr > 1),
a coexistence of both diseases inevitably emerges, regardless of which of the basic

reproduction numbers is higher.

4.6 Sensitivity Analysis

Within this section, we conduct a sensitivity analysis to discern the relative impact

of each parameter on disease transmission. The sensitivity index of the basic
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reproduction number (Rp) is determined using the normalized forward sensitivity
index (refer to Section 2.1.8). The parameter values provided in Table 3 will be
employed for calculating the sensitivity indices as well as for conducting the model
simulations. The sensitivity analysis for each parameter influencing Rp has been
computed and is presented in Table 4. Moreover, Table 5 displays the sensitivity

indices of Ry with respect to each parameter.

Table 3 Parameter values of the Brucellosis-Bovine Tuberculosis model

Symbol Value Unit Reference
A 16.6667 animals [42]
u 0.0058 month™! 17]
611 0.0125 month~1 48]
899 0.0167 month™! (48]
012 0.0292 month™1! [48]
v 0.0333 month~! [17]
&1 0.8333 month™* [14]
& 0.5833 month~* Assumed
dy 0.00005 month™! Assumed
dy 0.00005 month! Assumed
o 8.3333 x 107° month ! Assumed
G2 8.3333 x 107° month~! Assumed
B 9.1667 x 105 month—! [14]
Bo1 9.1667 x 10~° - month™ Assumed
Ba 1.0995 x 10~° month ! [38]
Bo2 1.0995 x 10~° month ™! Assumed
ay 2.9167 x 1075 month™! [14]

o 2.9167 x 1075 month ! Assumed
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Table 4 Numerical values of sensitivity indices of Rp.

Parameter Sensitivity index Parameter Sensitivity index
A +1 I —1.0066
011 —0.0141 y —0.0377
& +0.0579 dy —0.3748
$1 —0.6247 B +5.0260 x 10~*
(o %) +0.9995

Table 5 Numerical values of sensitivity indices of Rr.

Parameter Sensitivity index Parameter Sensitivity index
A +1 7 —1.0091
22 —0.0141 vy —0.0522
§2 +0.0873 dy —0.3750
o2 —0.6249 Baz +8.6157 x 107°
fo ) +0.9999

As depicted in Table 4, parameters such as A, &, a3, and (41 exhibit a
positive sensitivity index. Conversely, parameters including 611, ¢1, 4, v, and dy
possess a negative sensitivity index. Positive sensitivity indices associated with
parameters indicate that an increase in these parameters leads to a higher value
of the basic reproduction number. Thus, investigating these parameters could aid
in mitigating the basic reproduction number.

Conversely, parameters with negative sensitivity indices demonstrate that
raising their values results in a decrease in the basic reproduction number. The
most negatively sensitive parameter is the natural mortality rate, u. Another
significant parameter with a negative sensitivity index is the elimination rate of
Brucella in the environment, ¢;. Notably, Tff = —0.6247, indicating that a
10% increase (or decrease) in the parameter ¢; results in a 6.247% reduction (or

increase) in the value of Rp.
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Similarly, Table 5 reveals the most negatively sensitive parameter as the
natural mortality rate, 4. Another noteworthy parameter exhibiting a negative
sensitivity index is the elimination rate of Mycobacterium bovis in the environ-
ment, ¢,. Given that Tff = —0.6249, a 10% increase (or decrease) in ¢, results
in a reduction (or increase) of the basic reproduction number Rz by 6.249.

It is evident that the most negatively sensitive parameter for the brucel-
losis and bovine tuberculosis model is u. However, since p is contingent on other
uncontrollable factors, our focus will shift to investigating the control parame-
ters instead. This signifies that control strategies will primarily concentrate on
adjusting the elimination rates of Brucella and Mycobacterium bovis in the envi-
ronment. Additionally, in the study conducted by Lolika et al. [48], an optimal
control analysis was performed to assess how culling infectious animals would im-
pact the prevalence of the two infections. Consequently, optimal control measures
could effectively reduce the population of infected animals. Therefore, we also in-
tend to formulate an optimal control problem encompassing culling strategies to

explore the dynamics of the diseases.

4.7 Optimal control

In this section, we focus on determining the optimal implementation of control
strategies involving the culling of infected animals (u1(t)) and the reduction of
Brucella (uy(t)) and Mycobacterium bovis (us(t)) in the environment. These
strategies aim to minimize the transmission of the aforementioned diseases. A
successful control strategy simultaneously reduces the population of infectious
animals while minimizing the associated control costs. To adapt model (4.1.1),
we incorporate the time-dependent control variables v = u1(t), ¢1 = us(t), and
¢2 = u3(t). This leads to the formulation of the time-dependent brucellosis-bovine

tuberculosis model (4.1.1) with control variables:
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% = A — (B1S$ + Bo1STiz + 1 SW1) — (822512 + Bo2STi2 + s SWa) — #fg’
% = (BuSI1 + BorSha + 1 SW1) — (Ba2Ti Iz + Boa i I1z + a2 L)
— (p+ 61 +wa(t)n,
%‘2—2 = (B225Iz + Bo2STz + 0aSWa) — (Bunlaly + Por 212 + on LWh)
— (p + 22 + u1 (£) 12, (47.1)
% = (Boai Iy + BoaI1 iz + 0 i Wa) + (Buloly + BoaloTia + e L W)
— (u+ 12 + va () 12,
dT‘Wf = (h + Liz)é1 — (d1 + ua(t)) W,
%2‘ = (Iz + h2)é2 — (d2 + u(t)) Wa.

We examine the system over a time interval of [0, T]. The functions u, (%),
us(t), and ug(t) are assumed to possess at least Lebesgue measurability on the
interval [0, T]. Our aim is to minimize both the total count of infectious animals
and the associated control expenses throughout the time span of [0, T]. To achieve

this goal, we consider the following objective function:
i
J(u{, ’Ué, u§) =] min/ [Il + I+ Iz +caw (t)Il + couy (t)Iz + cguy (t)Ilz
0

1
+ cqun (t)Wl + csus (t)Wz + 3 (Ceu% (t) + cru% (t) + cgu% (t)) dt,

(4.7.2)

where ¢; (i = 1,2,3,4,5) denotes the respective positive balancing constants,
while the terms cgu?(t), crud(t), and csu(t) represent the costs associated with
culling infected animals, eliminating Brucella in the environment, and eliminating
Mycobacterium bovis, respectively. Furthermore, the values of ¢;(¢ =1,2,3,.. ., 8)

are greater than or equal to zero. The control set is defined as:

T = {uy(t), ua(t), u3(t)|0 < u1(t) < Uamaz,

0 < ua(t) < ugmas,
0 <ug(t) < U3maz }» (4.7.3)
where Uimaz, Uzmaz, 8Nd Usmaz TEPresent the upper limits for the efforts exerted
in culling infected animals, eliminating Brucella, and eliminating Mycobacterium

bouis, respectively. The Hamiltonian (H) corresponding to the objective J is de-
duced using Pontryagin’s Minimum Principle, similar to the methodology outlined
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in section 2.1.9. It can be expressed as follows:

H=L+1L+ I+ +C1U1(t).[1 + 02’U.1(t)12 + 03U1(t)I12

1
+ cquz (1)W1 + csus(t)Wa + 3 (coud(t) + crua(t) + csu3(t))
+ As [A — (B11SI1 + Bo1STz + a1 SW1) — (B22S12 + Po2Sha + 0 SW,) — ,uS]

+An [(ﬁnsh + BorSTiz + 01 8W1) — (Bea Iz + Boali L1z + a1 W)

—(p+ou+ Ul(t))fl]

+ Az, [(ﬂzzSIz + Bo2STia + a28Wa) — (PrilaIy + Porlaliz + onaWh)

— (u+ 022 +w (t))Iz]

+ AL, [(ﬂzz—’lfz + BooIi g + 0o hWa) + (Builaly + Borlalia + 01 bWh)

(bt (t))Iu]

+ dwny [(11 + I12)6 — (d1 + uz(t))W1] + Aw, [(Iz + I12)é2 — (da + u3(t))W2].

Given an optimal control w}(t), us(t), and uj(t), there exist adjoint func-

tions, A, Ay Ay Afigs Awy, and Aw,, corresponding to the state S, I1, I, 12, W1
and W,, respectively satisfying

dAs

dt

dir,
dt

dAr,
dt

Ay _
d

0H

S
[AS(_,BllIl = Borliz — ey Wy — Poaly — PBoalia — oW — 1)
+ 2, (Bi1lh + Borliz + caWh) 4+ A, (Baz o + Bozliz + CJtsz)] (4.7.4)
on
o0l

[1 + cug (£) + As(—=B11S) + +21, (8118 — Pazla — Poalrz — 02 Wa
— = 811 — w1 (t)) + A (=B11L2) + Ay (Bo2I2 + BozTaz + aWa + P11l)

+ Aw, 51} (4.7.5)

o
oI

[1 + cour(t) + As(—B225) + +An, (—B22hh) + A, (B22S — Puilr — Por iz
— Wi — o — 623 — ua(t)) + Ang (Beafs + Bunls + PorTiz + cuWh)

+ /\W2§2] (4.7.6)

O0H
0l
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= - [1 + caur(t) + As(—Bo1S — Bo2S) + A, (BorS — Boalr) + Ara(Bo2S — Bor2)

+ A1, (Bo2Ih + Borla — p— G312 —ua(t)) + Awy &1 + AW2€2} (4.7.7)
dw, _ B OH
dt =~ oW
= — [C4U2(t) + /\5(—0115) + )\11 (als) + )\12(—(1112) + )\112 (a1I2) + )\W1 (—d — u2(t))]
(4.7.8)
dAw, _ 0H
dt =~ oW,
=— [chS(t) + Ag(—a28) + Ay (—a2lh) + A (028) 4 A, (@alt) + Aws (—d — ug (t))] ,
(4.7.9)

The transversality conditions are
As(T) =0, A, (T) =0, A, =0, Ap,(T) =0, A, (T) =0, Aw,(T) =0.

The characterizations of the optimal controls u; (t), u2(t), and ug(t) are then based
on the conditions
0H OH O0H

2 -0, —=0,and — =0
Bul 0’ 6’11,2 )8R 6U3 ’

subject to the constraints 0 < u1(t) < Uimes, 0 < U2(t) < Uomas, and

0 < u3(t) < Usmagz- Furthermore, the optimal controls are characterized by the

optimality conditions:
wt(t) = max {0, min {¢1 (t), Yimas}} »

ui(t) = max {0, min {us(t), Yomaz } }

ug(t)

(t

= max {0, min {U3 (t), u3maz}} ’

where
wi(t) = Anli + Al + /\ImIlcge— ali —cly — 63112, (47.10)
us(t) = AW1W107— W (47.11)
us(t) = szchs— csWa (47.12)

4.8 Numerical simulations

To visually elucidate certain analytical findings presented in this paper, numer-

ical simulations of the co-infection model have been executed. The model is
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subjected to optimal control theory to ascertain optimal strategies for culling in-
fected animals, eliminating Brucella, and reducing Mycobacterium bovis levels in
the environment. The parameter values used for these simulations are provided
in Table 3. Initial conditions (S(0),1(0), I2(0), I12(0), W1(0), W5(0)) are set as
(650, 150, 100, 50, 10000, 10000), with weighting constants c1 = 1, ¢ = 1, c3 = 1,
ca = 0.0001, ¢ = 0.0001, cg = 0.01, c; = 0.01, and cg = 0.01. The corresponding
basic reproduction number for this parameter set is approximately 588.81. We
shall investigate four control strategies, detailed as follows:

Strategy A: uy(t) # 0,ua(t) # 0 and us(t) # 0.

Strategy B: ui(t) # 0, ua(t) # 0 and ug(t) = 0.

Strategy C: uy(t) # 0,u2(t) = 0 and us(t) # 0.

Strategy D: u; () = 0, ua(t) # 0 and us(t) # 0.

4.8.1 Strategy A: Using all the control variables

This strategy employs controls u;, ua, and uz to optimize the objective function. It
is evident from Fig. 27 (a) that, through control, the count of brucellosis-infected
animals (I;) decreases and approaches zero around the eighth month. In contrast,
without control, the infection curve remains persistently nonzero. Similarly, the
outcomes depicted in Fig. 27 (b) and (c) reveal reductions in the numbers of
bovine tuberculosis cases (I3) and co-infection animals (I;2) when compared to
the scenario without control. In Fig. 27 (c), it is evident that in the absence
of control, the number of co-infection cases reaches a peak of approximately 55
cases around the fifth month before declining. Conversely, with controls, the curve
initiates at 50 cases and diminishes to zero a few months following the onset of the
disease outbreak. Additionally, Figs. 27 (d) and (e) display the concentrations of

Brucella (W) and Mycobacterium bovis (W) in the environment.
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Figure 27 The numerical simulations depict the optimal control model
with the utilization of controls u;, us, and us. The panels
illustrate: (a) Brucellosis-infected animals, (b) Bovine tuber-
culosis animals (BTB), (c) Co-infection cases, (d) Concentra-
tion of Brucella in the environment, and (e) Concentration

of Mycobacterium bovis in the environment.
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Figure 28 (a)-(c) illustrates that the implementation of comprehensive
controls, including culling and environmental decontamination, should be initi-
ated for around 70% of the infected animals or regions over a span of 5 months.

Subsequently, the control rates should be gradually scaled down, reaching zero by
the 25th month.
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Figure 28 Dynamics of controls (a) Culling infected animals (u:(t)),
(b) Elimination of Brucella in the environment (u3(t)) and

(c) Elimination of Mycobacterium bovis in the environment

(us(t))-
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Figure 29 The numerical simulations showcase the optimal control

model with the utilization of controls u; and u;. The panels

illustrate: (a) Brucellosis-infected animals, (b) Bovine tuber-

culosis animals (BTB), (c) Co-infection cases, (d) Concentra-

tion of Brucella in the environment, and (e) Concentration

of Mycobacterium bovis in the environment.
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4.8.2 Strategy B: Control with culling of infected animals and

elimination of Brucella in the environment.

In this scenario, the controls u; and u, are employed to optimize the objective
function, while us is maintained at zero. As depicted in Fig. 29 (a)-(c), the
utilization of controls results in reductions in the numbers of brucellosis animals
(I,), bovine tuberculosis animals (), and co-infection cases (I12) right from the
onset of the outbreak. However, these reductions are not substantial enough
to drive the numbers down to zero within the initial months. Nevertheless, this
strategy guarantees eventual disease elimination. Moreover, Fig. 29 (d) illustrates
that relying solely on the elimination of Brucella may not suffice to maintain the
agent count at low levels. Figure 30 illustrates the control profiles involving culling

infected animals and eliminating Brucella.
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Figure 30 Dynamics of controls (a) Culling control (u1(t)), (b) Elimi-

nation of Brucella in the environment (uz(t)).
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Figure 31 The numerical simulations illustrate the optimal control
model utilizing controls u; and wus. The panels display:
(a) Brucellosis-infected animals, (b) Bovine tuberculosis ani-
mals, (c) Co-infection cases, (d) Concentration of Brucella in
the environment, and (e) Concentration of Mycobacterium

bovis in the environment.
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4.8.3 Strategy C: Control with culling of infected animals and

elimination of Mycobacterium bovis in the environment.

Subsequently, we explore the optimization of the objective function using solely u;
and uz. Figure 31 (a), (b), and (d) illustrate the quantities of brucellosis-infected
animals, bovine tuberculosis-infected animals, and Brucella in the environment,
" respectively. The infection curves for brucellosis and bovine tuberculosis animals
exhibit slightly higher levels compared to the uncontrolled scenario in certain
segments. However, on average, the two curves seem to display similar trends.
Notably, the uncontrolled curves reach higher peaks than those under control
measures. Figures 31 (c) and (e) depict the counts of co-infection cases and the
concentration of Mycobacterium bovis in the environment. The control profile for
this strategy is presented in Figure 32. The findings suggest that implementing a
culling process is imperative, with subsequent deployment of bovine tuberculosis

decontamination measures in the environment.
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Figure 32 Control Dynamics: (a) Culling Rate (u1(t)), and (b) Elimi-

nation of Mycobacterium bovis in the Environment (us(t)).
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Figure 33 Numerical simulations of the optimal control model utiliz-
ing us and us controls. (a) Brucellosis-infected animals, (b)
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4.8.4 Strategy D: Control with elimination of Brucella and

Muycobacterium bovis in the environment.

Figure 33(a)-(c) indicates that the decline in the number of brucellosis-infected
animals, bovine tuberculosis-infected animals, and co-infection animals is slower
compared to strategy A, yet the outcomes are more favorable than other strategies.
In Fig. 33(d)-(e), the control profiles are displayed, showing similarities to strategy
A. The control measures are depicted in Fig 34, revealing that the utilization of
only these two controls can substantially reduce the number of agents in the
environments.

Based on the aforementioned numerical results, it can be concluded that
the synergistic utilization of all control strategies proves notably more effective
in mitigating the disease’s propagation. Alternatively, if culling is deemed less
favorable, solely implementing the process of cleaning contaminated habitats can

sufficiently halt the disease’s spread over time.
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Figure 34 Dynamics of controls (a) Elimination of Brucella in the envi-
ronment (uz(t)) and (b) Elimination of Mycobacterium bovis

in the environment (us(t)).
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4.9 Cost-effectiveness analysis

Cost-effectiveness analysis is employed to decide on the most cost-effective con-
trol intervention strategy from other strategies. Thus, we calculate two quantities
to distinguish between interventions strategies, Average Cost-Effectiveness Ra-

tio (ACER) and Incremental Cost-Effectiveness Ratio (ICER) [62]. The ACER

formula is given by

Total cost of intervention

ACER =

Total number of infection averted

The total number of infections averted above is given as the difference between
total infectious animals without control and the total infectious animals with

controls. Furthermore, the total cost implemented during the entire period is

T 2 2 2
o= [ (et ad)
0

estimated from

2

Table 6 Total infection averted, total cost and ACER.

Strategy Total infection averted Cost ACER
Strategy A 2.4407 x 10* 1.0959 4.49 x 1075
Strategy B 1.2716 x 104 2.5787 2.0278 x 1074
Strategy C 515.6911 2.8960 0.0056
Strategy D 2.0179 x 10* 4.8735 2.4152 x 1074

Table 6 summarizes the ACER for each strategy. The result shows that
the most cost-effective strategy is Strategy A, followed by Strategy B, then Strat-
egy D. The least cost-effective strategy is Strategy C. To further investigate the
cost-effectiveness of the various control strategies, we calculate the Incremental
Cost-Effectiveness Ratio (ICER). The ICER formula is given by

Difference in costs in strategies i and j

ICER =
Difference in infected averted in strategies i and j
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In Table 6, we have that Strategy C averted the least number of infections, followed

by Strategy B, Strategy D and Strategy A. Thus, ICER is computed as follow

2.8960
ICER(C) = 3178?@ — 0.0056
9.5787 — 2.8960
I == —_— — 4. ]. _5
CER(B) = {om16 x 10 — 5156011 20008 % 10
4.8735 — 2.5787
= =3. 1074
ICER(D) = o oimo Tof 1716 x 108~ o 0749 x 10
ICER(A) = 1.0959 — 4,875 = —8.9347 x 107*

2.4407 x 104 — 2.0179 x 104

Table 7 Total infection averted, total cost, and ICER for Strategy C,

B, D, and A.
Strategy Total infection averted Cost ICER
Strategy C 515.6911 2.8960 0.0056
Strategy B 1.2716 x 10* 2.5787 —2.6008x10~°
Strategy D 2.0179 x 10 4.8735 3.0749 x 10~*
Strategy A 2.4407 x 104 1.0959 —8.9347x 1074

The computed results indicate that the Incremental Cost-Effectiveness
Ratio (ICER) for Strategy C is higher than for Strategy B. This implies that
Strategy C is both more expensive and less effective compared to Strategy B. As
a result, Strategy C is eliminated from the list of alternative control strategies.
Subsequently, a further comparison is made between Strategy B and both Strat-
egle and Strategy A.

The results for these comparisons are presented in Table 8. When compar-
ing Strategy B to Strategy D, it is evident that ICER(B) is lower than ICER(D),
indicating that Strategy D is more expensive and less effective than Strategy B.
Consequently, Strategy D is ruled out, leaving Strategy B to be further compared
with Strategy A. The outcomes of the ICER computations are detailed in Table
9. These results reveal that Strategy B is dominated by Strategy A, as ICER(B)
surpasses ICER(A). This implies that Strategy B is both more costly and less
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effective to implement than Strategy A. Therefore, among the four strategies con-
sidered, Strategy A, which combines culling infected animals with the elimination
of Brucella and Mycobacterium bovis in the environment, emerges as the most

cost-effective option.

Table 8 Total infection averted, total cost, and ICER for Strategy B,

D, and A.
Strategy Total infection averted Cost ICER
Strategy B 1.2716 x 10* 2.5787 2.0279 x 1074
Strategy D 2.0179 x 10% 4.8735 3.0749 x 1074
Strategy A 2.4407 x 104 1.0959 —8.9347x 1074

Table 9 Total infection averted, total cost, and ICER for Strategy B

and A.
Strategy Total infection averted Cost, ICER
Strategy B 1.2716 x 10* 2.5787 2.0279 x 1074
Strategy A 2.4407 x 104 1.0959 —1.2683x10™*

4.10 Applications to real-world data

In this section, we will apply our model using available real-world data. Despite
our efforts, we encountered limited sources of data for brucellosis and tuberculo-
sis, and unfortunately, no data on the co-infection of these diseases is available.
Nevertheless, we did come across a research paper that discussed the detection of
co-infection of these two diseases during animal slaughter screenings. As a result,
we will present our analysis for brucellosis and tuberculosis infections individually
and then address the aspect of co-infection.

To begin, Kabiru Akinyemi and colleagues conducted a comprehensive

review of human and animal brucellosis in Nigeria spanning from 2001 to 2021, en-
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compassing data. collected from the six geopolitical zones [63]. The data obtained
from this study is represented by star markers in Fig. 35. In order to fit this data,
we have adjusted certain parameters as follows: A = 410, u = 0.007, 11 = 0.0005,
892 = 0.002, 615 = 0.35, v = 0.0004, & = 0.7, & = 2.2, d; = 0.00005, do = 0.00005,
1 = 0.01, ¢ = 0.01, B3 = 0.001, fnn = 0.00001, Bz = 1.00995 X 1072,
Boz = 1.00995 x 1075, a; = 0.00000000015, and a; = 0.0000015. These pa-
rameter values do not differ significantly from the initial values listed in Table 3.

In Fig. 35, the solid line illustrates the curve generated by our model
without any control interventions. On the other hand, the dashed line represents
the curve produced by the control model. Notably, the model exhibits a similar
infection trend, and our control model demonstrates analogous behavior. How-
ever, for accurate alignment with actual data, some modifications to the model
are necessary. This is due to our model being formulated based on simulation
results from other research papers. Nonetheless, the depicted figure suggests that
our model holds potential for predicting the brucellosis trend in Nigeria. This
predictive capability can assist authorities in implementing effective measures to
control the disease.

We proceeded to examine the occurrence of tuberculosis infection in ani-
mals in Great Britain [64]. The tuberculosis data pertaining to cattle covered the
period from 1996 to 2023, as recorded by the Animal and Plant Health Agency
(APHA) work management IT support system. To achieve alignment with this
dataset, we made adjustments to our parameters as follows: A = 400, u = 0.0007,
811 = 0.15, §g9 = 0.002, 015 = 0.35, v = 0.0004, & = 1, & = 2.42, d; = 0.00005,
dy = 0.00005, ¢; = 0.001, ¢3 = 0.001, By =0, Bor = 0, Baz = 1.00995 x 1072,
Boz = 1.00995 x 1075, a; = 0.00035, and o, = 0.00015. Notably, these parameter
adjustments do not deviate significantly from the initial values listed in Table 1.

The outcomes of this fitting process are illustrated in Fig. 36. Here, the
solid line corresponds to our original model (without control), while the dashed
line portrays the modified control model, which illustrates the infection trend
when adhering to the control guidelines inferred from our simulations. It is evi-
dent that our model for tuberculosis infection in cattle within Great Britain closely

resembles the actual data trend.
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Figure 35 Brucellosis trends in Nigeria and model projections
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Figure 36 Tuberculosis patterns in Great Britain [64] and model pre-

dictions

Our search did not yield data on the co-infection of brucellosis and tuber-
culosis among animals. However, we did find information regarding the detection
of co-infection of these two diseases in Nigeria during the screening of animals
for slaughter. Simeon I.B. Cadmus, et al., presented a case report in Veterinaria
Italiana [65] describing the discovery of co-infection of brucellosis and tuberculosis
in slaughtered cattle in Ibadan, Nigeria. The study revealed that approximately
3 percent of the slaughtered animals were co-infected. Although the report lacked
yearly data for co-infection cases, it indicated that the initially brucellosis-infected
animals were co-infected with tuberculosis. Consequently, we assumed that 3 per-

cent of animals infected with brucellosis were also co-infected with tuberculosis.
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As depicted in Fig.35, we employed this available data to simulate the
co-infection of these diseases, as illustrated in Fig.37. To align with the data, we
adjusted certain parameter values as follows: A = 320, u = 0.007, é;; = 0.0015,
dop = 0.002, d12 = 0.035, v = 0.00004, & =1, & = 2, dy = 0.0005, dy = 0.0005,
¢1 = 0.2, ¢o = 0.0001, Bz = 0.01, Box = 0.01, Bo = 1.00995 x 1075, Bz =
1.00995 x 107%, oy = 0.0000035, and oy = 0.00015. Notably, our model demon-
strates a trend similar to the real data, reinforcing its relevance and potential

utility.
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Figure 37 Co-infection data (3 percent of brucellosis cases) and our

model



CHAPTER V

DISCUSSION AND CONCLUSION

This chapter presents all the results obtained in this dissertation. We
have established and analyzed the mathematical model for Brucellosis infection
in bison, as well as the mathematical model for the co-infection of brucellosis and

bovine tuberculosis. The discussion and conclusion can be found below.

Mathematical model of brucellosis infection in bison

In Chapter 3, we presented a Brucellosis epidemiological model in bison
that incorporates vaccination for susceptible individuals, elimination of Brucella
in the environment, and culling of infected animals. First, the basic reproduc-
tion number R, of this model is determined. The numerical simulations of the
reproduction numbers of the two models (with and without controls) are also
compared. Then the two equilibrium points, the disease-free and the endemic are
determined. From our analysis, the disease-free equilibrium point is both locally
and globally asymptotically stable if Ry < 1 while the endemic equilibrium exists
uniquely and is globally asymptotically stable if Ry > 1. Based on the sensitivity
analysis of the basic reproduction number Ry on the given parameters, we suggest
that the vaccination rate for susceptible individuals is useful to control strategies
in reducing the value of Ry. Finally, we have formulated the optimal control prob-
lem to minimize the total number of infected animals while also minimizing the
cost of controls. Our results have interpreted that combining all three controls
can significantly reduce the total number of chronic and infectious animals. Our
several numerical simulations suggest that vaccination strategy is the best control
if applicable. In some remote areas, the combination of sanitation or eliminating
Brucella in the environment control and the culling strategy is an option. We
also have investigated that only culling infected animals can reduce the number
of total infections as well. This scenario was also observed in [17]. However, it

will not prevent the second round of the disease outbreak. Therefore, a proper
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and safe culling strategy is needed if only this control measure presents at a farm.

Mathematical model of brucellosis and bovine tuberculosis co-

infection

In Chapter 4, we have developed a deterministic mathematical model
to explore the spread of co-infection between brucellosis and bovine tuberculosis.
Our model incorporates strategies such as culling of infected animals and the elim-
ination of Brucella and Mycobacterium bovis from the environment. Through our
analysis, we have determined that the brucellosis submodel and the bovine tuber-
culosis submodel exhibit both locally and globally asymptotically stable disease-
free equilibria when their respective basic reproduction numbers are below unity.
Conversely, when the basic reproduction numbers exceed unity, the endemic equi-
librium points are found to be both locally and globally stable.

Furthermore, the complete brucellosis-bovine tuberculosis model displays
a locally asymptotically stable disease-free equilibrium when the basic reproduc-
tion number is less than unity. Interestingly, the model also exhibits the phe-
nomenon of backward bifurcation under specific conditions. This implies that the
model demonstrates the coexistence of disease-free and endemic equilibria when
the basic reproduction number is less than unity.

We have also conducted sensitivity analysis, which indicates that control-
ling the elimination rates of Brucella and Mycobacterium bovis in the environment
plays a crucial role in reducing the values of Rg and Rr, respectively. Addition-
ally, we formulated an optimal control problem to minimize the overall number of
infected animals while simultaneously minimizing control implementation costs.

Our numerical simulations of optimal control strategies reveal that the
most effective approach is to combine all controls, encompassing culling of in-
fected animals and the elimination of Brucella and Mycobacterium bovis from the
environments. This finding is supported by our cost-effectiveness analysis, where
we calculated ACER and ICER. Consequently, Strategy A, which encompasses
all controls, emerges as the most cost-effective strategy.

We have introduced our model and demonstrated its fitting capabilities
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with real-world data. Throughout our study, we delved into related research
papers, many of which were quite intriguing. Therefore, we will engage in a com-
parative analysis between those models and our own, using the real data presented
in the preceding sections.

Model 1, proposed by Stephen A. et al. [19] in 2022, encompasses five
equations and draws conclusions that align closely with our model’s ideas. Model
2, presented by Emmanuel A. et al. [15] in 2015, aims to represent the dynamics of
brucellosis among bison. Both of these models primarily focus on brucellosis infec-
tion, which led us to consider our model’s applicability solely to this disease. The
outcome is illustrated in Fig. 38, where the solid line represents our model and
the dashed line signifies our optimal control model. Both curves exhibit trends

similar to the actual data on brucellosis infection in Nigeria.

3000 T T T T T T T T T
= = =With control

—— Without control .
2500 (=% Brucsllosls In Nigeria PR i St n
O Modsl 1 foad My
+  Model2 4

2000 -

1500 -

Brucellosis infection
-
(=)
=4
o
T

o

b=

=3
T

0.._.

Time(years)

Figure 38 Brucellosis infection.

Subsequently, we undertake a comparison between our model and two
alternative models focusing on tuberculosis infection. Model 1, introduced by
Mahamat Fayiz A. et al. [47] in 2017, involves both human and cattle popula-
tions. However, since humans do not impact animals in this context, we can
make relevant comparisons with our model. Model 2, devised by Tasmi et al. [46]
in 2016, originally targeted the badger population with a vaccination strategy.
We can conduct a comparison with our model to gain insights. The comparative

analysis of these two models alongside ours is presented in Fig.39.
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In an effort to align the parameter values of the other two models with
actual tuberculosis data, adjustments were made. However, achieving a perfect
fit for these models with our data remains challenging at present, and further
modifications might be necessary. As illustrated in Fig. 39, our original model
(depicted by the solid line) exhibits a similar trend to the actual data. Addition-
ally, the optimal control model showcases the potential reduction in tuberculosis

infection if one adheres to the guidelines proposed in the preceding sections.
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Figure 39 Tuberculosis infection.

Regarding co-infection models, we have identified just one mathematical
model available for comparison. This model (Model 1), introduced by Paride O.
Lolika et al. in 2021 [48], was designed within a periodic environment to study
culling as a potential control measure. In an attempt to align the model with our
data, we adjusted certain parameter values. However, despite our efforts, we were
unable to achieve a perfect fit between the model and the data. Nevertheless,
consistent with our findings in other instances, our model captures the infection

trend, as demonstrated in Fig 40.
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Figure 40 Co-infection of brucellosis and tuberculosis.

As demonstrated, our model can be adjusted to accommodate certain
datasets. However, for enhanced accuracy, it is essential to initiate our work with
actual data from specific locations. This will be the focus of our future endeavors

in the realm of mathematical modeling, allowing us to gain deeper insights and

refine our approach.
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