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ABSTRACT

We consider constraint analysis in generalised Proca theories and chiral bo-
son theories. In the first part, we derive conditions which are sufficient for theories
consisting of multiple vector fields, which could also couple to non-dynamical exter-
nal fields, to have the required structure of constraints of diffeomorphism invariant
multi-field generalised Proca theories, so that the number of degrees of freedom is
correct. The Faddeev—Jackiw constraint analysis is used and is cross-checked by
Lagrangian constraint analysis. To ensure the theory is constraint, we impose a
special Hessian condition. The sufficient conditions obtained include a refinement
of secondary-constraint enforcing relations derived previously in literature, as well
as the completion requirements. In the second part of this thesis, we use Dirac
constraint analysis in Sen formulation. This formulation for chiral (2p)-form in
4p + 2 dimensions describes a system with two separate sectors, one is physical
while the other is unphysical. Each contains a chiral form and a metric. We fo-
cus on the cases where the self-duality condition for the unphysical sector is linear
while for the physical sector can be nonlinear. The decoupling at the Hamiltonian
level follows the idea in the literature. Then by an appropriate field redefinition,
the separation at the Lagrangian level follows. The Lagrangian for the quadratic

theory is separated into two Henneaux—Teitelboim Lagrangians.
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CHAPTER 1

INTRODUCTION

1.1 Overview

In classical mechanics, a constrained system is the one where the motion
of particles is restricted by specific conditions, known as constraints. These con-
straints reduce degrees of freedom of the system, namely, the number of dynamical
variables is less than the total number of generalized coordinates. Important ex-

amples of constraint systems are gravity theories and gauge theories.

The methods often used in order to analyses constrained systems are Dirac
method [1], [2], [3], Faddeev—Jackiw (FJ) method [4], [5] [6], [7], and Lagrangian
constraint analysis [8], [9], [10], [11]. Each offers a different way to identify con-
straints and determine the number of degrees of freedom of the system. Dirac
method and FJ method are based on Hamiltonian formalism but they are techni-
cally different. Dirac method begins by identifying primary constraints from the
definitions of conjugate momenta. Secondary constraints emerge by ensuring the
consistency of primary constraints over time. Then all constraints are reclassified
into first-class and second-class constraints. Finally, the number of degree of free-
dom can be counted. FJ method focuses on the symplectic structure of the system.
Primary constraints can be obtained like Dirac method. However, the following
steps are carried out in iterations. At the end of each iteration, one obtains new
constraints. The process run until no new constraint. The number of degrees of
freedom is counted by using the intermediate results from the process [12]. The
last one is Lagrangian constraint analysis. It examines behavior of the system di-
rectly from its Lagrangian formulation, formulate its equations of motion, identify

constraints, and determine the number of physical degrees of freedom.



In this thesis, we mainly follow the process of constrained method in [13],
especially the FJ method. We would like to apply the FJ method to cosmology
then crosscheck with Lagrangian constraint analysis, and apply Dirac constraint

analysis in string theory.

The important equations that describe the behaviour of a physical system
are the equations of motion. For example, the well-known equation in classical
mechanics; the Newton’s second law, Schrédinger equation in quantum mechanics,
Einstein field equations in general relativity. All of these equations of motion can be
obtained by using variational principle with action. Using principle of least action
63 = 0, we obtain equation of motion. As a concrete example, the equation of
motion of metric is Einstein field equation. To obtain it, one starts from Einstein-
Hilbert action. Using principle of least action §Sgg = 0, we finally obtain Einstein

field equation.

Tests of Einstein field equation at the post-Newtonian level have reached
high precision, including the light deflection, the Shapiro time delay, the perihe-
lion advance of Mercury, the Nordtvedt effect in lunar motion, frame-dragging and
Gravitational wave. General relativity has been a successful theory giving predic-
tions which accurately agree with observations. However, there are results which
cannot be described by general relativity. One of these is the late-time accelerated
expansion of the universe which has been confirmed by a wealth of observational
evidence from the measured distances of type Ia supernovae measurements of {2 and
A from 42 high-redshift supernovae [14], [15]. As an attempt towards describing

the mechanism behind this, one may consider modifying general relativity.

In modified gravity, there are theories that combine multiple types of fields.
Scalar-tensor theories involve both scalar fields and tensor fields, while vector-
tensor theories involve both vector fields and tenéor fields. These combinations

aim to provide a more comprehensive explanation of gravitational phenomena and



cosmic evolution. We use constraint analysis to better understand of these theories.

Especially, in this thesis we discuss multi-field generalised Proca theory.

In this thesis, we use FJ constraint analysis to derive sufficient conditions
for multi-field generalised Proca theories to have the correct number of degrees of
freedom. Then, we crosscheck by Lagrangian constraint analysis. Diffeomorphism
invariance requirements help to obtain these conditions. Firstly, we impose the spe-
cial Hessian condition to ensure that the theory has constraints. In the process to
obtain secondary constraints, we obtain the correct version of secondary-constraint
enforcing relations in [8], [9]. Further conditions should also be imposed to ensure
that the symplectic two-form at the second iteration does not have a zero mode
so that the constraint analysis terminates [8], [9], [10], [16]. If a theory passes all

these requirements, then it is a multi-field generalised Proca theory [17].

String theory is a theory of a one-dimensional object called string. There
are 5 types of consistent superstring theories. They are called type I, type IIA, type
IIB, heterotic E8 x E8, and heterotic SO(32). String theory contains, in addition

to string, objects called D-branes. There is attempt to unify string theory to obtain
the more fundamental theory than string theory called M-theory. This theory does
not contain strings but include higher-dimensional entities called M-branes. These
branes can have various dimensionalities and play a crucial role in the dynamics
of the theory. There are two primary types of branes in M-theory: M2-brane and
Mb5-brane. A comprehensive understanding of the M5-brane remains an open and

challenging problem in theoretical physics.

Chiral form fields play a significant role in string theory and M-theory. In a
(4p + 2)-dimensional spacetime with metric g with p =0,1,2,..., a chiral 2p-form
A is a type of gauge field. Its field strength F' = dA is self-dual or anti-self-dual. In
case p = 0, a chiral 0-form in 2 dimensions can be used to explain a heterotic string

[18]. A chiral 4-form field in 10 dimensions is relevant in type IIB string theory



[19]. Constructing a consistent action for the M5-brane in M-theory is a complex
task, primarily due to the presence of a chiral 2-form field on its 6 dimensional
world-volume [20]. This field is characterized by a self-dual 3-form field strength,

meaning it equals its own Hodge dual.

The challenges associated with formulating consistent actions have been ad-
dressed through various approaches. Notably, significant contributions have been
made by Henneaux-Teitelboim (HT), Pasti-Sorokin-Tonin (PST), and Ashoke Sen.
These approaches are different. HT formulation uses Hamiltonian analysis which
splits the spacetime coordinates z#; u € {0,1,--- ,4p+ 1} into time and spatial co-
ordinates as 2°, z*;5 € {1,--- ,4p-+1}. Its action is non-manifestly diffeomorphism
invariant [21], [22]. PST approach introduces an auxiliary scalar field, enabling a
Lorentz-invariant action that incorporates self-dual fields [23], [24], [25]. Sen pro-
posed a formulation that separates the theory into physical and unphysical sectors,
each containing chiral forms and metrics. This method facilitates the analysis of
self-duality conditions and their decoupling at Hamiltonian and equation of motion
levels [26], [27]. In this thesis, we use constraint analysis for more understanding
of Sen formalism. The self-duality condition in the physical sector can be nonlin-
ear. Our goal is to show the separation of the physical and unphysical sectors at

Lagrangian level [17], [28], [29], [30].

1.2 OQutline of the Dissertation

This thesis is organised as follows. In Chapter 2, we review modified grav-
ity theory. There are scalar-tensor theory and vector-tensor theory. In Chapter 3,
we review constraint analysis, which are Dirac constraint analysis, Faddeev-Jackiw
constraint analysis, and Lagrangian constraint analysis. The sufficient conditions
for degree of freedom counting of multi-field generalised Proca theories are pre-

sented in Chapter 4 which is largely based on [17]. In Chapter 5, we review Chiral



field theories in M-theory. Constraint analysis in Chiral field theories is discussed
in Chapter 6 which is largely based on[31]. We conclude this thesis and discuss

possible future work in Chapter 7.



CHAPTER 1II

MODIFIED GRAVITY THEORIES

2.1 Scalar-tensor theories

A simple way to modified gravity is to introduce a scalar-tensor theory, in
which there is a scalar field introduced into the Lagrangian. The most general

scalar-tensor theory is Horndeski theory.
2.1.1 Horndeski theory

The Horndeski action is the most general scalar-tensor theory with at most
second-order derivatives in the equations of motion [32], [33], [34], [35]. It evades
Ostrogradsky instabilities [36], [37] and making it of interest when modifying grav-
ity at large scales. The problem with a higher-derivative theory is that they can
contain Ostrogradsky instabilities, which arise from ghost degrees of freedom due
to third or higher time derivatives in the equations of motion. To avoid it, one
may require the equations of motion to be of at most second order in derivatives.
This consideration leads to the Horndeski action. One consider the system of single
scalar field ¢. The Lagrangian of Horndeski theory is given by

L=vV7GY Ln 21)

n=2

where £, are defined by
Ly = Ga(4, X),
£4=Ga(g, )04,
L4=Gad, X)R — 2Gux (9, X)(O9) — (VI9))
L5 = Gol(6, X)G* V0,6 + 3G x (8, X)(O9)° - 304(VV9)?

+2(VVg)?),



and X = ¢"9,¢0,¢. Horndeski theories accommodate a wide variety of gravi-
tational theories like Brans-Dicke theory, f(R) gravity, and covariant Galileons.
After the discovery of GW170817, the higher order terms in Horndeski theories
have been ruled out. It is possible to go beyond Horndeski thoery [38], [39], [40].

2.2 Vector-tensor theories

Vector-Tensor theories are alternative theory to scalar-tensor theories. In
these theories, gravity is described by using both the tensor and vector field. The
idea. of the construction is to first only consider vector theory. One tries to construct
the most general vector-tensor theories using the same idea with the scalar-tensor
theories. The well-known vector theory is Maxwell theory. One tries to extend this
theory. It turns out that there is a no-go theorem forbidding the Horndeski-like
vector theory with 2 degrees of freedom [41]. One has to turn to generalising massive
vector theory named Proca theory. This generalisation is known as generalised

Proca theories. It describes a system of vector field with derivative self interaction.

Original constructions of generalised Proca theories are given in [42], [43].
The extension to the original construction has been constructed by other works,
for example, [44], [45], [46]. Further generalisations to generalised Proca theories
are possible, for example, references [47], [48], [49] construct beyond generalised

Proca theories, references [16], [50], [51], [52] construct Proca-Nuevo!.

2.2.1 Generalised Proca theory

Generalizing scalar-tensor theories, the introduction of a vector field in place

of a scalar field yields vector-tensor theories. Notably, Maxwell theory is a sim-

INote that [52] points out that [16] has obtained incorrect secondary constraint. So the result
of [16] are not correct. We thank Claudia de Rham for letting us know this recent development

and related discussions.



ple example of a vector theory. It describes the dynamics of the massless spin-1
photon field. This field possesses two transverse polarizations, corresponding to
the familiar electric and magnetic fields. It can be related to the vector field A,
through appropriate gauge transformations. These two independent polarizations

translate to two degrees of freedom.

When one introduces a mass term m for the vector field to Maxwell theory,

one obtains Proca theory. The Proca Lagrangian is given by

L= —%F,WF’“’ / %mzAMAﬂ. (2.2)

This simple modification has significant consequences. It describes a massive vector
field and represents an extension of Maxwell theory that incorporates a mass term
for the vector potential. The presence of this mass term fundamentally breaks the
U(1) gauge symmetry characteristic of Maxwell equations. It leads to a significant

alteration in the degrees of freedom of the field.

In the massless case, the vector field possesses only two transverse polariza-
tions corresponding to the physical degrees of freedom of a spin-1 field. However,
the introduction of a mass allows for the emergence of a longitudinal polarization
mode. Consequently, the Proca theory has a total of three dynamical degrees of
freedom for the massive spin-1 field: two associated with the transverse modes and

one with the longitudinal mode [53].

The dynamics of the Proca field are shown in the equation of motion which

is given by

8, F"F —m2A* = 0. (2.3)

This equation describes how the massive vector field propagates and interacts in
the presence of the mass term. The existence of this mass term not only modi-

fies the field equations but also imposes constraints on the gauge invariance that



governs the behavior of the vector field. Therefore, the Proca Lagrangian provides
a comprehensive framework for understanding the implications of mass in vector

fields.

Then let us consider the generalised Proca theory [42], [43]. Its Lagrangian
is given by

1 6
»Cgen.Proca, =V _gZF;wFMV + :31 V —nguA“A" + vV —4d Z ,Bnc'm (24)

n=2
where B,,n =1,2,3,4,5,6 are arbitrary constants and £,,n = 2,3,4,5, 6 are self-

interactions of the vector field given by

Ly = Ga(AyFuy Fu),

Ls = G3(Y)V.: A4,

Ls = GuY)R+ GV A)?-V,A,V° A7,

Ls = G5(Y)G, VFA” — %G;(Y) [(V-A)® - 3(V - A)V,A, V7 AP
+2V,A4,VTAPVT A, — Gy(Y)E PV, Ag

L = GG(Y)Lﬂ"aﬂvﬂAuvaAﬂ+G—ﬁg—)ﬁaﬂﬁwvaA“vﬁAy, (2.5)

where F,, = 0,A, — 0,A,,Y = —A,A¥/2,V - A=V A¥, 13’“,, is the Hodge dual of
F,,, and

1
LHveb — Ze“”””e"ﬂ'y‘stafya.

(2.6)

The Lagrangian (2.4) describes the most general generalised Proca theories.
These theories are local and have diffeomorphism invariance A. Furthermore, these
theories have additional properties, for example, the vector sector has three prop-
agating degrees of freedom, the equations of motion in the vector sector have at
most second order derivative in time, and there is no dynamics in the temporal

component of the vector field.
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2.3 Ostrogradsky instability

Theories with equations of motion involving derivatives higher than second
order are typically prone to Ostrogradsky instability [36], [37]. This issue arises
from the presence of ghost degrees of freedom, which are unphysical modes that
indicate the system does not behave as expected. The existence of such ghost
degrees of freedom suggests that the theory is problematic. Let us consider the

Lagrangian of harmonic oscillator with an additional € #? term in the Minkowski

space-time
2
m '
L="52 1 2, 52 (2.7)
2 2
where € = —£% (the unit is kg - 5?), € is a dimensionless parameter. The Euler-

Lagrange equation is
OL doL  d* 0L

oz @0z | dBOE 28)
For € # 0, this equation contains derivatives higher than second order,
L= F(z,t,%, T) = z(t) = X(t, o, Lo, £o, Lo)- (2.9)
Using Legendre transformation, the Hamiltonian is given by
He—odsn + a2 w4 200 (2.10)

2 2

This term —2¢ #% leads to an instability associated with the Hamiltonian un-

bounded from below.



CHAPTER III

CONSTRAINT ANALYSIS

3.1 Constrained system

A constrained system is a system in which the number of generalised co-
ordinates is greater than the number of degrees of freedom. In this system, the
conjugate momenta cannot be traded for generalised velocities. Equivalently, some
Euler-Lagrange equations are only up to first-order derivative in time. A condition
called Hessian condition can be used to determine whether a system is constraint.
The methods often made use in order to analyse constrained systems are Dirac
method, Faddeev—Jackiw method (FJ), and Lagrangian constraint analysis. We
mainly follow the process of constrained method in [13], especially focusing on the
Faddeev—Jackiw method. In this chapter, we consider theories in d-dimensional

spacetime.
3.1.1 Hessian condition

In this subsection, we will consider Hessian condition of a multi-field La-
grangian theory £ = L(¢%, 0,¢%). Its Euler-Lagrange equation is given by

oL, oL _
e  *08,¢° -

where ¢ are collection of components of fields in the theory and a = 1,2,...,,N,

0, (3.1)

which is equivalent to
oL 0*L B oL 8-(]3”—6-( oL )_ 0L
8¢°  8gedgh  84e80,¢> \004°)  O¢eO¢®
Then one find the inverse of 6L/ d¢°d¢b. It satisfies only in the case of its Hessian

. (3.2)

q'sb

determinant does not equal to zero, i.e.

o*L
det (Bg.baaqz.ﬁb) # 0. (3.3)
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If the determinant of this matrix is non-zero, the matrix is invertible. It allows for
the resolution of generalised velocities ¢¢ in terms of conjugate momenta 7. Such
a system is referred to as non-degenerate or regular. Conversely, if the determinant
of this matrix is zero, the Hessian is singular. It indicates that the Lagrangian is de-
generate. In this scenario, the conjugate momenta cannot be uniquely expressed in
terms of the generalized velocities, complicating the transition to the Hamiltonian
formalism. On the other hand, if some equations relate initial data, namely gen-
eralised coordinates and generalised velocities, then 8%L£/8¢*8¢" is not invertible.

This system is constrained system.

For examples, the construction ideas in [42] consider only the vector theories
A, and then demand that the theory is constrained. This is by imposing condiion
which ensure that Hessian determinant vanish. More explicitly, one considers the

Hessian matrix (H*) associated with the Lagrangian term as

8L
HY = ———. (3.4)
0A,04A,
On the other hand, one expands all components of this matrix
82L 8L %L 2L ]
0Ap0Ay 0A9gOA; O0AgBAz OBApdA3
2L %L o°L oL oL
— 0A10A0 O0A10A1 0A10A; 08A10A;3 (3 5)
0A,0A, o°L 8L 8L 9%L.
0A20Ag O0A20A; 0A0A; 08A20A3
8L 82L 82L 2L
| 0A30Ay 0B8A30A; O0A30A; 0OA30A3.]

In [42], the Hessian matrix is defined the first row components and the first column

components equal to zero, such that the Hessian can be written in the matrix form

as _ -
0 0 0 0
0 —9£& 8°L 02L
8A10A1 0A16A3 0A10A3 (3 6)
0 9% oL 82L
8A0A1 0BA80A; 0A20A3
0 2% L 8%L
| 8A38A1 0A3804A2 0OA30A;3]
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One can rewrite this Hessian condition as

2 2
L o det| 25 _) 20 (3.7)
9AedA, 9ADA;

This is the special case of Hessian condition. This make Hessian determinant

2
det (25 ) o, (3.8)
94,04,

Namely, the requirement eq.(3.8) can be fulfilled by eq.(3.7) showed in Heisenberg

vanish,

[42]. Many references also impose this condition. Once the required action is

constructed, one simply assumes that it has three propagating degrees of freedom.

In principle, it is not enough to simply assume that vector theories satisfying
Hessian condition has three propagating degrees of freedom. One tries to find
whather there are other conditions. The degree of freedom can be counted by
Dirac method and the Faddeev—Jackiw method. However, the Lagrangian (2.4) is
too complicated. When one tries to follow the process of these two methods, the
calculation would be very long. It is not a good idea to attack this action direcly.
Instead of that, one tries to consider a class of actions and count the number of
degrees of freedom on this class. One considers the class of vector theories which are
diffeomorphic invariance A, satisfying the Hessian condition (3.7) and the vector

sector being free from Ostrogradski instability.

In [13], one considers the case p = 0 of the first condition of (3.7) as
0L _0
0A0A,
One sees that 8L/8A, shoud be independent from Ay. However, £ also should be

(3.9)

linear in Ag. Then let us find the exact form of the Lagrangian of this class. Let

us first start to consider a general form of Lagrangian
‘C(A/.n 6uAu7 Guv, ang;wa am\gym v ,K), (3'10)

where 0,,..x = 0,0, ...0x and K are external fields and their derivatives. Then

one substitutes this Lagrangian into the Hessian condition eq.(3.9). One calculates
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this equation to find the Lagrangian form. One obtains

L= U(Ap,, G;A,, Aj,gyu, ang;w; 6nz\g/,tu) T 1K)A0

(3.11)
+ T(A;u 0;A,, Aj’ Guv, anguw an)\g;w, ce aK)'
Then one considers the case u = i of the first condition of (3.7) as
2
(.9 L. = 0. (3.12)
0Ag04;

One obtains

L\V7s (3.13)

0A;

It shows that U should be independent from A;. Therefore, any Lagrangian in this

class should take the form

= T(AvaakAu;Ak,g aaang a,an)\g I3 )K)
0 (3.14)

+ U(A,,0;A,, 9oo> OxGpors Oxrgpos -+ K)AO

One demands that the vector field couples to metric and also other external fields
as well as their possible derivative of any vector. Namely, Each theory in the class
(3.14) describes the dynamics of a vector field A, coupled to external metric g, and
other external fields K and their derivatives, but does not describe the dynamics
of the external metric g,, and other external fields K. Finally, after substituting

eq.(3.14) into the second requirement of eq.(3.7), one obtains

T
det (=2=) #0. 3.15
° (aAiaAj) # (3.15)

It should be evident from the derivation that the condition (3.7) is imposed on
the whole Lagrangian instead of separating the Lagrangian into sub-Lagrangians
at different orders and impose the Hessian condition separately on each order. In

other words, impose the Hessian condition at “mixed order”.

Any Lagrangian in the class (3.14) is free of Ostrogradski instability in the

vector sector. This is because the equations of motion for A; are of second order
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derivatives in time, and there is no dynamics of Ay. To see this clearer, consider

the equations of motion for the vector field. One considers the variation of action

0SS = /dd_lx (SL(AIJ') aqu uv, 6,.;9;”,, 65,\gw, Ve ,K)

oL
_ d—1
—/d ( SA, + 68A53A+ )

oL oL
d—1 _
= /d T (—8 Iu a"<33,, ]u))dA“_,_

= 0. (3.16)

Therefore, one obtains the equation of motion which can be written as

oL \ oL
‘9”(38,,4#) T (3:17)

where - - - are terms which do not contain Au- Then one separately considers space

and time indices. One first considers space indices

w(55) +olgm) ~ gt =0
L ; ., 0L O

DI 3 ].
8A8AAJ+675'3A 8Ai+ 0 (3.18)

Then one considers the time index

80(8[')4-6,-( oL )_ oL =/

0Ap 00;A¢ 04
oL oL
U +0(55) ~ 52 = O
oL oL
—= = 1
U+ aB&‘Ao A, 0, (3.19)
where 2& = U. Since the Euler-Lagrange equations do not contain time derivative

6A
with order higher than two, the theories are free of Ostrogradski instability [36] in

the vector sector. Furthermore, it is clear that the systems are free of Ostrogradski
instability and are constrained as Euler-Lagrange equations are of second order
derivative in time of A; while there is only up to first order derivative in time for

Ayp.
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3.2 Dirac constraint analysis

Dirac method is the method which is often used in order to analyse con-
strained systems. One starts from finding the constraints which are functions of
phase space variables. As an example, a Lagrangian density of N scalar fields is

considered. It depends on the N scalar fields and their first order derivatives. It is

L(¢a(z), 0ua(2)), (3.20)

where a = 1,2,..., N. If the determinant of the Hessian is zero:

aet | Z£ =0, (3.21)
a¢aa¢b

the system is a constrained system. Then, one defines conjugate momenta by taking

the derivative of the Lagrangian density with respect to the generalised velocities

(¢a) as
_oc
 O¢a

If the system is not constrained, eq.(3.22) can be inverted to uniquely express

,n.a

(3.22)

b, in terms of 7. If however the system is constrained, one may extract from
eq.(3.22) the constrained equations, which are the equations containing ¢, and 7*
but without ¢,. Suppose there are k constrained equations of the form ®™ = 0,
for i = 1,2,--- , k. The quantities ®™ = 0 are called constraints. In particular,
since they are the initial set of constraints being generated, they are called “pri-
mary constraints”. One then computes the Hamiltonian density by using Legendre

transformation,

H(pa, ™) = 1%y — L — 423, (3.23)

where 74 are Lagrange multipliers. The Poisson bracket of a phase space vari-
able and a primary constraint with the Hamiltonian is the time derivative of that

variable,

o™ = {&™ H}, (3.24)
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where the Hamiltonian is obtained by integrating the Hamiltonian density over all

of space,

H= / d* 1z H. (3.25)

If this Poisson bracket is independent of 4™ and is not equal to zero after ™
are imposed, it gives further constraints. These constraints are called “secondary
constraints”. One requires the secondary constraints to be invariant under time
evolution. If the time evolution of secondary constraints is not vanish, one say
that the system generates newer constraints called “tertiary constraints”. The
process should be repeated until there are no further constraints generated. After
all the constraints are found, they are reclassified into the first-class and second-
class constraints. By definition, a first-class constraint weakly commutes with all
other constraints while a second-class constraint does not. The usage that are
relevant for us is to use them to count the number of degrees of freedom which is

given by
nps — 2ny — N2

- i (3.26)

number of d.o.f. =

where npg is the number of phase space variables, n; is the number of first-class
constraints, and n, is the number of second-class constraints. The counting of
degrees of freedom has been useful for example to check whether a proposed theory

is free of ghost degrees of freedom.

Each class of constraints also have their important roles. Let us briefly state
them. First-class constraints generate gauge transformation. As for second-class
constraints, they are used in order to form Dirac bracket, which is the constrained
system counterpart of the unconstrained system’s Poisson bracket. As part of the
canonical quantisation of constrained system, the Dirac bracket is promoted to

commutator.
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3.2.1 Dirac constraint analysis for Maxwell theory

For the simple example of constraint analysis, we apply it to Maxwell theory.

Lagrangian density for Maxwell theory is given by

1

£=4

F,F™. (3.27)

One calculates the conjugate momenta corresponding to each component of the

vector field (4,) as

Tt = 9L _pw (3.28)
0A,
The conjugate momentum for the time component (Ay),
7’ = 97 0. (3.29)

= B_Ao =
This implies that there is no dynamic degree of freedom associated with Ag. It is a
constraint, namely eq.(3.29) is a constrained equation. Another case, the conjugate

‘momenta for the spatial component (A;) are given by
7t = F0 = 3 A% + A, (3.30)
They are not constrained equations. Therefore, one obtains the primary constraint
G =a"=0. (3.31)
Then, one considers Hamiltonian by using Lagendre transformation eq.(3.23)

. 1
H(A,, ) =1"A, + Z_LF”VFW — Ay®
=nm0Ag + ' A; + Z(FOOFOO + FyF% + FoF™ + FF9) — 4ym® (3.32)
1, . 1 y .
- 5(#)2 + EE'J'F” + Ao(0ir*) — 7,
where <y, is a Lagrange multiplier. The Poisson bracket of primary constraint and

Hamiltonian is given by

70 = {n° H} = o;*. (3.33)
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This gives the secondary constraint,
92 = 6,,;7Ti = 0. (334)

To classify these constraints as first-class or second-class constraints, one computes

the Poisson brackets between them,

{0, Q:} =0. (3.35)
Since the Poisson bracket vanishes, both §2; and €, are first-class constraints.
3.2.2 Dirac constraint analysis for Proca theory

Lagrangian density for Proca theory is given by

1 1
L=—7FuF" - —2—m2AMA”. : (3.36)

The conjugate momenta corresponding to each component of the vector field is

given by
= 9L _pw (3.37)
0A,

For time component of vector field same as in Maxwell theory, the conjugate mo-

mentum vanishes. It implies a primary constraint,
O =7n"=0. (3.38)

System (3.36) is a constrained system. Fot spatial components, the conjugate

momenta, are given by

7= FP =9 A% + A (3.39)

Eq.(3.39) is not constraint equation. This is the electric field component Ef =
F% as in the Maxwell theory. The Hamiltonian is calculated by using Lagendre

transformation

. 1 1
H(Ap, ) =T Ay + S Fu P + §m2A;u4” — Ay

4
, 1 . 1 1
= A()(aﬂrz) + E(ﬂ_z)Z + ZFijF” + EmzAuAp - "717T0’

(3.40)
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where 7, is a Lagrange multiplier. The time evolution of a constraint is determined

by its Poisson bracket with the Hamiltonian
70 = {n° H} = §;w* + m?A,. (3.41)
This is a secondary constraint,
Qp = O +m?4p = 0. (3.42)
To classify these constraints, one compute their Poisson brackets.
{1 (t, %), Qa(t,y)} = {7°(t,x),m2Ao(t,y) — O, (t,y)} = m?*&P(x —y). (3.43)

This does not vanish due to the presence of the mass term. As a result, the
constraints do not commute, indicating that both of constraints are second-class

constraints.

3.3 Faddeev-Jackiw constraint analysis

In this section, we consider constraint analysis named Faddeev-Jackiw method
[4], [5], [6], [7]. We will use the notations and conventions similar to those used
in [12], [13]. Let us first consider the Lagrangian density in the form of eq.(3.20)
[13]. Then follow the same discussions as in Dirac method until obtaining the

Hamiltonian density in eq.(3.23). Then, one defines
ACFOF = 7r“q5a - 'H, (3.44)

which is called the first-order form of the Lagrangian. Then one collects the
phase space variables namely the generalised coordinates, the conjugate momenta
and the Lagrange multipliers into the symplectic variables &/ = (¢q, 7%, ¥) for
I =1,2,...,2N + k. Next, one defines the partial derivative with respect to the

generalised velocities of the symplectic variables as the form

A = ZEEOF (3.45)
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The first-order form of the Lagrangian can be rewritten in the form
Lror = Aa€' + L, (3.46)

where £, are the first order form of Lagrangian density without time derivative
and constraint terms. Let us define the 1-form corresponding to Az (t,x), called

the canonical 1-form,

Alt) = / 4% At (t, %)5€1 (8, %). (3.47)
Then, one apply to the exterior derivative

_1 Y
JE/dd xéﬁI(t,x)m (3.48)

on A(t) gives

F(t) = 6A(t). - (3.49)

If we take the exterior derivative to the canonical 1-form, we will get the 2-form.
So the quantity F(¢) is called the symplectic 2-form. One considers the interior

product on the symplectic 2-form in the equation

i F(t) =0, (3.50)
where z(t) is given by
o(t) = / et (%) — o (3.51)
6¢’ (t,x)
where
2 =i6¢. (3.52)

One would like to find z(t) which is the non-trivial solution of eq.(3.50). Eq.(3.50)
is not a standard matrix multiplication. It is the matrix multiplication also involves
integration over x. If a non-trivial solution, z(t) # 0, exists for equation (3.50), it

signifies the presence of a zero mode. In the context of constraint analysis, a zero
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mode corresponds to an eigenvector of a constraint operator with an eigenvalue of
zero. The existence of a zero mode indicates that possess a new constraint. This
constraint arises from the geometric structure of the phase space as captured by
the symplectic 2-form. Conversely, if no non-trivial solution exists for equation
(3.50), it implies that the system has no new constraints. The new constraints are
generated from

Qt) = 1,0 / FI% Lo (2, %). (3.53)
If there are new constrains, one need to repeat the steps to the first-order form
of Lagrangian eq.(3.46). Namely, one adds the secondary constraints term to the
old Lror. Then one follows the similar steps to obtain the canonical 1-form, the
symplectic 2-form. One follows the steps until there is no more new constrains. In

[64] show the method to count the number of degree of freedom as
1
Number of d.o.f. = 5 (nps —ng — nz), (3.54)

where ny; is the number of phase space variables, ng is the number of total con-

straints, and n, is the number of zero mode at last iteration.
3.3.1 Faddeev-Jackiw constraint analysis for Maxwall theory

Lagrangian density is given by

1
L= FuF*. (3.55)

The conjugate momenta are

L (3.56)
In the case u = 0, one obtains 7% = 0. It is a constrained equation. Another case
i = 1, velocity term is obtained which given by
o= Fi0
=0'A° - %A (3.57)

= 5 A% + Al
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Eq.(3.57) is not constrained equation. Therefore, one obtains the primary con-

straint

Q=7=0. (3.58)

Then, one considers Hamiltonian by using Lagendre transformation eq.(3.23)

. 1
H(Ay, ) = A, + ZF,“,F‘“’ — A,
A (59
= ()" + SFF? + Ao(Oir) -,

where +, is a Lagrange multiplier. Then let us start considering first iteration. The

first-order form of the Lagrangian is given by

Lror = WPAP —H
. lf 4 - . (3.60)
= m0h, = 5(n')* = SFyFY — Ao(Oim') + .

Let us define the symplectic variables as ¢! = (A,, 7?,y:) and the partial derivative
of first order form of the Lagrangian with respect to the generalised velocities of

the symplectic variables in eq.(3.45). This gives

Ag, = OLror e (3.61)
0A, -
U8 e 7, (3.62)
o,
O0Lror 0
.= ZEFor _ o 3.63
Ay G—/" (3.63)

Therefore, the first-order form of the Lagrangian eq.(3.46) can be rewritten in the

form
Lror = Ag€' + L,
= A, Ay + Aot + Ayyi + Ly (3.64)
= WPAP -+ 7T0’);1 + LU,
where
, 1 .. 1 L.
‘Cv = —71'1(8."140) - —7T’L7T1' — —F:,;jF”. (365)

2 4
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The canonical 1-form is given by
A(t) = / 4 ({1,305 4,6, %) + 706, ) (6,5 ). (3.66)
Then let us define the symplectic 2-form by taking the exterior derivative

) o 4]
= d—1 - 4 - [ —
§= /d x(cSA,,(t, X) A, (%) + omH(t, x) SRR + v (t, x) 5’71(t,x))’ (3.67)
to the canonical 1-form. This gives

Ft) = 6A()

y 1 (OmH(t,x) om0(t,x)
— d—1 d—1 ) v )
/ 4 x/ d y<57r"(t, Y)M (t¥) A A + 6mo(t,y)

= /dd‘lx/dd_ly (6(x — y)ont(t,y) ASAL(t,x) + 6(x — y)on°(t, y) A 071 (t, %)

6n(t,y) Admi(t, x))

g / 4% (574 (t,%) A A, (6, %) + 67°(8,%) A (2,%)).
(3.68)

One considers the interior product on the symplectic 2-form, i, F(¢) which is

vanish, eq. (3.50), where

_1 u 0 o Fa\ & d
() = [ @t () s + 4 N ey + )
(3.69)

This gives
Gy F(t) = /dd“lx (z’z(t) ((57r"(t, x) A GA,(t, x)) + i51) ((57r°(t, x) A oy (t,x))
- / @ (12007 (6, 3)) A At X) — 67(6,%) A (ixt0SAu(t, )
+ (i 0m°(t, %)) A 572 (2, %) — 67, %) A (iaedm (2, x))
= /dd_lx (z"“éA# — 2 gt 4 z“o&yl — z”’157r°),
(3.70)

where the interior product in each term are given by

22 (%) = 1,0 Au(X), 2™ (X) = 5 0mu(X), 27 (X) = iz0)07m(%). (3.71)
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Then one obtains z™ = 0,2% = 0 and z4° = 2z". Therefore, the solution to
eq.(3.50) is

o) = / di1y x40 (5%10 . 6%) (3.72)

Since there exists zero mode, there might be new constraints. They are generated
from

Qa(t) = 630 / 1%L, (t, x)

= iz(t)é/dd‘lx( — 7 (0Ap) — %ﬂ'iﬂ'i — iFijF"j)

= /dd_lx( =~ (aon) (’lz(t)(Sﬂ'z) - 61,71'7'(’&2(,5)(5140) — Wi(iz(t)(Sﬂ'i) + @F,J(zz(t)cSA,))

— / d*x( = amis®)
= 0.

(3.73)

Therefore, a new constraint is

Since there are new constrains, one needs to repeat the steps from the first-order
form of Lagrangian eq.(3.60). Then let us start considering second iteration. One
adds the secondary constraints term to the first-order form of Lagrangian eq.(3.60).

It is given by

Lror = ’/T“Au — (8, Ao) — %Wiﬂ'i - %FijF"j + 470 4+ A0t (3.75)
One obtains
.AA# = 71'#,.»411-# = 0, 'A’Yl = ﬂ'o, 'A'Yz = a,;ﬂ'i, (376)

where ¢! = (A, ™,71,72). Therefore, the first-order form of the Lagrangian can

be rewritten in the form

Lror = Aat’ + L,
(3.77)

=t A, + 1% + & ie + L,
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Then one follows the following steps to obtain the canonical 1-form
At) = / dd‘lx(w“(t,x)JA“(t, x) + 70(t, %)01 (£, X) +ami(t,x)<sfyz(t,x)). (3.78)

Let us define the symplectic 2-form by taking the exterior derivative

) )
= d—1 P H
§= / d x(éAu(t,x) TR R X 5t -
+ o (t x)—é———}-d (t x)——é—) |
X xR Syt x)
to the canonical 1-form. This gives
F(t) = 6A(2)
¢ 1 (OmH(t,x) om°(t, x)
_ | ga1 d—1 ; v , 0
= /d x/d y(&r”(t, y)57r (t,y) NGAL(L, x) + 67r°(t,y)67r (t,y) A dn(t,x)

6(8171-2) (t7 X)
omi(t,y)
= /dd’lx / dity (6(x — y)omt(t, ) A 8A,(t, %) + 5(x — ¥)6n°(t, ) A 071 (¢, %)

ol (t,y) A 67a(t, x))

+8(0x — )BT (6,¥) A bralt, %))
= /dd'lx(éw“(t, x) A 6A,(t,x) + 6°(t,x) A oy (t, %) + B;0mt (t, %) A dva(t, x))

(3.80)

The interior product on the symplectic 2-form is vanish eq.(3.50). This gives
b F (L) = / dd_lx((z’z(t)éw“(t, x)) A 6AL(t, %) — 6m#(8,%) A (10 Au(?, x))
+ (i207°(t,%)) A Sm(t, %) — 61°(, %) A (6:)0m (¢, %))
+ i (120 (£, %)) A S72(t, %) — 887 (t,%) A (1072 (t, x)))
= /dd—lx(z""éAu — gt + z”o&yl — 2" + 8i(z”i)672 — z'”&-&ri).
(3.81)

Considering the coefficients, one obtains z™ = 0, 24 = —§;2" and 24 = -2

One can rewrite z(t) as

) ) ) )
= d—1 27\ - Y2 — 0:27
z(t) /d x(z (5’)'1 3 0) + 2 5 0;2 5141). (3.82)
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The identification of a non-trivial solution, zero mode to eq.(3.50) suggests the
potential existence of new constraints within the dynamic system. These newly

identified constraints would arise from
Qﬂﬂ:@mg/m4xgag)
. _ i 1, 1 ij
= ’Lz(t)(S/dd 1X(—7T (8A0) - 57’(’ mw — ZE]FJ)
= /dd_lx( - (6,-A0)(z',(t)67ri) - 6,-7r"(7:z(t)5A0) — Wi(iz(t)(Sﬂ'i) - aiF,-,-(iz(t)éAj))
= /dd_lx(aiwiz'fl -I-Bin-jajz‘“)
=0.
(3.83)

Due to eq.(3.74), the new constraint Q3(¢) is identically zero. There is no further
constraint. Therefore, Maxwell theory has 2 constraints, namely ; = 70 and
Q, = O;m;. The iterative application of eq. (3.50) to identify constraints within
Maxwell theory concludes here. This signifies the absence of any further zero modes

in the symplectic 2-form derived from the previously identified constraints.
3.3.2 Faddeev-Jackiw constraint analysis for Proca theory

Then we apply constraint analysis to Proca theory. Lagrangian density is
given by
1

L= _ZF,WFW - —;-m2A#A“. (3.84)

The conjugate momenta are

= F0, (3.85)

One obtains the primary constraint
O =a"=0. (3.86)
Velocity term is also obtained

=AY + Al (3.87)
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The Hamiltonian is obtained by using Lagendre transformation

H(A,, ) = ™A, — L —7°

R T (3.88)
= (a,;Ao)ﬂ'z + §7T7'7Tz —+ ZFijFU -+ §m2AuA" - ")’171’0,

where 7, is a Lagrange multiplier. Then let us start considering first iteration. The

first-order form of the Lagrangian is given by

Lror =7 A, — (0;Ag)T" — §7r’7rz - ZFz‘jF” - EmzApA“ + Ay 7. (3.89)

Let us define the symplectic variables as &/ = (A4,, 7, 11) and the patial derivative
of first order form of Lagrangian with respect to the generalised velocities of the

symplectic variables. This gives
Au, =7, Ao =0, A, =7°. (3.90)
Therefore, the first-order form of Lagrangian can be rewritten in the form

Lror = Auf +L,

= An, Ay + Apoit? + Ayys + Lo
= 7r”/1p + 7%9; + L,, (3.91)
where
i L, 1 4 1 ij
Ev = —-T (8,A0) = —2-71' m — §m AuA# - ZEjFZJ. (392)

Then the process is similar with Maxwell theory. The canonical 1-form can be
written as eq.(3.66). Taking the exterior derivative eq.(3.67) to the canonical 1-
form is obtained the symplectic 2-form eq.(3.68). Then one consider the interior
product on the symplectic 2-form, 4,(;F(t) which is vanish eq.(3.50). Its solution
is given by eq.(3.72).

There exists zero mode, there might be new constraints which generated
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from

Qg(t) = iz(t)d/dd—lxﬁv(t,x)
1 1

; c .1 g
= ’iz(t)(s / dd_lx( — 7r’(6A0) — 571"7|-z - 5fmzAMAﬁ - ZFijF”>

= /dd_lx( — (aiAo)(’iz(t)dﬂ'i) - 6i7ri(iz(t)6A0) - Wi(iz(t)(Sﬂ'i) - mzAM(iz(t)(SA“)

— 0;Fy (z‘,(t)dAj))
= /dd‘lx ZAO ( — 8i7ri = m2A0)
=0.
(3.93)
Therefore, a new constraint is
Qz(t) = a,;ﬂ'i + mon. (394)

Since there are new constrains, one need to repeat the steps to the first-order form
of Lagrangian eq.(3.89). Then let us start considering second iteration. One adds

the secondary constraints term to the first-order form of Lagrangian,

1\ V7 P B | -
£FOF = 7l’pAp =5 7!'1'(81'140) N Eﬂ'zﬂ'z — ZEJ‘F” v EmzA”A" + "')/171'0 + ’.)’g(a,;ﬂ'z + mon).
(3.95)
One obtains
Ag, = A =0,A, =7° A, = 8" + m?A, (3.96)

where ¢ = (A, ™, 71,72). Therefore, the first-order form of the Lagrangian can

be rewritten in the form

Lror = AEIéI +L,
= Audo+ AnAi + Arott® + At + A+ Ayda + Ly

= 704y + m*A; + 79 + (B +m2Ag)e + Lo, (3.97)
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where £, is in eq.(3.92). Then we follow the following steps to obtain the canonical

1-form
At) = / e (m (1, 3)8 A8, ) + 706 X0 (6, %)
(B (¢, %) + m2Ag(t, %))67a t, x)). (3.98)

Let us define the symplectic 2-form by taking the exterior derivative eq.(3.79) to

the canonical 1-form. This gives

F() = / 4 (8 (1,%) A G (1, %) + 20, %) A b (2, %)
(3.99)

4 (867 (t, %) + m28 Ao(t, X)) A Sa(t, x)).
One considers the interior product on the symplectic 2-form which is vanish as
eq.(3.50). This gives
i F(t) = / a5 (120870, )) A 4w, %) — 57(,%) A (ixtoSAut, %))

+ (iz(t)57r°(t, x)) A dn(t,x) — om0(t,x) A ('iz(t)&yl (t, x))
+ (aiiz(t)éwi(t, x) + mziz(t)JAo (¢, x)) A 67y2(t, x)
— (387 (t, %) + M2 Ag(t, %)) A (ix07a(t, x)))

- /dd_lx (z"”(SAu — 2ot + z"'odfyl — 21670

+ (8;2™ +m?240) by, — 2728;0m° — mzz"“dAo).

(3.100)
One considers the interior product in each term to obtain the above equation.
Then one obtains 2™ = 0, 2" = 0,240 = 0, 2% = 0,2" = 0,2" = 0. The iterative
constraint analysis finishes with the identification of two constraints within the
system. These constraints are expressed as the primary constraint ; = 7° and
the secondary constraints Qy = ;7" + m24,. The absence of new zero modes in
the symplectic 2-form derived from these constraints indicates that this analysis
has successfully captured all the relevant constraints, and no further iterations are

necessary.
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3.4 Lagrangian constraint analysis

In Lagrangian constraint analysis [§], [9], [10], [11], one analyses Euler—
Lagrange equation to obtain constraints. One separate Euler-Lagrange equation
to equation of motion (containing generalised acceleration ¢) and primary con-
straints (not containing generalised acceleration ¢) Time evolution of primary
constraints may give secondary constraints. Then, one repeats these steps until no

new constraints.
3.4.1 Lagrangian constraint analysis for Maxwell theory

Lagrangian density is given by

1 v
£ = —ZF,WF" . (3.101)
Equation of motion is
o0,F*¥ = 0. (3.102)

Separate to space indices, it gives equation of motion as

A; = 8; Ay + 0,0;A; — 0;0; A4, (3.103)
and time index, it gives primary constraint as

8;A; = 8;8;Ay. (3.104)
Time evolution of primary constraints give

8:0;F; = 0. (3.105)

It is identically vanish. Therefore, there is no new constraint. The steps stop here.

3.4.2 Lagrangian constraint analysis for Proca theory

Lagrangian density is given by

1
L=—7F,F" - %mzA“A“. (3.106)



Equation of motion is

O,F* +m?A”Y = (.
Separate to space indices give equation of motion, which is given by
A; = 8, Ay + 0;0,A; — 8;0,A; + m?A;,
and time index which is primary constraints as
8;A; = 8;0;A9 — m*A,.

Time evolution of primary constraints is given by
aiajFi,- + m? (81A, + Ao) =0

8, A" = 0.
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(3.107)

(3.108)

(3.109)

(3.110)

This is the secondary constraints. The time evolution of the secondary constraints

give equation of motion for Ay which is given by
Ay + 8;A; =0.

There is no further constraint.

(3.111)



CHAPTER IV

CONSTRAINT ANALYSIS IN GENERALISED PROCA
THEORIES

4.1 Single-field generalised Proca theories

This section reviews constraint analysis of single-field generalised Proca the-
ories which is shown in [13]. The calculations and insights from this work forms

parts of basis of the calcution in our work.

For definiteness, we consider theories in 4-dimensional spacetime. However,
the analysis of this chapter can easily be extended to spacetime with other number

of dimensions. We define Lagrangian density £ via

S = /d4a: L. (4.1)

We denote spacetime coordinates by z# with . = 0, 1, 2, 3. We also use other middle
lower-case Greek indices u,v, p € {0,1,2,3} to denote spacetime indices. We will
denote spatial indices by using middle lower-case Latin indices i, j, k,! € {1, 2, 3}.
When expressing field we will omit the dependence on time coordinate . We will
also often drop the dependence on space variables x (but keep explicit other space
variables e.g. x',y,z). So for example ¢ stands for ¢(¢,x), whereas ¢(y) stands
for o(t,y).

Then, let us review conditions from the Faddev-Jackiw constrained analysis.
For both the Dirac method and the Faddeev-Jackiw method, firstly, one need
to transform to phase space. One is interested in vector sector. So the fields
of interests are A,. One considers the Faddeev-Jackiw constrained analysis of
the Lagrangian in the whole class (3.14) in [13]. All theories in this class have

constraints which the Hessian determinant vanishs, i.e. eq.(3.8) and eq.(3.7). The
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conjugate momenta are

oL

7'('“:—.
04,
or
= —8 +US.
aAZ'L-{_ 0

(4.2)

The zeroth component of these conjugate momenta do not contain generalised

velocities Au- Therefore, it gives the constraint:
7’ =U. (4.3)

This is the first constraint of the system. It is called primary constraint {2; which
is written as

Q=r"-U=0. (4.4)

Its dependence on phase space variables and external fields is then of the form
01 (Ay, 0:A,, 7r°,g“,,, OsGuys -, K). (4.5)

It can be confirmed that this is the constrained system. The spatial components

are
or

T BA;

In this equation, one can find the term A; to use for the next calculation. The

7.‘.’L

(4.6)

inverse of this equation is of the form
Ai = Ai(Am akAu; 7rk1 Gpo,s 8K,gpa', an)\gptra ooy K) (47)

One then computes the Hamiltonian density by using Legendre transformation.

This gives
H = 1A, —L-%M
= 7T0A0 + WiAi —T— UA() - ")’191

= mAi—T -, (4.8)
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where 7 is obtained by replacing A; in T' by A; and using eq.(4.3) and eq.(4.7).
However, 7 depends on phase space variables and external fields which can be

expressed as

T (Au, 8;A0, 7, Gpoy OxGpors --er K ). (4.9)
Therefore, the first-order form of Lagrangian density is given by

£FOF = W“Ap a H
: (4.10)
— W“Au < 7TiA1; + T+ ’3/191.

Then one collects the phase space variables and the constraints into the symplectic

variables

¢ = (Ap ). (4.11)

Then, one obtains A, = 6—%‘2?5 as

A, =" Am=0, A,=0. (4.12)

m

Therefore, first-order form of Lagrangian can be rewritten in the form

Lror = Aal' + L,
= Aa, A, + An, 0 + Ay (4.13)
= W“A,, + Qi + L.

Then one compares eq.(4.10) and eq.(4.13), it gives
L,=-7mN+T. (4.14)
The canonical 1-form is given by
A= / dBx (5 A, + Qén). (4.15)

Applying the exterior derivative

0 0 )
— 3 0 w_- i
s /d x<5Au5 w + o 5 T (5’)’1571>, (4.16)
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on A gives the symplectic 2-form F

80 80 o0
3 1 1 1
F= /d ( (88A ))6/1“/\671 5o 54, ABibys

(4.17)
+ 8mh A A, + 6n° A 571] .
Demanding
i, F =0, (4.18)
where
i) ) 0
= [ &x| 2* g " 4.1
z /dx(z “JA# 5717 6')/1> (4.19)

the interior product 7, can be straighforwardly be computed as

T [ SE) (O

an A” 6 1 AM 891 om
+<az<aaiAﬂ>z BB,A,La )5 1+aaiA”azz §A,  (4.20)

+ 2™ 8A, — OmF M 4 2" 6y — 57r°z71] :

Then let us consider the coefficients of §A,, 67, én%, §y1 which vanish. It gives

. [0 o0, o .\
a2 g =2 ) — |z 4,
A (8,4” a’(aaiAﬂ) aaiAﬂa’)z ’ (4.21)
M i (4.22)
7% =0, (4.23)

® _ : 691 _ A 5Q1 Ay 691 Ay an Au
“ (aAﬂ a’(aaiA#))z a’(aaiA)" 96,4, 0 (4.24)

From some calculations, it gives

AL LYY ( Ok )zA° = 0. (4.25)

86 ;Ao 00;Ag

Then one imposes eq.(A.21), which is one of the diffeomorphism invariance re-

quirement. Therefore, eq.(4.25) now identically vanishes. So there is no restriction
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placed on z4°. It follows that the condition i,JF = 0 can be consistently solved.

Using eq.(4.21) - eq.(4.25), the zero mode of F is found to be

4 d 70 ) ) )
= 3 Ao__ Ai_ 7r 0 "
/dx(z 6A0+z JAi+ 57T0+ p +2z 5’)’1)
o0 SR 10) 50 5
3 1 Ao _~ it 3 AO 1 AO KB
/ ’ (( 5A0> o0 9A; Mﬁa (aa yy ) 5o (426)
Y )
Af O 0
+ z (5A0 571)>

Since the zero mode depends only on one arbitary function z4°, so there is at most

one new constraint. The new constraints are generated form eq.(3.53). It gives

Qy = 1,0 / d3x( — A+ T)
(4.27)
= /d3X( = ’I:zCSﬂ'iAi = 7T1:Z'Z5A7; + ’I,ZCST) )
Then one considers the terms ,07%, i,0A; and 1,67 in eq.(4.27) separately. There-
fore, it gives

oU oU  aT a-( aT ) (428

b= —Mgg —Ohiga T T o4, ~ %\ 964

The dependence of {2, on phase space variables and external fields can be expressed

as

QZ(AM) aiAua 6iajA;u 7ria 8]-7Ti, Guv, acrg;w; ey | K) (4'29)

It is easy to see that the constraint (4.29) is indeed a new constraint. This is
because it is independent from 7°, which appears in ©;. With introduction of
an extra constraint, one need to start the second iteration by first-order form of

Lagrangian from eq.(4.13) to
Lrop = A, + Ly + %10 + 12 , (4.30)
Then the canonical 1-form for the Lagrangian (4.30) is given by

A= / dx (T A, + Qudy1 + Qa67s). (4.31)
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Applying the exterior derivative

5 5 5 5
§= / Bx (5,4“ 7y s~ Ry e o ) (4.32)

to A gives the symplectic 2-form F

F = /d3 ( LA, A5'71+§A26A /\5’72+6——57r AGSA,

Yind
—I—%&T ) 1+(—(559—57r /\572)

(4.33)

Demanding ¢, F = 0, where

) ) ) )
r 3 Ay Y Y Y1_— T2} 4.34
z /dx(z “6Ap,+z i 571+z 572> (4.34)

One obtains

B D

( £ 0,071 — 6Au5‘,-z'71)

66A

00, _, (00, o S N,
+ (5~ 0(oam) + 99 (o) ) m —o4us™)

Y LU Y LY. Ap §ryy — 72
(BBA 20; <88i8jA“))(z Oiys — 6A,0:2™) (4.35)

BQ “
+ 5. ai4 (248,067, — 64,8,0;27%) + (2™ 8 A, — bntz™)

N\ U\ 0% \\ , -
RGN (8_7r2 B a"(aaj;i)) S

692 i i 2
~ (27 06y, — 6m"0;2" )} :

Having computed %,F, one now demands that the vector sector has 3 propagating
degrees of freedom. So there should be no more than 2 constraints in total. Since
there are already 2 constraints, let us demand that none of the zero modes of 7,F =
0 produce extra constraints. One considers 7,F = 0, by eliminating PR

from coefficient of &+, §7°, dn*, which is given by

o (U o A
2" = (BA# + (aaiA”)az)z : (4.36)
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M= g, (4.37)
o0 o5} o0}
A = — —2 — 0 2 Y2 2 .~Y2 :
z (awi 0 (88j7r">z + 36, 0;2™, (4.38)

and substituting into the coefficient of Ay, it gives

0 = C§*0;0,2™ + Ci0;2™ + Co2™, (4.39)
where
. N o0, o9
(IEP S N A 2 4.4
¢ aajakAo 66(J|Az 68|k)7r’5’ ( O)
oi = O 09 N o 00y O , (0
I BAZ Bajwi BBJAZ omt 36,,,Ak ¢ 88j7r’° (4 41)
_ 0 (0 + 0% o ( 0% '
80;A, ‘\0d* ) " 09;A, "\ 988;0:A0)’
0000, A, [ 09, oY . (99, o o9,
C() B BAZ 87r" BA, aj (63‘771'2) i 66,AJ 81 < 37rf) aa,,AJ azak <88k7r3'>
692 6Q2 BQZ
24, T 9 (aa,-Ao) ~ 030 (66j6‘kA0)'
(4.42)

It can be shown that diffeomorphism invariance requirements demand that C;j =0
and C! = 0. See Appendix B. If one impose these requirements, then eq.(4.39)

reduce to

0 = Coz™. (4.43)

If Cy = 0, then either there are extra constraints or there are only two constraints
in total, but both of them are of first-class. Both of these cases give degree of

freedom less than three. Therefore one should demand Cy # 0.

Let us summarise the result of this subsection. One imposes (A.21)'which is
one of the diffeomorphism invariance requirements, one see that eq.(4.25) is trivially
satisfied. This eventually results in the existence of the second constraint as shown

in eq.(4.27). Furthermore, if any given theory in the class (3.14) satisfies

cy =0, (4.44)
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Ci =0, (4.45)
Co #0, (4.46)

then the vector sector of that theory has 3 degrees of freedom as required. It can be
shown that the conditions (4.44) and (4.45) follow from diffeomorphism invariance
requirements. For consistency, it can be shown by using the Dirac method that the

result agree with the Faddeev—Jackiw method.

4.2 Multi-field generalised Proca theories

This section is largely based on [31]. We are interested in the class of multi-
field generalised Proca theories which is a system of n vector fields Aj; possibly
coupled to external fields, which might also include the metric g,,, and their deriva-
tives. The external fields can be thought of as being dependent explicitly on time
and space. For example, the system of multiple massive vector fields might be put
in a flat or curved backgrounds and might also couple to other external fields. As
for the notations, we use beginning lower-case Greek indices «, 8,7 € {1,2,- -+ ,n}
to denote internal indices for vector fields. We call the external fields and their

derivative collectively as K.

We consider theories whose Lagrangians are local, diffeomorphism invari-
ance, free of Ostrogfadski instability and depend up to first order derivatives of the
vector fields. For definiteness, we call the space of the vector fields and their first

order time derivatives as the tangent bundle.

In order for the vector sector to be constraint, the Hessian condition?

2
0A=9 AL

2The determinants in eq.(4.47), eq.(4.48), and eq.(4.50) are defined as follows. We combine

the two indices of each vector field into one collective index. The matrices appearing within the

determinants then have two collective indices. Standard definition for determinant then applies.
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should be satisfied. However, in this thesis, we will restrict the study to theories

satisfying condition

2 2
8Ag9 AP 0AzHAP

which would imply the Hessian condition (4.47). For definiteness, let us call
eq.(4.48) as “the special Hessian condition”. This condition has also been im-
posed by many references for example [8], [9], [55], [56], [57], in order to construct

multi-field generalised Proca theories.

By requiring §2L/ 8/18‘6‘/15 = 0, we see that £ should be at most linear in
Ag. Then by using the condition 92L/0A20AP = 0, we see that the coefficient of
the linear term does not depend on A%. Then imposing det(azﬁ/BAf‘aAf ) #0

exhausts all the requirements of eq.(4.48).

Therefore, theories we consider have Lagrangians of the form

L =T(A2,8,A%, A2, K) + Up(A%, 8:A%, K) A, (4.49)

subject to

T
det | —— 0. 4.50
Y (aAgaA;’) 7 (450)

Since these theories are diffeomorphism invariance, they satisfy conditions on T', Up
as given in Appendix C. Further requirements will be imposed in order for the
theory to possess the correct number of degrees of freedom. These requirements
are known in the literature to allow secondary constraints and to terminate the
process of constraint analysis [8], [9], [10], [57]. The conditions which we will present
are slightly differed from their counterparts in the literature. These differences,
however, are important. Later in this section, we will comment on how and why

they differ.

Euler-Lagrange equations for the vector fields are of the form

8L 4 oL oL

TL _jyook %% - 451
9AzAE" T 55,4~ aAz =Y (4:51)
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: oL oL
T = 4.52

where .- are terms which do not contain Az Since the Euler-Lagrange equa-

tions do not contain time derivative with order higher than two, the theories are
free of Ostrogradski instability [36] in the vector sector. Furthermore, it is clear
that the systems are constrained as Euler-Lagrange equations describe only the
dynamics of Af but there is no dynamics of A5. In section 4.3, we will start from
these Euler-Lagrange equations and rederive, as a cross-check to the analysis of
the present section, secondary-constraint enforcing relations [8], [9]. As to be seen
in the analysis, the relations given in [8], [9] miss one term, which would invali-
date some of their justifications on behaviour of example theories. Then. let us
consider Faddeev-Jackiw Constraint analysis. We require that theories presented
above should have the correct number of degrees of freedom. For this, we are going
to make use of constraint analysis using the Faddeev-Jackiw method [4], [5], [6],
[7). The analysis will give further conditions that the theories should satisfy. We

will use the notations and conventions similar to those used in [12], [13].
4.2.1 First iteration

In order to transform from the tangent bundle to phase space, one considers

conjugate momenta. Conjugate momenta for the Lagrangian eq.(4.49) are
ar
= 0Ug + 04 —. 4.53
B o“B P) Af ( )
These equations allow us to identify primary constraints

Qp =g — Up. (4.54)

The spatial components of conjugate momenta are given by

. oT

Because of the condition (4.50), these equations can be inverted to give

Al = A) (A%, 0,42, 78, K). (4.56)

l],’ «)?
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Since we work in phase space, it would be convenient to define
T (A2, 8;A%, A2, K) = T(A2,8,A%, A7, K) : (4.57)
Ag—Ag

Hamiltonian is given by

H=mlAY — L —4°Q,
g (4.58)

~ A — T — 4%,
where v are Lagrange multipliers. Note that the time derivatives of external fields
is allowed in the Hamiltonian (through 7)) since for the system of interest, the
external fields are predetermined functions of time and space. So their time deriva-
tives are also predetermined functions. The presence of time-dependent external
fields in the Hamiltonian simply means that the Hamiltonian depends explicitly on
time. It is also not possible and not relevant to work out the conjugate momenta of
the external fields as, apart from the fact that the external fields are predetermined

functions, £ does not contain terms describing dynamics of the external fields.

Let us start considering first iteration. First order form of the Lagrangian

is given by
Lror = A%+ Ly + ¥*Qa, (4.59)
where
L, =T — AL (4.60)
Symplectic variables are
¢l = (AZ‘,ﬂ'ﬁ,'y“‘). (4.61)

Note that since the system of interest only describes the dynamics of A7, the phase
space only contain variables relevant to Aj;. On the other hand, the external fields
(K) are simply predetermined functions of time and space and are not treated as
variables. Each of them is a real valued indexed object at each given spacetime

position.
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Canonical one-form is given by
A= /d3x(7r56AZ‘ + Q407%). (4.62)

So symplectic two-form is

ou, ou,
F= / d3x(6 EASAS + 6mONGYE — =S5 APNSy® — —2560,ABNG "‘). 4.63
T, # Uy Y aAE " Y aazAﬁ i Y ( )
Demanding i, F = 0 gives

L aUﬁ B BU,; B
ur — - = 4. 4
z +6A,°;z a’(BBiAgz 0, (4.64)
Z% + 8527 =0, (4.65)
ng_OUa ag e o a2 _ (4.66)

z i
0AL 88, A%
In order for these equations to be consistent, the equation

(aUa _ U 5 OUs \
9AP ~ 045 T “00,A3

0Us . Uy \ 5 o
+ (aa,-Ag + aaiAg) 827" =0

(4.67)

has to be satisfied. In fact as analysed in Appendix ?7 diffeomorphism invariance

requires, among others, eq.(C.9). So we are left with

U, OUs . 0Us \ .z
& : = 0. 4.

Let us denote

oU, 0Us . 8Us

af = - ; . 4.69
b =58 " a5 T 96,43 (469)
We are particularly interested in the case where rank(gas) = 0, that is
oU, 0Ug oUg
- z. —0. 4.70
pa o5 " “oaAs " (410

As will be seen later, enforcing these conditions would lead to n secondary con-
straints. We are only interested in the class of theories with this constraint struc-

ture. This class include, for example, a theory of n uncoupled generalised Proca
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fields (an analysis will be given in subsection 4.4.1). On the other hand, if rank(gas) #
0, and we want the procedure not to terminate after the second iteration, the the-
ory would either have undesired number of degrees of freedom or have first class
constraints. Either of these cases are not what we are interested in.

As a cross-check, one may note that after imposing diffeomorphism invari-
ance requirement,

[, Qﬂ(x,)] i~ Qaﬂ5(3)(x ~ x,)' (4.71)

Therefore, the condition eq.(4.70) is equivalent to the vanishing of the Poisson’s

brackets of the primary constraints among themselves. That is
[Qa, Q(x")] = 0. (4.72)

In Dirac constraint analysis [2], [1], if we demand the primary constraints to be
preserved in time we would have, with Hamiltonian density being H = Ho + uPQg
where Ho = miAF — T,

/ d3x'[Q%, Ho(x)] + / 3P () [Qa, Qp(x)] + 8(;2; ~ 0. (4.73)

Then since the explicit dependence on time of 0, appears in U, due to the presence

of K we may simply use the chain rule to obtain

/ B[, Ho ()] + / 5P (%) [, A ()] — Z%K ~0, (4.74)

where it is understood that in the third term on LHS of eq.(4.74) there is a sum over
the collection of the external fields and their derivatives. If the conditions (4.72)
are not fulfilled, i.e. rank(g,s) # 0, eq.(4.74) would determine some components of
uP. So there will be less than n secondary constraints. In the extreme case where
rank(g,p) = n, i.e. det(gag) 7# 0, there is no secondary constraint. Furthermore,
after classification, it is easy to see that all of these constraints are of second class.

So the number of degrees of freedom is less than 3n, which is not desirable.
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Note that in the tangent bundle, eq.(4.70) can also be expressed as

0L 0*L 0*L
o aenif TO\ i aar ) =0

(4.75)

which is a correction to the secondary-constraint enforcing relations derived in [8],
[9]. Only the last term on the LHS of eq.(4.75) is not present in these references.
This could be due to the fact that their analysis discards the dependence on spatial
derivatives of vector fields. While this is sufficient for the main purpose of counting
the number of degrees of freedom, one should be careful with the conditions derived
in the process. In order to make use of such conditions, one should appropriately
restore the dependence on spatial derivatives of vector fields. It turns out that
the restoration in this case is given by the inclusion of the third term on LHS
of eq.(4.75). As a consequence of the missing term in the secondary-constraint
enforcing relations, behaviours of some theories receive incorrect interpretations.
For example, a special case of theory presented in [56] is interpreted by [8] to contain
extra degrees of freedom. In fact, however, by a careful analysis to be discussed
.in subsection 4.4.1, the theory is a legitimate multi-field generalised Proca theory

since it has the desirable number of degrees of freedom.

It would be helpful to first demonstrate that eq.(4.75) is indeed satisfied
by some simple cases. In particular, it can be shown that eq.(4.75) is satisfied by

single field generalised Proca theories. In this case, eq.(4.75) reduces to

2
8; (L) =0, (4.76)
88;A00A,

which is in fact trivially satisfied. The systems of interest as described at the start
of section 4.2 automatically satisfies the diffeomorphism invariant requirement. In

particular, consider a diffeomorphism condition, eq.(C.9), which reduces to
L

88, A004
where we recall that U = 8L£/8A,. So by imposing the condition (4.77), it can be

(4.77)

H

seen that eq.(4.76) is trivially satisfied. Having shown that eq.(4.75) is satisfied by
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single field generalised Proca theories, it can immediately be seen that it is also
satisfied by separable multi-field generalised Proca theories. See section 4.4.1.1 for

more details.

Let us continue the Faddeev-Jackiw analysis. The zero mode of F is
of 6 ) BUa oU, s O
=27 | — — 7% 5.7 | —
A=z (6'70‘ 6A3‘) + ( oAt oAl ) 5m3

s .o U 4\
+( aas” O (aaAa )) e

subject to secondary-constraint enforcing relations (4.70). Having obtained the

(4.78)

zero mode, let us check whether there are further constraints in the system by

considering
oT au, oy,
3 3 B B o A
= A% Y
/dxac /d ( ﬂ+azaaAﬁ+(aA?+aaAaa) )z
(4.79)
where we have used the identity
;0T
Ty = a—/\g, (480)

which is equivalent to eq.(4.55). The result from eq.(4.79) gives secondary con-

straints

. aT 8T  [(8Us  U; U .
O = DA .a’aaiAg (6A;" * 26, Aaa)

which, written as functions,

QO = (A%, 8AS, 0,0,A%, 7, 0,2, K). (4.82)

p,’ )

Note that when reading off the constraint (4.81), there is also the contribution from
external fields as presented in the last term on RHS. This is because the external
fields are considered to be functions with explicit dependence on time. So when

working out secondary constraints which essentially involves taking derivative of
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primary constraints with respect to time, the explicit time derivative of the external

field should also be taken into account.
4.2.2 Second iteration

Having obtained new constraints from the first iteration, let us start the
second iteration by including Lagrange multipliers corresponding to the new con-

straints. Symplectic variables are
&' = (A5, 7h, 7", 7). (4.83)
Canonical one-form is given by
A= / a6 A + Q67" + $,57). (4.84)
So symplectic two-form is
F= / d*x (67r,’;/\6Afj F 0N + 5(2,,/\570') . (4.85)

We may also denote the constraints and Lagrange multipliers as o = Qa, 0P =
Qa,fyf"l) = 'y"‘,fyé"z) = 4%

When solving for zero mode of the symplectic two-form F, equations in-
volving Poisson’s brackets would arise. In order to easily see this, it will be useful
to define the notation for generalised derivatives 87 as follows. Suppose that f and

g are functions of A%, 0;A%, 00,45, -+ , nh, Ol 8;0;mh, -+ - , K. So

8 _ O s0(x—n)+ - 550 —2)+ 2 _0,0,60(x—2)+

0A2(z) - 0A 00; A 00;0; A%
_ 3f ®)
= oAz )
(4.86)
where summation over Z is understood. Similarly,
of _ _Of 876® (x — ). (4.87)

oni(z)  00gmE
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Then in this notation Poisson’s bracket can be written as

1,909 =) 520 s =)

af dg
1\ (3) (x _
(=1) aaﬂga'-’a”(aayAg‘s (x w)’

where | 7| is the order of partial derivatives of J, and summation over Z and J is

(4.88)

understood.

Let us then find zero mode of F. Demanding ¢,F = 0 gives

s 22:( 1)Hay | 276 00: 0 (4.89)
2" -y (- 2o —— 1 =0, :
s=1 ) ’ 66114’3
2 (5)
AP IZ] 7o 6Qa | A
- — -1 (s) = 4.90
s=1
. 8Q(5) aQ(S)
A% B wh B
(3 = = 2 4 1
O0zz “aaIAz + Orz 5o, E 0, fors=1, (4.9 )
Eliminating 2% and 2™ and using the identity eq.(4.88), we obtain
2
> [ #5100, 001 ) =0 (492
5=1
i 8
S [ #vin®, 9001 ) =0 (4.93)
s=1

Note that

(. T W
[, 2y(y)] = ( oy + (aa,-Ag + aaiAg) 61) ¥ (x —y). (4.94)

Imposing diffeomorphism conditions eq.(C.9) and secondary-constraint enforcing

relations eq.(4.70), we obtain

[Qa, 24 (y)] = 0. (4.95)

Next, after expressing the Poisson’s brackets between primary and secondary

constraints and substituting this along with eq.(4.95) into eq.(4.92), one obtains

Coay?)” + Choy 02" + C1,,0:8;27 =0, (4.96)
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where
_o0, [ 80, 09,
COa'y = 6A8 az (66@143) +61,8_7 (aaza]Ag)
. . (4.97)
(09, 9% o\ (0% (8%,
AP " pa, APt |\ onf T \odgms ) )’
o= o9, 05, a0, 0 00,
1oy = "8a,43 T 7\ 00,0;A5 | T 9AP 00;m (w98
- - . .98
_ 0 (00, o (8, ), 8% o (0
88,A8 \ ark 7\ 0Ok 80,48 \ 89wk |’
cii a0, 00, 09, (4.99)

%Y = 905,43 | 90 AL 00T

It would be helpful to rewrite eqgs.(4.97)-(4.99) in the forms which are easier
to use. In particular, one may express Coay, Cf s C;'f.m in terms of 7 and Up. How-
ever, even with the help of diffeomorphism invariance requirements, the expressions
are still not simple to use. It is in fact even better to express these quantities in
tangent bundle. We will postpone the presentation of these forms to section 4.3,
where the relevant expressions are given in egs.(4.145)-(4.146). Nevertheless, we
may readily note here that by working in phase space and using diffeomorphism

invariance requirements, it can be seen explicitly that

i'a'y = —Ci"ya) C;{!’Y = 0 (4100)

After using eq.(4.100), it can be seen that eq.(4.96) becomes
Coar?" + Cioy 827" = 0. (4.101)

It is clear that 27" = 0 is a solution to eq.(4.101). However, the question is whether
this solution is unique. If 27" = 0 is the unique solution to eq.(4.101), then after

substituting into eq.(4.93), we obtain

(Coya — 0iChre) 2" + Cia, 32" = 0. (4.102)
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As to be discussed in section 4.3, it can be shown by using diffeomorphism condi-
tions that
Coay — Cova = 0iCl,y- (4.103)

So eq.(4.102) is equivalent to eq.(4.101). If eq.(4.101) has the unique solution
27" = 0, then 27" = 0 should also be the unique solution to eq.(4.102). Then by
using eqs.(4.89)-(4.90) we obtain 24 = z™ = 0. So there is no zero mode, and
the procedure terminates. Note that the requirement that the constraint analysis
should terminate is previously suggested and emphasised in [8], [9], [10], [16]. By
using the criteria presented by [54], it can be concluded that the number of degrees

of freedom is 3n as required.

For definiteness, let us call the condition
Coory? + Cia,,@iz:ﬂ =0 = unique solution 27" =0 (4.104)

as the “completion requirement” since it signals the end of the second iteration.

There are two main cases which would satisfy the completion requirement (4.104):

e Case 1: C},, # 0, and the boundary condition that fields should vanish fast
enough near spatial infinity (this is the boundary condition which is required
in the whole analysis to make integrals of total derivatives vanish) is sufficient

to fix the solution to the equation in (4.104) to be unique.
o Case 2: C},, = 0 and det(Coay) # 0.

In the case where i, # 0, it is not clear whether the boundary condition would
be sufficient to fix the solution to the equation in (4.104) to be unique. We expect
that the analysis should be done separately for each given specific theory. Even
then, it would still be quite difficult, if at all possible, to show that the solution is
unique. This means that it would not be simple to show whether a given theory
with Cj,, # 0 is within the case 1. As for the case where a theory has Cioy =0, it

could be very likely that det(Coay) # 0. This is because the form of Cya, contains
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many terms in the expression, which make it difficult for Cyey to be singular. On
the other hand, the requirement C{'a,y = 0 itself would look quite restrictive, which
might bring an immediate question as to whether it is possible to find theories
within case 2. In fact, as to be explicitly discussed in subsection 4.4.1, theories
passing this requirement have already appeared in the literature. However, some
of them might have been mistakenly ruled out due to the usage of the incorrect
version of secondary-constraint enforcing relations [8], [9]. We will only provide

one such example.
4.2.3 Matrix form of F

In Faddeev-Jackiw constraint analysis, it is often convenient to consider the
matrix form of F. This would allow us to cross-check the analysis at the second
iteration and at the same time further justify the completion requirement (4.104).

In order to obtain the components of F, it is convenient to first denote

fgr = iﬁr]:. (4.105)
From direct calculation, we obtain
2 (s)
00" (y)
fag =—omi+ Y [y =L6, ), (4.100
5=1 (=
2 (s)
o 6Q5" (y)
e =045+ [ =t e, (4.107)
00 o0
fra = —/d3y—°‘5Aﬁ y) — /d3y > _omh(y), 4.108
BI) 50
o = — | d® 2 _5AP(y) - / By ——0mh(y). 4.109
o == [ vt - [ @y a0

The matrix element of F can then be obtained by taking interior product of

eqs.(4.106)-(4.109) with respect to phase space coordinate basis as follows

Frox,x)=1i_ : fer (x). (4.110)

sed (x!
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The matrix form of F is given by

F(x,x') = S (4.111)

where
0 —ofer
A(x,x) = 68 (x —x), (4.112)
égor, 0
aaIAa( X) % Aa( x')
B(x,x') = 7 63 6® (x — x), (4.113)
2872 (X)  2azmE (X))
002 00q
C(x,x') = — | x4 275 | 576®) (x — x) (4.114)
0 00
80z Ay, aaI"Tﬂ
00
D(x,x) = , (4.115)
00

where 0} are generalised derivatives with respect to x’. One important steps of
Faddeev-Jackiw constraint analysis is to find the determinant of . This determi-
nant would also be useful when working out path integrél quantisation as its square
‘root would appear in the path integration measure. By the standard formula of

determinant of block matrix, we have
det F = det(A) det(D — CA™'B). (4.116)

By direct calculation, it can be shown that det(A) = 1. So in order to evaluate
det F, one needs to first compute (D — CA~!B). Direct computation gives, after
applying eq.(4.100) and eq.(4.103),

[Qm Qﬂ (x’)] [Qm Qﬁ (xl)]

(D-CA'B)(x,x)=| _ o
[Qa, Q(x")] [Qa, Qp(x)]

= ° ~Coep = Clap% | s (x — x'),

Copa — c{ﬂa (x')0; Dgﬁal
(4.117)



o4

where DZ; are functions whose form are not relevant to the analysis of this thesis,

so we do not provide its explicit form.

In order for (D—C A~ B) to be invertible, the solution w of (D—CA™'B)w =
1 should be unique. Let us denote w(x') = (v (x'), v2(x))7, and ¢(x) = (xa(X), Aa(x))7.
So

— (Coap + Ciap0i) ¥ = Xa, (4.118)
(Coap + Ciopli)u’ + DZg0r0F = A, (4.119)

Solution to eq.(4.118) is
of = / %/ GP(x, %) () + oF, (4.120)

where GP7(x,x’) and vf satisfy
— (Coap + Ciopi) GP(x, %) = 8268 (x — x'), (4.121)

and
— (Coag + Ciagdi) v§ = 0. (4.122)
In order for v# to be the unique solution to eq.(4.118), we demand that v] is unique.
This is precisely the completion requirement (4.104).
In the case where D — CA~1B is invertible, the determinant of F can be
determined. In this case, by direct calculation using the standard formula of deter-

minant of block matrix and using the property of determinant of product of square

matrices, one obtains
det F = {det[(Coap + Cinp0:)8® (x — x)]}2. (4.123)

Demanding that there is no zero mode of F at the second iteration is equivalent to
demanding that det F # 0. So by using eq.(4.123), it can be seen that one should
demand the differential operator Coap + C{'aﬂ@- to have no zero mode. This also

implies the completion requirement.
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The class of theories we consider indeed include the particular theories in-
vestigated in [10], in which the conditions called “quantum consistency condition”
are derived. The result of our thesis suggests that these conditions can indeed be
generalised to & larger class of theories. The generalisation is simply the condi-
tion we called “completion requirement”. The idea is that our differential operator
Coap + c{aﬂai could be thought of as a.generalisation to their differential operator
Z,p- We have provided in egs.(4.145)-(4.146) the formula to directly compute the
coeflicients Coop and C"{aﬁ, which in turn give rise the required differential operator.
The quantum consistency condition derived in [10] is Zas # 0. This seems to de-
mand a differential operator to be non-zero. We suppose that it would be useful to
give a slightly clearer interpretation. In particular, one should interpret it as being
that the differential operator Z,s has no zero mode. This is exactly generalised to

our requirement.

Furthermore, by using diffeomorphism invariance requirement, we have shown
that Copa = Coap — 0iC},p and Ci,p = —Cig,- This implies that Copa — Ctpa(x)0; =
Coap + Ci,p0s, which should be the generalisation to —Zg, = Zag of the theories
in [10]. This provides an explanation why the determinant of the symplectic two-
form factorises as eq.(4.123). For example, in the particular theories of [10], the
determinant reduces as det F = (det(Z6®) (x — x')))? = det(Z - Z6® (x — x')) =
det(—Z'-Z6®) (x—x')), in agreement, modulo a possible minor typographical error,
with [10].

An immediate application is that if the theory passes the completion re-
quirement, path integral quantisation can be carried out [12]. In particular, it is

possible to read off
Vdet F = det[(Coap + Ciopdi)6® (x — x')], (4.124)

which is an expression that appears in the measure of the generating functional in
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path integral quantisation.

4.3 Consistency check using Lagrangian constraint analysis

In the previous subsection, we have presented the criteria for which the
theories of n vector fields with Lagrangian of the form eq.(4.49) would have 3n
degrees of freedom, which corresponds to theories of multi-field generalised Proca.
In short, the criteria is that the theory should transform in a standard way under

diffeomorphism transformation and should satisfy eqs.(4.48), (4.70), and (4.104).

In this subsection, we present a consistency check of our result by using
Lagrangian constraint analysis developed in [8], [9], [10], [11], and work out the
equivalence between the conditions to be obtained in this section with those from
the previous section.

In this analysis, it is convenient to define collective coordinates as follows.
Let QM, Q% Q4 be collective for A5, Ag, A7, respectively. The Lagrangian we are

interested in is given by
L=L@Q", Q" 8QY K), (4.125)

Euler-Lagrange equations for vector fields are

0__«1_(0£>+8_( oL )_ oL
di \oQM )~ \0oQM /) QM (4.126)
= WunQ" + au,
where
0L
My = 2 OMoON ( )
PL . BL L
M= Soiogn® T agmoagh ® T soMaK 4128)
va (9L ) _ oL |
*\ 86,QM QM

Note that eqgs.(4.126)-(4.128) suggest that higher time derivatives on the exter-

nal fields in the Euler-Lagrange equations for vector fields can be present. This,
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however, is not problematic since the external fields are non-dynamical since they
appear in these equations as predetermined functions. So their time derivatives
are also predetermined functions. The special Hessian conditions eq.(4.48) give the

following conditions on Wy :
Wan =10, det(Wap) # 0. (4.129)
So Euler Lagrange equations (4.126) can be separated into equations of motion:
WapQ®B + as =0, (4.130)

and primary constraints

tg = 0. (4.131)

Let M“B be the inverse of W4g. So the equations of motion imply

Q4 + M*Bap = 0. (4.132)

Time evolution of constraints is given by, after making use of eq.(4.132),

Oay = oo Oa oo Oog, -
Yy = —=QF + * 5.08 — "‘MC _A ® 9, (MPCac) + ——— QM
o aQﬂQ 88@9 Q Q ac 56,05 ( ac) 8QMQ

Oag My O0ag M Oog -
* g aaaQMaaQ T
(4.133)

We demand that the process should not terminate at this stage. So the conditions
¢, = 0 should not introduce further dynamics on the vector fields. This means
that the expressions with second order derivative in time of @Q° should not appear
in eq.(4.133). These expressions are Qf and 8;Q?. From direct calculation, their

coeflicients are

2 2 2
oo _ _OL L + 6 (——65—) (4.134)
0QF  0Q*0QF 0Q~0Q° 00;Q>0QP
and
2 2
B, L L (4.135)

86,08 00*08,QF aQﬂaa,-Qa'
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By using a diffeomorphism condition (C.9), the coefficient of 8;QP vanishes. So
we are left with the terms with Q7. In order for the coefficients of these terms to

vanish, we should set

Oa
g 4.136

which turns out to be equivalent to eq.(4.70).

Two remarks are in order. The first is that the analysis in [8] does not show
explicit dependence on spatial derivatives of fields. While this might be sufficient
for the purpose of counting the number of degrees of freedom, the conditions derived
in the process are not readily correct until time dependence on spatial derivatives of
fields are re-introduced. From their analysis, the last term on RHS of eq.(4.134) is
missing. This term could be considered as restoring spatial derivatives of fields. The
second remark is that the reference [10] does not seem to mention the dependence
of d on 8;QP nor on whether their coefficients disappear. We have learned from
the analysis above that diffeomorphism invariance requirement is crucial, at least
in the case of multi-field generalised Proca theories that we are analysing, to make
the the coefficients disappear. It would be interesting to see whether this béhaviour

is also the case in the analysis of more general theories given in [10].

Although Lagrangian constraint analysis is more advantageous than Hamil-
tonian constraint analysis in that it treats time and space on a more equal footing,
the nature of constraint analysis still requires that time and space should be treated
differently. For example, to see whether there are further constraints, only the time
evolution is required. Some information on manifest covariance would then be lost.
In order to recover them, one needs to make use of the fact that theories are dif-

feomorphism invariance (or, in the case of flat spacetime, Lorentz invariance).

Let us continue the analysis. By imposing eq.(4.136), we then have n sec-
ondary constraints ¢, = & ~ 0. The next step is to consider the time evolution of

¢o. We demand that the condition ¢3,, ~ 0 should not lead to further constraints.
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For this, q{ba should contain terms with second order derivative in time on @Q#. These
terms are
6¢a A ad’a a¢a

b TP 5.0 + 222 _5.8.0° € dg. 4.137
007 T 0,050 T pa,0,060 09 €9 4127)

The analysis in [10] does not mention terms with 8;Qf and 8,9;Q. In principle,
these terms are also crucial in determining whether the procedure should be termi-

nated. Analysis of a particular case, for example in [57], also show the dependence

of constraints on these terms, especially 80P,

Let us connect the result in this subsection with the analysis in phase space
given in section 4.2. For this, we first show that by transforming to tangent bundle,
Qo = —aq. We start from eq.(4.81). Then by using T = £ — U,,Q7, and realising

that U, is independent of Q™, we obtain3

y WA s Up o ( 0Us \\ s, (9Va ‘9Uﬂ) OF
‘Fr °‘“+(8Qﬂ age % (aaicza))@ +(aaic2ﬂ+aai@a Q"

(4.138)
The second and the third term on RHS vanish due to secondary-constraint enforcing
relations (4.70) and diffeomorphism invariance requirement (C.9). This finally gives

Qg = —0, (4.139)

as required. Then by following the calculations outlined in Appendix D, we obtain

0% O¢a : 0 0. (4.140)

% = —Coups o, e o
g P 08,08 P 56,0,Q8

Note in passing that the condition
COaﬁ = COﬂa - aici.ﬂou (4141)

which is also proven in Appendix D is crucial in the derivation of eq.(4.140).

31t is understood that LHS of eq.(4.138) is actually the pullback of Q. to tangent bundle.
Throughout this chapter, we do not use different notations to distinguish the functions from their

pullbacks as it should be clear from the context.
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Therefore, time evolution of ¢, is of the form

oy = — (Coag + Ciog:) QP +..., (4.142)

where - -- are terms with up to first order in time derivative in @™. In order for

¢ =~ 0 not to lead to further constraints, we should demand that it is equivalent to
QP +---=0. (4.143)

This would be possible only when the differential operator

(Coap + Ciagd:) (4.144)

is invertible. Equivalently, this differential operator should have no zero mode.
This would lead exactly to the completion requirements (4.104) given at the end

of subsection 4.2.2.

We have seen that the analysis of Lagrangian constraint analysis agree with
the Faddeev-Jackiw constraint analysis. In particular, the functions Coap and C g
appear in ones of the important conditions. Having worked with Lagrangian anal-
ysis, we are now in a position to express them in a more useful form. They are

Oa 0ol Oak dak
Coog = ~—= =8 | —2 ) + —L MY —5 4.145
08T o (aAg> oAz M 9AL (4.145)

O0og 00, Oay,

Ci o= — gy 4.146
8T 99,48 9AP  0AP (4.146)
where
2 2
_50‘; vy ( af ﬂ) _ af -, (4.147)
EYY: 00,A30A5 | 9A30AL
a k 2 2 2
A aﬂﬁ. + 6 .fﬁ - .3[35 , (4.148)
DAL 9APBAY 0AL08,AY ) DABDAY

2 2
50‘aﬁ P _ +2ﬂ__ﬂ_ (4.149)
86, AL 80, A28, AL 88;A*0 48!
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4.4 Application of the sufficient conditions

In the previous sections, we have studied a class of theories of n vector
fields, with a possiblity to couple to external fields. A theory in this class describes
n—field generalised Proca system coupled to external fields if it passes the special
Hessian condition (4.48), secondary-constraint enforcing relation (4.75), as well as
the completion requirement which demands that eq.(4.101) contains no zero mode.
The completion requirement is the most involved. In order to consider them, one
needs to write down the expression of Coap and Ci,s. Their explicit forms can be
computed by using eqs.(4.145)-(4.149).

In this section, we will demonstrate the use of the criteria presented in sec-
tions 4.2-4.3. We provide a few examples of theories which pass these requirements,
as well as an example theory which does not pass, but is previously incorrectly iden-
tified in the literature as being legitimate. These examples should be sufficient to
serve the purpose. They are, however, far from exhaustive. We expect that many
other theories passing these requirements are already presented in the literature,

but some of them may have been previously misinterpreted.
4.4.1 Examples

4.4.1.1 Separable multi-field generalised Proca theories.

One of simple examples is the case where each of the n vector fields in the
system does not couple to one another. The system is considered to be separated
into n sub-systems of single vector field, possibly coupled to external fields. It could
then be expected that one can simply separately apply the constraint analysis on
on each sub-system. For example, an analysis of [13] confirms that as long as each
sub-system describes a generalised Proca field, possibly coupled to external fields,

then the vector sector has 3 degrees of freedom.
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Direct use of the results presented in sections 4.2-4.3 can also easily be done.

The Lagrangian of the example system takes the form

L= Zﬁ(a), (4.150)
a=1
where for each a € {1,2,--- ,n}, the sub-Lagrangian L4 is a function of only the

ath vector field Af, its first order derivative 8,47, and possibly external fields; but
L(s) does not depend on the Bth vector fields nor their derivatives if 8 # a. After

demanding that it satisfies the special Hessian condition (4.48), we obtain

Loy = To) + UaAT  (no summation over a). (4.151)
So we have
Z—ZZ; = a,gg—ggv (no summation over a), (4.152)
and from eq.(C.9), we have
aU"‘ﬁ il (4.153)
00;Aq

Therefore, the secondary-constraint enforcing relations are automatically satisfied.
Next, since the derivative of L(a) With respect to A? or §,A% vanish if o # S, then
Coas @nd Ci 4 are diagonal matrices. In fact, since Cf,5 = —Cig,, we can conclude

that Ci,; = 0. So we have
Coop = Coaalap, Cigg =0, (nosum over a). (4.154)
Then in order for eq.(4.101) to have no zero mode, we should require
det(Conp) = ﬁ Coaa # 0, ' (4.155)
a=1

which is possible if Cyae # O for each o € {1,2,--- ,n}. This means that each
sub-system has to be described by a generalised Proca field, possibly coupled to

external fields.
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4.4.1.2 A less trivial example.

Let us consider an example theory whose Lagrangian is of the form
L= Ly(A], A%, K), (4.156)

where A%, = 0,AZ —0,Aj;;. It is one of the simplest forms of multi-field generalised
Proca theories being presented in the literature, see for example (8], [9], [55], [56].

We confirm that the theory is indeed legitimate. For this theory,

oL oL 0L,

06,Az ~  80,A% oA,

(4.157)

This immediately gives U, = 0. So the secondary-constraint enforcing relations

(4.75) is trivially satisfied. Furthermore, Coap and Ci,; are simplified to

PLy , PLy s 0L
BAgOAS  TOAY;0AT T I* §ASGAAL

Coap = Ciap = 0. (4.158)

It can be seen that, apart from some exceptions, det(Co,g) # 0. So the theory has
the required number of degrees of freedom, and hence is an n—field generalised

Proca theory.

A notable exception is when £ is independent from A§* for oy € {1,2,---,7},
where 1 < r < n. While the criteria provided in sections 4.2-4.3 can only be used to
state that this exception is not an n—field generalised Proca theory, it should nev-
ertheless intuitively be expected that it describes (n — r) generalised Proca fields
while the other r fields might be, provided that it passes some further criteria,
generalised Maxwell fields. These criteria, if any, should arise when one consid-
ers multi-field generalised Maxwell-Proca theories. While [8], [9], [10] might have
already provided the criteria for identifying multi-field generalised Maxwell-Proca
theories, we have found in this work that even when restricted to purely (multi-field)
Proca theories, their analysis seems to require some non-trivial refinements. So we
expect that the refinements to the criteria of multi-field generalised Maxwell-Proca

theories are needed. We leave this for future works.
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Nevertheless, suppose that we have considered a Lagrangian £ whose Ci Y
denoted Ci, (L"), is zero while its Coag, denoted Coap (LD)), is singular. It could
still be possible to add to it another Lagrangian £® with Ci,;(£®) = 0 so that the
resulting Lagrangian £ 4+ £ might describe an n—field generalised Proca theory.
This is because, due to eq.(4.146), Ci, is linear. So Ci (LM +L®) = Ci 5(LW)+
Ciop(L£P) = 0. On the other hand, due to the last term on RHS of eq.(4.145), Coap is
non-linear. So Coas(LW+LA) = Cous(LD)+Cous(£LP)+non-linear(LD, LP). Due
to non-linearity of C.s and of its determinant, it is likely that Coas (LY + LP) is
not singular even if both Cpos(£M) and Coes(£®) are singular. Of course, although
highly likely to be the case, direct calculations are required in each case to confirm

whether this is truly the case.
4.4.1.3 A legitimate theory previously misinterpreted.

In [56], actions for multiple vector fields are constructed by using a system-
atic approach which demands that the special Hessian condition is satisfied. In
principle, this is not sufficient to give legitimate theories as further conditions, for
example secondary-constraint enforcing relations, are required. The reference [8]
points out that one of theories proposed in [56], does not pass secondary-constraint
enforcing relations and hence contains extra degrees of freedom. The Lagrangian

of this theory is
1 [¢ 4 vV oo [a} v « Q Qv
L= _ZA ALY — 4N (A Ag&“A[ua Af] + A[uAf](?"Apa Aﬁ"), (4.159)

where ) is a non-zero constant. Actually, since secondary-constraint enforcing
relations presented in [8] miss some terms in the expression, in principle, the inter-

pretation being drawn should be revised.
Let us argue that in fact the theory (4.159) is legitimate. By direct calcu-

lation, one obtains

o’ L
DA20AE  9ABHAg

B 82L
= -8)3,(ApAY) = -0 | = | » (4.160)
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which means that the secondary-constraint enforcing relation (4.75) is satisfied.
Therefore, contrary to the interpretation given in [8], the theory eq.(4.159) has
secondary constraints. Furthermore, this theory is in fact an n—field generalised

Proca theory. To see this, one notes that by making direct computation one obtains
Clap =0. (4.161)

It can then be checked that if A # 0, then det(Coag) # 0. Therefore, the completion

requirement (4.104) is satisfied.

Of course, the same conclusion can also be reached if one directly starts from
the Lagrangian (4.159) and performs either Hamiltonian or Lagrangian constraint

analysis.

We expect that there are also other theories presented in [56] which are
legitimate but is previously incorrectly ruled out. A common feature for these

theories is that
FPL L
DA20AE  9ABHAs
“which makes them incorrectly ruled out. So if 62£/(0A588;A) # 0, then one
might try to see if —8;(6%L/(0A288;Ag)) would cancel out with LHS of (4.162). If

40, (4.162)

this is the case, then one can proceed to check the completion requirement.
4.4.1.4 An undesired theory previously misinterpreted.

After the reference [8] suggests that the special Hessian conditions are not
sufficient, and that the secondary-constraint enforcing relations should be satis-
fied, theories are being proposed in the literature in order to satisfy the required

relations. Notable examples are [8], [9], [55].

Let us argue that, by using a refined version of secondary-constraint enforc-
ing relations, some of the theories in fact are undesired, i.e. they contain extra

degrees of freedom. In particular, we explicitly show one example from [55]. This
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particular example has the Lagrangian of the form
L=—2A4%,,5%; AapApre” " + 5%, 8% 5 Aap Apre"™?, (4.163)

where §%,, = 0,A] + 0,A;. By direct calculation, one obtains
2 2 2
oL 5= faﬁﬁ =0+#£ -6 (#—) (4.164)
0A80A; 0A,0AY 0A[00; A%

Therefore, this theory is in fact undesired.

We expect that there are also other theories presented in the literature
which contain extra degrees of freedom but is previously interpreted as being well-
behaved. For these theories, 82L/(DAZDAL) — 82L/(DAGDAS) = 0. So if they are
truly undesired, one should find that —8,(82°L/(0A588;A%)) # 0, which would

violate the secondary-constraint enforcing relations (4.75).
4.4.2 Cosmological implications

Multi-field generalised Proca theories have been applied for example in [58],
[59], [60] to explain cosmological phenomena. In some of these studies, the condi-
tions presented by [8], [9] are taken into consideration. However, as we have been
diséussing, these conditions are incorrect and should be replaced by eq.(4.75). In
principle, one should then investigate the validation of the cosmological implica-
tions presented in [58], [59], [60]. In this subsection, we discuss a direction for
further investigations on these works.

In [58], a Lagrangian involving Einstein-Hilbert term, SU(2) Yang-Mills
term Ly, and a term called af] where « is a constant is considered. Au-
tonomous dynamical system analysis of this model in a homogeneous and isotropic
background is studied which allows dark energy and primordial inflation to be dis-
cussed. While the dark energy case leads to an interesting result, the primordial
inflation case is problematic as the model is strongly sensitive to initial conditions
and the value of a. It is then suggest that one should also include a term x.L3,

where & is a constant, into the Lagrangian and see if the problem can be evaded.
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Let us discuss whether the Lagrangian presented in [58] would pass the
sufficient conditions in section 4.2. Note that for the theory in [58], gravity is
dynamical whereas the sufficient conditions we have presented is useful when the
gravity is non-dynamical. Nevertheless, a simple check can still be performed in
the case of flat spacetime, in which case Ly is a function of Af, A%, whereas
L} is a function of A%,8,A7 in such a way that 82LL/0A20AE = 2L} /0 A5 A3,
82L1/(9Ag88;A8) = 0. So it can easily be seen from the discussion of subsection

4.4.1 that the theory in [58] pass the sufficient conditions.

It would also be interesting to investigate whether the suggestion to include
the term L2 still valid, as far as our sufficient conditions are concerned. So let
us also consider the case of flat spacetime. In this case, it can easily be seen that
Ly + kL2 is simply expressible as a summation of the Lagrangians (4.156) and
(4.159). So indeed the term x£L% can be included to extend the model of [58]. Note
on the other hand that if one had used the criteria of [8], [9], the term x£} would

have been incorrectly ruled out.

In [59], [60], cosmological implications of multi-field generalised Proca theo-
ries are also investigated. It turns out however that some terms of the Lagrangian,
for example £2 presented in [58], has been incorrectly ruled out according to the
criteria of [8], [9]. But as discussed in the previous paragraph, such a term in fact
passes the criteria presented in section 4.2, so there is no problem with the number
of degrees of freedom. It would be interesting to see for example the cosmological

implication of the inclusion of £3 to the models of [59], [60].



CHAPTER V

CHIRAL FIELD THEORIES

In this chapter, we review Floreanini-Jackiw theory, Henneaux-Teitelboim

formulation, 2p-form Maxwell theory, and Sen formulation for chiral fields.

5.1 Conventions

In order to translate differential form to index notation, the followings are

defined for definiteness. A differential g—form is expressed as
1 1
Wg) = ad:r" A AdxHwy .y, (5.1)

Interior products and exterior derivatives act from the right. The wedge product

of all coordinate basis 1-form is
dz’Adz'A - - - Adz®PT = @12z, (5.2)

There are two Hodge star operators *, corresponding to the two metrics g, g. In
this thesis, we only require the expression for the Hodge star operators acting on

(2p + 1)-forms. They are defined as
dz”* A - - - Adz¥2rt!
(2p + 1)ty/— det(g)

*(dz" A - - - Ndzhortt) =

5.3
X Guipr ** * Quapt1paps1 ( )
X €P1"'P2p+lll-1"'#2p+1,
i(dxﬂl/\ e /\dxl‘2p+1) _ dr”t A -« - AdzP2rtt
(2p + 1)1y/— det(3)
(5.4)

X Guipr ** " Quapra1popr

17 P2p4+1M41°H2p 41
o4 Ep P2p+ H2p+ ,

where e#1"#r+2 jg Levi-Civita symbol with 242+ =1,
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This subsection, we review Floreanini-Jackiw theory [21] which p = 0 case

of Henneaux-Teitelboim formulation. Lagrangian is given by
1, .~ 12
== —-0A
L 48A8A 46 ,
where
A= oA = A,
574 = —61A = —A,.

Conjugate momentum is

(& oL
00A
1D

= ZBA
1.
— _ZA :
So one obtains primary constraint as
1~
0, =7 — -0A.
1 ™ 4814

Hamiltonian is given by
'H=7r5A—E—"lel
1, ~ 1-~—2 1 1~
= m0A — (-0A0A — =0A ) — Y (m — =0A)
4 4 4
1l~2 1~
First-order form of Lagrangian is
»CFOF = 7I’A ~H
=mA+ L, + 4 (m— %5:4),

where

(5.5)

(5.6)

(5.7)

(5.9)

(5.10)

(5.11)
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Symplectic variables are

C = (A7 m, 71) (512)
Canonical one-form is given by
A= / dz(mS A + Qrom). (5.13)
So symplectic two-form is
= /dm(dw/\(SA—l- 0 AT). (5.14)
Let us consider
, s A ™ 1 A 1,
i, F = d:c(z 0A — 2%0m + (2" — Zalz Yoy — 2" 6(m + ZA )) (5.15)
Demanding ¢,F = 0 gives
2= (5.16)
012" =0, (5.17)
and
2 =M, (5.18)

Therefore, one obtains zero mode which is given by

) )
== QpL [ SE By~ B2 i §
2 /dm‘z (671 5A>’ and 0,2 0. (5.19)
It gives
z'zé/d.'z:ﬁ,, = —%/da:alz’“alA =0. (5.20)

There is no new constraint.

5.3 Henneaux-Teitelboim formulation

This section we review Henneaux-Teitelboim formulation which its equa-
tion of motion leads to self-duality condition {22]. Let us consider p = 1 case.

Lagrangian is given by

L= galoAij]amAnpeijmnp - %a[iAjk]aiAjk' (5.:21)
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One obtains equation of motion which satisfy self-duality condition
1 ..
Fijr + 5e“’mmz«"o,,m = 0. (5.22)

Then, we consider any p in 4p + 2 dimensions. Lagrangian is given by

(2p+1
L= —_4(317')8[0’41'1--42;.]811Ajz---j2p+1€ LI
1 (5.23)
— -4(—2p—)T(2_p)iaj1Aj2'"jzp+1 Ei1---i2p.7'1"'j2p+1aklAkzmkzp_'_l€i1...i2pk1...k2p+1,
where '
(aA)Oil'“in = (2p + 1)6[014@11,2?]
= aoAil...izp + (2}7)6[7;114.52...1;2?]0, (524)
—~ 1 A S
(T = s Ay I
So
2p + 1) .
< _EWQOAH"-izzr:]ajl"4:i2---j2p+1'€$1 =7,
) (5.25)
p
- 4 a[kl Akz"-kzp+1] 6I<:1 Akz-'-k2p+1 )
where we use
g tatig L= (20))(2p + 1) (5.26)
and
Gy = Oy = 0. (5.27)

Let us consider the terms that contain Aj,..i,,0 by using product rule, one obtains
AL AL i1-82pf1°+ J2p+1
03y Aiy-ing00js Ajpjopi € 0F 4
= O . AL i1-igpficdopt1) _ A, 8. AL i1+ i2pf1 - Japt+1
= 0, (Azz---zzpﬁanAJz---sz+15 P P i1) Azz---zzpo(au aJlAjz"'12p+1)6 i i

— 9. .. DAL . 41--i2pf1"Jop+1
—au(Alz---22p06.71AJz---sz+16 P ? )a

(5.28)
where Aj,..i,,0 appears in Lagrangian only though total derivative. Therefore
1 iy einpieni 2p+1
L= —maoAil'"izpajlAjz"'jzp+16 1i2pJ1mI2p+l £—4—26[k1Ak2...k2p+1]8k1Akz...kzpﬂ.

(5.29)



Conjugate momentum is

oL
O(Bo Ay winy)

1
—Z(—2p—)!61-1 Ajz---jzp+1€

qiviee —
_ il""izpj1-".7'2p+1_
So one obtains primary constraint as
Qilmizp = 7'&'1.1“'1:2p + '—_4(2p)!aj1Aj2-..j2p+1
Hamiltonian is given by

H = Wil"'iZPaoAiliz - L - ’.)’101
_(2p+1)
4

a[’6?1 Akz---k2p+1]6k1 Ak2"’k2p+1 - %184,

where 410 = (f'yl)il...iz,,ﬂ?miz" . First-order form of Lagrangian is

LFOF - ﬂ_’l:l-.-’izpaoAil'“izp — H
A 7ri1"'i2paoAi1---i2p + [:v + ")’191,

where
(2p+1)
4

L,=— 8[101Akz---k2p+1]ak1Akz"'k2p+1'

Symplectic variables are
{ = (Aufisins 7%, 1)

Canonical one-form is given by
A= /d4p+1:r(7r"1"'i2P6A,-1...izp + Q10m1).
So symplectic two-form is
F= /d4”+1a:(57ri1"'izf’/\cSAil...izp + 6Q1A71).

Let us consider

. igeeig TR ; :
i F = /d‘h"klac(z’r P8 Aiy.ig, — 0T ip 5 Ai1-wizp

nil i2p 1 Ajg..j i1-+igpg1 e J i1-12p
z — B ZY2dapt g1 tapdl J2p 4l b}

1 o
— ((571"51...7;2’, — ——6‘7'15Aj2...j2p+1€“ 2pJ1 "72"“)271

4(2p)!

(i1 iapdLdapt1

i1-igp
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(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)
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Demanding i,F = 0, gives

AT 4(21 )'ajlz»y?"'h"“ I fap+iiviv iz — () (5.39)
p)!
z7;'1"-"2p _ _ZAil...,-zp, , (5.40)
and
a1 iz 4:(2113)|(93'12“"’2'"]'2”“eil""'“’j‘""'2"’“1 = 0. (5.41)
Then one obtains
zqril...in /s 0’ (5-42)
and
8[i1zA‘2“"2P+1] =0
(5.43)

AT
e\ T2t = a[ilc'iz--'izp]'

Zero mode is given by

) i 5 5
d4p+1szi1...i2p ( + 6'72".‘72?4'1‘7111".1'2?8- 3\ . . ) ‘ 544
/ 5Ai1---i2,, 4(2p)! J1 57.‘.],2.“].2?“ 5’7.{1...22‘, ( )

Therefore, it gives
Q=10 / d**zL,

2p+1
— ————( p;_ )’iz/d4p+1.’1:6[k1Ak2.

2 1
- _( p;_ ) /d4p+1xa[k1Ak2"'k2p+1]ak1ZAkZ...k2p+1

Oy 0 Aky-kapsn

wk2pe1]

(5.45)

= 0.

There is no new constraint.

5.3.1 Number of degree of freedom of Henneaux-Teitelboim theory in

4p + 2 dimemsions

As in subsection 3.3, one obtains the number of phase space variable A;, ...,,

4p+1

oy ) and 7% also equal to (***1). Therefore, the number of phase

equal to ( o
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space variables equal to 2(4p+1) The number of constraints (5.31) is (4’;+1) The

number of zero mode at last iteration (5.43) is given by
dp+1 dp+1 dp+1 4p
_ oo — = 5.46
(2:0—1) <2p—2)+ < 0 ) (2p—1 ’ (546)

Seu(?) = e ("5h), (5.47)

=0

where using

where

n=4p+1, and D=2p-—1. (5.48)

The first term of eq.(5.46) is the number of components of ¢ in eq.(5.43). Actually,
¢ is not independent. If we consider ¢ and ( +dk, we also obtain the same z. So the
number of ¢ must be subtracted by the number of k¥ which is (gf;) in eq.(5.46).
However, & is not all independent. If we consider x and & + d¢, we also obtain the
same ( +dk. However, ¢ is not all independent, we must follow the above steps and

repeat untill we get zero-form, namely the last term of left-hand side of eq.(5.46)

(4”J 1). Therefore, the number of degree of freedom is given by

Number of d.o.f. = 1 (nps =m0 —m2),

S0 (%) ()
=2(("% )~ (w2 )

=3(a)

(1) =20+ (%) oo

n=4p+1, and k=2p. (5.51)

(5.49)

l\DIl—‘ l\DII—' N

where using

where
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This section, we review 2p-form Maxwell theory in d dimensions. Lagrangian

density is given by

1
__ 1 F FOua-papt1 _ ;F- ; it
2(2p)' Op2+-p2p4+1 2(2p + 1)' ?1%2p+1 ’
where
Flyopnpin = (2p + 1)6[#1Aﬂ2"'#2p+1]'
Let us consider
1
L = ~ Gy S
1
o\ (2p)!F#1 ﬂ2p+1a[”15A“2...“2p+1]

1
~ @) ((210 + ) F G080 Ay ] )

Conjugate momentum is

5L 1
Bz s\t )
% 500 Ay (2l D]

So one ontains primary constraint as

i2-+i2p __ _Qig---ig
Ql = 7T p,

and generalised velocity as

1

7['111".712? — _ F

(2p)!
1
= o (004412, = (2P)0p A i)

8o Aiy iz, = (2p)!m % + (20)Bjs; Alolig-wing)-

0i1--igp

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)
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Hamiltonian is given by
H = 7r“1"'”2PAM...#2p — L — %1k

_ 0#2...#2 A 1:1...7:2 1 . .
= P Aougepgp T T2 Ay iy,
1

1
_ ( Follz H2p+1 mﬂr"ihﬁl

- WFOI‘Z"'P'ZP-H

— ,n.il""izp ((2p)!7ri1.--i2p + (21))87,1 AOig---izp)

Fil...i2p+1) —

W), . 1 o ,
~ (R g sy i) ~

_ (2p)' 41-12p\2 i1---i2p6 A 1 E. Fi1---i27+1 — A0
= T(W )"+ (2p)m Ao\ bt F (2 D)1 e Y18
(5.59)
First-order form of Lagrangian is
Lrop =742 Ay — H (5.60)
= 7TM1--'M2PA#1__.WP + [,v 4+ ")’191,
where
o) & 1 g,
L, = ——( 5) (7r“""2”)2—(2p)7r“"'”"3i1A0,-2...izp——2(2p+ 1)!F1;1...,-2p+1F“ 241, (5.61)

Symplectic variables are
€' = (Ao ™47, ). (5.62)
Canonical one-form is given by
A= / E (R A, e 4 Q). (5.63)
Symplectic two-form is
F = /dd_lx(éw“l""‘zp NOAL, gy, + 001 A S71). (5.64)

Let us consider

1,F = /dd_l-'l: (z”rulmuzp(SAm...uzp — ZAmrpap §rhrbe z"rmzmizp‘s('yl)iz“‘i%
(5.65)

- (Z’yl )‘iz...izp(sﬂqizmi%) .
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Demanding 7,F = 0, gives

aH1H2p — 0’ (566)
zAil"'izp — 0, (5-67)

and
() = —(ap) o, (5.69)

So zero mode is

4 Bl B ) . )
= [ g4t ( U N » - ” )
z / |z pd N/ +Z (sﬂ_ﬂl...ugp + (Z ) 5(71)1,2...1,2},

5 )
= (2 di—1g A0 iz - '
( p)/ (5A07;2---1:2p 5(71)1'2"'1'2;7)

(5.69)
It gives new constraint as
1,0 / d*zL, = (2p) / A4z, mi e A0 i (5.70)
So one obtains secondary constraint which is given by
QP = g, i, (5.71)

Then let us consider second iteration. First-order form of Lagrangian is given by

Lror =T 2 A, + Ly + 710 + 720, (5.72)
Symplectic variables are
¢l = (Apyoopig, T 7F2 71, 72). (5.73)
Canonical one-form is given by
A= / (S A+ Qb+ Qabya). (5.74)
So symplectic two-form is

F = / d (6w A S Ay, + 0 A Sy1 + 6 A 62). (5.75)
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Let us consider
. _ d—1 wH1 " B2p Apq... 1 2 02 i2p i9:10
i,F = /d x(z 0Ap g, — 2712 0T Ptz O(ryy)t2oe

— (n )i gOiaian 4 G o Sy ()aw)

(5.76)
Demanding i,F = 0, gives
77—, (5.77)
Oy (272)2 28] = g, (5.78)
and
(271)i2 i = —(2p) 740z (5.79)
It gives zero mode
_ ) 1 o )
Y dd—l ;. (27%)% 2 (M) i2i2p
z / T (8 1 (Z ) i 6141'1...1'2? 2p (Z ) 5A0i2..-i2p (5 80)
A \ . 0 '
Y1\t2:+22p Y2\t2:®2p
+ (Z ) (5(’71)"2""’2? U (z ) 5(,),2)1'2..4'2,,)'
New constraint is given by
iz6/dd—1$£y - (2_;)i /dd—lmailaig (z»yZ)ia...i2p+1Fi1...i2p+1 A 0, (581)

so there is no new constraint generated.
5.4.1 Number of degree of freedom of 2p-form Maxwell theory

In this subsection, the number of degree of freedom of 2p-form Maxwell
theory in d dimensions is considered. One obtains the number of phase space

variable A,....,, equal to (2‘;) and 7 also equal to (). Therefore, the number
of phase space variables equal to 2(:}) ). The number of primary constraint 722

is (2‘;__11). The number of secondary constraint is given by

66 G- (5)-G2) em
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The number of last iteration zero modes (27)% % are (2‘;—_11) and (27)%2%r are

( d-2

2p—1)' Therefore, the numder of degree of freedom is given by

1
Number of d.o.f. = 2 (nps —ng — nz),

1 d d—1 d—2
B 5(2(217) - 2(2;0— 1) - 2(2:0— 1>)
_(d d—1 d—2
N <2p) - (2p - 1) - (2;0 - 1) (5.83)
_(d-1 d—2
Y, < 2p )_ (229—1)
_(d-2
- ( 2p )
5.5 Sen formulation for chiral fields

In this section, we review the Sen formulation for chiral (2p)-form in 4p + 2

dimensional spacetime which was inspired by string field theory [26], [27], [28], [29].

One important key feature of this formulation is that each Sen theory de-
scribes a system which is separated into two sectors uncoupled from each other.
One sector is called the physical sector. It contains a chiral (2p)-form field, the
standard metric g, as well as other physical external fields ¥. The other sector is
called the unphysical sector. It contains an unphysical chiral 2p-form field and the
unphysical metric g.

Each Sen theory describes dynamics of a (2p)-form P and a (2p + 1)-form
@ which satisfies ) = *(@, where * is the Hodge star with respect to an external

unphysical metric g. The Lagrangian of a general Sen theory is of the form

e G

5 ldP/\EdP — QAdP

4 (5.84)

+ iVCI(Q, g, g: \Il)d4p+2;p) )

(2p)

where

60L1(@,9,5.%) = P250nR(Q, 0,5, ), (5.85)
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and we have suppressed d***2z on LHS of eq.(5.85). This suppression will be
adopted throughout this thesis. The field R is a (2p + 1)-form which is anti-self-

dual with respect to %, i.e. R = —%R.

QAR, = *QAR,
= xR NQ
= R.AQ (5.86)
= —QAR,
=0,
and
QAR_ = *QAR_
=*xR_NQ
(5.87)
=—-R,AQ
= QAR_.
By using
ANxB, = B,A¥A,, (5.88)
where any p-form in 4p 4+ 2 dimensions.

By considering the equation of motion level [26], [27], [28], [29], it can be

seen that the combination

H=Q-R (5.89)

describes degrees of freedom of physical chiral (2p)-form field. The composite field
H should satisfy a nonlinear self-duality condition which should only involve H and
physical external fields g, V. By using the self-duality condition, one can completely

determine R.

It can be seen from the Lagrangian that P partly provides unphysical degrees

of freedom due to the wrong sign of the kinetic term. At the equation of motion
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level, part of P can be combined with @ to form a field

Hy=Q+ 3dP+ ;3dP, (5.90)

which is closed: dH(;) = 0. The field H(,) is the field strength of the unphysical
chiral (2p)-form field. It is linear self-dual with respect to g. The generalisation to
nonlinear self-duality in the unphysical sector is possible [29]. However, since we
will mostly focus on the physical sector in this work, we leave the unphysical sector

with linear self-duality.

Note that* we are mainly interested in the system of the fields P,@Q and
treat g, g, as well as ¥ as external fields. However, we keep in mind the framework
in which g and g can both be promoted to be dynamical. This is one of the
frameworks suggested by [29]. The other framework is to allow g to be promoted

to be dynamical while always treating g as a fixed background.

It is important to discuss the validity of the framework we are following. In
particular, there is an argument against g being promoted to be dynamical. The

field equation of P and @) for the Lagrangian (5.84) are given by

|
opl = (2%) (iéde/\idP + idP/\idde — Q/\é,,dP)
(65.91)
|
= @ dedP/\;dP + iéde/\idP + deP/\Q) .
Let us consider
d(6,PAQ) = 8,PAdQ — 6,dPAQ, (5.92)
and
d(6,PA*dP) = 6, PAd(*dP) — 6,d PA*dP. (5.93)

4We thank anonymous reviewers for the important question leading to the discussion in this

paragraph and the next paragraph.
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So it gives

6L = Q—g)—! (%(JPP/\d(;dP) — d(0,PA*%dP)) + 6, PAdQ — d(dpP/\Q))

(2p) ) (5.94)
- —% <6pP/\(§d(>T<dP) +dQ) + tot.) .
Therefore, equation of motion is given by
d(%idP + Q) ~0. (5.95)
Then let us consider
|
5Q£ = @ ( — (SQ/\dP) + (SQ,CI
| ]
= @ ( - JQ/\dP) + @JQ/\R (5.96)
|
- (so ),
and consider
| _
5oL = 22! ((1 = *>6Q/\(—dP + R))
2 2
(2p) - (5.97)
= P (5@/\( ) (—dP + R))
2 2
So equation of motion is
(1 = *)(—dP-I-R) =0
1 (5.98)
R= E(dP — %dP).
By substituting eq.(5.98) into eq.(5.95), we obtain
d(@ — R) =0. (5.99)

Since H = @ — R is also non-linear self-dual with respect to *, one then inter-
prets H as the field strength of physical chiral (2p)-form field. The field H itself
depends on @, g,d, V. In particular, the dependence on g suggests that § which
couples to unphysical chiral field also couples to physical chiral field. So if g is
dynamical, then the physical chiral field would couple to unphysical chiral field,

which is problematic.
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We do not agree with this argument. The process of the substitution of
eq.(5.98) into eq.(5.95) suggests that P is eliminated and is given in terms of
Q. However, this could potentially give incorrect information on the degrees of
freedom. In the equations (5.95)-(5.98), only P is differentiated twice with respect
to time. On the other hand @ is differentiated at most once with respect to time.
The initial value problem then suggests that while P and P can be freely determined
at the initial time, the initial data of Q and @ is constrained. It is therefore better
to eliminate () as opposed to the elimination of P as what essentially carried out
in the previous paragraph. An important upshot is that the physical chiral field is
only coupled to g and external physical field ¥ while the unphysical chiral field is
only coupled to g. This suggests the complete separation of the two sectors, and

hence even if § become dynamical it would not couple to the physical sector.

In order to make it completely clear that § can become dynamical without
issue, one should consider the full system whose Lagrangian also contains the kinetic
terms of g and g to see if g also decouples from the physical chiral field. Since
the dependence of the Sen Lagrangian on g and g is complicated, the analysis is

anticipated to be quite involved. We expect ﬁo attempt on this in a future work.

For definiteness, we will work in this thesis within the framework that g
is dynamical. We will assume that this framework is valid. Even if it ultimately
turns out that this is not valid, the results of this thesis will not be affected. This
is because the other framework, in which g is fixed, is always valid and is less
restrictive. For example, there is no problem with the coupling between g and the

physical chiral field since g has no dynamics.

The role of physical and unphysical sectors can be interchanged [29] simply
by introducing an overall minus sign to the Lagrangian. We will not consider this

interchange in this thesis.

In [27], it has been shown that by using Hamiltonian analysis of a general
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Sen theory with § = 7 that the Hamiltonian of the theory can be separated into the
sum of the Hamiltonian of the two sectors. However, as we will show in subsection
6.2.1, when g is general a more specific form of L; is required so that the separation

at the Hamiltonian level is realised.

In the original Sen theory as well as various generalisations [28], [61], [62],
the field H(,) is singlet dH() = 0 under several kinds of transformation such as

diffeomorphism, supersymmetry, kappa symmetry.

The reference [29] provides an insight on this feature at least when concern-
ing diffeomorphism. Consider the case of general g. There are in fact two types of
diffeomorphism transformations®. The first type is called (-transformation. Phys-
ical fields transform as 07°"*H = £ H, §7**g = £g, 67>V = £V, where £ is the
Lie derivative along vector field ¢. On the other hand, unphysical fields — H
and § — are singlet under this transformation. This then makes P and @ trans-
form in a non-standard way. The second type is called y-transformation. Physical
fields are singlet under this transformation while unphysical fields transform as
0N H gy = £y His),05g = £,3. The standard diffeomorphism is the diagonal sub-
group with ¢ = x. That is J§rarderd — 526""‘ + 0" = £¢ when applied to any field,
including P and Q).

In the case g = 7, the symmetry under y-transformation and hence under
standard diffeomorphism transformation is broken. Only the symmetry under (-
transformation remains, giving rise to non-standard transformation rule of P, Q)

such that H(,) is singlet.

Consider a particular example theory in which H is linear self-dual with

respect to the standard curved metric g and with the presence of the external

5At the Lagrangian level, these transformation rules are in fact more complicated than pre-
sented here. They also involve additional terms [28], [29] which vanish upon imposing equation

of motion.
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(2p + 1)-form source J. The linear self-duality condition reads HY = xH”, where
H’ = Q — R+ J, with * being the Hodge star with respect to the standard metric

g- The Lagrangian for this theory is

|
L= @ GdP/\:de — QAdP
(5.100)

+ %(Q + J)AR + %Q/\J),

where

6 ((Q + AR+ QAJ) = 26QAR. (5.101)

This Lagrangian is invariant under both (- and y-transformation [28], [29]. The
invariance under gauge transformation on P is straightforward, whereas the invari-
ance under gauge transformation on J is not realised unless the gauge transforma-
tion parameter is restricted [28] or appropriate (4p + 2)-forms are added into the
Lagrangian [29], [61].

Properties of more general theories, in which H is nonlinear self-dual is

explored in section 6.2.



CHAPTER VI

NONLINEAR CHIRAL FORMS IN THE SEN
FORMULATION

This chapter is largely based on [31]. We consider nonlinear chiral forms in

the Sen formulation.

6.1 Conventions

In this section, we introduce useful conventions to be used in the analysis in
this thesis. Although our main interest is at the Lagrangian level, it turns out that
much insight is gained from the study at the Hamiltonian level. Technical compli-
cations arise from the complicated way that the fields P and @ are coupled to the
standard metric g. The presence of another metric g also adds to the complication.
The conventions are introduced to make the calculation at the Hamiltonian level

more manageable.
6.1.1 Index notation

Let Greek indices for example p,v,p,--- represent (4p + 2)-dimensional
spacetime indices. So they runin 0,1,2,--.,4p+1. Let Roman indices for example
a,b,ci,5,k, - represent spatial indices 0,1,2,---,4p + 1. So the index notation
for physical and unphysical metrics are g,, and ., respectively. We denote g*”
to be the matrix inverse of g,, as usual. Furthermore, we denote g** to be matrix
inverse of g,,. Note that generically, g* # g**g,,g°*. Since the theory involves two

metrics, raising and lowering of the indices will be carefully specified when needed.

Note that we preserve the notations g and g to refer to the metric tensors.

The determinants of the matrix forms of these tensors will be denoted det(g) and

det(g).



87

It is convenient to define

(aP)#l-"#sz =‘(2p + 1)6[u1P#2"-M2p+1], (61)

where the antisymmetriser is defined with standard weight, for example, A =

(Aap — Aps)/2. We also denote

~aya 1 i
OF™ ™ = — 510 P, (6.2

where €1 ip+1 = eiriant1 jg Tevi-Civita symbol for spatial part.

In order to work on Hamiltonian analysis, it is convenient to make use of
Arnowitt-Deser-Misner (ADM) decomposition of both metrics. For the decompo-

sition of standard metric, we have

goo=—N*+3 NN, go = gio = 15 N,

(6.3)
9ii = Yij»
1 ) ) N*
00 0i 10
g = ’ g =9 = )
e 5 (6.4)
g7 =" - —7-

and
v/ —det (g) = Ny/det(7), (6.5)

where ¥ is matrix inverse of 7;;. As for the decomposition of unphysical metric, it
is given in a way similar to eqs.(6.3)-(6.5) where all the quantities becomes barred,

for example g, N, N%, %, etc.
6.1.2 Multi-index notation and bra-ket notation

In the analysis, it will be convenient to make use of multi-index notation

and Dirac bra-ket notation.

Let an index with angled bracket (-) stands for the collection of 2p indices.

For example {a) = (a; + - - agp). Let an index with square bracket || stands for the
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collection of 2p + 1 indices. For example [i] = (i1 dgp+1), (] = (p1 - taps1)-

Furthermore,

dz'? = dz™ A - - Ndz™, (6.6)
dzlh = dzPiA - - Adaiehr, (6.7)

Using multi-index notation, we have

1 .
*(dtndz!?) = — (2 )lEO(b)[i]w()(a)’O(b)dx[’]
2§ N, , (6.8)
) COHY @dtnds®,
i 1 a0
*dzll = — G )'60<W]w0<b>,[ ] gl
h 1 (6.9)
-l comawPAdindz®
(2p)! (Bl
where
whL L Vaptl = |/ det(g)g“‘l'"ll . gp2p+1]1/2p+1’ (6.10)

where indices p; - - - pigp41 are totally antisymmetrised and indices v - - - Vo541 are

also totally antisymmetrised. So

QP H2p LV Vap L — g V1 Vapt LEL  H2p ] ' (6.11)

We also have

—~ (a) 1 ’
J 2 A — (1) 4 6.12
2 @2p+ 1) (9P (6.12)

Let us define
gul---u4p+z =4/— det(g)em..mp”, (6.13)

which is the Levi-Civita tensor with respect to g. Indices of € are raised and lowered

by the unphysical metric g. In the calculations, we will often need the identity
eWliE™ = (2p + )& e M + gy, (6.14)

Let us now make use of Dirac bra-ket notation. We will suppress the indices

of the form (a) (which might also include index 0 when applicable). Quantities
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with one set of index 0 (a) are represented by ket or bra. In particular, we denote

0{a)[t

|y = <_€_f_)[_]_'> = (),

(2f+ ! (6.15)

R 10
|dT) = (dtAdz'®) = (dT),
( ) (6.16)
lwh) = (w0<a),{il) = (wh).

The normalisation of |e/!) and |ey) are introduced for the convenience of inner and
outer products. Quantities with two sets of index 0(a) are suppressed and are

considered as linear operators acting on bra or ket. In particular,
w = (wd@0®), (6.17)

Note that the indices of the form [i] are not suppressed. For convenience, we will
denote
wlldl = olehla] (6.18)
The contraction of unsuppressed indices is defined as usual. For example, eq.(6.12)
can be written as
|6P) = —|etl)(8P) . (6.19)
The contraction of suppressed indices are defined such that one of the indices is

upper while the other is lower. For example,

; 1 ol [
(o) =~ gy vt = Gy (6:20)
) el = (=7 ey ) = 1 (6.21)
(2p)!(2p + 1)! ’
WO OB
wlep) = (—T()“) ; (6.22)

whereas the quantity w|el!) is undefined because the suppressed indices are all

upper indices, so they cannot be contracted.
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Let us separate the identity (6.14) into time and space components. It is

convenient to separate €M 1] as follows.

é—‘O(a) __ %0a1--azp

K] =€ (%]

A

€pr1-papi1lk]
— gol,ugautz e gazp#2p+1 N/ — det(g)ey1---#2p+1[k] (623)

— 5001 G2pp1 - H2p+1
=w ? PT €pr e papta [K]

=0u1 —a1p9 =02p H2p+1
g coe g pH2p+

= (2p + L)w*@®eq i,

6] — 2, didapsr

gO (a)"" = €0{a)

— @i, giep+ifept1 s
=9 g €0y e pap

= gh .. geribants [ det(g) €ofayurpaprs (6.24)

— apJ1ed2p+1 1 2p 4l
=w €0(a)p1 -+ pop+1

= 0 legiq)p,

g W = girizp41 04

A

€pzpapta (K]

= ghm ... giZPHMPH VvV — det(g)em-"#zpﬂ[k]

= (2p + Dw*@ey

— =ip1 , , , Fi2p+li2p+1
=g g

(6.25)

A

Eo(a)o(b) = 4?o(a)0blmb2p

— 70u1 . sbawpuop+a s
= g €oayr - pzpy

= g™ ... ghwkar+ty/— det(9) eofayun uapss (6.26)

— opy0b1eboppr e pap i1
=w i PTR€0(a) s paptt

= 0" Mlegiayy.

The identity (6.14) can then be separated into four cases as follows.
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CaseLv=yj,p=k

= (2p)!(2p)!(2p + 1)2<(€[¢1IWI6[k])w[i]“] - (w[“lflkl)(wmlflil)),

(6.27)
and
el = —(2p + 1)1(2p + 1)161). (6.28)
So we obtain
(elwlep)wt™? — (wep) (we) = —d. (6.29)
CaseIL v=0(b),p=k
e¥le® = (2p + 1)e" pyéorw *® + &g °
(6.30)
= (2p)!(2p)!(2p +1)° <|w[i])(6[i1|w|€[k1) - (w[i]|€[k1>w|6[i1)),
and
e, ®® = —(2p+ 1)12p+ 1)1530 = 0. (6.31)
So we obtain
™) (e wleng) — wleg) (w®egy) = 0. (6.32)

Case III: v = 4, p = 0 (b)
o en™ = (2 + 1)E@op oY) + Elop éy"
~ @120+ 1) (g ) — w9 gl ) ),
(6.33)

and

g["']()(b)é[ﬂ] 1] = —(2p+ 1)\(2p+ 1)!(5([)1'(11)) =0. (6.34)

So we obtain

wlilkl (6[i]|w[j]>|6[k]> — il (e[i]|w[k])|e[k]> =0. (6.35)
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Case IV: v =0(a),p = 0(b)
Mo = (2 + DEogfor @ + oy

= (2p+1) (W"(”) Heggoeyw"Weogr + w["]mfmow)wO‘“)O(")€[i10<c>)

= (2p)!(2p +1)! (w“m]wkm) - Iw“]>(w["]|€m>) {el,

(6.36)
and
Wo€™ @ = —(2p)!(2p + 1)18%5). (6.37)
So we obtain
wlegg) w6 = ~[¢6) + ) ez (6.39
The identity (6.14) implies
wley)whl? = —|elf) 4 Jwll) (wl|ep;), (6.39)
and
|€[i]>(w[i]|€[k]>w[i][k] = |€[k]>(w[j]|€[i]>w{i][k]_ (6.40)
Let my;(;) be the inverse of will], that is
; k
m[i][j]wbj[k] = 5[[1']]' (6.41)
With this, egs.(6.39)-(6.40) are respectively equivalent to
w = —[eM)mygp (] + [w)ympp (M (wen), (6.42)
(wlewymg = (e )mppy. (6.43)

In order to write Q and R, it is convenient to work out the eigenforms of %
of the form. Let us define ¢ to be (2p+1)-forms such that ¥ = +x¢*. We use
|§f) to represent §0i<a) and &) to represent ££%®). From self-duality condition, we
obtain

+1 el @)

£ =
(2p+1)! /= det(3)

o (6.44)




Raising index of 5[351 can be expressed using wl*™ in eq.(6.10) as

W]

é(i)[ul -
v/ — det(g)

Let us consider the case [u] = [i]

€
B0 — (2p + )——f( )O(G)

(2p + 1)' — det(g)
F €O<a)[i]
~ (2p)! /= det(7)

(2p+1) i
——det(g)< RN

|
R
s

and
wliio{a) whilld]
/= det(3) o + ,/ det(g
wl) (i)
v/ —de t( ) \/— det(g)

Equating eq.(6.46) with eq.(6.47) gives

g(i)[i] — (2p F 1)l (i)

=(2p+1)

whlll (2p+1) ([’115&)) (2p+1) ) [z]lg(i))_

Vag) O

So it gives

— det(g)

€@y = @p-+ D — ] (1) 1),
which can be written as
By = (2p + L) (e[ Welef™),
where the symmetric Wy is given by
Wi =W,
= :Fle["])m[i][j](e[j” - lw[i]>m[i][j] (9],
Then consider the case [u] = 0(a)

1 Q@

* (2p + 1)l /= det(g) S

f(i)o(a) =

93

(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)

(6.51)

(6.52)
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It can be written in braket notation as

(2]
@y _ 1) e 6.53
) = et (6.59)
Substituting eq.(6.50) into eq.(6.53), we obtain
2p+1
€)= +- 22 gy o) (6.54)

v/ —det(g)

We can write the components of w!* in term of W, and write Wi in term of w™?

as
wT =W,

(6.55)

= FleMymp) (1] — Jwt)ymp (W],
whlll = o(ell| (WL — W)~ [el), (6.56)
whl) = —(Wy + W)(W_ — W) 7 el), (6.57)
w=2W —wohH™, (6.58)
Wit = 2w — wHwll) (e, (6.59)

where w™! is the inverse operator of w. These in turn imply identities which we

will also often make use of:
(w! | whl) — Wl = (elljy=Lielly, (6.60)
(M| + (W] — (M))w™ W, =0, (6.61)

It will also be useful to consider differential (2p+1)-forms which are self-dual

or anti-self-dual with respect to standard metric g. For this, we define
BRIV Vapkl = [ det(g)g[ullwl .. g#2p+1]"2p+1, (6.62)
and V4 such that

|dT) + Vi|ey)dz = £ % (|dT) + Vi|epy)dz). (6.63)
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6.2 Analysis of a general nonlinear Sen theory

6.2.1 Hamiltonian analysis of a general nonlinear Sen theory

In this subsection, we present Hamiltonian analysis of a general Sen theory,
in which the self-duality condition in the physical sector can be nonlinear, while
the unphysical sector has linear self-duality condition. Furthermore, the metrics
Juv» Guv are general. Apart from being technically more involved, the analysis will
closely follow the idea of the case gy, = 7, given in [27], in which the decoupling
between physical and unphysical fields at the Hamiltonian level is shown. However,
for the case of general g,,, the Lagrangian should take a certain form in order for

the decoupling to be realised. We derive this form in this subsection.

As explained in section 5.5, the action of a general Sen theory encodes the
dynamics of the fields P and @) along with external unphysical metric g,, and can
also include physical external fields g, ¥. Due to *-self-duality of (), one may choose
half of the components of ) to appear in the Lagrangian without loss of generality.
In particular, let us choose the components Qog;..q,,, Which will be denoted in
bra-ket notation as |@) or (Q|. Similarly, since R is *-anti-self-dual, we choose to
present only the components Ry, ...q,,, Which will be denoted in bra-ket notation
as |R) or (R|. We then express
(=1
(2p)!
R= ((—)'((RldT) + (RIW_|ep)dzt). (6.65)

Q = == ((QdT) + (QWy |epy)dat?), (6.64)

Note that
Q= (2p + 1)(QW,|ew),
Ry = (2p + 1)(RIW_]|e).

(6.66)

In this subsection, we study properties of a general form of Sen theory. We

investigate the condition to be imposed on the Lagrangian so that the Hamiltonian
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is separated into the two sectors. The Lagrangian of a general Sen theory can be

expressed using bra-ket notation as
1 1 .
£ = 5(2p+1)(0P[wlOP) + 7(8PhM) (0P)y

1 1
+ = ——(0P) 4 (OP) jyuwV]

- §<cz|e!ﬂ><ap>[,-] +5(p+ 1)(QIW, |9P)
+ LI(Q)Q)E, \11)7
with

5Q£I(Q7g,ga \II)

1 (6.68)
= =52+ 1)(0QI(Wy — W_)|R(Q, 9,5, 7).

The Lagrangian of a general Sen theory can be expressed using bra-ket

notation as
L= %(219 + 1)(8P|w|dP) + 1(6’P!w["])(51’)[i]
+ %m(aP)m (0P) ] (6.69)
2 §(Q|e[’])(8P)[i] + %(217 +1)(Q|W,|6P)
+£1(@,9,5,9),
with

5Q£I(Q797§> \II)

1 (6.70)
—5(2p + D)(6QI(W, - W_)|R(Q, 9,5, T))-

The combination H = () — R describes degrees of freedom of physical chiral
(2p)-form field. It should satisfy a nonlinear self-duality condition which only
involves H, g, and V.

Let us now work out the Hamiltonian analysis. The analysis in this sub-

section is a direct generalisation of the analysis given in [27] in which § = 7 is

imposed. Here, we work with the case where g is a general unphysical metric.



Conjugate momenta for P, ..., are denoted

oL

7rﬂ1"'ﬂ2p — .
80P rmn

After a direct calculation, we obtain
1 1 .
|7y = Z(2p + 1)w|0P) + Z(@P)mlwm)

+ 300+ )WAIQ),

and

oot = g,

where |7) represents 7%%. Conjugate momenta for Qqq,...qp, are

01z _ oL _o

3 0% Q0a;--az,

After some calculations, and by defining
7T11---a2p — qo1ezp | %15‘}3“1'"“2?,
or
1 ~
) = ) + 316B),
we obtain the total Hamiltonian
o =\ i 1 A
H N 2p + 1<7T“|W+ lﬂ-") 7 2p _|_ 1<7T+IW— |7r+)

1
— 2P+ 1(QIW,. = W)WZ'W.|Q)
+(m (W Wy = W0)|Q) — L1
+ 2paa17Ta1a2...aZpPa2_"a2P0

Oat+anp—1 ai-a2p
+ Carorazp1 T P+ Ugyag, Mg ,
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(6.71)

(6.72)

(6.73)

(6.74)

(6.75)

(6.76)

(6.77)

where (4)...q5,_; 80d Ug,..q,, are Lagrange multipliers which enforce the primary

constraints 7%%1%r-1 & 0 and wgl"'az" ~ 0. Next, requiring time derivative of the

primary constraints to vanish gives rise to secondary constraints

6a1 7ra1..-ll2p ~ O,

(6.78)
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— (20 + 1)(QIW4 + (2p + 1)(RIW- + 2(m| =~ 0. (6.79)

Using H = Q — R, we may express eq.(6.79) alternatively as
H[i] ~ 2<7r+l€[i])- (6.80)

Next, by computing time derivative of secondary constraints, it turns out that there

is no further constraint.

Classification of constraints suggests that first-class constraints are 7%1"%2p—1
0 and §,, 7% ~ 0, whereas second-class constraints are ﬂgl'"az" ~ 0 and Hp =~
2(m|ep)). After constraints are classified, the number of degrees of freedom can
be determined. It turns out that the number of degrees of freedom for Sen ac-
tion is equal to twice of the number of degrees of chiral (2p)-form fields. This is
as expected since Sen theory contains two chiral (2p)-form fields, one of which is

physical while the other is unphysical with the wrong sign of kinetic energy.

Next, one may then solve second-class constraints to reduce the number of
phase space variables. In particular, it is natural to eliminate w%l'"a"’ and Qoa;--az,-
This is by solving the second-class constraints for wgl"'az" and Qq, ...q;, and substitut-
ing into the Hamiltonian. Eliminating 7y ~*** is straightforward. As for eliminating

Qa,az,, et us first use the definition H = Q — R, which gives (H| = (Q| — (R|. So

eq.(6.79) gives

(@~ — (HW- (W, - W_)~

(6.81)
t ot T{me | Wy = W)™
(Rl ~ — (H|IW, (W4 — W)™
, (6.82)
%+ 1(7T+|(W+ -Wo)™.

One may then eliminate (H| by using nonlinear self-duality condition to write it in

terms of Hp;), g, and ¥ then apply to eq.(6.80).

The resulting Hamiltonian after the substitution of |Q) as a function of

&
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|7+), 9,3, ¥ and after all the constraints are eliminated shows the separation be-

tween |r_) and |7). This means that the Hamiltonian is of the form

H=H_+H,, (6.83)
where
= W), (6:84)
Hy =Hi(|74), 9,3, 9)
= —Zp:- W) (6.85)

~ 2P+ 1)(@I(Ws — W)W W)

+ (my [WZH W, = W0)|Q) — L,
subject to 8,,m""%r = 0, and where (Q)| is determined from eq.(6.81) along with
the nonlinear self-duality condition. The Hamiltonian #_ has the wrong sign. So
|w_) is unphysical. Furthermore, |7_) only couples to g (through W,). As for
the Hamiltonian ., it is a function of |7, ),g,d, V. In the case § = 7 originally
considered in [27], H4+ only contains physical fields. So it looks as if any form of
L; can be chosen so that the Hamiltonian separates into two disconnected sectors. |
However, in the case of general g, this metric is unphysical since it couples to
unphysical mode |7_). So H should in fact be independent from g, otherwise the
unphysical and physical sector will be mixed. In this case, the form of £; cannot

be given arbitrarily.

In order to determine L;, let us note that by using eq.(6.79) H. can be

expressed as

L | — L. (6.86)

Mo = 22+ 1)(@I(W ~ WOLR) - &

It is clear that £; should take the form

Lr=£0(Q,9,5,%) + L (H,g, 7). (6.87)
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The term Efrl)(Q, 9,5, ¥) should be such that H. is independent from g while the
term [,5-2) (H, g, ¥) only contains physical degrees of freedom. In particular, one can

set without the loss of generality,

£r = —3(2p+ 1)(@I(W, — WO)IR) + L (H,g, ) (6.88)

which can be expressed using differential form as
2p)!
Lr= g%)Q/\R +LP(H,g,0). (6.89)

In the case of linear self-duality and in the absence of source, we have [,52) (H,g,¥) =

0.

Having determined the form of general Lagrangian, we can now see that the
Hamiltonian (6.77) takes the form, after all secondary constraints are eliminated

1
2p+1

- ‘ng)(vaa\Ij)

o~
~o

(- IW =) = o (s )

(6.90)
+ 2pB,, mU WP,

Oaz:azp—1
+ Ca1---agp_177 >

where H is related to |my) by Hy =~ 2(my|epy) and Hoy = H0<a)(7r$),g,\11), in
which the latter is obtained from the nonlinear self-duality condition for H.

Dirac bracket relations are identified with Poisson bracket relations®

[ (8, %), 78 (2, %)

1 0

= Ty e X, (6.91)
[n2 9 (1, x), w0 (1, %)) = 0.

6 A quick check is to consider first-order Lagrangian corresponding to the Hamiltonian (6.90).
After eliminating all the constraints, the terms containing time derivative are w“l"'“ZPPal...azp.
By the procedure of Faddeev-Jackiw [4], [5], one immediately sees that Dirac brackets are simply

given by Poisson brackets.
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It is useful to discuss the relationship between the Hamiltonian variables

with Lagrangian variables. From the constraint (6.80), we have

1 o
a1azp __ Oal...az 21 top+1 . X
()92 = 5¢ P G igpn

(6.92)

() = o /= dot(g) (), (6.93)

where indices of xH are raised by g. Next, we note that eq.(5.90) implies

1
(H| = (@] + §<3P|U’WII

L (6.94)
. /s L1
+ T 1(8P|(W_ We) .
Then by using eq.(6.72) and identities (6.55)-(6.59), we obtain
1
fr) = 5 (20 + )W |Hey), (6.95)

or in index notation,

Tril...azp _ %\/Tet(g)‘(ﬂ-(s))OaL--azp, (696)

where indices of H(y) are raised by g. The relationships (6.92) and (6.96) are direct

generalisation to the analysis of [28], as one would expect.

Given the Lagrangian of a Sen theory, i.e. with the form of £§2) given, the
Hamiltonian can immediately be written down by using eq.(6.90). However, we
still need to determine how Hyg, is related to wﬁf’) , 9, ¥, which should be obtained
from self-duality condition of the given theory. This is the only task left to do for

each given Sen theory.
6.2.2 Duality and decoupling at Lagrangian level

In Sen theory, the decoupling [26], [27], [28] between physical and unphysical
chiral (2p)-form fields can be shown at the level of Hamiltonian as well as equations

of motion. The decoupling at the Lagrangian level, however, is left to be explicitly
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shown. A hint that this could be possible comes from the result of dimensional
reduction of Sen theory and its generalisations [27], [28], [63], [64] that unphysical

and physical fields are decoupled in the Lagrangian of the reduced theories.

In this subsection, we will present the decoupling of physical and unphysical
fields at the Lagrangian level. We apply the standard approach [65], [66] (see also
[67]), which makes use of field redefinition on phase space variables to decouple
chiral (2p)-form fields. In passing, this approach also makes a duality present in

the action.

More explicitly, the approach of [65], [66] is introduced to separate a two-
dimensional Klein-Gordon scalar to two chiral bosons. This approach can easily be
extended to help recognising a (2p)-form electrodynamics in (4p + 2)-dimensional

spacetime as a theory of two chiral (2p)-forms.

The p = 0 case can be explained as follows. One starts by writing the
first-order form of Klein-Gordon Lagrangian: £ = m8yp — 72/2 — (01¢)%/2, where
¢ is the scalar field and 7 is the conjugate momentum of ¢. Then one makes
a field redefinition ¢ = ¢, + ¢_,m = 01y — O1p- giving L = 0pp+010+ —
(B1¢4)* — Bop_B1p— — (81¢_)>. With this form, one easily sees the decoupling
between the chiral bosons ¢ and ¢_. The Dirac bracket relations for ¢4 and ¢
can directly be obtained from the Poisson bracket relations for ¢ and 7. One has
(8o (t, ), O b (t, )] = £8,6(z — 2')/2 and [0,¢+(t, ), O px(t, 2')] = 0, which
take the expected form.

In fact, before making the field redefinition as explained above, one may
replace 7 by 8;x. The Lagrangian then becomes £ = 81x80¢ — (91)*/2— (814)*/2.
The dualisation ¢ < x leaves this Lagrangian invariant up to total derivative terms.

Note that the dualisation corresponds to ¢ — ¢4, p_ — —¢_.

Let us now turn to the Lagrangian (5.84) of general Sen theory. The Hamil-

tonian analysis as discussed in subsection 6.2.1 suggests that each of the physical
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and unphysical sector contain a chiral (2p)-form. However, the Hamiltonian of
the unphysical chiral (2p)-form field has the wrong sign. Nevertheless, the same
idea of field redefinition still applies. Let us start from the first-order Lagrangian

corresponding to the total Hamiltonian (6.90):

E = 7ra1.--a2p80Pa1..-a2p (6 97)

+ 2p7r0‘“'"“21"130P0a1...a2p_1 —H.

By eliminating 7%%2"% and (g,..a,, using their equations of motion, the first-order

Lagrangian reduces to

L = 7.‘_0,1---azpaO_Pal__'a’mJ

N? e
e Teial'“a2pb1"'b2p7r—l 2"7r?_1 b2
(2p)! (6.98)
. N b A ﬂ_ar--azpﬂ_br--bzp
det(’?) alvl Qa2p02p "' — =
1
+ 5 {me [ H) + L (H, 9, 9),

such that H; ~ 2(m|ej;) and, due to the nonlinear self-duality condition, Ho(q) =
Hya (7r$), g, V). Furthermore, n%%"%% should satisfy

By 1220 = (), (6.99)

which can be solved by setting

Nt 7T

a1a2:-'ap —
T 48¢

. (6.100)
—_ 5 a1--agptby--bap
= = g P bl
This leads to
s 1l ~@ ~@
i = Z(aqs( '+ 5P, (6.101)

which can be substituted into the first-order Lagrangian (6.98) giving
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1~
£ = 70000 Poy.an,

Niﬁiar--azpbr--bzp al Ap\a1-azp al 3 py\b1-bap
scembiots (5 — 6Py (39— 5P)

(6.102)

N’7G1b1""_7az by /AT AD\1 G2 (AL AD\bib
+ 2 (5 — HP)™o (9 — HP) b
e (39 — BP9~ OF)

+,3(6_¢¢;£,g,q,),

where £~(((’9\d’> +8P)/2,4,7¥) is obtained from (m.|H)/2 + LP(H, g, ) after the
appropriate substitutions. The Lagrangian (6.102) is unchanged under the duality
transformation P <> ¢ which corresponds to my — w4, 71— = —7—, which can
in turn be identified with duality transformation H — H, H;y — —H(s) that is

discovered in [68] by directly dualising P on the original Sen action.

Let us now consider the field redefinitions

Pa,..azp = Pay-azpy T Tay-agp) (6.103)
Pay--azp = Par-azp — Tag-azps (6.104)
with
xFa 1 .
" 2 e B €, (6.105)
—~aj-a 1 ,
o * = —(—2p—)'3[¢0'b1...bzp]Eal'"az”zbl"'b”. (6.106)
With this, the Lagrangian (6.98) becomes
1-~—a1a2
L=—- i a1--agp
1 N’L —~a1-agp ~b1-by
— Zmeial...mpbl...bzp&f paa ¥
. g
1 N _ _ —~—a1aap~—b1bap (6 07)
+ Z_'Eeﬁ%ubl Tt 7azpb2paa o

1~ai-azp . o~
+ Zap ppal---az,, + L(apa g, \II)’

which clearly shows the decoupling between the two sectors at the Lagrangian

Jevel. Furthermore, the unphysical chiral (2p)-form field is described by Henneaux-

Teitelboim Lagrangian [22] but with the wrong sign of kinetic term and only couples
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to the unphysical metric g,,. We will show explicitly in section 6.3 that for the
case of quadratic Sen theory, the physical chiral (2p)-form field is also described by

Henneaux-Teitelboim Lagrangian with the correct sign of kinetic term.

6.3 Separation of the two sectors of quadratic Sen theory

Although the analysis in the previous section provides some useful insights
on the properties of a general form of Sen theory, in practice one would also work
directly with explicit theories. As discussed above, what remains to be done in
order to obtain the explicit final form of the Hamiltonian and Lagrangian for each
specific theory is to solve the self-duality condition and determine the corresponding
.

In this section, we will consider the quadratic Lagrangian (5.100) and derive
the explicit form at the Hamiltonian and Lagrangian levels showing the separations
of the two sectors. As a consistency check, we will also derive diffeomorphism rules

from the Hamiltonian.

It is convenient to write E‘(,Z) for the quadratic Lagrangian (5.100) as a

function of HY = H + J. We have

1 . 1 ;
LP = Z(HJIG[Z]>J[’5] .~ Z(Jlfm)H(Ji]- (6.108)

6.3.1 Decoupling at Hamiltonian level of quadratic Sen theory

Self-duality condition H? = «xH’ gives

1 _—
(H'| = 2p—+1-H[{-](e“|V+ 1 (6.109)

We can relate H[{.] with (7| by using eq.(6.80), which after introducing source is

equivalent to

H =~ 2(m]ley), (6.110)
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where

2L W, 10) + W1)
(6.111)

1 ;
= Imy) + 3 Jale).

|7Ti) = |my) +

Substituting egs.(6.108)-(6.110) into eq.(6.90), we obtain

1 1
2p+1 2p+1

1 )
+ (wf|J) — ZJ[in”lJ)

M~ (m_ W) — (ml Vi)
(6.112)
+ 2paa1 ﬂ_GIGZ"‘(ZZp Paz---azp()

+ Ca1---azp—171—0‘11."‘121’_1 :

It is now useful to express the Hamiltonian in terms of index notation. For
this, let us express W;' and V| ! in index notation using ADM variables. Direct

calculation gives

(W;l)al...azpbl "'b2p

—:F—i—(z +1)7 ¥
) P 7 1)Vales] * ** Vazplbzp (6.113)

2p+1 .
WNzeal---azpibl---bzw

and
(V:I-:—l)al"'a&pbl wbap

= N opt1
_q:_detE( D+ 1)Vlarlbal * * Yazplba (6.114)

2p+1
+ WN €a1---azpib1---b2p-
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The Hamiltonian then becomes
al"'a2p7,rb1"'b2p N al"'a2p7rgl by

N o
(2p)! eialmazpblmbzpﬂ._ B - dTm7a1b1 v 70/21362;17‘-_
Ni orn ..
— Wﬁiar--azpbl...b2p (7r_‘{_)a1 azp (,n-i)bl bap
N

s T (1)
1 1

+ ()™ Joayaz, — Zinl---izp+1f

H =~

J)bl---bzp

+

a’l"'a2p7:1"'7:2p+1 Joal ez
agp

+ 2paa1Walazma%Pa.z---aZpO + Ca1---a2p—17roa1mazp_1'

(6.115)

The explicit form of the Hamiltonian in the case of static background go; =
0, Guv = My is presented in [28]. In our eq.(6.115) we provide the generalisation to
the case of general curved metrics g,,, gu.. Alternative to directly working out the
Hamiltonian, one could also follow [28] by expressing the Hamiltonian in terms of
Lagrangian variables and then generalise the static spacetime case to the case of

general metric with the help of the identity

g/ _ Ny det(’Y)Nie. (E7)0b1b3p
Oay-azp — 29)! ia1---agpby by
(2p)! (6.116)

— N%a11 *** Yagyba ()02,
for H? = xH”. In either of these methods, one would see that the 7_ and 7 part
of the Hamiltonian separately coincide with Henneaux-Teitelboim Hamiltonian [22]
for chiral (2p)-form. The explicit form of eq.(6.115) suggests that the theory indeed
describes two chiral (2p)-form with 7. corresponding to physical chiral field, while

m_ corresponds to unphysical chiral field since its Hamiltonian has the wrong sign.
6.3.2 Decoupling at Lagrangian level of quadratic Sen theory

By applying the procedure of subsection 6.2.2 to the Hamiltonian (6.115),

we obtain
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1 ~a1agp

L= —790 [ p—
N’Lﬁiar--azpbr--bzp —~ay-agp b1 b2p
0o
4(2p)!
1 N

e @1 Qg —~—by b
f I N ﬁazpbzpaom azp p 1---b2p
4 ,/det(¥)
1 a_ ai a .
+ Z(ap — )% (payazy — Joar-azp)

J\/viei,,,1 --agpb1++b2p
4(2p)!
Vs N’Yalbl e 7a2pb2p (5; f 4 j)al"'a2p (a~p N\ j)bl"'pr

44/det(y)

~a --la .
T (payagy — Joar-any)

(6.117)
(8p = Ty omr(@p — Tt

+

=)=

(5;) T j)al'-~a2pJ0a1ma2p,

4

which describes a theory with an unphysical chiral (2p)-form ¢ uncoupled with a
physical chiral (2p)-form p. The equation (6.117) shows explicitly that these chiral
(2p)-form fields are described by Henneaux-Teitelboim Lagrangian [22] such that
o has the wrong sign of kinetic term and that it is coupled only to the unphysical
metric g, whereas p has the correct sign of kinetic term and that it is coupled to

the curved metric g and source J.



CHAPTER VII

CONCLUSION AND DISCUSSION

In this thesis, we have studied constraint analysis in generalised Proca the-
ories and chiral boson theories. In the first half, we obtain the sufficient condi-
tions for multi-field generalised Proca theory, coupled to non-dynamical external
fields. This theory satisfies the special Hessian condition (4.48), free of Ostrograd-
ski instability and satisfies diffeomorphism invariance requirement. Moreover, we
require that this theory satisfy the secondary-constraint enforcing relations (4.70)
(or equivalently, eq.(4.75)) and the completion requirements (4.104) which can be
computed using eqgs.(4.145)-(4.149).

We used Faddeev-Jackiw constraint analysis and cross checked by Lagrangian
constraint analysis. Then we obtained all of constraints and count the number
of degree of freedom. In the analysis, diffeomorphism invariance requirements,
egs.(C.9), (C.15)-(C.16) are needed. The diffeomorphism invariance requirements
are not extra conditions. They are in fact conditions for which every diffeomor-
phism invariance theory is satisfied. If one analyses each specific theory one by
one, it can be explicitly seen that these requirements are automatically satisfied.
However, if one analyses a class of theories at a time, diffeomorphism invariance
is less manifest as, by the nature of constraint analysis, time and space are not
treated on equal footing. In this case, diffeomorphism invariance requirements
help to realise the diffeomorphism invariance that every theory in the class pos-
sesses. These requirements are especially useful in simplifying key expressions in
intermediate steps. Let us provide two example instances where the usefulness
of diffeomorphism invariance requirements when analysing a class of theories are

shown.

The first example is that, if the secondary-constraint enforcing relations
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(4.70) is imposed, and if one does not know that theories which are diffeomorphism
invariant should satisfy eq.(C.9), one would not be able to see, when analysing a
class of theories, that eq.(4.67) is trivial, and hence would impose eq.(C.9) as an-
other, but it is in fact obsolete, secondary-constraint enforcing relations. Another
notable example is that diffeomorphism invariance requirements allow us to re-
alise the connection between results from Faddeev-Jackiw constraint analysis and
Lagrangian constraint analysis. The diffeomorphismy invariance requirements have
been helping in simplifying C()aﬂ,C{'aﬂ,C;{,ﬂ and allowing us to realise that these
expressions also appear, after transforming to tangent bundle, in Lagrangian con-

straint analysis.

Secondary-constraint enforcing relations we have obtained in this thesis is
a correction to [8], [9]. This means that behaviour of some theories are previously
misjudged. We have shown in subsection 4.4.1 an example of a legitimate theory
previously misinterpreted as containing extra degrees of freedom as well as an ex-
ample of undesired theory with extra degrees of freedom previously misinterpreted
as being legitimate. We leave the work of identifying or constructing all of the the-
ories which pass the secondary-constraint enforcing relations and the completion
relations for future. Nevertheless, a consequence can readily be discussed and is
provided in subsection 4.4.2 which points out that legitimate terms previously mis-

judged could be reintroduced into models to investigate cosmological implications.

An important future work is to analyse a larger class of theories, not nec-
essarily restricted to those describing only vector fields. In fact, an important step
has already been laid out by [10], which gives criteria for counting the number of
degrees of freedom for theories with Lagrangians as functions of up to first ordef
derivative in fields. These criteria, however, should be revised because as points
out by [52], the analysis of [10] is not correct even in the case of the standard

Proca theory. Additionally, as reported in this thesis, the analysis of [10] when
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specialised to multi-field generalised Proca theories misses terms in intermediate
steps, for example 8;Q° and Bianﬂ within qﬁa. The corrections are required to ad-
dress these issues. Once they are taken care of, we expect that the analysis would
benefit from the help of diffeomorphism conditions. This is because in constraint
analysis, even for Lagrangian constraint analysis, time and space are not treated
on an equal footing. So the manifestation of diffeomorphism invariance (or, in case
of flat spacetime, Lorentz isometry) is lost in the steps. The manifestation could

be recovered with the use of diffeomorphism invariance requirements.

In particular, since the external fields, including gravity, considered in this
thesis are all non-dynamical, one might attempt to extend the analysis of this
thesis by considering n vector fields coupled to dynamical gravity and see if it is
possible to obtain the criteria for the theory to describe n-field Proca theory, or

even Maxwell-Proca theory, coupled to dynamical gravity.

In the second half of this thesis, we have studied aspects of non-linear chi-
ral (2p)-form theory in the Sen formulation [26], [27], [28], [29] by using Dirac
constraint analysis. Firstly, we review chiral field theories. There are Floreanini-
Jackiw theory, Henneaux-Teitelboim formulation, 2p-form Maxwell theory, and

Sen formulation.

The scope of the theories we investigate is as follows. At the Lagrangian
level, the theory encodes the dynamics of a (2p)-form P and a (2p+1)-form Q. Any
external physical field can be introduced. In particular, the standard metric g is
introduced as part of external physical fields. As for external unphysical field, only
the unphysical metric g is introduced. The field strength of the unphysical chiral
(2p)-form field is always linear self-dual, whereas the field strength of the physical

chiral (2p)-form field can be nonlinear self-dual.

In particular, we work out the separation of the physical and unphysical

sectors at the Hamiltonian and Lagrangian level. We started by considering the



112

general Sen theories within the scope explained above. This gives properties in

which these theories have in common.

We have shown that in order for the physical and unphysical sectors of
a general Sen theory to be separated at the Hamiltonian level, the Lagrangian
should take the form of eq.(5.84) with Ly given by eq.(6.89). Furthermore, the
Hamiltonian for the chiral (2p)-form in the unphysical sector is described by the

Henneaux-Teitelboim Hamiltonian [22] but with the incorrect overall sign.

The decoupling between the physical and unphysical sectors at the La-
grangian can also be shown. The idea is similar to the separation at the Lagrangian
level of a 2D Klein-Gordon into two chiral scalar fields. That is, one considers the
first-order Lagrangian of a general Sen theory. By eliminating all of the conjugate
momenta and constraints followed by making field redefinition (6.103)-(6.104), we
obtain the Lagrangian (6.107). It turns out that the unphysical chiral (2p)-form
field is described by Henneaux-Teitelboim Lagrangian [22] but with the wrong sign

of the kinetic term.

An example usage of our results is as follows. If one is given a nonlinear Sen
theory whose Lagrangian is described by eq.(5.84), eq.(6.89) with [,5,2) specified, the
separation of the two sectors at the Hamiltonian level and at the Lagrangian level
are given by eq.(6.90) and eq.(6.107) respectively. For each theory, the only re-
maining task to do to obtain the explicit form of these Hamiltonian and Lagrangian

is to solve the nonlinear self-duality condition for Hyy in terms of H.

Having worked out common features of the general Sen theories, we then
considered explicit example theories to obtain properties specific to each theory.
We analysed the quadratic Sen theory whose Lagrangian is (5.100) and found that
the Hamiltonian and Lagrangian of the physical chiral (2p)-form are described by

the Henneaux-Teitelboim Hamiltonian and Lagrangian.

As a consistency check, we have also worked out the diffeomorphism rules
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from the Hamiltonian of the quadratic Sen theory. The derivation can easily be
carried out in the reduced phase space since the Hamiltonian is up to linear powers

in lapse functions and shift vectors.

As a future work, it would be interesting to see whether it is possible to
obtain the diffeomorphism rules in the full phase space on which the Hamiltonian
is a complicated function of lapse functions and shift vectors. Looking further
ahead, it would also be interesting to see whether the Sen formulation is directly
related at the Lagrangian level to the standard PST formulation [23], [24], [25],
[69], [70] and its alternatives [71], [72], [73], [74], [75]. It can then be hoped that
if this is successful, one would obtain more insights into solving some problems for
example the difficulties in constructing the 2 + 4 formulation of M5-brane action
[76]. It is also interesting to see whether the Sen formulation is related at the

Lagrangian level to the clone field formulation [77], [78], [79], [80].
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APPENDIX A DIFFEOMORPHISM INVARIANCE IN
SINGLE-FIELD GENERALISED PROCA
THEORIES

Diffeomorphism invariance mean that physical law should be independent
of coordinate system. So the action should be invariant under any coordinate

transformation. The infinitesimal form of diffeomorphism transformation is
T — ot — (z) (A.1)

where €“(x) are arbitrary functions of space time. Under this transformation, the
fields transform as Lie derivative which shown below. We will show diffeomorphism

transformation of tensor field T#, as

= AN \GER Gz
T®) = pgr oz oY)

W 6($”' _ 6”’(.'1))) a.’Ean (x) (AZ)
} OzxP ozv=
Let us consider
oz  9(i7 + €’ (z))
v o
| 35:” 36”(.’1:) (A3)
orv ozv
o 0¢° (z) Ox*
=%t o o5
50 one obtains
0z°  0€¢’(x) Ox*
03 Ozt 8i* o (A.4)
Taking 67, into the first term, it gives
5 Ozt  0€(z) Oz 5
oz Bzt 8F Y
- O’ (x)\ Oz .,
(- 22002 _ g s

In order to

57,6, = &%, (A.6)
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the term 8z*/03" in eq.(A.5) is the inverse of the term (5"” — a_%‘g). So we will

guess their solution which is written as

I
0" _ su, vy, (A7)

oz
One left only first order derivative. Let us substitute eq.(A.7) into eq.(A.5), one

obtains

o o Be"(m) o AS8
67, — 87 VH(2) = 8y — = = 7, (A.-8)

oy _gu 9°(@)

Vo, (z) = -6, py

Therefore, eq.(A.7) can be written as
Ozt Oet(x)
il \lgo

YT oy +6°, e (A.9)

One substitutes eq.(A.9) back to eq.(A.2), it gives

O(z* — et(x)) e’ ()

- (5% + 8%t )T”a(w‘)
@ (5#,, - ‘96”(“”)) (T”,,(w) Wb T”,,(x)) (A.10)

™, (%) =

Ozr Oz (x)
— T (z) + aeam(f) T, (z) — Qi;}(f—):rﬂu(m).

Let us consider T*,(Z) by using Talor series expansion,

T, (%) = T", (z* — €*(z))

= T, (z) — e(2)0,T*, (z) (A.11)

T*,(z) — € (2)0p(T*, () + O(2))

T, (z) — €(2)0,T", ()

Q

where O(e) are terms of at least the first order in €. Therefore, eq.(A.10) can be

rewritten as
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o )~ Tl
86 (.'B)

T4, (z) ~ Ty (a) = (@),% (2) + 2 D, a) -

T4, () - & (@)0,T4 (x) = T",(z) +
—17(z)
0T, (z) = € (2)0,T", (z) + O,€° (z)T";(x) — Bpe"(z)T”,,(z)

0TH,(z) = LT, ().

(A.12)

Similarly, one obtains
S.A, = LA, = 8,A, + A8, (A.13)
‘Seg;w — Leguu = epapguu + 2gp(uau)ep- (A14)

The field variation é. commutes with partial derivatives. Then the Lagrangian

should transform as

8oL = €“0,L + L3,¢". (A.15)

Let us consider Lagrangian eq.(3.14). It can be seen that 6.£ — 0,(e*L) can be

given as a quadratic polynomial in 0y Ag. It can be written as
5€£ T 8#(6"5) = a280A080A0 + alavo + ag (A16)

where ag,a;, and ag are quantities which are independent from GyA,. However,
Ou(e"L) = Oue* L+ €49, L which is caused eq.(A.16) equal to zero. So the coefficient
of each order in 8yAq in (A.16) should vanish. One obtains a; = 0,a; = 0, and
ap = 0 which can be thought of as conditions arising from the diffeomorphism

requirement. Using eq.(3.14) and eq.(A.13), one first considers §.L
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8L = 8.(T + UBpAo)
= 6.T + (6.U)8o Ao + Ub.(8Ao)

= §7T55Au+ 33 00+ 6307:4 5eBoA; + -+ + (6.U)8p Ao + UBp(6.Ao)
8T ,€”) + agiy ;(eP0,A, + A,0,€°)
ag(:f Bo(€PB,A; + A0;€7) + - - + 8. U By Ag + Udo(€°9,A0 + A,oe?).
(A.17)
Then one considers J,(e*L)
B,(e“L) = B,e*(T + UByAg) + €#8,(T + UdopAo)
= T8,e" + U, 8 Ay + €8, T + €9,U8, Ao + €“U8,8 Ao
= TOye + Uy o + ¢ (- 865 DA, ag 00,4, (A18)
ago 000+ )
= eﬂ(aajl] 8,4, + 3(‘;({4 BuBilhy + -+ ) Boho + U, B0 As.
See the difference of eq.(A.17) and eq.(A.18), one obtains
6L — O, (e*L) = ((’;931;60 + agioajeo + agoA 9;€° + 8.U + 2U Bpe )BOAO + .-
- (b‘%e +Udje >60A0 = eﬂ(agiiyayaiAy +- --)6‘0A0 TI
(g5 )as

(A.19)
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In addition, one considers .U by using eq.(A.13)

oUu oUu
‘SEU_EA_,,(SA 66A68A+

ou U
— p p (P ...
3 I,,(e 0pA, + A,0,€”) + 20, Iuc')z(e 0pA, + A,0,€°) +

ou ou
— p
94, (€P0,A, + A0, 3O

+ 0,A,0,€° + A,0,0€") + -+ -

6U oUu
BA Baz-A,,

(A.20)

3¢6”) 8,A, + -+

Then let us consider the coefficient of AgAy. Using eq.(A.16), eq.(A.19) and
eq.(A.20), one obtains

ou
= 0. A.21
20 dy (A-21)
Then one considers the coefficient of A.
or 0;€ + or —0; €0 + 2U8pe’ — Ud,e* + 6.U |aya0=0= 0. (A.22)

90,457 T 364,

Then let us find two useful conditions from diffeomorphism invariance. One of
them is obtained by taking derivative of eq. (A.22) with respect to GpA;. It gives

T . T )
0= 004,00 45° T 380 A; 08045 K¢

o [(ou , ov
+ 5604, KBA 26,4, i€ )BPA”}
8o Ao=0

(A.23)
__OT o OT oo (U, 0U . )00A,
0A;00.A0 | 0A0A, 94, " 86:4," | 96045
8°T 8°T oU , U
= e+ Ohe® + ——® + Bi®.
92,0004 " | DA 04 K+ 54t 9o.A;
So there are conditions
aU
o _ A.24
oA; ~ (4.2
and
2 2
82T 8°T ouU__, (A25)

— + — +
6A28AJ aAzaa]A() aagAz
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However, the useful condition is eq.(A.25) which will be used in next subsection.
Another condition which will be made use can be obtained by taking derivative of

eq.(A.22) with respect to 9;4, and use eq.(A.21). It can be written as

0T 0 o*T 0 o} ou ou
S — A
0= 36,4000+ 58,494, T 50,40 (6A "+ a6, 0 )‘9 vla0A0=0
8U 0 ou
P
54 Aae] 56,42 | 30 (0,01, + B:4,0,¢ +A88€)]
o°T . o*T - oUu ou 00,4,
= 36, Agtn Ay k¢ 80, Ag0A, " % ((‘M "t 6.4, ) 00, Aq laoamo
ou 0
+ 504, 50y Ay (0An0)
o0*T o*T 0. OU 8U ou
= - i€’
00; Agd0 Ao 00; Ag0 Ay 00; A, 04 *+ 58, ,Ag
0T 0 02T oU oUu
= 36,4005, 4 " T 30, AoaAkake 50,4, t 5a,C
(A.26)
Then one consider the third term
ou O ou o [ [
50,4, = 56,40 + 50,450
(A.27)
ou B0
38 A;
where aaU 8,€° = 0. Using eq.(A.21), So one obtains
o*T 3 o°T o OU ou ,;
- - e — = 0. 2
66jA068kA06k€ + aajAoaAkake + aajAkakG + 8A06 0 (A 8)
There are two conditoins here namely
oUu
- = 2
5, =¥ (A.29)
and
2 2
o°T oT oU_ _,. (A.30)

+— +
00;A000; A0~ 0A;00;4A, 00;4;
Actually, the diffeomorphism invariance requirement gives several conditions. How-

ever, the useful ones are eq.(A.25) and eq.(A.30).



APPENDIX B CONDITION FROM DIFFEOMORPHISM
INVARIANCE IN SINGLE-FIELD GENER-
ALISED PROCA THEORIES

One shows that diffeomorphism invariance conditions imply that C;j and C!
vanish which given in eq.(4.44) and eq.(4.45). In addition to eq.(4.97) one also uses
diffeomorphism invariant conditions to rewrite Cy in simple case namely, in term of

configuration space variables.

B.1 The condition C¥ =0

One imposes diffeomorphism invariance to show the condition in eq.(4.44)
is trivially satisfied. It automatically vanish when one use below conditions. One
need eq.(A.21) for the proof. However, one also need eq.(A.25) and eq.(A.30) in

the phase space versions which given as

PT OT  oU
> B.1
oAk, T on00,4, T P A (B1)
and |
2 2
T AT W, (B2)

86,4000, A0 T M08, A | 00 A;
where one substitutes T by 7 and A; by A;. However, one also defines the conditions
by taking partial derivative of n* = 7 /0A; with respect to phase space variables,

namely 7*, A, and 8;A,. One obtains

ont 9 (67’) T BA,

ark ~ Ok \OA;)  OA;0M; ot

. 8T OA,

% = NN Ok’ (B:3)
on _ 8 (OT\_ _OT 04, &T A
8A, ~ 0A,\0A;)  0MDA,0A, " MDA, DBA,

8T T oA,
0 = 3r04, T 5AGA, A, (B-4)
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and
ort _ 0 oT\ _ *T 06 A, + 0T  OAy
00;A, N 00;A, \ OA; - 0N 00, A, 00;A, ~ OMOAL 00;A,
2 2
0 = o°T n 0“T O0Ag . (B.5)

ON;00 A,  OA;0A, 00;A,
To show eq.(4.44), one express derivatives of ; and {2, with respect to phase
space variables in term of derivatives of U and 7. Then one substitutes them into
eq.(4.40). For Q; = n° — U, it is easily proof. Then one focuses on the derivatives
of Q5. In eq.(4.40), one only considers derivatives of {2, with respect to 8;0;A4¢ and
9;m;. One sees that, in eq.(4.28), the expressions 8;8;4¢ and &7 appear in (), only

through
—0; (ﬂ') = &A—ai C . (BG)

Then let us consider eq.(B.6) for simple calculation. It gives

aT oU
h 2 a(aaAo) O ok

T 8T aA; BA; U
\ (_ 80, Ayd8;Aq 9940 - dA;08;4, aiAj) ¥y (88kA 00 Ao + 55 Om )aa,-A,-

PT PT [ OA BA,
= ( ~ 58,4906, %1 ~ 31 36,45 (aakAoa Do + 55 0m ))

( OU_ M ooyt 6Ak87r3) oU

00; Ay, 80, Ay omi 00, A,
_ T PT 0\,  OU O,
o (aa,-AoaaiAo T 500,40 00, A | 08; Ay 00 Ao)az-ajAo

_(_FT _9M, 8U 0w\,
8A00; A O | 00; A, Oi )

(B.7)

Then using eq.(B.1)-(B.5), it can be seen that the expressions containing 0;0;A40

and 9;m7 only appear in §, as

Q - T _ *T OAg 8.9: A+ 02T 6Ak |
: 96,4008 Ay OAD, 00,4, ) “O 0 T BADA, Fm
= il T i
- (38 ApdB; A + aA.aajAo)aiajAo + 0;0;m
= U 50,80+ i (B.8)

00;4A;
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Substituting all results into eq.(4.40) gives
00, o 08y

cik = — -
2 = T 30,0,Ay  00,A; 00,
a9 (aU \ o -U) 8 [ oU m)
= aajakAo(aalAiazalA”a”) ~ 90,4y aak)wi(aalAmama’A"*a’"”
__0U 0034 U 00"
OBIA,- BBjBkAO 88(,A|¢| 68k)7ri
1/ 8U U \ 1[/ 8U _ U
= - + + 2 +
2\ 00,4, T 96,4, ) T 2\ 90,4 96,4,
=0,

(B.9)

This means that eq.(4.44) is automatically satisfied.

B.2 The condition Ci =0

The condition (4.45) can easily be shown to be automatically satisfied after
the diffeomorphism invariance conditions are used. One considers eq.(4.41) to show
the derivative of Q with respect to 8;8;Ao, 9;77, 7* and to 8;Ay. One already have
the derivatives of 2y with respect to 9;0;A¢ and &7’ in eq.(B.8). Then one will

present the left two terms as
60, 60,
onr i’ 86¢A0 ’

One takes derivative of eq.(4.28) with respect to 7. First of all, one will expand

(B.10)

Q, for properly taking derivative of 7* and 08;A4,. It gives

aT aT U U
Qz‘a_fh)_a"(aaiAo)_AaA aAaaA
oT o*T o*T o*T
= 34 <8A066 Ao 040 T 5 Ao i T R84, T )
U (A A, 0h:, U
A <8A08A°+60 AoaakAo+a Lo+ )aain'
(B.11)
Let us consider 9;A; which gives
OA; = 0A; = 0;A0 + s 0A; w00k Ao + — 0A; Lok + . (B.12)

04, 00k Ag ork
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Then one can rewrite €, as

oT PT PT PT
=4 (6A086 4,040t 55 A5, 0%+ A 55,40
oA, oA, aA, oU
(aAoaA" + S 00k Ao + 5 Lo +&J) +RT> - Mg (B13)
BA, BA, oA, U
(aAoaAoJraa - O0kAo+ SO + By )66A’
where
Ry = aA’ax (B.14)
X = A;, 0,4, 7, gy, - .., K, and
T
X' = A, 0;Ai, Guvs - - - , K. Therefore, one obtains
00, T oA PT oA BT A,
B 0M;04, 0 (8Ak6A086 Ao o 00 T 5R,56,4000; Ag B 0100
63T BAk 82T 62Ak 371'
T SABAE; Ay B M T BR, 56, Ag (67rlc9Ao G 1140
&N, on™m &N, on™  , ORy\ ORr
708 Ag Bt 1O T G Gt O E awi)J’ aw')
oA, 8U [ @A, ort N, O™
~ omt 04; (BrkBA o M0t G 8edg Bt (10K
&A; onm ., ORy\ OU
dnmdri i | Bt ) B9,A;
(B.16)

Using total derivatives properties

2 ) 2 , 2
6k< T aA,) _ 8k< 82T )aA,+ 2T m(aA)’ (B17)

90, Asdh; 80u AN, ) o, T 90, Agoh; O \ B,
2 3 3
0 (ﬁ;‘rfm) = WéfAﬁaAkaa?A:aajAoa‘ajA"
+aAkaa;Z;3 AR (B.18)
al(g’;:’) = %&4 +%alakf10+ 382(’;” i+ ...,

(B.19)
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then egs.(B.1)-(B.5) finally gives

o0 ( 6T _UNAA; _ 9U , (NN _, (T )aAj
ort ~ \0ADA, 0A;)om  00.A; *\omi )~ P\ 86, A4, ) o

T o (04
" 00, AgdA, k(aﬂ)
_ (T aU o (2T BU '\ OA,
a (aAoaAj‘aAj) o aakA (W)J’ k(aAkaAj+aakAj) o

n o*T + oUu
OALON; 004 A;
OA,;

o*T U U
- <8A03Aj - 0A; 8k(aakA )) 67Tz’ (B.20)
where
O*T \ OA; T oA,
a’“(aAkaAj) o ‘aAjaAk5k<3ﬂ)- (B.21)
Eq.(B.21) can be solved from the eq.(B.3):
BT o,
BAOA, ok Ok
PT BA; .
i\ 5 5% ) = %| % 22
a’(aAiaAj Bwk) % (Jk) (B-22)

PT \oA, T
a"(aAiaA,-) ok * GhaA, (a k) 0

Similarly, by directly taking derivative of eq.(B.13) with respect to J;4y and im-

posing eq.(A.21), one obtains

0% _ 8T . 0T oM _ T . OT  on
30,40~ 00;Ag0A, T DhpBA; 00, A;  \\88,400A000,A;  DAp0A0D; Ag DB, A,
BT 88,4 T PT oA,
X040+ 5 4006: Ag 90:A0 T (aaiAoaajAoaale 5108, 4508, A aaiAo)
BT BT oA

x 050140 + (88iA08Ak88jA0 T 5A0100; A aa,-Ao)a'A’“

PT B2, A, 88,4, OPA, OR;;

9708, A9 (aa A004; 70t 54, 80,4, T 6 Ag00 A, O T 66iA0)

ORr  ORr 0N\ _ 0N OU _ OU ([ &N o

80:A; | Oh, 00iAy) T 00,4004, 08, A00A; | \00,Ag0A;

oA, 00,4  O2A, Ry \ 8U U

940 00,40 T BB AGBG A KO0 T B4, 0

+

+

00, A; 80,4000, A),
(B.23)
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Then one considers

8~( o*T ) _ T *T

"\00;4090; 4o 54086,A000; A ¥ 50 As00: 0005 A0 1+
3
+3Akaaa A70-88 A0k a%RXO (B.24)
2 3 3
> (%) B Wé‘ Ao+ 5 Aoga;er S 00
+W§’Z{ma A+ ZIZ (B.25)
and
% (%) 4 %A_OGJAO + 8_6,1%8’&‘40 + 668?1]:0 (B.26)

One can rewrite 02 /00; Ao after using eq.(B.1)-eq.(B.5), it finally gives

0% _( OT U\ U (0NN, ,( T . oU
80,4, \0ADN, 0A; ) 90iAs  90uA; *\90iA; ) T Y\ BA,00,4;, T 6,4,
PT oAy oU OA PT 8A,

N (aA B 55, Ao) N (aajA,c aa@-Ao) * 5N.0h, 04

_(627' _aU)aA,-_ o, (0 (T +8U)
= \84.00; ~ 04, ) 86,4, 96.4; F\ 9645 BA,06,4, 00,4
PT 8U \ 8A, . OU . [ OA PT 0A,
V4 (aAjaa,-A(,) o (aajAk) 964 90, A2 (aaiAo) T BA0h; 94,
_ (0T U (08U \\ N . (0UY_ _&T
~\a4.08;, 04, " %\ 38,4, ) ) 86,4, T %\ 86:4; ) ~ oh6A,

(B.27)

Let us substitutes all results into eq.(4.41), one obtains

o Ut OU ( PT  oU (U |\
1= 94; 0o 06,A; \0AdA, 94, U\ 3B ) i

L oot LU o 8oy . 0’7 U
80, Ay, '\ 88;m* ) T 00, Ay,  \ 69;mk BAOA; BA;
U OA; aU 2T U aaja,Ao)
0 (aakAj)) 86, 4; % (aaiA,-) © OABA, 20 (86lA,- 88,0, Ay

(g, 00 OU BNN( BT 8U o 8U
=\ "% 38,4, 984, o )\ 94,08, ~ 04; * “\ 554,

(B.28)
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To see that C¢ identically vanish, one will show that first term of C} equals to zero
by using eq.(B.3) and
T 0N, o*T

__ | B2
90,00, D04y 5A,00,40 (B:29)
It gives
PT (s, O _ U ONN__ FT  OT N
90,00, \ T 96,4, " BBiAn ot ) = " OADA, T 51,00, 064,
_oU 8T oA
96:4; 5,01, Or*
T T U,
= TBROh, M08 A; DA
0.
(B.30)

In eq.(B.3), it show that the matrix 827 /0A;0A; is invertible. One can rewrite

eq.(B.30) as
. 0N oU OA;
-0 7 L = . B.31
i1 96,4, 00,Ay OnF (B3
Then one substitutes it back into Ci. It gives
Elex W (B.32)

Therefore, the condition in eq.(4.45) is automatically satisfied by diffeomorphism

invariance.

B.3 Simplication of Cy

In this section, one will rewrite Cy in simply way by using diffeomorphism
invariance conditions. Let us consider eq.(4.42), one needs derivatives of (23 with
respect to 8;0;Ag, Oim?, mt, 8;Ap and Ap. One already has the results from the last
section except Ap. So let us consider 8Qy/0A, by taking derivative of eq.(B.13)

with respect to Ag,
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80, T 8T oA (( BT T aA,-) oA
- 1410

A~ A0, | ON0Ac 0A,  \\ 94004008 A; T BA,5A000 A0 50

3 3 3
+< FT ., PT 8A’°)6,—6-A0+( T

0Ay00; A0, Ay OALDD; AyDB; Ag DA, DADONBD; Ay
3 2 2 2
+ aAkaaAgaiAo gﬁﬁ)a"m + aAfB(ng (ajogzoa Ao+ aAiango 00540
2 2 2
oo Gae ) * aae) " ao~ Maagm  (adpn
2 2 2
%6 Oflo + ai 3Am " i ﬁi")agﬂ ~ Oilk ﬁ?
(B.33)
One considers
2 3 3
* (66%;140) - SHE AR T AR
3
2 + fAlagiZaAoa iy + ?9?10 (B:34)
¢ (aa%;mc) = SR, aajAoga:-eraAk '
+8A;6(ijl—06Ak Py ?)_/RE’ (B.3)
and
a,-(g—fh’;) = %&Ao + aaf;?g 96, A5 A 50 + ‘Zﬁf (B.36)

So one can rewrite 823 /0Ay by using egs.(B.1)-(B.5) as
2 2 _ 2 2
o T +<37’ 6U)8Az_a.( o°T )_3'( BT_aAk)

8Ag  8A0A, ' \DAWDA; 0A;) DA, '\88;A0Ay) '\ BAOB;Ag DA,
oA\ AU U 8°U
—9% (8A0) 80,4;  0A00;A; Y Wy

__OT _(OT 90U (U \\oA ( &T T

-~ 0Ay0A, DAON;  8A;  TT\08;A;) ) Ao ‘\00;Ag04,  OA;04A
0%U 02U

" 940004, T A M

(B.37)
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After substituting these results into eq.(4.42), one sees that Cy is now given by

OO0 0, [ O 80y . [0 0, 80,
C=54,9m ~ 4% (aa w) 56,4, % (W) 08,4, aa’“(aaw)

o0, 8, 8,
~51, () -0 ()

_aU( 8T  aU +a( aU ))aAk_ aU a-(( 8T
0A; \8ADA, ~ 0A, " '\88/A;)) o ~ 85;,A; ‘\\8A,0A,
oU 8;( oU ))6Ak) —692+a-(( T U
T 04, 00, Ay ) ) 87 ) — 8Ag ' \\9ABA, 04

U O aU T U
* 6‘<aa,Ak)) 88, A, +3’“(aa Ak) \ aAjaAo) % a’“(aa Ak)

OU 0he _ U ( kaAk) o (nk oA, T )

=4 o 55,4, \ W o ) T a4, 80;Ay  OA;04,
(B.38)
where
&#T . U aU
k= < — ). B.
= 34.0h: ~ 94 +3‘<331Ak) (B-39)
It gives
__0U BN, U O\, QU oA, 69
=521 o aa,-A,-a’H oni B84, 05 \\ 244 (B.40)

oA oA T
e O g OMe o OT
T 554, T W54, 9 (aA,-aAo>'

Then one consider these two terms

8U OA, O PT 8A, T 0Ay A )
Tk _ A\ Yo} k
oll ( 86,A; om aa,-Ao) *J (aAjaAi B3 ' BA,00,A0 Bm; | 90iAg

_ o[ s - 02T ON 0Ny, OAy
R OA;0M, 00,40 0T T 08, A0
= §,IT".
(B.41)
Let us substitute them back into Cy, it can be written as
=gz W gn T~ 511 a(aﬂa) a4, " U0\ 254, B2

_a 8T
I\ 8A;04, )
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Then one considers

o.( 0B\ _ U . (M _ (0N OU aAk>+a_< oU )%
I aajAo BGZA, : ond I aajAo BBjAm onm™ I BajAm on™

YR AL
"\ 88;A, ) O™
(B.43)
It gives
Co= — oUu 6(3U )aA;?_aﬂg_a_( o:T )
0A;  Ont 00;A; ) omt 94y, '\ 0A;04

o (H o aA,-aA())

~ oU oU A [ AU U o0,
_ a( od; * O (aain)) I ( ~ a4, Y (aajA,-)) CY%

(B.44)
Let us substitutes 0, /0A into Cy, one obtains
0T o 1 ou ou
Co = ai(a&;-AoaAo T noA, o4 T (aakA))
OA oUu ou 02T
k k . ————— — ————
R ( o4, T o (aa A-)) 54004, (B-45)
0%U U ; O\
T 540084, N ~ gagaa M T o,
Then one considers :
PT 0A; [ O*T  OA; OA,
0AgON; Ot OA;0M, OA, O (B.46)
LY '
~ 0Ay

Substituting back into Cy, one finally obtains

T PT U U o0 [ OT
Co= a"(aaiAoaAo T on04; ~ 94, 6’°(aak,4 )) T (8A08A

U U T 82U 82U
~ 34, T (aa 7 )) ~ GA0As T 5Ag0GiA; 0N T BagaA ™

_s T N 0T  aU 8 U
T Y\ 86,4004, OMNOA, 0OA;  F\35.A;

LN T oU o ( OU T _6U+6(6U))
Ot \BADN,  0A, | 7\ 80;A;) ) \8A0A;  8A; " '\ 8B4

*T o*U o*U

~ BAgoAy T BABGA N T Bap A

(B.47)
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It is possible to rewrite Cy in configuration space. This is simply by replacing
A; = A;. Therefore

e 0T  &T _8U [ 8U
07 T\ 88,4004 ' 9A0A, OA; ' '\ 00;A;

Y ( PT  8U +a.< U ))( 82T _auw( U ))
“\ 0404, 0A;  \088;A) )\ 84,04, 0A;  \85;A;

__OT | _PU L4 U 4
8A00A, T 0ALBBA; N T B ADA

(B.48)

where (T—1)y; is the matrix inverse of T% = 82T/9AdA;. The form of C; in
eq.(B.48) makes it easier to check whether any given Lagrange in eq.(3.14) satisfies
eq.(4.97).



APPENDIX C CONDITIONS FROM DIFFEOMORPHISM
INVARIANCE IN MULTI-FIELD GENER-
ALISED PROCA THEORIES

In this appendix, we consider a class of theories described in section 4.2.
Since these theories are diffeomorphism invariant, their Lagrangians would satisfy

the conditions to be presented in this appendix.

Under diffeomorphism z# — z# — ¢*(z), the vector fields transform as
0 A5 = €0, A5 + Ay O,ue”, (C.1)

and the external fields K transform under standard diffeomorphism. The La-
grangian density transforms as eq.(A.15). Demanding the expression §.L — 0, (e*L)
to vanish will give rise to useful conditions. In order to evaluate this expression,

we begin by recall that £ = T 4 U,A%. Then we consider

or o orT o . OT o . 0T
0T = 8A°‘5 AS 88 Aaaka AZ + 6A ——0gb. AT + 8K5 K. (C.2)
Next, let us consider
oT oT oT
—O.(*T) = —8..e*T — &+ o a a
0, (e*T) Oyt <€ (aAaa AS oA == Ok0uA; aAaaoauAk>
k (C.3)
or
— B_Ka K.
Combining the two expressions, we obtain
or oT o o o
0T — 0,(e"T) = 54z ToR Az (Bke“B#A,, + Op A0, € + A#Bka,,e“)
871 « 24 [a3
+ ok (6“6 A + AZOhet + A0 ) — B, T
8T 8T
BK T 8K o M
(C.4)
Let us also compute
8.(Us Ay = 0Us (0, A% + A%D,e") Al + 9Us —0;(e*0, A% + A0, ") Al
0A% # 00; A% (C.5)
+ 489U 8 K + Upo(e"8, A8 + APOe),

VoK
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and
—8,(FUAD) = —8,e*U Al — ¢* OUs 9. AZ + —‘BQﬂ—aia,LAg A
9 Az 80, A (C.6)
— e Af %@K — *Up8, AL

So we have

8. (UpAB) — 8,(e*U AR = SZQ AD,e" Af + Up(é"0,Af + 0, A5 + ALBoe” + ALE)
— 8,efUBAf — U0, AL + Ag%u{ - E“Ag%auf{

oy, . ,

+ Wjﬁ(a@-e#aﬂAg + 8iA%B,¢" + ACD;B,¢") Af.

(C.7)
Combining eq.(C.4) with eq.(C.7), we obtain the expression for §.L — 8,,(¢“L).
We are now ready to obtain useful conditions. Let us note that the expres-

sion 6.L — 0,(e*L) is a polynomial in A% up to degree two. Consider the term

containing AAS in §.L —8,(eL). Tt can easily be seen that there is only one term

which is
Up . 0 ja ;8
aaiAgaze AjAp. (C.8)
Demanding this expression to vanish gives
4ot + o0~ 0. (C.9)

00,45 00 Ag
Let us next turn to the coefficients of AS. For this, it would be convenient to
consider eq.(C.4) and eq.(C.7) and collect the terms proportional to AS. We have

or

— 8., (et
0T — 0,(e*T) > 5642

. aT .,
akEOAO + 'aTgAO 8];;60, (C.].O)

and
oUpg
0A%

0(UpAf) — 8,(¢*UpAf) 5 712 A%0,e* Af + Up(*Af + AGE®) — 0,6*Up Af

aUﬂ m o a [ a L A8
+ D0, A (0:"0, Ay + 0;A50,¢ + AL0;0,€") Ag:vo
. g0U, . 50U,
BYYp _ mABYYB
+A0_8K5€K € AO——aKauK.

(C.11)
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Therefore, we have

or 0 or 0 aUﬂ ag _p .0 u BUﬂ
aakAoﬁake + aAgake + BA;}A"B"E + 2Ug¢° — 8,6"Up + e 5K
8, o0 (C.12)
M 24 A " an. u 7 -
+ (93%143‘ (azf al,l,Ay + azAuauf + Aﬂazaue ) Ag=0 € _aK a“K 0.

Although the above equation looks complicated especially due to the explicit pres-
ence of external fields, we will only extract some parts of this equation to obtain
the conditions that we will need. These conditions will look much more simple.
For example, the dependence on the external fields and their derivatives are only
through T and Ug. We may derive these conditions as follows. Taking derivative
of eq.(C.12) with respect to A;‘ gives

T . _&T U
00, AJOAT ~ DAJDAY  00.AT

= 0. (C.13)

Let us take derivative of eq.(C.12) with respect to 9;A§, then swap the indices o
and 3, add it to the original equation, and use eq.(C.9), we obtain

, O BT o o _

0. (C.14)

Expressing in phase space, the conditions egs.(C.13)-(C.14) become
o*T 0*T oUg

+ + =0, C.15
0B, ABDAS ~ ONZOA  DOLAS (C.15)
and

2 +2 + + =0. C.16
00;A%08,45 08, AL0ND) * 00;AF " 90, A (C.16)

By substituting eq.(C.15) into eq.(C.16), we obtain

2 2

oL 7T~ (C.17)

B B

Ba(ﬂAgc')a,k)AO 8A6.(9Ak)

It can easily be seen that the analysis in this appendix is valid as long as 0;e® # 0.
In particular, it is valid when the theories are diffeomorphism invariant. It is also
valid when the theory is put in flat spacetime, in which the Lorentz isometry, with

Killing vector €* = wh,z” for w,, = —w,,, is required.



APPENDIX D EXPRESSIONS OF 8¢,/00:Q° IN PHASE
SPACE

In this appendix, we outline necessary steps to express 0¢q/ 907Q)P in phase
space. We use the same set-up and notations as those given in sections 4.2-4.3. For

convenient, let us denote P4 and A4 as collective for 7 and A, respectively.

The idea is to first express 0@,/ 807QF in terms of oy This can be achieved
by recalling from section 4.3 the equation (4.133). Recall also that diffeomorphism
invariance requirements and demanding ¢, = 0 to not introduce further dynamics
on the vector fields and imply that 8o /0QP = 0 = da,/d3;QP. Furthermore, due

to the form of the Lagrangian of interest, we also have 8aa/00;,0;, - - -ai,Qﬂ =0

for [ > 2. So
Oaa_ _ (D.1)
007QP
Then since ¢ = ¢, we have, from eq.(4.133) and eq.(D.1)
6aa ! Oay, da
Z 07 -y 56,07 0zr(MP%ag) + —B—EK (D.2)

|Z|=0 |Z)=0
Due to eq.(D.1), it can be seen that ¢, depend on 6zQ” only through the expres-

sions 87Q™ and 87(MPCac) which appear in the above equation. This gives

0¢a O, da, 007(MABag)

= = : : D.3
807QP  00:QF  80,Q4  00:QF° (D3)

We then need to compute each expression on RHS of eq.(D.3). For this, let
us directly express a4 in terms of Lagrangian then transforming to phase space, but
transform a, to —Qq (cf. eq.(4.139)). Direct calculations can be given as follows.
In order to evaluate 897 (MABag)/807Q° we note that IMAP/88;QF = 0 for
|Z| > 0 whereas ap depends on Qf and 8;Q? but not on 87Q° where |Z| > 2. By

writing Oy by using chain rule and taking derivative with respect to 8zQF, we
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obtain
d0wop _ OBop 4 .  0%as . Oop +5 dap  00jap _ , Oos
000,08 06,08 *  88.QF  e8QF  TaQF’  0QF QP
(D.4)
This gives
3ak(MABOlB) . 6((3kMAB)aB + MABBkaB)
80,0,Q° 00,0,Q°
_ ppan 90kas (D.5)
86,0,Q°
Odapg .. .
_ afAB B ¢ ¢f
=M 5005
(AfAB _
00;(M*"ap) _ 8, (MAB&L{B) + 5;,MABaa__B, (D.6)
86;QF 00:QF 0GP
. AB
66](M CYB) — 6j (MAB_B_EV'_B_) q (D7)
0QP 0QP

Next, let us express dapg/ d87QP in terms of phase space variables. The calculations
will involve 8(d;(8L/88,QF))/80QP, which can be computed by first using the

chain rule for 9; and then taking derivative with respect to 8:Q°P. The relevant

results are

5 (0(:25)) -4 (55 s (025) -
a0 \ *\85.Q8 ) ) ~— " \0Qra6.QB) 86,0 \’ \90,QF 8QPIBQP

(D.8)
So
fap _ L o &L \__&L
0QF  0QPOQP "\ 0QPO0QP )  9QPOQ” (D9)
T Lo (20U _ 9Us
 0QPONE T T\ 06,Q%)  0QF
ap _ 0L L
00,Q°  0D.QPOQP ~ 98,QP0QF (D.10)
T U '

= 36,0P0hF T 86,QF"
Next, let us express O, /007QP in phase space. For this, we first use eq. (4.139) to

transform oy, to —Q. More precisely, this is

Oy = _Qa(QM)aiQMaaianMa-PB;aiPB,K)’ (Dll)



145

such that Pg = Pg(QM™,8,QM,QF, K), in which both sides of eq.(B11) are both
functions on the tangent bundle. So when taking derivative of o, With respect to
87QP, we need to also take into account that Pg and 0;Pp also depend on 0rQP.
As part of the intermediate calculations, we need to compute 80 Pg/ 007QF, which
can be done by first writing 8;Pp using chain rule, then taking derivative with

respect to 07QP. We have

 00uPs _ o (OP5 \ , ;0P8 0Pz _, (OPp
~ % \96,QF) T *aQP 8QF  *\9QP)"

(D.12)

00,Pp  OPp 55
86,0,QP ~ 95,8 *°) 55,08

Then we use eq.(4.80), which is equivalent to Pg = 0T /OAB. Keeping these in

mind, we have

daa 00 0, OPg
00:0;,QF ~  90,0,QF 90 Ps 00;)Q° 5
e . T (D13
~ " 90,0,QF 093 Pp 00);QP0AP’
0aa _ 00 _ 00 o (0P5\ 00 OPs
88;QF ~  00:QF  99;Pp ~ \00,QP)  80;Pp QP (D.14)
__ 00 00 o ( PT \_ M. OT '
~ 98,QF  00:Pp  \00,QPOAEB)  006,Pp 0QPIAE’
Oaa _ 00 _ 00 , (8PB)
aQf ~ T 8QP 7\ 8QP
o 0Q7  9orPs ~ \0Q (D.15)

_ 00 0 o:T
~ T 0QF 080:Ps ~ \OQFOAB )"

Finally, let us compute da,/00;QP. For this, as intermediate steps we compute

8Py 0L 00,P5 _ . OPg . 90,P3
B T — Wys, B = 5 2B — Wapbl, ——al =Was.
904 0Q4008 P 8a,0h  Faga PR e T TP
(D.16)
Then we have
Oay, 00,
66@‘4 = _aaiPBWAB, (D17)
dag 00, 04
904 56,Pp OiWga E?BWBA. (D.18)
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Then by substituting eq.(D.5) - eq.(D.7), eq.(D.9) - eq.(D.10), eq.(D.13) - eq.(D.15),
and eq.(D.17) - eq.(D.18) into eq.(D.3), we obtain

O¢a ;
505 = —Cope + OiClge — 0:0;Cih4
0ba_ _ i
36,67 = Clsa™ 20,C, (D.19)
ad’a _ )

———— = —Cyl,.

88,0;QF 2
By using diffeomorphism invariance requirements, eq.(4.100) is realised. This sim-
plifies eq.(D.19). Further simplifications are possible. For this, let us note that

using eq.(D.3)-(D.9) and diffeomorphism invariance requirements, one obtains

0¢a  O¢s ( s ) da,  Oog ( dap Oag  0Oc, )
g o; — | = - 0; +
008  0Q~ y 00;Q=) 0QF 0Q" T\ a0 0Q " 0QP

(D.20)

Then by expressing o, in terms of Lagrangian and using diffeomorphism invariance

and secondary-constraint enforcing relations, we obtain

o Ods (a@a )_
20~ 30s % (age) =¥ | (D.21)

which is equivalent to the phase space expression
Coap = Copa — 8iCiga- (D.22)

Finally, this gives

5¢a a¢a i a¢a
- = — B> —_—_— = —Cza ) _— = 0 D23
0@~ " 8 TP 000,08 (D2)
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