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ABSTRACT

This dissertation investigates the cosmological evolution of a universe com-
posed of non-relativistic matter (dust), a scalar field with non-minimal coupling
(NMC) and derivative coupling (NMDC) to gravity, and vacuum energy based on
holographic principles. Understanding the interplay between dark energy, scalar
fields, and spacetime curvature is essential for explaining the accelerated expansion

of the universe.

The study focuses on two models: (1) a scalar field coupled to the Einstein
curvature tensor (NMDC model) and (2) a scalar field coupled to the Ricci scalar
(NMC model). In both models, the dynamics of the universe at late times are
emphasized. In modern cosmology, NMDC provides a mechanism for generating
inflation without relying on the slow-roll approximation for scalar fields in the early
universe. However, NMDC models are generally disfavored by observational data.
Consequently, the focus shifts to the NMC theory, which aligns more closely with

inflationary observational constraints.

This dissertation examines these models during the late stages of cosmic
evolution. Specifically, it explores the NMDC and NMC models in conjunction

with holographic vacuum energy, which depends on the cosmological horizon. The



observable universe is bounded by the apparent horizon, a trapped-null surface
analogous to a black hole’s event horizon.
To account for the complexity of the models, the evolution of the universe

is analyzed using dynamical system techniques and numerical integration.
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CHAPTER I

INTRODUCTION

1.1 Overview

Understanding the current accelerated expansion of the Universe remains a
challenge in cosmology. This acceleration could be driven either by dark energy,
an exotic form of energy with negative pressure, or modifications to the theory of
general relativity. [1,2,3,4,5,6, 7]. It corresponds to a negative equation of state
parameter less than —1/3, with observational evidence suggesting a value close to
—1 [8, 9, 10, 11]. Dark energy can be described as either a dynamic scalar field
or a cosmological constant. This exotic energy can be modeled as an additional
dynamical component that modifies the matter sector within the Lagrangian. Al-
ternatively, late-time acceleration could be attributed to modifications in the grav-
itational sector of Einstein’s field equations. Modified gravity theories offer various
approachés, such as replacing the Einstein-Hilbert Lagrangian, L = R, with a
function of the Ricci scalar, L = f(R), [12, 13]. Other models involve interactions
between barotropic fluids, scalar fields, and gravity, leading to complex behaviors
within the framework of scalar-tensor theories [1, 14, 15). This dissertation explores
a gravity model where a coupling between the scalar field’s kinetic term and the Ein-
stein tensor leads to the non-minimal derivative coupling gravity model (NMDC).
Previous research has demonstrated that this model can lead to an accelerated ex-
pansion of the Universe, as indicated in various studies [16, 17, 18, 19, 20, 21]. The
NMDC model provides second-order equations of motion, representing a subclass of
the most general scalar-tensor theory with second-order equation of motion, known
as Horndeski theory [22, 23]. The second-order equation of motion for the field en-

sures that it avoids energy that is unbounded from below, a condition known as



Ostrogradsky instability [24, 25]. The NMDC action is given by

/d4x\/—— {— - lg,w VHEOVY ¢ — —G,“,V“qbV"qﬁ V(¢)} + S+ Sh,

2
(1.1)

where S, and S, are the actions of the matter fields, including dark matter and
baryonic fields, and the cosmological vacuum energy, respectively. The third term
on the right-hand side represents the NMDC interaction between the kinetic term,
V*¢, and the Einstein tensor, Gy, with x denoting the coupling constant, which
characterizes the strength of the coupling. At late times, for a power-law potential
of the form V(¢) = Vo¢" with n = 2, the model predicts accelerated expansion,
with the equation of state parameter matching observational data [20, 26, 27]. For
potential exponents n < 2, the scale factor exhibits oscillatory behavior, while
for exponents n > 2, the model predicts a Big Rip singularity [28]. The NMDC
coupling plays a crucial role at early times, as it can drive inflation without the
need for fine-tuning the potential [26]. However, at late times, the NMDC coupling
is unable to drive acceleration due to the very small value of the coupling constant

[29]. Hence, it behaves like quintessence, as it is driven by the potential.

The most successful model, which is highly compatible with observational
data, is the ACDM model, with the cosmological constant, A, driving late-time
accelerated expansion. This naturally leads to the inclusion of a cosmological con-
stant term in the action. Traditionally, the cosmological constant is interpreted as
vacuum energy. However, the well-known cosmological constant problem remains
due to a large discrepancy between the cosmological constant energy density and
the UV cutoff of quantum zero-point vacuum energy [30]. It is possible that the

cosmological constant does not represent vacuum energy.

The cosmological constant problem motivates the replacement of the cos-
mological constant with holographic dark energy as a candidate for cosmological

vacuum energy density. Holographic dark energy (HDE), sometimes referred to



as holographic vacuum energy, is a form of vacuum energy derived from applying
the holographic principle to cosmology. The energy density of holographic vacuum

energy can be expressed as

3c?

= — 2
pA 87GL’ (1.2)

where L is a cosmological horizon cutoff or IR cutoff, and the parameter 0 <c < lis
a numerical constant [31]. HDE explains the evolution of the universe, influenced
by the cosmological horizon cutoff. It can be interpreted as the vacuum energy
with an IR cutoff. Considering either the Hubble horizon, L ~ H —1 for flat
spacetime or the apparent horizon, L ~ 1/4/H?+ k/a?, for non-flat spacetime
as the cosmological cutoff leads to a HDE equation of state parameter wy = 0.
This behavior is dust-like, which is inconsistent with observational data [32]. To
achieve an accelerating expansion, the concept of a future event horizon has been
proposed [31]. However, this approach requires information from future states,
which is incompatible with the principle of causality. Furthermore, HDE with the
future event horizon encounters the cosmic age problem, predicting a Universe that

is younger than what is observed from high-redshift objects [33].

We employ the apparent horizon as the cosmological cutoff because it is ex-
pected to exhibit properties similar to a black hole event horizon. It should enclose
a cosmic volume bounded by a trapped null surface from which no light signal can
reach. In a non-flat accelerating Universe, a trapped null surface exists when using
the apparent horizon as a cutoff scale. This horizon alleviates the cosmological
constant problem, as the energy density of HDE with the apparent horizon can
be compatible with the density of the cosmological constant {34]. Moreover, the
Friedmann equation can be derived from the first law of thermodynamics when
applying the apparent horizon to Cai-Kim temperature T’ = 1 /(2mR4) [35]. Using
the apparent horizon as the cosmological cutoft provides a strong motivation; how-

ever, the dust-like behavior problem still remains. To address this issue, several



models involving modified black hole entropy have been proposed. Due to the non-
extensive nature of black hole entropy, characterized by Bekenstein entropy, Tsallis
entropy has been introduced as a non-extensive version of Bekenstein entropy. By
applying Tsallis entropy to a cosmological context, Tsallis holographic dark energy
has been proposed [36]. Rényi entropy is also considered in cosmology, leading to
the development of Rényi holographic dark energy [37, 38]. Additionally, Kani-
adakis entropy has been developed into Kaniadakis holographic dark energy [39].
Sharma-Mittal entropy is also considered, resulting in Sharma-Mittal holographic

dark Energy [40].

This dissertation investigates non-flat spacetime cosmological models of
HDE with the apparent horizon cutoff in combination with the NMDC model.
The matter content consists of the NMDC scalar field; dust field, and holographic
vacuum energy. We perform a dynamical system analysis to explore the interplay
between HDE, the NMDC field, and spatial curvature, focusing on their impli-
catibns for the kinematic properties of late-time cosmic expansion. Additionally,
we compare our results to the observed expansion history derived from Type Ia

supernovae data.

1.2 Outline of the Dissertation

In Chapter 2, we introduce the basic concepts of dark energy. This chapter
provides an overview of cosmology based on General Relativity, with the cosmologi-
cal constant as the simplest dark energy model. Additionally, the chapter examines
the well-known cosmological constant problem, which addresses the discrepancy be-
tween the observed energy density of the cosmological constant and the theoretical
prediction from quantum zero-point energy. In Chapter 3, we provide a brief re-
view of the NMDC theory. The historical development of the theory is outlined in

this chapter. We begin by reviewing the first NMDC model introduced by Amen-



dola [16], followed by subsequent developments by Capozziello, Lambiase, Schmidt
[17], as well as Granda [19], and Sushkov [20]. Chapter 4 discusses the concept of
HDE. This chapter provides a brief review of the application of the holographic
principle to cosmology, including the construction of the UV/IR correspondence
based on black hole physics. We also review HDE models that incorporate various
cosmological horizon cutoffs, such as the Hubble horizon, particle horizon, future
event horizon, and Ricci dark energy. In Chapter 5, we investigate the interplay
between the NMDC scalar field and holographic dark energy within a non-flat uni-
verse. We derive the corresponding field equations and the Friedmann equation
in the context of the FLRW universe. Furthermore, we construct an autonomous
system to analyze the dynamical stability of the model. The qualitative behavior
of the universe is discussed, and numerical integration are performed to study the
kinematic behavior of the Hubble parameter and the equation of state parame-
ter. Given that the inflationary NMDC model has been ruled out as inconsistent
with observational data from the cosmic microwave background (CMB) radiation
[41, 42, 43], We investigate a new model that is viable in both the early» Universe
and late-time accelerated expansion. In chapter 6, we investigate the non-minimal
coupling (NMC) between the scalar field and the Ricci scalar model. Addition-
ally, we construct an autonomous system to examine the dynamical stability of the
model. We discuss the qualitative behavior of the universe and perform numerical
integration to analyze the evolution of the density parameters and the equation of

state parameter. The conclusions and discussions are presented in Chapter 7.



CHAPTER 11

BASIC KNOWLEDGE OF DARK ENERGY

In this chapter, we review the basic knowledge foundation of dark energy. In
modern cosmology, the accelerated expansion of the Universe has been confirmed
by observational data from Type Ia Supernovae. In 1998, two independent research
teams reported this discovery: Riess et al. [11] from the Supernova Search Team,
and Perlmutter et al. [9] from the Supernova Cosmology Project Team. One
proposed explanation for this acceleration is dark energy, a mysterious form of
exotic energy exhibiting repulsive pressure. Observations of supernovae suggest
that approximately 70% of the current Universe consists dark energy. Although
the nature of dark energy remains unknown, its origin is one of the biggest questions
in modern cosmology. Additional evidence supporting the existence of dark energy
comes from measurements of the cosmic microwave background (CMB) radiation
[44, 45, 46], large-scale structure (LSS) surveys [47] and baryon acoustic oscillations
(BAO) [48].

Theoretically, General Relativity, when combined with the cosmological
principle, can account for the accelerated expansion of the Universe. There are two
main approaches to studying dark energy. The first approach modifies the matter
component by introducing an exotic energy-momentum tensor with negative pres-
sure into Einstein’s field equations. The second approach involves modifying the
gravitational sector of the equations by replacing the Einstein-Hilbert Lagrangian
with a function of the Ricci scalar, known as f(R) gravity. Among the various
dark energy models, the simplest and most successful explanation for the acceler-
ated expansion is the cosmological constant, which was originally introduced by

Einstein in his field equations.

In the next section, we review the basic concepts of cosmology and explore



how they describe the behavior of dark energy. We then introduce the cosmological
constant model and discuss its related theoretical problem, commonly known as

the cosmological constant problem.

2.1 Cosmology based on General Relativity

Ceneral Relativity is a geometric theory of gravity, in which gravity arises
as a consequence of the curvature of spacetime caused by the distribution of mass
and energy. Mathematically, the relationship between spacetime curvature and the

distribution of matter and energy is described by Einstein’s field equations’,
G = 81GT,, (2.1)

where G, represents the Einstein tensor, which encodes the geometric curvature
of spacetime, and T, denotes the energy-momentum tensor, which quantifies the
distribution of matter and energy within the spacetime. In General Relativity,
the Einstein tensor is constructed using the contracted Bianchi identities, given
by VEG = VH(Ru — guwR/2) = 0, where Ry, R and gy fepresent the Ricci
tensor, Ricci scalar and metric tensor, respectively. These identities are linked to
the conservation of energy and momentum, expressed by the vanishing divergence
of the energy-momentum tensbr, VAT, = 0. This condition ensures consistency

between left-hand and right-hand sides of Einstein’s field equations.

Modern cosmology is based on the cosmological principle, which states that
the universe is homogeneous and isotropic on extremely large scales. A homoge-
neous universe is translationally invariant, meaning its properties remain consistent
at all location. An isotropic universe is rotationally invariant, indicating that its

properties are the same in all directions. Mathematically, the line element describ-

1Throughout this dissertation, we adopt units where the speed of light is ¢ = 1 and the metric

signature is (—,+, +,+).



ing a homogeneous and isotropic universe is given by the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric, which is expressed as

dr?

1—kr?

ds? = —dt® +a?(t) < +r2d6? 4 r?sin’ 0d¢2> , (2.2)

where a(t) is the scale factor, a time-dependent function that determines the ex-
pansion of the Universe. The constant k specifies the spatial curvature of the
Universe, with values k = 0,—1 and +1 corresponding to flat, open, and closed
spacetime geometries, respectively. In accordance with the cosmological principle,
the energy-momentum tensor in Einstein’s field equation (2.1) can be modeled as
a perfect fluid. A perfect fluid is an idealized fluid with no viscosity, no heat con-
duction, and isotropic pressure. It is characterized only by its energy density and

pressure. The energy-momentum tensor for a perfect fluid is given by
Ty = (ot Puyu, + Py, (2.3)

where p = p(t) and P = P(t) are time-dependent energy density and pressure,

respectively. The four-velocity in comoving coordinates is uw* = (-1,0,0,0).
Within the context of the FLRW universe (2.2), solving Einstein’s field

equations (2.1) together with the perfect fluid energy-momentum tensor (2.3) yields

the Friedmann equations,

3k
3H% + - = 87Gp, (2.4)
3H? +2H + % = —87GP, (2.5)

where H = a/a is the Hubble parameter, which quantifies the expansion rate of the
Universe with respect to cosmic time, driven by the energy density and pressure of
the matter components. By substituting equation (2.4) into (2.5), we can derive

the acceleration equation for the scale factor, given by

a 4G
E = ———3-—(p+3P). (2.6)



Equation (2.6) reveals the conditions for the expansion of the Universe based on

pressure as follows:
e P < —p/3, the Universe experiences acceleration (i/a > 0),
e P > —p/3, the Universe experiences deceleration (d/a < 0),
e P = —p/3, the expansion rate remains constant (/a =0).

Since the energy density is always positive, negative pressure is required to drive

accelerated expansion.

The conservation of energy and momentum is encoded in the vanishing
divergence of the energy-momentum tensor, V, T} = 0. In a homogeneous and
isotropic universe, the continuity equation can be derived by focusing on the time
component (i.e., V,T¢ = 0) of the divergence-free energy-momentum tensor. This

leads to the energy conservation equation,
p+3H(p+P) = 0. (2.7)

This equation expresses the relationship between the energy density and pressure
of a perfect fluid in an expanding universe, describing how the energy density
evolves over cosmic time. The spatial component of the divergence-free equation,
Vv, T} = 0, provides the momentum conservation equation, or Euler equations, in
fluid dynamics, which describe how momentum evolves in space. However, in a ho-
mogeneous and isotropic universe? there are no spatial variations in energy density
and pressure, meaning the spatial components do not contribute to the dynam-
ics. Mathematically, this gives trivial solution for the spatial component of the
divergence-free energy-momentum tensor. In fact, the continuity equation (2.7) is
not independent of the Friedmann equations. It can be derived by taking the time
derivative of the first Friedmann equation (2.4) and then using the second Fried-
mann equation (2.5). Consequently, the system of Friedmann equations cannot be
completely solved for all three variables, i.e., a(t), p(t) and P(t). This is because

we have two independent equations and three unknowns. To resolve the issue, an
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equation of state (EoS) for the matter components is introduced. The EoS relates

energy density and pressure through a linear relationship,
P = wp, (2.8)

where w is EoS parameter. This additional equation allows us to express one
variable in terms of another, reducing the system to two independent equations
and two unknowns. The EoS parameter plays a crucial role in determining the
evolution of matter energy density as the Universe expands. This evolution is
governed by the continuity equation (2.7). By applying the EoS equation (2.8) to
the continuity equation (2.7), the evolution of the energy density with respect to

the scale factor can be expressed as
pla) o« a731+®) (2.9)
However, equation (2.9) is only valid when the EoS parameter w remains constant.

Suppose the universe is filled with a single component. Different matter
components in the Universe correspond to different values of the EoS parameter.
Non-relativistic matter, which includes baryonic and dark matter, is pressureless
(P = 0), leading to an EoS parameter of wr, = 0. Here, the subscript “m” denotes
the non-relativistic matter component. According to equation (2.9), the solution

is given by

1

During the matter-dominated epoch, this equation implies that the energy density
scales inversely with the volume, a3. As the Universe expands, the energy density

of non-relativistic matter decreases.

For radiation, including photon and relativistic particles, the FEoS parameter
is w, = 1/3. Here, the subscript “r” represents the radiation component. According

to equation (2.9), the energy density of radiation evolves as

1
oo = (2.11)
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This relationship implies that during the radiation-dominated era, the energy den-
sity of radiation decreases faster than the volume of the Universe. This is due
to the additional factor of a in the denominator. Physically, besides the effect
of expanding volume, radiation is also influenced by redshift. The redshift, z, is

inversely proportional to the scale factor (z = —1+1/a).

According to the conditions for accelerated expansion, the corresponding
EoS parameter must satisfies: w < —1/3 for accelerated expansion, w > —1/3 fof
decelerated expansion, and w = —1/3 for a constant expansion rate. This indicates
that both non-relativistic matter and radiation lead to a decelerated expansion of

the Universe. The condition for accelerated expansion requires the EoS parameter
Wge < —7. (2.12)

This implies that the mysterious component driving the accelerated expansion must
have negative pressure, a property not exhibited by ordinary matter. This exotic
form of matter is called dark energy, denoted by the subscript “de” The EoS
parameter of dark energy can either be constant or a function of the scale factor. A
constant EoS parameter simplifies the model, while a function EoS parameter offers
more flexibility to accommodate different cosmological scenarios and observational

data. The continuity equation for dark energy is given by
pae + 3Hpae(l +wee) = 0, (2.13)

This equation can be integrated. Ingeneral, the energy density of dark energy can

be expressed as
da
Pde X €XP [—3/—;(1+Wde(a))} . (2.14)

Suppose the Universe is filled with multiple components, including radiation,
non-relativistic matter, and dark energy. To account for these different components,

the Friedmann equation (2.4) can be written as

3k r0 | Pm d
3H? + prl 8rG [p U 3—3:9 + Pde,0 €XP (“3/;(1(1 +wde))] , (2.15)

a?t a
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where pmo, pro, and paeo represent the current energy density of radiation, dust, and
dark energy, respectively. The equation becomes a first-order differential equation
in terms of H = a/a. If wq, is known, this equation can be integrated to obtain the
scale factor as a function of cosmic time. The expansion history of the Universe can
be qualitatively divided into distinct epoch: a radiation-dominated period, followed
by a dust matter-dominated period, and finally a dark energy-dominated epoch.
To compare with observational data, the Friedmann equation is often expressed in

terms of the dimensionless density parameter as
1 = Qr-l-Qm—I-Qde-{-Qk, (2.16)

where the density parameter, (), is defined as {}; = 8nGp;/3H?, with *“ 1 ” repre-
senting r(radiation), m(dust), de(dark energy) for each cosmic component. These
parameters quantify the relative contributions of each component to the total en-
ergy density of the universe, sometimes referred to as the constraint equation.
Additionally, equation (2.16) includes the curvature parameter (% = —k/(a?H?),
which characterizes the geometry of the Universe. This equation imposes a con-
straint on the total matter density of the Universe. The current value of each
density parameter is obtained by setting H = H, and the present scale factor

ag = 1, resulting in the relation
1 = Q,-’o + Qm,O + Qde,O + Qk70 . (217)

The Friedmann equation (2.15) can be expressed in terms of the current values of

the density parameters, which are constrained by observational data.

Qr,O Qxn

d Q
H?* = H; + —ag—’o—l—Qde,oexp <—3/§(1+wde)> + —;T’O} . (2.18)

a4
Here, Hy represents the present-day Hubble parameter, commonly referred to as

the Hubble constant.

In the present-day Universe, the contribution of radiation to the total energy

density is negligible. As a result, the Friedmann equation can be simplified to focus
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on the interplay between matter, dark energy, and spatial curvature. Observational
analysis of the cosmic microwave background (CMB) data from the WMAP 9-year
mission [45] strongly constraints the spatial curvature of the present Universe to
be very close to flat, with Qo = —0.002770:003. The WMAP data also provides
constraints on the density parameter of other components, Qno = 0.286510:9%92
for non-relativistic matter (including baryons and cold dark matter) and Qgeo =
0.713513:99%5 for dark energy. Recently, analysis of Planck 2018 data [46] constraints
the spacial curvature to be even closer to zero Qo = 0.0007 + 0.0019 compared
to WMAP, further supporting a flat Universe. The density parameter for non-
relativistic matter, {20 = 0.315 :!: 0.007, and dark energy, $24e0 = 0.6847 £0.0073,
are also determined with higher precision by Plank data. Additionally, Plank data

provides a constraint on the dark energy EoS parameter, wae = —1.03 £ 0.03.

Moreover, the current value of Hubble constant, Hy, derived from local mea-
surement of Cepheid variables and Type Ia Supernovae reported by the Supernovae
and Hj, for the Equation of State (SHOES) project [49], is Ho = 73£1.04 km/s/Mpc.
In contrast, the Dark Energy Spectroscopic Instrument 2024 (DESI) [50] reports
a current value of Hy = 67.97 + 0.38 km/s/Mpc based on baryon acoustic oscilla-
tion measurements. The Hubble constant observed from DESI corresponds to the
Planck 2018 data [46], which measures the early universe from the CMB, yielding
a value of Hy = 67.36 & 0.54 km/s/Mpc. These values highlight a slight tension
between measurements at low redshift and high redshift, known as the Hubble

tension.

Cosmological observations provide constraints on the composition of the
present-day Universe. Dark energy is the dominant component, contributing roughly
70% of the total energy density, while non-relativistic matter constitutes 30%. The
current density of radiation is negligible (€, o ~ 10™*) and can be ignored for late-

Universe considerations. However, the nature of dark energy remains a mystery,
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and its properties are a subject of active and ongoing research.

2.2 Cosmological constant model

Among the various models proposed for dark energy, the cosmological con-
stant is the simplest. It manifests as a uniform energy density throughout space
and remains constant over time, acting as a source term in the Einstein’s field
equations. The ACDM model, which incorporates the cosmological constant along
with cold dark matter, is the most successful model for explaining the universe’s
history and exhibits strong compatibility with observational data. Historically, to
maintain a static universe, Einstein introduced the cosmological constant in his

field equations as follows
Gu +Agw = 81GTy, . (2.19)

In this context, the term Ag,, can be interpreted as the energy-momentum tensor

of the cosmological constant,

A
87rGg’“j'

A
TH = (2.20)

In the FLRW universe, the energy-momentum tensor can be represented by a per-
fect fluid as described in equation (2.3). For the cosmological constant, this leads

to the expressions for energy density and pressure as follows

A A

= — = ——, 2.21

According to EoS equation (2.8), the pressure and energy density are related by

Py = —pa. (2.22)

Consequently, the equation of state parameter for the cosmological constant is given

by

WA = -1. (2.23)
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The cosmological constant satisfies the condition for accelerated expansion, as its
EoS parameter, wy, is less than —1/3. The EoS parameter of the cosmological
constant is consistently supported by observational data from the Planck 2018
mission. In the FLRW universe, applying the Einstein field equation (2.19) yields

the following Friedmann equation

&G k A
2 __
B = =gty (224

where p; represent the energy density of non-relativistic matter (dust and dark
matter) and radiation component of the Universe. Assuming a flat universe (k = 0),
which is consistent with WMAP and Plank mission data, The Universe filled solely

with a cosmological constant at late time (p; = 0) leads to the following Friedmann

equation
NS A (2.25)
3
This can be simplified to yield the Hubble parameter
H = % ) (2.26)

The equation can be integrated directly to determine the evolution of the scale

factor a(t) as a function of cosmic time. This gives
at) = ageVA3. (2.27)

The solution is known as the de Sitter solution. In this scenario, the scale factor
exhibits exponential growth with respect to cosmic time, leading to the accelerated

expansion of the universe.

2.3 Cosmological constant problem

To estimate the current value of the cosmological constant, we consider

the Friedmann equation (2.24) in a flat universe (k = 0). The current Universe is
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assumed to be dominated by dark energy, we can approximate it by neglecting other
components. From this, we find that the current value of cosmological constant is of
the order HZ. Due to Hubble tension, we take a rough average of the two different
reported Hubble parameter values, yielding approximately Ho =~ 70 km/s/Mpc.

Therefore, the current value of the cosmological constant can be expressed as

A

Q

H? = (149 x 1072GeV)?. (2.28)

The corresponding energy density is given by

por = s%ci ~ 1077GeV*, (2.29)

which represents an extremely small energy density.

Suppose the energy is the zero-point vacuum energy from empty space.
According to quantum field theory, the Hamiltonian operator for a field with mass

m in momentum space is given by

H = Z/W (%%‘*‘%%) ; - (2:30)

where a; and a}% are the annihilation and creation operators respectively. The

commutation relation between the annihilation and creation operators is given by
[, aly] = 2E;(2m)*6®) (k- K), (2.31)

where the energy is £ = V k2 + m?2. Using this commutation relation, we obtain

the following expression

a,;a;r-c. = [a,—c-,a;f-c.]-i-a}%a,;

= 2E,(27)%6®)(0) + alay. (2.32)

Substituting the relation into the Hamiltonian operator (2.30) yields

. 1 [ &%k 1 »
H = = ta-+ = [ dBkE=5%)(0). 2.33
3 [ ayesiost 3 [ #kE0 (2.33)
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The zero-point energy, Ep, of the ground state can be expressed as

N 1 [ Bk 1 [ a2

(2.34)

This integral represents the vacuum energy contribution form the quantum field
ground state due to the non-zero energy of each mode E;. The factor of 5§@)(0)
indicates the infinite vacuum energy density. For more details, there are two dis-
tinct types of infinities appearing in the expression (2.34). The first arises from the
infinite volume of space (infrared divergence). Second, there is a high-frequency (or
short-distance) infinity known as ultraviolet divergence. To address the first infin-
ity, we consider the theory within a box of sides length L with periodic boundary
conditions. This length L is referred to as the Infrared cutoff (IR cutoff). Applying
the Fourier transformation to the delta function, we get

L2 B, .. L2 3
59(0) = / dz GRE|_ = / dz V | (2.35)
e (2m)P 1 2m)* (2m)®

where V represents the volume of the theory. Thus, the Hamiltonian operator

becomes

\ 1 [ &k 1 [ &k -
IN—== *atag.+ 2 | 2 E.V. 2.36
2 / AR / @ E (2:36)

The second infinity can be addressed by introducing a cutoff scale at high mo-
menta, summing the zero-point energies up to this limit. This cutoff is known as
the ultraviolet cutoff (UV cutoff), denoted by kmax. With the modification, The

Hamiltonian operator from equation (2.36) becomes

n 1 kmax d3]z 1‘

Hence, the vacuum energy density is given by

%0) - (%/m (gﬁﬁavk’”mz) 0) = pol0), (2.38)
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where the annihilation operator defined by the property ag|0) = 0. The zero-point

vacuum energy density from quantum field theory can be obtained as

1 kmax d3E \/_'—_—
= = ——\/ k2 2, 2.39

Summing the field energy up to the Planck length cutoff, kpianck, the vacuum energy

density becomes

1 kplank d3E \/_'——
L7 2 2
po 2/ @ VT

4
kPlank

1672
= 10™Gev'. (2.40)

This represents an extremely large energy density when compared to the cosmo-

logical constant energy density calculated in Equation (2.29).

This leads to a discrepancy of approximately 121 orders of magnitude be-
tween the cosmological constant energy density and the zero-point energy density,
which constitutes one of the most significant challenges in modern cosmology and
particle physics. If the cosmological constant problem remains unsolved, we need
to explore alternative models of dark energy. In the next chapter, we provide a
brief review of scalar-tensor theory as one of the representative modified matter
models, which involves non-minimal coupling between scalar field and curvature.
Another model that we need to explore is holographic dark energy, which serves

as an alternative to vacuum energy.



CHAPTER III

NON-MINIMAL DERIVATIVE COUPLING THEORY

In this chapter, we provide a brief review of the cosmological model in which
the derivative of scalar field non-minimally couples (NMDC) to gravity. In NMDC
models, the Lagrangian includes a i{inetic term for the scalar field, a potential term,
and a non-minimal coupling term. The altered coupling introduces new terms into

the gravitational field equations, influencing the expansion of the universe.

3.1 Amendola’s model

The first NMDC model was proposed by Luca Amendola in 1993 [16]. In this
model, the NMDC coupling function depends not only on the scalar field, but also
on its derivatives, expressed as f = f(¢, Vu#, V., V.9, ...). This type of interaction
is inspired by various theories, such as scalar electrodynamics, a field theory that
requires invariance under local U(1) symmetry. In scalar electrodynamics, the
Lagrangian includes a coupling between the derivative of the scalar field, ¢, and the
electromagnetic vector potential, A,. Non-minimal derivative coupling terms often
appear as low-energy manifestations of higher-dimensional theories, allowing for
the perturbative study of quantum gravity. They also appear in the Weyl anomaly
in N = 4 conformal supergravity [51, 52]. Moreover, the coupling terms between
the curvature and the energy-momentum tensor of matter, i.e., TR and T, R*, in
some modified gravity theories actually include non-minimal derivative coupling,.
The NMDC coupling also appears in inflationary models based on Kaluza-Klein
and superstring theories [53]. However, a conformal transformation cannot convert
the NMDC theory into the standard field equations in the Einstein frame. The
conformal transformation needs to be generalized to a Legendre transformation

in order to recover the Einstein frame [16, 54], often referred to as a disformal
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transformadtion.

The most general form of NMDC in the Einstein-Hilbert Lagrangian, where
the Lagrangian is linear in curvature scalar, R, and quadratic in the scalar field,

can be written as follows

Ly = m(Vud)(V*O)R, Lo = ma(VFQ)(V'$)Rw, Lz = rsp(VuV'9)R,
£4 = I€4¢(V”’V"¢)Rw,, £5 = n5¢(VH¢)R", ﬁe = nﬁqszMV“R,
(3.1)

where K1, ..., kg are coupling constants with dimensions of inverse mass squared,
mass=—2. Due to the divergence-free boundary condition, there exists constraint
equation where three of the six terms can be expressed in terms of the others.
Amendola keeps only £; term together with free scalar field and NMC term in the

Lagrangian to consider influence of NMDC coupling in the context of inflation,

L = —R+&f(QR+k(Vug)(V*O)R+ (V) (V'9) - 2V(9).  (3.2)

3.2 Capozziello, Lambiase & Schmidt model

In 1999, Capozziello, Lambiase, and Schmidt [17] showed that among the
six terms in the Lagrangian (3.1), without losing its generality, four of them i.e.,
Ls, L4, Ls and Lg are not necessary to be considered. Thus, the NMDC action,

which includes only £; and L, terms, can be expressed as follows

s = [dov= (—§ 598V + (R, GV6 + »ng“”wvuqs) .
(3.3)

In the FLRW universe, the results indicate the existence of a cosmological con-
stant solution that can be derived from NMDC parameters, i.e., ¢ and £, without
requiring the introduction of a scalar field potential [65]. The late-time de Sitter

expansion, driven by the cosmological constant, represents an attractor solution



21

[17). In the absence of the parameter ¢, constraints on the coupling parameter ¢

have been explored through precision tests of General Relativity [56].

3.3 Granda’s model

Another NMDC modification model was studied by Granda in 2010 [19].
In this model, the action includes the Einstein-Hilbert term, a free kinetic term, a
potential term, and NMDC coupling term, with the coupling parameters scaled by
the square of the scalar field, 1/¢*. The NMDC action, incorporating a barotropic

matter component, is given by

R
S = / dzy/—g (ﬂé =t —;—qubV“tp == Z%Rv#qsvw A ﬁz-RWv"qsv"qs)

+S.. (3.4)
For simplicity, the coupling parameters £ and 7 are restricted by the relation
n 4+ 2¢ = 0. Asymptotic de Sitter behavior is exhibited when the Hubble pa-
rameter approaches a constant value, H = &\/1/0—/i3, where x and V, are constants.
Considering only the NMDC contribution, the model exhibits a power-law solution
consistent with dark matter behavior. For n = —£ — 1, in the interval 0 < { <1 /3,
the Friedmann equation leads to a solution with accelerated expansion. A general
function of the term 1/¢? in the action equation (3.4), i.e., F(#), was also stud-
ied by Granda [18, 57, 58]. Moreover, the NMDC general function has also been
investigated in its coupling to Gauss-Bonnet theory [59, 60, 61] or in context of

Chaplygin gas [62].

3.4 Sushkov’s model

In 2009, Sushkov [20] considered NMDC theory with coupling terms of the
form k1 RV ,¢V#¢$ and koR,, V*¢V"$, where the coupling parameters are related

by —2k; = kg = k. This type of derivative coupling includes the Einstein tensor
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as a term in the Lagrangian, given by

K 1 v
kR, V*¢VYd — —2-ng,V“¢>V"¢ = K(Ruw — EgWR)V“qSV o,

= kG V'V, (3.5)
The Einstein-Hilbert action, incorporating a free scalar kinetic term, a scalar po-

tential, NMDC coupling term, and a matter action, is given by

R I K
— 4 —  —— _ B AT b _ B ATV
S /d x4/ g<167rG 2g,“,V dpV*d — V(9) 2GWV oV ¢)+Sm,

(3.6)
where ¢ = 1, —1 represents a numerical constant for the canonical and phantom

scalar field, respectively.

This coupling term indeed appears in a subclass of the Horndeski action,
which represents the most general scalar-tensor theory that yields second-order
equations of motion for the involved fields. Further details can be found in [63].
The Horndeski Lagrangian is given by

L = Giy¢,X)~Gs(¢,X)0¢+ Gu(¢, X)R+ Gax [(0¢)* — ¢" bu]

+G5(¢,X)G”"¢W—% [(D¢)® — 30¢¢" + 268" B5] (3.7)

where ¢, = V,V,¢, X = g*'V,¢V, ¢, and O =V, V£, The term G4x and Gsx
represent the derivative of G4 and Gs with respect to X, respectively. Due to
the divergence-free nature of the Einstein tensor (V,G*” = 0), the Horndeski La-
grangian reduces to the NMDC form when the specific Horndeski terms are chosen
as: Gy = —(£/2)g, VFeV*¢ — V(9), G3 =0, G4 = (1671G)7", Gax =0, G5 =
k¢/2, Gsx = 0. Equation (3.6) for the action guarantees second-order equation
of motion for the dynamical fields. This avoids .the'z higher—ofder time derivative

ghost-like instability, commonly referred to as the Ostrogradski instability [25].

Varying the action in equation (3.6) with respect to the metric tensor yields

the gravitational field equations

Gu = 81GTE +TY +K6u), (3.8)
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where TS,?), Tﬁ) are energy-momentum tensor for dust matter and the free scalar
~ field, respectively. The NMDC modification term to the Einstein field equation is

given by k©,, where

Ow = 5 (Vud) (VbR +AVad) VbR + (V20 (V) Rius
+HT,V%9)(V,Va8) — (V,V,8)08 = 5(V6) G

1 1 o
Vo |5 (VEVPH)(VaVp8) + 5(08) ~ (Vad) (Vs#) B | . (39)
Varying the action in equation (3.6) with respect to the scalar field yields the

modified Klein-Gordon equation
[eg®™ + kG¥V Vo = V. (3.10)

Cosmological studies are conducted within a spatially flat FLRW universe, charac-

terized by the line element
ds?* = —dt* +a*(t)dz?, (3.11)

where dz? represents the Euclidean metric. Using the FLRW line element in the
gravitational field equations (3.8), the (0,0) component of the Friedmann equation
is given by

12

3H? = 87I'G% (e —9xH?) + 871GV (¢) + 87Gpm (3.12)

and the (%,7) component of the Friedmann equation is expressed as

q'52

2 +3H? = —81G% e+ (28 + 307 + 4H$$™)| +87GV(9) — 871G P

(3.13)
According to the Friedmann equations, the NMDC effect modifies the kinetic term

of both field equations. Applying the Klein-Gordon equation (3.10) to the FLRW

metric yields the equation of motion for the scalar field, which is given by

(¢ +3HP) — 3x(H?¢ +2HHG — 3xH*p) = V. (3.14)
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3.4.1 No potential case

In the absence of a potential term and dust matter field, cosmological studies
within a spatially flat FLRW universe governed by the model equation (3.12) yield

the following asymptotic results [20]:

e For k > 0, the model exhibits a early universe quasi-de Sitter phase without
the need for a fine-tuned potential. The inflationary behavior of the model

is influenced only by the NMDC coupling parameter.
e For x < 0, the model predicts an initial singularity at early universe.

However, regardless of the sign of &, the universe transitions to a non-acceleration

phase at very late times, where the scale factor scales as a(t) o« £1/8,
3.4.2 Constant potential case

To achieve late-time accelerated expansion in the absence of dust matter,
Sushkov and Saridakis (2010) [21] proposed a NMDC model incorporating a con-
stant potential term for both quintessence (¢ > 0) and phantom fields (¢ < 0).
The model exhibits a transition between two asymptotically de Sitter solutions
i.e., inflation and late time de Sitter, which is a pure effect of the NMDC coupling.
Moreover, it allows for various cosmological scenarios, including a Big Bang, cosmo-
logical turnaround, Big Crunch, or cosmological bounce, depending on the specific
values of the coupling constant [21]. When a matter component is included in the
NMDC model with & > 0, it successfully describes several cosmological epochs.
These include an inflation phase without any fine-tuned potential, the matter-
dominated epoch, and the accelerated phase [26]. The accelerated expansion is
driven by the constant potential term, which can be interpreted as a cosmological

constant.
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3.4.3 Potential without free kinetic term

The dynamics. of the scalar field in the NMDC model were investigated by
Gao [64]. In the absence of scalar kinetic and potential terms, as well as matter
fields (radiation, dust, dark energy), Gao’s analysis indicates that the NMDC scalar
field tracks pressureless dark matter during the matter-dominated epoch. When in-
cluding matter fields, the equation of state parameter for the NMDC scalar demon-
strates that during the radiation-dominated, matter-dominated, and dark energy-
dominated epochs, the NMDC scalar field behaves as curvature (w = —1/3), dark
matter (w = 0), and stiff fluid (w = 1), respectively. With an exponential po-
tential of the form V(¢) = ¢, the scalar field could serve as a candidate for
both dark matter and dark energy, where the equation of state parameter satisfies
—1 < w < 0. However, the dynamics of the scalar field field can lead it to cross
into the phantom regime, which is physically unrealistic as it implies a superlumi-
nal sound speed. The work by Feng et al. [65] also studied the model without a

free kinetic term, in conjunction with a curvaton model.
3.4.4 Free scalar field without potential term

In 2011, Gubitosi and Linder [66] showed that not only can a scalar field
potential drive an accelerating universe, but a kinetic coupling gravity term can
also lead to an accelerated universe. They propose the most general form of a
purely kinetic coupling to gravity action that obeys a shift symmetry (Galileon

symmetry),

c ,  C c ”
S = /d41}\/ —g[ (ﬁlgvuqbv,@g“ + ﬁ%m(b) R+ ﬁ:}Ru vu¢vu¢
C4 1o '
+_]\4—3R ﬂv&@a&y{l , (3.15)
where the ¢; are dimensionless coefficients. This final form, which satisfies second-
order equation of motion, yields the sum of the canonical kinetic term and the

coupling to Einstein tensor, without potential term. The model achieve wide range
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of w from stiff (w = 1) to phantom crossing (w < —1). Only a positive coupling
constant can result in phantom crossing; however, it also leads to non-causal scalar
and tensor perturbations, making the purely kinetic model unsuitable for inflation

[27].
3.4.5 Power-law potential with matter field

The NMDC gravity model with a power-law potential, V(¢) = Vo¢", was
analyzed using dynamical system techniques by Sushkov (2013) [28]. To achieve
early inflation in the Universe, the potential exponent must satisfy 0 < N < 2.
In this scenario, NMDC inflation does not depend on the potential but is only
determined by the coupling parameter x. For N > 2, NMDC inflation becomes
impossible. For the quadratic potential N = 2, two exponential asymptotic so-
lutions exist, depending on the value of k. One asymptotic solution corresponds
to an inflationary regime, while the other represents late-time inflation. During
strong coupling in inflation, fewer gravitational particles are produced [67]. Using
the combined WMAPY, Plank+WP, and Plank TT, TE, EE+lowP+Lensing+ext
datasets, the model gives a constant potential in the same order as cosmologi-
cal constant. The model predicts a constant potential of the same order as the
cosmological constant. The model results in a negative cosmological constant for
power-law expansion, whereas phantom expansion leads to a positive cosmological
constant [68]. The perturbation behavior of the NMDC model with a constant

potential was further explored in [69] to confront observational data.



CHAPTER IV

HOLOGRAPHIC DARK ENERGY

4.1 Holographic principle

In cosmology, the concept of holographic dark energy arises from applying
the holographic principle to the dark energy problem. The holographic principle
has its origins in the study of black hole thermodynamics. One key issue with black
holes is that when a system falls into one, it seems to be lost forever. This implies
that the entropy of the system might decrease, which would violate the second
law of thermodynamics. One states that the total entropy of an isolated system
must always increase or remain constant, ASsstem > 0. To address this, Jacob
Bekenstein proposed that black hole possess entropy and introduced the generalized
second law of thermodynamics ASsystem + ASpn > 0 [70]. Later, Stephen Hawking
applied semi-classical approach of quantum field theory in curved spacetime to
black holes, leading to two important conclusions. First, black holes can radiate.
Second, the entropy of a black hole is proportional to the area of its event horizon,

as given by [71, 72|,

Spy = ek (4.1)

where natural units are adopted, with c=h = kg = 1.

One of the outstanding mysteries in black hole physics is the information
paradox. Quantum mechanics dictates that information cannot be destroyed, while
general relativity implies that anything falling into a black hole is lost to our ob-
servable Universe. This apparent contradiction gives rise the information paradox.
Leonard Susskind addressed this issue by proposing the idea of black hole comple-

mentarity [73, 74]. According to this theory, information falling into a black hole
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exists in two complementary states, depending on the observer’s reference frame.
For an outside observer, the information appears to be frozen at the event hori-
zon and is eventually released as Hawking radiation. For an infalling observer,
the information crosses the event horizon and continues towards the singularity.
This suggests a way for information to be preserved, even though it seem to van-
ish from the outside observer’s perspective. Black hole complementarity implies
that the three-dimensional information falling into a black hole, quantified by its
entropy, is somehow encoded on the two-dimensional surface of the event hori-
zon, in accordance with the Beckenstein-Hawking entropy. This connection leads
tohthe holographic principle, which proposes that the interplay between quantum
mechanics and gravity requires the three-dimensional Universe to be encoded on a
two-dimensional boundary, similar to a hologram [75]. Susskind later explored the
string theory interpretation of this principle [76]. For a more detailed discussion,

see the review paper by Bousso [77].

4.2 UV/IR Correspondence

Effective field theory (EFT) is highly effective at describing particle physics
at low energies. However, it begins to break down at very high energies. This
breakdown occurs because EFT works by integrating out high-energy degrees of
freedom, imposing an ultraviolet (UV) cutoff, which acts as the maximum energy
scale for its validity. Furthermore, EFT faces challenges in describing systems with

large volumes due to the non-extensive scaling behavior of black hole entropy.

In EFT, the entropy S of a system typically increases with the size L of
the system, with a UV cutoff A. This represents an extensive relationship between
entropy and system size. However, based on black hole thermodynamics, Beken-
stein proposed that the maximum entropy within a fixed volume does not increase

indefinitely. Instead, it is proportional to the surface area of the region, not its vol-
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ume. This is called Bekenstein bound. Later, 't Hooft and Susskind demonstrated
that the Bekenstein bound could still be satisfied in EFT, but only if the size of

the system is limited by the following equation
LPA® < Spy = wl’M7, (4.2)

where 7L? represents the area of the system, and Spy is the entropy of a black
hole with Schwarzschild radius L. Here, L can be interpreted as the IR cutoff,
representing a lower energy limit below which the EFT description also breaks

down.

However, when considering the system in terms of temperature (T'), the
Schwarzschild radius will be larger than the box size. This occurs because the ther-
mal energy can be expressed as M ~ L*T*, and entropy S ~ L3T®. If the Beken-
stein bound (4.2) is saturates(i.e., hold with equality), we obtain T ~ (MZ2/L)"2.
The Schwarzschild radius (L, = 2GM) then scales as L, ~ L(M,L)*® > L. This
demonstrates that according to the bound, the Schwarzschild radius is indeed larger

than the box size.

To resolve this issue, Cohen, Kaplan, and Nelson (CKN) {78] proposed a
new constraint connecting the UV and IR cutoffs. They considered the maximum
energy density A* within a system of size L. Their suggestion was that the energy
density of the quantum field should not exceed the mass of a black hole of the same

size. This leads to the constraint

I*A* < LM2. (4.3)

~ p

This constraint is more stringent than the Bekenstein bound (4.2). When the
inequality (4.3) approaches saturation, the maximum entropy of the effective field

is given by

Smax =~ Spht s (4.4)
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and this implies that the maximum size of the system is equivalent to the Schwarzschild
radius, Ly ~ L. Equation (4.3) suggests that in all effective field theories, the UV
cutoff is correlated with the IR cutoff due to the constraints imposed by the for-

mation of black holes. This relationship is known as the UV/IR correspondence.

4.3 Holographic dark energy model

Let Ej represents the quantum zero-point energy cut off by the UV cutoff.
According to the CKN conjecture, the maximum energy within a box of size L
should not exceed the mass of a black hole of the same size. To explore this

further, consider the energy of a field theory with a UV cutoff
EA S PALS ) (45)

where pa is the corresponding energy density within the box of size L. The
Schwarzschild mass is given by M, = L,/(2G) ~ LsM?. This leads to the fol-

lowing constraint

onl? < LSMZ?, (4.6)

)

The maximum allowed energy density satisfies
pr ~ MI?L;2. (4.7)

Equation (4.7) suggests that the maximum energy density with UV cutoff inside

the box is determined by the Schwarzschid radius, L,, which acts as the IR cutoff.

The dependence of energy density on the length scale L motivated Miao
Li (2004) [31] to explore its application in the context of dark energy. Consider a
universe with a cosmological length scale L. According to the holographic principle,
the energy density of dark energy could be described by quantities on the surface
boundary. This implies that the energy density can be constructed using only two

fundamental physical quantities: the Planck mass M, and the cosmological length
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scale L. Using dimensional analysis, we obtain the following equation
pr = aM)+ ML +c L™+ ..., (4.8)

where ¢;, s, c3 are numerical constants. The first term of the equation (4.8) repre-
sents the cosmological constant. However, this term is disfavor because it predicts
a vacuum energy discrepancy that is about 10*2° times larger than observed, which
is one of the central issues in the cosmological constant problem. The second term
in equation (4.8) aligns with the CKN bound in equation (4.7). Therefore, we can

neglect the other terms, leading to the following expression for py

3c?

= — 4.9

where we set c; = 3¢? for convenience, and use the relationship M? = 1/(87G).
Equation (4.9) suggests a connection between the density of dark energy and the
area of the cosmological horizon. This model is known as the holographic dark

energy (HDE) model.

This form of dark energy can be interpreted as a type of cosmological con-
stant arising from vacuum energy within an effective field theory. However, it
differs from Einstein’s cosmological constant. In contrast to the constant term in
Einstein’s theory, this dark energy density (4.9) depends on the cosmological length
scale L. It’s important to note that the HDE model also differs from other dark en-
ergy models. While other models introduce additional terms into the Lagrangian,

HDE is derived from the holographic principle and dimensional analysis.

Next, we will explore the cosmological behavior associated with different

choices of the cosmological cutoff L.
4.3.1 Hubble horizon cutoff

The simplest choice for the cosmological length scale is the Hubble radius,
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defined as
L = —. (4.10)

Substituting this length scale into the holographic dark energy equation (4.9), the

energy density of HDE becomes

3c2H?
A= o (4.11)

This equation relates the energy density of dark energy to the Hubble parameter

H, where c is a dimensionless constant.

Considering the current size of the Universe, L = 1/Hy ~ 10% cm (where
H, is the present Hubble constant), setting ¢ = 1 for entirely HDE domination,
this leads to an energy density compatible with the observed value of dark energy,
which is around ps ~ 1074"GeV* [79, 80].

However, Hsu(2004) [32] points out that EoS parameter of HDE is dust-like
behavior. In a flat FLRW universe with a combination of barotropic matter and
HDE, the Friedmann equation is 3H% = 87G(pm + pa). Given the HDE energy

density in equation (4.11), the density of barotropic matter can be expressed as

3(1—-c?) ,
2T L] 4.12

This indicates that the energy density of dut matter and HDE both scale with
H?. As the energy density of dust p, scales with scale factor as pyn ~ a~3, the
evolution of HDE would similarly scale as py ~ a™3. This suggests that the EoS
for HDE would be wa = 0. This implies that the HDE behaves like dust, with no

acceleration phase for the Universe.
4.3.2 Particle horizon cutoff

Since the Hubble horizon cutoff leads to an incorrect EoS, Fischler and

Susskind [81] investigated a particle horizon cutoff as an alternative cosmological



33

length scale. Let us consider the particle horizon, defined as follows

tdt ¢ da
[ = —_ zr —_— 4.13
-Rp @ 0 a @ 0 Hﬁ? ( )

With this definition, the HDE energy density equation (4.9) can be rewritten as

3c? .
= . 414
PA 87rGRf, ( )

In a flat FLRW universe where the HDE-dominated epoch, the Friedmann equation

can be expressed as

871G c?
H?2 = —p) = —. 4.15
3 PA Rg ( )

Using the definition of R, we obtain

¢ da c
—_— = —. 4.16
0 H&z Ha ( )
For simplicity, let us introduce X = 1/(Ha) and differentiate it with respect to the

scale factor. This yields

dpa X
i), H2 =~ “da’
o
T\ O
X _ 9X
a  da’
%‘f=c % (4.17)

X = ad'/°,
1 1
. = oef
H' = aa''s, (4.18)

where « is a constant. Equation (4.18) describes the evolution of the scale factor
for HDE with a particle horizon cutoff. Substituting equation (4.18) into equation

(4.13), the particle horizon becomes

“di 141
Ry = aa =50 e = acac".
0o @
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Therefore, the HDE energy density equation (4.14) can be written as

3 o
P = gm0 AeH) (4.19)

Assuming the HDE does not interact with other components, it will satisfy the

following conservation equation
pr+3H(1+wp)pa = 0. (4.20)

Substituting equation (4.19) into the conservation equation (4.20), we obtain the

EoS for HDE with a particle horizon cutoft

1
—2(=+1) = —3(1+w),
1 2
wp = —§-|-:0)—c- (421)

According to equation (4.15), ¢ = HRpy, and since both H and Ry are positive,
the constant c is always positive. This implies that the HDE EoS, wa, is always
greater than —1/3. As a result, the particle horizon cutoff scenario does not predict

an accelerating phase for the Universe.
4.3.3 Future event horizon cutoff

‘According to the EoS for the particle horizon, equation (4.21), the EoS
is always greater than —1/3. This leads Li (2004) {31] to propose replacing the
particle horizon with the future event horizon cutoff. The future event horizon

cutoff is defined by the integrals

% dt ® da
= — = — 4.22
B a/t a a4 . Ha@? ( )

Again, considering a flat FLRW universe dominated by HDE, the Friedmann equa-

tion becomes

* da c
= 4.23
Ha? Ha ( )
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Setting X = 1/(Ha) and differentiating equation (4.23) with respect to the scale

factor a, we obtain

X aX

"o T “da
da dX
—_ = —c [ —=. 4.24
/ a c/ X (424
Following these steps, we arrive at the solution

H' = ad' -, (4.25)

Ry = aca'™-. (4.26)
The corresponding HDE energy density can be expressed as

3 oot
PAr = W(I 21 C). (427)

According to the HDE conservation equation (4.20), the EoS for HDE with future

event horizon cutoff is

1
—2(1-2) = =3(1+un),
1 2
=/ == —— 4.28
4 3 3c ( )

In the special case of c = 1, the behavior of HDE is similar to a cosmological
constant, with wy = —1. For any value of ¢ > 0, this implies an accelerating
expansion of the Universe because the HDE EoS is always less than —1/3. However,
the future event horizon cutoff faces a causality problem [82, 83]. Since the horizon

lies in the future, it cannot be used to predict the current behavior of the Universe.
4.3.4 Ricci dark energy

Due to the causality issues associated with the future event horizon cutoff,

Gao et al.(2009) [84] proposed a new approach that uses the Ricci scalar curvature,
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R, as the cosmological cutoff. The Ricci scalar is related to the cutoff by the

expression
! 4.29
Consequently, the HDE density equation (4.9) is modified to
o' 3a [ - . kK
prn = —167rG’R = 875(H+2H +a3), (4.30)

where « is a numerical constant. A more generalized version of the flat Ricci cutoff

was also proposed by Granda and Oliveros (2009) [85], given by

pn = g@(aﬂuﬁﬂ). (4.31)

In flat FLRW cosmology, the Friedmann equation can be expressed as

HA S % (om + pr) + a(H +2H?). (4.32)

A general solution of this equation is given by

o

h2 = Quoe N + Qe — < 2) O DA foe(%'4)N, (4.33)

a —
where h = H/H, is the normalized Hubble parameter and N = Ina is the e-folding
number. According to the solution equation (4.33), the last two terms represent the

Ricci dark energy component. This gives the energy density of Ricci dark energy

as
o
pn = 5 moe + foeHEIN, (4.34)
where
311)/\00%0 2QA0
= , o = . 435
fo 3waoSlh0 — 2mo Qmo + Qo — 3waolao (4:35)

Assuming energy conservation, the pressure of Ricci dark energy can be obtained

from the conservation equation as

2 1 )
bn = — (ga - g) foe( AN, (4.36)
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Using equation (4.34) and (4.36), the EoS for Ricci dark energy at the present time

can be expressed as

2 1\ fo
- (2 _Z) 4,
Who <3a 3> Qo (437)

Based on current observations, with Q9 = 0.73,Qmo = 0.27,fo = 0.65 and
a = 0.46, the current EoS of Ricci dark energy is wao = —1. This Ricci dark
energy model is phenomenologically viable and avoid the causality problem en-
countered with the future event horizon cutoff. However, a deeper understanding
of the Ricci scalar as a cosmological length scale remains elusive. The observational
constraint for the parameter o in the Ricci dark energy model, obtained from a
joint analysis of the SNIa, CMB, and BAO data, is o = 0.35913 053 [86]. This sug-
gests that Ricci dark energy exhibits behavior similar to a quintom model, starting

in a quintessence-like phase and evolving to become phantom-like.



CHAPTER V

COSMOLOGY DYNAMICS OF NON-MINIMAL
DERIVATIVE COUPLING WITH HOLOGRAPHIC
CUTOFF

As discussed in Chapter IV, the behavior of HDE is influenced by the choices
of cosmological cutoff, such as the Hubble horizon cutoff, particle horizon cutoff,
future particle horizon cutoff, or Ricci HDE. Among these different choices, the
Hubble horizon emerges as a natural candidate. The HDE energy density is con-
structed based on the maximum energy bound, which corresponds to the formation
of a black hole, where the infrared (IR) cutoff L is chosen as the black hole’s event
horizon. In this context, the cosmological horizon should exhibit similar charac-
teristics to the event horizon of a black hole. Cosmic volume should be enclosed
by a trapped-null surface, whose horizon is inaccessible to light signals. In an ac-
celerating Universe, a trapped-null surface exists when the apparent horizon cutoff
is used in a spatially curved Universe such that light signals can never reach the

horizon. The apparent horizon cutoff given by

/= (5.1)

r g ’
A VH?+k/a?

where k represents the spatial curvature, and a is the scale factor. Furthermore,
the apparent horizon plays a crucial role in the thermodynamic description of the
Universe. Cai & Kim (2005) [87] demonstrated that the Friedmann equation can
be derived by applying the apparent horizon to the Hawking temperature, T' =
1/(27ry), along with Bekenstein entropy, S = A/G, within the framework of the
first law of thermodynamics (—dE = T'dS).

This strongly motivates retaining the Hubble horizon, or the apparent hori-
zon in spatially curved spacetime, within HDE theory. However, the limitations of

the Hubble cutoff, particularly its tendency to produce dust-like behavior, lead us
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to explore HDE within the context of Non-minimal Derivative Coupling (NMDC)

theories in spatially curved spacetimes.

5.1 NMDC with HDE action and field equations

The Einstein-Hilbert action, together with a NMDC scalar field, dust mat-

ter, and holographic vacuum energy, is given by

S = /d4x\/——g [16]:—@' 4 (€9 ";K,G;w) (vp¢)(vu¢) — V()| + San,

(5.2)

where ¢ is +1 for a canonical scalar field and —1 for a phantom scalar field.  is the
NMDC coupling constant with the dimension of mass~2. The first term in brackets
in the action (5.2) contains the curvature information of spacetime, while the second
term represents the NMDC field. The terms Sy, and Sy denote the actions of dust
matter and holographic vacuum energy, respectively. It is important to note that
HDE is constructed based on the holographic principle. However, it may also be
derived from an action principle, as suggested by [88, 89; 90], similar to other dark
energy models. Therefore, it is reasonable to formulate HDE within an action in a

general form.

Taking the variation on the action (5.2) with respect to the metric tensor

g" leads to the Einstein field equation 2
Gu = 871G (T +TW + k0, +TS)) (5.3)

where T,E‘;“), Tfff,’),, O, and Tﬁf}) represent the energy-momentum tensors of dust,
the scalar field, and the NMDC coupling, and HDE, respectively. The expressions

for the energy-momentum tensors of dust, scalar field and NMDC coupling are

2The detailed calculations are presented in the Appendix A.
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given by
TSJ‘) = guwlm— g—fﬂﬂu, (5.4)
TO = &(Vud)(Vud) — 20 (Vad) (VD) = V()0 (55)
O = _%(vﬂ¢)(v,¢)3+2(va¢)v(y¢R;) +(V°6)(V*6) Burue

HYVWT08) (VoV°9) ~ (V,,8)86 — 5(Ved)(V°$)Gi
o (309 = (VTR = 5,900V (0

where D’Alembertian operator is defined as O = V,V°. However, the exact form

of the energy-momentum tensor for HDE remains unknown.

Taking the variation of the action in equation (5.2) with respect to the scalar

field yields the modified Klein-Gordon equation
eV, VFo+ kG VIV -Vy = 0, (5.7)

where V4 = dV(¢)/d¢. The equation provides the equation of motion for the
scalar field. Due to Bianchi identity VG, = 0, the modified energy-momentum

tensor must satisfy the conservation law

VHT® + k0] = 0. (5.8)

5.2 Cosmological dynamics: Flat case

Let us consider the NMDC model in a flat FLRW universe. The Friedmann

equation can be interpreted in two ways as follows:

12
H? = §7;—G[%- (e—9nH2)+V(¢)+pm+pA], (5.9)
or
12
g = T %+v<¢>+pm+m}. (5.10)
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Although equations (5.9) and (5.10) are mathematically equivalent, they offer two
distinct interpretations of the Universe’s behavior. In the first interpretation, equa-
tion (5.9) describes an FLRW universe with a standard gravitational constant, G.
Here, the Universe is filled with dust matter, holographic vacuum energy, and a
scalar field with a modified kinetic term due to the NMDC field, (1/2)¢*(e —9xH?).
In the second interpretation, equation (5.10) describes a Universe with an effective
gravitational constant, Ges, which is modified by the kinetic term of the scalar

field. The effective gravitational constant is given by the relation

G

_ 5.11
1+ 12nGr¢? (5-11)

Geff((ﬁ) =

In this picture, the Universe is filled with dust matter, holographic vacuum energy,
and a canonical (¢ = 1), or phantom (e = —1), scalar field. We consider only the
case of a canonical scalar field. These two interpretations lead to different values for
the gravitational constant when defining the holographic vacuum energy density.
Depending on which picture we choose, the HDE energy density equation (4.9) will

take on a corresponding form.

In the context of a flat Universe, the apparent horizon coincides with the
Hubble horizon, L = H~'. This implies that the holographic energy density can

be expressed in either of the following ways

3c2H?
_ 5.12
or
2 g2 32 H2 .
on = SSHL_3CHT L oG, (5.13)

TG 8rG

The second Friedmann equation, which corresponds to the (¢, j) components of the
field equation (5.3) in a flat FLRW universe, can be expressed as

2H +3H? = —SWG{%i[1+n(2H+3H2+4H$¢‘1)]—V(</>)+Pm+PA},

(5.14)
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or, in terms of Geg, we obtain

0H +3H? = —87C. {i{’; [1 _k (4H +6H? — 4H¢Sq'>—1)] — V() + P+ PA} .

(5.15)

The equation (5.7) in a flat FLRW universe gives the Klein-Gordon equation,

V, 6kHH®

prlilio— —E—3I<,H2+€—3I€H2’

(5.16)

where V,, denotes the derivative of the potential with respect to the scalar field.
This equation describes how the scalar field evolves in the context of a Universe
that is expanding, incorporating the effects of both the potential energy associated

with the scalar field and the additional modifications due to the NMDC coupling.

Equation (5.13) has been previously explored in flat FLRW spacetime [91,
41]. To avoid redundancy, we will focus on the first interpretation (5.12) alongside
the corresponding Friedmann equation (5.9). There is another reason to concen-
trate on the first interpretation (5.12). In curved spacetime, the NMDC term that
modifies curvature cannot be entirely captured within the effective gravitational
constant, Geﬂ»‘(q.b). This is because, in NMDC theory, an effective gravitational
constant cannot be expressed at the Lagrangian level. While Gei(¢) can be incor-
porated at the Friedmann equation level in the flat case, this approach becomes
problematic when dealing with more general scenarios involving curved spacetime.

In other words, the concept of an effective gravitational constant breaks down at

the Friedmann equation level when non-zero curvature is introduced.

To explore cosmological dynamics, an autonomous system is constructed
using equations (5.9), (5.12), and (5.16). The dimensionless dynamical variables

are defined as follows

81G¢? _ 81GV(9) _ 9
W, y = —EWT, r = —127TGK,¢, Qm

87Gpm
3H?
(5.17)




43

The variables z,y, r and Qy, represent the kinetic term, potential, NMDC coupling,
and dust density parameter, respectively. The Friedmann equation (5.9) can be

expressed as
1 = c4+y+7r+Qn+c?, (5.18)

where ¢ = 87Gpp/(3H?) represents the density parameter of HDE. Therefore, the

Friedmann constraint becomes
O = l—z—y—1-0C". (5.19)

We can represent the dust density parameter, {, as a function of the dynamical

variables {x,y,7}. We consider a power-law potential given by
V(g) = Vog™. (5.20)

The autonomous system of these variables is given by ¢

r = 2z(e—9),

/= ().

v = =2rf,

v = u(e—9), (5.21)
where prime “ ' ” denotes differentiation with respect to e-folding number, N =

Ina. We define the following quantities

_ ¢ _ _H _ ¢
6 = —H—q.b, € = —'E[—i, and, u = H_¢ . (522)
The autonomous system is closed since the parameters € and ¢ are determined by

the other dynamical variables:

6x(2r — 3 + 3c?) — 3nuy(l — ) — ry(6 — nu)
5 = , (5.23)
—2r2 —6x(1 — c2) + 2r(z — 1 +¢?)

3The detailed calculations are presented in the Appendix E.
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~3r2 4+ 9z(—14c — 2 +vy) + (=3 + 3c? — 12z + 3y — 2nuy)
¢ = .(5.24)
—2r2 — 6z(1 — ) + 2r(z — 1 + %)

Considering the Friedmann equation (5.9), which can be interpreted as 3H 2 =
87G i, along with equation (5.14), interpreted as 9H + 3H? = —87GP,q, the

effective equation of state parameter, defined as weg = Piot/Prtot, 1S given by

2H 2¢
Wer = —1—@‘ = —1+§ (525)

5.2.1 Numerical solution

To simplify the comparison of our solution with observational data, we trans-
form the argument of the derivative from the e-folding number, N = Ina, to the

redshift parameter, z, as follows:

dz dz dN dz dlna da
& - &% - dN da & (5-26)

Using the connection between the scale factor, a, and the redshift, z, we obtain

1
= 5.27
4 L€2" (5:27)
and
da 1
— = - . 5.28
dz (1+ 2)? (5.28)

The expression for the derivative of the dynamical variable with respect to redshift
is given by

dz -1 dz -1
de -1 dz _ . 5.2
&z - A+2dN _ {+2" (5:29)

Hence, the autonomous system becomes

dz  2x(e—9)

dz =~ (142’

dy  2y(nu/2+¢)
dz ~ (+2)
dr 2rd

dz (1+2)’
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du  ule-9)
dz ~ (1+2)° (5:30)

The autonomous system can be integrated numerically. Figure 1 presents the
solutions for the effective equation of state parameter, wes(z), and the Hubble
parameter, H(z). Here, we consider a power-law potential with n =2, correspond-
ing to a potential of the form V(¢) = Vy¢?. The parameter c takes on values of

0,0.1,0.5,0.7 and 0.9.

The numerical solutions are compared with the observed H(z) error bar
at low redshift, as reported in [92]. Figure 1 indicates that a positive coupling
constant (k> 0) does not yields acceptable results for either weg(z) or H(z). The
data favor a negative coupling constant (x < 0), particularly with a large magnitude

(e.g., k = —200 in the units of 87G = 1) to match the observed H(z) data.

A larger value of the parameter c corresponds to a higher holographic vac-
uum energy density, which increases both the slope and magnitude of wesr(2) and
H(z). A large negative NMDC coupling constant, combined with a significant
fraction of holographic vacuum density, can enhance the phantom effect. In fact,
if the negative NMDC coupling is sufficiently strong, weg can enter the phantom

region, as illustrated in Figure 1.

5.3 Cosmological dynamics: Non-flat case

The introduction of non-zero curvature in holographic NMDC cosmology
significantly alters cosmological dynamics by incorporating the curvature term,k.
The apparent horizon, defined by equation (5.1), is selected as the cosmological
length scale. As a result, the holographic vacuum energy density, expressed by

equation (4.9), becomes

3c? k

This leads to a modified Friedmann equation derived from the field equations (5.3),
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Figure 1 Numerical solutions of weg(z) and H(z) for flat universe case

which takes the form?,

3k
a2

3H? + 8TG

QBQ

2

{1—H<9H2+

3k

?)} + V() + pm+pa ¢ - (5.32)

By factoring the Friedmann equation in terms of the effective gravitational con-

4The detailed calculations are presented in the Appendix B
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stant, Geg, it can be written as

3k g2 3Kkg?
3H2+E2_ — 87Geg %+V(¢)+ Ka;b + P+ PA| (5.33)

indicating how the curvature term influences the modified Friedmann dynamics in

this context.

According to equation (5.33), a crucial term is the NMDC-curvature cou-
pling term, 3kk@?/a?. Unlike the flat case (equation (5.10)), this term reveals that
the NMDC effect cannot be fully captured within Geg. As previously mentioned,
the effective gravitational constant cannot be formulated at the Lagrangian level.
Consequently, using G.g within the holographic vacuum energy density expression,
pa = 3c?/8nGegL?, is not plausible. Therefore, we will focus only on the scenario

where the HDE energy density is given by py = 3¢%/8rGL2.

Considering a power-law potential of the form V(¢) = Vo¢", where V5 > 0
and n is an even positive integer, we define the following dimensionless dynamical

variables to simplify the analysis of the system

AnGrk?
T @?H?

81 G > 8TGVyd™
6H2 ’ 3H?

817G pm,
3H? ’

Tz = = —12med)2, s =

Qn = Qr = A (1+—k—>, Q = k (5.34)

a’H? CQ?H?'

The variables , v, 7, 5, Qm, 4 and , represent kinetic term, potential term, NMDC
contribution, NMDC-curvature coupling term, dust field density parameter, HDE
density parameter and curvature density parameter, respectively. The correspond-
ing Friedmann equation (5.32), written using these dimensionless  variables, takes

the form
1 = z4+y+7+5+Q, + Q%+ Q. (5.35)

This equation expresses the constraint on the total energy density. However, the

dynamica] variables are not independent of each other. Constraint equations exist
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between these variables, as follows

AL

QA = Cz(l—Qk), s = 3

(5.36)

The two constraint equations help reduce the number of independent variables.
The first constraint relates the HDE density parameter {5 to the curvature den-
sity parameter ), through the constant c?, representing the fraction of HDE. The
second constraint relates the NMDC-curvature coupling term s to the pure NMDC
contribution r and the curvature density parameter ). Given the Friedmann
equation (5.35), we can derive the Friedmann constraint for the matter density

parameter 2,
Ol 1—x—y-—’r+T—c(1—Qk)—Qk. (5.37)
The autonomous system of these variables is therefore

¥ = 2z(e=9),

1
vy = 2y <§nu+e),

v = —2r6,
v = ule—6—u),
Q= 20(e—1), (5.38)
where we define
_ ¢ _ H _ ¢
= “m € = —1m and u = s (5.39)

More importantly, as noted in [28], the variables u, 7, z and y are not independent.

This is because there exist a relation between them:

n nt2

ryu"+3mV06%(87rG)%m z = 0, (5.40)

where n, k, Vj, ¢ are numerical parameters. This constraint makes finding solutions
more complex. Therefore, we will solve the autonomous system directly and then

exclude any solutions that do not satisfy the constraint equation (5.40).
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However, the autonomous system given by equation (5.38) is not closed.
This is because it includes additional dynamical variables, § and ¢, that are not
present in our analysis. To obtain a closed autonomous system, we need to express
¢ and 4 in terms of the other dynamical variables, i.e., € = €(z,y,7, u, (%) and

0 = 6(z,y,r,u, Q). By using second Friedmann equation,

2H + 3H” + % = —81G %2 + %}2 <2H +3H? +4Hdd™ — g)
~V(¢) + B+ Py, (5.41)
together with Klein-Gordon equation,
b4 3H = ~V 4+ 6xHH$ — 6kHok/a? (5.42)

1—-3k(H?+k/a?)

we can obtain € and §, expressed as

€ = { — 31 [cH(2 — 4% + 3) — 2nuy + 4(Q — 3) — 3y + 3y — Qf + 40, — 3]

+ 92 [2(Q% — 3) + 3z — 3y — U + 3] + r2(0f — 2% + 9)}/
{ —182(c? — 1) + 2r2(3 + Q) + 6r [A( — 1) —z — D + 1] }
(5.43)
and

5 — —18z(3¢? + 2r — 3) + 18ry + 4720 — 3nuy(3c® + 1 — 3) (5.44)
T —18z(c® — 1)+ 2r2(3 4+ ) +6r[c2(Q —1) —z — Qe+ 1] '

According to the Friedmann equations, 3H? + 3k/a® = 87Gpsot and
2H + 3H? + k/a = —8nG P, the effective equation of state parameter, weg, is

given by

S -3H2—2H—k/a _ —1 4 (2¢/3) + (S&/3) (5.45)
o~ 3H? + 3k/a? - 1— ' '
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Table 1 Fixed points of all dynamical variables and theirs effective

equation of state parameters

Fixed points

Names Wefr
T. Ye Te Sc Ue e Pac e
(a) 0 0 r 0 0 0 ¢ 1-¢-r O
(b) 0 1-¢? 0 0 0 O c 0 -1
(c) (-1+c¥)/2 0 B(1-=¢c)]/2 0 0 O c? 0 -1
(d) 1-¢2 0 0 0o 0 O c? 0 1

5.3.1 Dynamical systems analysis

The system (5.38) is difficult to solve for an exact solution of all dynamical
variables. To better understand the evolution of the Universe, we will employ
techniques from dynamical systems theory to analyze the qualitative behavior of

the solutions.

This subsection explores a dynamical systems approach to the cosmological
model. For an introduction and more mathématical details, please refer to [93, 94].
Considering the autonomous system (5.38), we can search for fixed points. These
fixed points, denoted by (z¢, Ye, Te, Ue, ke), are solutions of the system where we set
the derivatives to zero. Mathematically, we denote the set of dynamical variables
as x = (z,,7,u, %). A dynamical system can be expressed in the form x = {(x),
where f(x) represents a set of functions, given by f(x) = f(fz(x), fy(%), ..., fa, (x)).

A fixed point, denoted by x., is a solution of the system x = f(x.) = 0.

Table 1 summarizes the characteristics of all fixed points of the dynamical
variables in the autonomous system (5.38). Additionally, the table displays the
behavior of the universe at each fixed point, as indicated by the equation of state
parameter weg, which is determined by equation (5.45). We analyze the Stability.

of the fixed points by considering linear perturbations around them, expressed as
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T=2,+0z, y=yc+0y, r=r.+0r, u="1u,+0u and ) = Qi + 68, where
5z, Oy, or, Su, 0K represent the deviations from the fixed point. Substituting
these perturbations into the autonomous system (5.38) and keeping only first-order
terms, we can express the perturbation equations in matrix form. This leads to a

linearized system given by

(5ac\ (5m\

oy oy
d
aN or = M| 6 | (5.46)
ou du

) Aoy

where M is the Jacobian matrix evaluated at the fixed point (Ze, ¥e, Te, Ue, Qe)-
The Jacobian matrix is expressed as

( Opx' Oy’ o' OuT Oq, ' \
Oy Oy Oy O Oy
M = | ar 8y or o Oar (5.47)
amu’. ou  Ou Oy Oq, v/

\Bmﬂjc 0,%% 0, Y, 0a, Y /

at fixed points

where, for example, 8,2, 8,z, 8,2, 8z, B, ' denote the differentiation of z’ with
respect to ,y, 7, u, and %, respectively. The eigenvalues of this Jacobian matrix
determine the stability of the fixed points. The Jacobian matrix is a 5 X 5 matrix,
resulting in five eigenvalues. The stability of a fixed point can be classified as

follows:
e stable point: All eigenvalues are negative.
e unstable point: All eigenvalues are positive.
e saddle point: The fixed point has at least one positive eigenvalue.

Linear stability analysis cannot determine stability when all eigenvalues are zero

or when there is a mix of zero and negative or positive eigenvalues. In such cases,
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alternative methods like Lyapunov’s method or center manifold theory may be
required. For our analysis, we will use numerical integration by varying initial
conditions around the fixed points. The eigenvalues and stability conditions for

each fixed point are summarized in Table (2).

Table 2 Eigenvalues, stability, and existence condition for each fixed

points
Names Eigenvalues stability existence
(a) 0,1,3/2 3,3 saddle case (1): r =0 with k # 0,
case (2): 0<r <1—c*withk <0
(b) 0,0, =3, —3, —2  stable for Vk
(c) -3, -3, -2,0,0 A unphysical fixed point
(d) -6, 6, 4, 3, 0 saddle Vo=0and k=0

5.3.1.1 Fixed Point (a).

At this fixed point, the eigenvalues are both zero and positive, indicating
non-hyperbolic behavior. Consequently, linear perturbation analysis fails to de-
termine the stability of point (a). To investigate stability, we perform numerical
integration of the autonomous system by slightly varying the initial conditions near
the fixed point. However, it is important to ensure that these initial conditions sat-
isfy the constraint (5.39); otherwise, the results regarding divergent and convergent
behavior may be misleading. Figure 2 shows that the fixed point (a) represents a
saddle fixed point. By substituting the fixed points into the constraint equations
(5.37) and (5.36), we obtain the dust density parameter Qpme = 1 — ¢ —r and
the holographic dark energy density Qs = ¢*. Substituting the fixed points into
equation (5.43), we find that € = —H/H? = 3/2. This confirms that this point
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Figure 2 Numerical integration of an autonomous system near the fixed
point (a), where n =2 and ¢ = 0.9. The fixed point is shown by
the orange lines, while the blue lines indicate the numerical

evolution from various initial conditions.

corresponds to a dust-dominated solution, given by

2
Ht) = —/——= 5.48
R (5.48)
where the scale factor is obtained by integrating the equation H = a/a,
ORE=
a 3(t — to)
In alt) , = In(t—1t0)%3,
ao
a(t) = aolt—t0)*®, (5.49)

where ag and t, represent the initial values of the scale factor and time, respectively.
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Integrating r =1, = —127Gr¢?, we find a solution for the scalar field
T
- C __(t — .50
M) = ||t —t0) + o, (5.50)

where ¢y represents the initial value of the scalar field. As shown in Table 1, the
dynamical parameter r is arbitrary. Its existence depends on scalar field solution
being real. For the fixed point with r = 0 (i.e., $ = 0), the solution exists for all
value of x. In this case, we have a constant scalar field solution ¢p. However, for
0 < r < 1— c?, the solution exists only when £ < 0. Note that the parameter c is
constrained to the range 0 < ¢ < 1. In this scenario, the scalar field solution is ¢ x
t, recovering the NMDC result reported earlier [28]. For a positive curvature case
(k > 0), the fixed point r = 7, does not exist. This is because the solution for the
scalar field would become imaginary. This fixed point corresponds to an effective
dust-dominated Universe, characterized by an equation of state parameter weg = 0,
where there are two components: dust matter 2, and holographic vacuum energy
Qa, driving evolution of the Universe. If there are no holographic effect (24 = 0),
this fixed point becomes purely matter-dominated with e = 1. Alternatively, if
there is only pure holographic vacuum energy, this case corresponds to Q. = 1,

which behaves like dust, as mentioned by Hsu [32].
5.3.1.2 Fixed Point (b).

According to Table 2, the eigenvalues of this fixed point are zero and neg-
ative. This fixed point has non-hyperbolic eigenvalues, therefore, linear perturba-
tion analysis fails to determine its stability. To investigate the stability of the fixed
point, we use a numerical perturbation method on the autonomous system. This
involves slightly changing the initial conditions around the fixed point and plot-
ting the evolution of all dynamical variables with respect to the e-folding number
N = lna, as shown in Figure 3. The numerical solutions indicate that this is a
stable fixed point because the evolution of all dynamical variables converges toward

the fixed point as the scale factor increases. This fixed point exists for all values of
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n,k and Vp. It corresponds to a cosmological constant-dominated point, with the
EoS parameter for the point being weg = —1. Substituting fixed point (b) into the
constraint equations (5.40) and (5.37), we obtain the dynamical variables {3y = 0
and Q. = c?, respectively. Hence, according to this fixed point, the potential term
and holographic vacuum energy together act like an effective cosmological constant
in the late-time regime, as t = 0o, leading to an asymptotically flat universe where

Qk—->0.

To investigate the asymptotic solutions of the scale factor and scalar field
for n = 2 and ¢ = 0.9, we substitute the fixed points and their constraints into

equation (5.43), we obtain H/H? = 0. Integrating this equation gives

H = /). (5.51)

Alternatively, we can write

2 - [xvma,

a
In (ai) = .‘J:\/ )\1(1‘) a to) y
0
alt) = age=Vialt—to) (5.52)

where \; > 0 is a constant. Using the definition y = 87GVy¢"/(3H?) = ¥, the
solution for the scalar field is a constant function, given by

8rGVod™

A2
3H? b=
8rGVyo™ 9
32 1-c",
3(1— )\ "
= { —— = 5.53

where A\; = 87GVpd?/[3(1 — c?)]. In this case, we see that the scale factor solution
depends on the initial value of the scalar field and scales with the holographic effect.

5.3.1.3 Fixed Point (c).

In equation (5.45), point (c), where weg = —1, corresponds to a Universe

dominated by a cosmological constant. As shown in Table 1, the interplay between
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Figure 3 Numerical integration of an autonomous system near the fixed

point (b), where n = 2 and ¢ = 0.9. The fixed point is shown by

the orange lines, while the blue lines indicate the numerical

evolution from various initial conditions.

the kinetic term, z = 87G¢?/(6H?), the NMDC coupling term, r = —12rGrd?,

and the holographic effect parameter ¢ can contribute to the accelerated expansion

of the Universe. Analyzing the fixed point of the autonomous system, we find that

fixed point (c) occurs at z, = (—1+¢?)/2 and r, = 3(1 — c?)/2. Substituting these

fixed point values into the constraint equations (5.36), (5.37), and (5.43), we obtain

Ome =0, Qae = c® and e = —H/H? = 0. Using r = 7., we can find the scalar field

solution
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[ao =[Gl
60 = -5 D—w)+ 4. (5.5

which is real if K < 0. At point (c), integrating the equation € = —H/H? =0, we

obtain the solution,
H = £)g, or a(t) = aee*V, (5.55)

where )\, is a numerical constant. To explore the asymptotic behavior near fixed
point (c), we consider the relationship between z. and 7., which is z./r. = —1/3.
Using the definitions of z and r, as given before, we obtain z/r = —(9xH?)™"

Evaluating this expression at fixed point (c) yields

1
H = —. (5.56)

Comparing equation (5.55) and (5.56), the expression for A; is

1
= —. 5.57
h o= o (5.57

Since k < 0 is required for the scalar field to be real, we have Ay = (3x)7*
0, meaning v/ \g is imaginary. Therefore, the Hubble parameter H = +i4/ |As]
corresponds to an imaginary function, which results in an imaginary scale factor.

This fixed point (c) leads to an unphysical behavior for the Universe.
5.3.1.4 Fixed Point (d).

As shown in Table (2), the Eigenvalues associated with fixed point (d) ex-
hibit a mixed character, with one eigenvalue being positive and the other negative.
This signature identifies fixed point (d) as a saddle point. According to equa-
tion (5.45), the corresponding value of the effective equation of state parameter is
weg = 1, which represents a stiff fluid, where the kinetic term of the scalar field
dominates. At this point, equation (5.43) gives e = —H/H? = 3. Integrating this

equation, the asymptotic solution for the Hubble parameter is

1

HE) = 554

(5.58)
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Integrating both sides of the Hubble parameter equation, we obtain the solution

for the scale factor

da 1
o /3(t—t0)dt’
In <i> = In(t —to)*?,
a(t) = aolt—to)"3. (5.59)

From Table 1, fixed points (d) is determined by the kinetic term, with z. =1 — c?
and the holographic effect, Q5. = c®. To obtain the asymptotic behavior of the
scalar field near this fixed point, we use the definition of the kinetic dimensionless

parameter from equation (5.34). We have

8nG?

e 1—c2,

. 1—c2 1
¢ = V1mae—n)’
1—c2 1
/d¢ - /V 127rG(t—t0)dt’

1—c?
ot) = e In(t —to) + do. (5.60)

At the fixed point y., where the solutions for H(t) and ¢(t) are non-zero, the
condition y, = 8mGVyd™(t — ty) = O is satisfied. However, this condition is valid
only if Vg = 0. Similarly, the fixed point condition 7, = —127Gké? = 0 holds only

when k = 0.
5.3.2 Numerical solution

The autonomous system equation (5.38) can be numerically integrated to
obtain the evolution of the Hubble parameter, H(z), and the effective equation of
state parameter, weg. Figure 5 presents these numerical solutions. In particular,
the curve for H(z) is plotted alongside observed data points, including error bars,
at low redshifts as presented in [92]. The comparison reveals that the solutions for

the non-flat case differ slightly from those of the flat case, making it difficult to
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Figure 4 Numerical solutions for the equation of state parameter weg(2)
in both flat and non-flat geometries for n = 2 (with a potential
V = Vo¢? where Vy = 1/2). The parameter ¢ is 0.9 and the
NMDC coupling is kK = —200. The spatial curvature values are

k =0 and £2000.

distinguish between the two scenarios based on these results. To better understand
the qualitative impact of spatial curvature, we analyze the system by selecting an
exaggerated value for the curvature parameter, k = £2000. This large value signif-
icantly amplifies the contribution of the curvature term in the equations, allowing
us to investigate more pronounced effects on the evolution of both weg(z) and H ().
This approach highlights the role of curvature, particularly in distinguishing the

behavior of the non-flat case from the flat case over a range of redshifts.



60

k= +100
£ =-200 k=-10
—_—c=0 —c=0
{=—c=01 —c=101
we(z) ] —c=05 | —e=05
1—e=07 1]—c=07
— =09 —c=09
-1 0 1 é 3 4 5
z z
k=-01 k=10
ool . " ] 0
02 —c=0 —_—c=0
-1
a4l —_—c=01 —_—c=0.1
War(2) . —_—=05 we(2) -2f =05
08 — =07 -3 {—e=07
JIOT| S —c¢=09 —~ ] — =09
-1 0 1 2 3 4 5 -1 a 1 2 I3 ; 5
r4 z
k= +100
ol
—_=0
2000
—c=0.1
—_—c=05
— =07
}—e¢=09
10 1‘5 20
z z
. £=-01 . ’ k=10
=0 y ] 2s0f .
i i —c¢=0 i i —c=0
2 Pl 20 Lo
i Iy —e=01 ; }ié i —e=0a1
¢ ] 150 N S A
gl H—emos | H® g Lot He—c=05
! 41,18 ]
L 1—c=07 5 IR IR — =07
]—c=09 ™ — =09
L L Qo 05 1.0 15 20
00 05 10 15 20
z
E4

Figure 5 Numerical solutions for weg(z) and H(z) in a non-flat universe

show slight differences compared to those in a flat universe.



CHAPTER VI

COSMOLOGICAL DYNAMICS OF HOLOGRAPHIC
DARK ENERGY WITH NON-MINIMAL COUPLED
SCALAR FIELD

In this chapter, we explore a scalar field non-minimally coupled to gravity
(NMC), incorporating holographic vacuum energy. The NMC theory considers the
coupling between scalar field and Ricci scalar in the form (1/ 2)€¢%R, where £ is

the coupling constant.

6.1 NMC with HDE action and field equations

The NMC theory is a subset of the generalized scalar-tensor theory, the

Horndeski theory, with the action (3.7), which takes the form

Ga = —(1/2)g(V*$)(V') — V(#), G3 =0, G4 = (167G) ™" — £4°/2,

Gix=0, G5 =0,Gsx =0. (6.1)

This formulation leads to second-order equations of motion, avoiding the higher-
order derivatives that can lead to unphysical solutions. The action for the NMC

theory in the Jordan frame with matter and vacuum energy is

R 1 1
S = /d4$\/ —g li-]__67r—G - Eg“”Vu¢Vy¢+ V(¢) - §£¢2R+ ‘Cm + SA .
(6.2)

Varying the NMC action with respect to metric tensor g,, yields the Einstein field

equations®

5Detailed calculations are provided in the Appendix C
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871G 1
- — - 4 _
G 1 — 87 GEg? VuV.ié Qg”"v PV, o V(¢)QMV
~£ (VuVut = 9wV, VP) + IO + T | (6.3)

where TSJ‘) and T;(u//\) are the energy-momentum tensors for matter and holographic

vacuum energy, respectively. One can view the theory with effective gravitational

constant in the Einstein field equation as

G

T 8nGeg (6.4)

Gest(9)

The gravitational constant is field-dependent. It reduces to G when the scalar
field is absent or when the non-minimal coupling constant vanishes (§ = 0). It is
natural to express the model in terms of the effective gravitational constant, as it
naturally emerges at the action level. To make this clearly, we factorize the action

in equation (6.2), this gives

_ (e~ R 1w _ -
= [dtav=g [1—6%&@,) LTV V(8) + cm] £5.  (63)

The action reduces to standard quintessence matter but with a modified gravita-
tional constant due to NMC. By varying the action (6.2) with respect to the scalar

field ¢, we obtain the Klein-Gordon equation for the NMC action as®
Vu(VEg) =V —ERp = 0, (6.6)

which describes the dynamics of the scalar field, incorporating the non-minimal
coupling between scalar field ¢ and the Ricci scalar R. These modified equations
emphasize the influence of the non-minimal coupling on both the Einstein field

equation and the Klein-Gordon equation.

8Detailed calculations are provided in the Appendix C
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In the spatial curved FLRW universe, (0,0) and (%,7) components of the
Einstein field equations (6.3) gives the Friedmann equations as follows’:
19

© 4 V(9) + 6EH+ pm + o1

3k

3H2+¥ = 87Geg , (6.7)

192

2H +3H? + % = —8nGer |5 — V(p) — 26 (¢<}5 + ¢ + 2H¢¢'>) + Py + Py

The term py, represents the dust matter density, pp denotes the holographic vacuum
energy density, and Py is its pressure. Dust matter is pressureless, with P, = 0.
This introduces a field-dependent gravitational constant. The dependence of grav-
ity on the scalar field has significant implications for the cosmological behavior of
the model. In NMC theory, , the holographic vacuum energy density is determined

by considering the apparent horizon as the cosmological cutoff, giving

3c?

A D 6.8
PA SWGeffR?q R ( )

where Ry = 1/ (\/ H? + k/a2> is the apparent horizon radius and 0 < ¢ < 1.

Substituting for G.g, we obtain

3c2 (1 — 8rGEPH?) <H2 + %)

PA = 87TG . (6.9)

This equation describes the holographic vacuum energy density as a function of the
scalar field, the Hubble parameter, and the spatial curvature. In the holographic
scenario, a cosmological bulk region should be enclosed by trapped null surface,
similar in concept to a black hole event horizon, where light never reaches the
horizon. The apparent horizon, which is a trapped null surface in an accelerating

expansion, is a natural choice for the holographic cutoff.

If there is no interaction between the dust matter field and the holographic

vacuum energy, the energy densities for both components follow the conservation

"Detailed calculations are provided in the Appendix D
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equations,

fpm+3Hpm = 0, (6.10)

pn+3Hpa(l+ws) = 0, (6.11)

where w,, = 0 for dust matter, and w, is the equation of state parameter for the

holographic vacuum energy.

The evolution of the scalar field in the FLRW background is governed by

the Klein-Gordon equation,
¢ = —3Hp—Vy—66p(2H* + H+ ;) , (6.12)

where V4 denotes the derivative with repect to ¢.

Together, equations (6.7), (6.9), (6.10), (6.11), and (6.12) fully describe the
evolution of the Hubble parameter, the scalar field, and the holographic vacuum en-
ergy in the context of an FLRW universe with non-minimal coupling. The method

we use to explore the dynamics of the universe is dynamical systems analysis.

6.2 Dynamics of the holographic NMC model

6.2.1 Dynamical variables

It is convenient to express the dynamical fields such as the scalar field,
kinetic term, matter field, and holographic vacuum energy, in terms of dimension-
Jess variables. Considering power-law potential given by V(¢) = Voo™, we define

dimensionless dynamical variables as follows:

87 Gegrh® _ 8nGeVod™ 167G o _ 2
6H2 y y = —3—H2—, S = H y A = 87rGeff€¢
_ 87GestPm _ 8mGegpp _ k

where Qn, Qa, and 2, denote the density parameters for dust matter, holographic

vacuum energy, and spatial curvature, respectively. To make the dynamical system
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autonomous, we introduce an additional parameter, A. The parameter x represents
the scalar field’s kinetic term, and y denotes the power-law potential term. The
variable s represents the NMC coupling term; notably, s = 0 implies £ = 0 and this
changes Geg back to G, restoring the model’s non-NMC limit. On the other hand
¢ = 0 indicates the absence of holographic vacuum energy. Effectively, NMC effect
is within G in almost all dynamical variables. The first Friedmann equation (6.7)
can be written in terms of dynamical parameters and expressed as a constraint

equation, normalizing the density parameters of all components,
1 = Q¢4 Om+ Q4+ 0. (6.14)

The density parameter of the scalar field, which is non-minimally coupled to the

Ricci scalar, can be expressed as
Q = z+y+s. (6.15)

From equation (6.14), both the holographic vacuum energy and the scalar field

drive the acceleration such that dark energy density parameter is
Qae = Qo+ 4. (6.16)

According to the energy density of HDE in equation (6.9), there exists a relationship
between the HDE density parameter and the spatial curvature term, leading to the

constraint
Oy = A(1- Q). (6.17)

Additionally, another constraint arises from the relationship between z, s, and A,

expressed as

82

= m ) (6.18)

where £ # 0, otherwise indeterminate. Hence, the Friedmann constraint provides

an expression for the dust density parameter in terms of y, s, A and {l, as

82

= _— _ —_— —2 - - . v
O 1 2164 y—s—c(l— Q) — (6.19)
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Equation of state parameter for a NMC scalar field is given by its energy density

and pressure. According to definition of Friedmann equations (6.7), we obtain

.2 . N

ps = 5 V(o) +6HSP, (6.20)
'2 . . .

Fy = %—— (¢) —2¢ (¢2+¢¢+2¢H¢) , (6.21)

wy = Py s+ 3[z — 4z& +y(2n€ — 1) — 4AE(e + U — 2)] 622)
Pé (z+y+s)

where € = — H/H?. Using equation (6.9) together with the continuity equation of
holographic vacuum energy, pa + 3Hpa(1 + wa) = O,equation of state parameter

for the holographic vacuum energy is

—1 +2E/3+Qk/3+8(1—Qk)/3

= 6.23
< 1— O (6.23)
Equation of state parameter for dark energy is then defined as
’l.U¢,Q¢ + waSla
—_ 6.24
& 0+ (6:24)

Using Friedmann equations (6.7), expressed in the form 3H 2+ 3k/a? = 8nGeftprot
and 2H + 3H? + k/a? = —87GegPit, the effective equation of state parameter can
be obtained through the definition wegt = Prot/pPtot- Lhis gives

2H+3H?+kja? _ —1+2¢/3+ /3

3HZ 4 3k/a®2 11— (6.25)

Wep =

According to equations (6.13), (6.17), (6.18), and (6.19), we have seven
dynamical variables and three constraint equations. Consequently, the dynamical
system can be constructed using only four independent variables: v, s, A, and (.
The autonomous system is constructed by taking the derivative of the dynamical

parameters with respect to the e-folding number, N = Ina. This is®

/ nsy
= Ll
Y sy + 2A+ ye,
2
§ = s2+;—A+s(e—3)—6ny£+12A£(e—2+Qk),

8Detailed calculations are provided in the Appendix F
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A = s(1+A),
Q= —20x(1—¢). (6.26)
Here, ““ ’ ” denotes derivative with respect to N. The parameter ¢ = —H/H? is

‘expressed in terms of the dynamical variables to obtain the autonomous system.
Using equation (6.7) together with the NMC Klein-Gordon equation (6.12) and
the equation of state parametef of holographic vacuum energy equation (6.23), the

parameter € is expressed as

€ = 8°(1—48)+8AsE [1+c*(1— )] —8BAE[ — 3+ 3y — 24A¢ — 6nyé

+X(3 = Q) + D + 12460] / 16AE(1 — ¢ + BAE).

6.2.2 Fixed points and stabilities

Fixed points of the autonomous system are found by setting the system of
equation (6.26) to zero. The fixed points for all dynamical variables are listed in
Table 3. To determine stability of each fixed point, we analyze the system using
linear perturbations about each fixed points, i.e., y = yc+ 0y, s = s, +ds, A=
A, +6A, Y = Qe + 6%, and examining the eigenvalues of the resulting Jacobian

matrix, M. The first-order perturbation system is expressed as

(5 \ 6y \

d ds 0s
— = M , (6.27)

dN | 54 A

o) on)

where yq, S¢, A¢, Q. denote fixed points and 8y, §s, § A, 6 represent linear pertur-

bations. The Jacobian matrix M is defined as

( ny' asy, 8Ayl 8Qkyl \
0,8 0,8 048 O s
M= | T , (6.28)
OyA" O;A" O04A" Og A

\8,% 0., 0a%Y O,/

at fixed points
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where, for example, 8,y', 8sy', 04y, O,y denote derivatives of y' with respect to
y,s, A and €y, respectively. The eigenvalues of the Jacobian matrix indicate the
stability characteristics of each fixed point. Since the autonomous system has four
degrees of freedom, the Jacobian matrix has four eigenvalues. A fixed point is
stable if all eigenvalues are negative, and it is unstable if all are positive. If at least
one eigenvalue is positive, the fixed point is classified as a saddle point. When some
eigenvalues are zero while others are negative or positive, linear stability analysis

fails, and numerical integration is required to determine stability.

The eigenvalues of the Jacobian matrix, derived from equation (6.28), and
the stability characteristics of each fixed point, are presented in Table 4. Addition-
ally, the corresponding equation of state parameters for each fixed point are listed

in Table 5.

Based on the fixed points listed in Table 3, the system yields nine fixed

points, as follows:
6.2.2.1 Fixed point 1.

Fixed point 1 represents a state completely dominated by spatial curvature,
characterized by Q. = 1. The effective equation of state parameter at this point is
indeterminate due to the zero denominator in equation (6.25). Since the eigenvalues
contain both positive and negative components, the stability of this point corre-
sponds to a saddle line for all £ and 0 < ¢ < 1, with the parameter A. € (—00, 00).

However, because Wef;, is indeterminate, this fixed point is considered non-physical.
6.2.2.2 Fixed point 2.

Fixed point 2 represents a state dominated by spatial curvature, with an
effective equation of state parameter given by weg = —1/3. The stability of this
point depends on the parameter &: for € < 0 and £ > (4 — 3¢?)/24, the eigenvalues
consist of both positive and negative values, indicating a saddle point. In contrast,

for 0 < € < (4 — 3¢®)/24 all eigenvalues are positive, making the point unstable.
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Table 3 Fixed points of all dynamical variables for n = 2 case, where

B=—-1+4c*+6¢.

Fixed points

Name
e Ye Sc Ac nkc QAc nmc
1 0 0 0 A 1 0 0
1 1 c? 1 2
2 - = - - 1t = - =
T 0 1 1 - & 5 + 5 B
20— 66y
2B? 4B 2(—1+6£)B
— e - p— 4 2 —_
3 3¢ 0 7 1 +3ct€ — 2¢ 3¢ 0
+12c25] / 3¢
3 3 ) 3
Lo - = - —4 - —
4 T 2- g 3 1 0 ¢ ¢+
-+ [3
__26_.. 4§ — 2 9
5 31— 46)? 0 T 1 0 ¢ ~34€ + 96¢7] /
3(1 - 4¢)*
[3 —34¢
o _XQaR A2M4%EC e d) 0 & 0
(=4 -3+ 165)]/ —1+4¢
3(1—4¢)?
1~c?—12¢
7 0 126 —26B -1 0 c? 0
+2/6E8B
1—c2-12¢
8 0 12¢ +2/668 -1 0 e 0
—26EB
_ 2
9 0 1-¢ 0 Tl 0 & 0

Singularities occur at £ = 0 and £ = (1 — ¢?)/6. The condition for a positive
holographic density parameter requires £ > 0, but this leads to z. < 0 which is
not physical. On the other hand, choosing ¢ < 0 makes z. > 0, but this makes
Qe < 0, which is also non-physical. Therefore, although this fixed point formally

exists, it remains non-physical for all values of §.
6.2.2.3 Fixed point 3.

Fixed point 3 represents a phase dominated by spatial curvature, character-
ized by Q. = 1, which occurs when & = (1 — c2)/6. The effective equation of state

parameter at this point remains constant at weg = —1/3 for all values of £. Based
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Table 4 Eigenvalues and their stabilities of all fixed points for n = 2,
B = —1+c®+6¢, A = c*[8£(194¢ —23) +1]+32c%¢(66 — 1)(116£ — 13)+
2566(9¢ — 1)(1 — 6€)2, and © = 3¢[c*€(48€2 + 104€ — 21) +6c*(128¢° +
40€% — 28¢ + 3) + 2(66 — 1)(3 — 16¢)?]

Fixed existence conditions
eigenvalues stability
points for0 <c<1
1 0, -1, -2, 2 saddle VE, E#0
if¢ <0,
saddle, i or

(4—3c?)/24 < ¢,
—[4E (2 = 4) + 2 + 9667 — VA

9 1, 2, 3568 ) for £ # 0 and ¢ # (1 — *)/6,
—[46 (2 — 4) + & + 9663 + VA unstable 0 < €< (4—32)/24
32{B '

for £ #£0 and & # (1 - ¢?)/6

ifE< (8—ct—4c

4B 3+ 2E—4 6+ AR(6E — 1) + 4(1 — 6€)? saddle, +SVB+P)/48, {#0.c#£0

3 2) 2 2 ) 364
¢ ¢ ¢ unstable if (8—cf - 4c?
+SAVB T E)[4BLE E#0,c#0
4 b Ca 34 —-1)-vO 3P -1)+vO saddle E£(1-c?)/6, E#£0
X\ 4B ' 4B
4 1-8 3166 3cP(1-4€)°—9662+346-3 E#1/4,6#0
5 s ) saddle
T—48 1-48 1-4¢ 2046 - 1)B ££(1-A)/6
—4(1+e 3—dE(4+c2
N O itecoori/act €40,
6 3¢ — 2c%€(8 + 2) — 9662 + 346 — 3 saddle .
@ -1F f0<é<1/4 £#0,
saddle, lfé < 0' E # 01
12¢ — 2(/BEB, [c2(3 — 12¢) + (6€ — 1) (2v/6ZB — 12 + 3)] / B. unstable 0 < €< (-17+122
7 [2¢? (VBEB — 12¢ + 2) +2(6¢ — 1) (2vBEB — 126 + 2)] /B, spiral, —T+24c%)/[48(c* - 2)], £ #0,
[2¢* (V/BEB — 12€ +3) +2(6¢ — 1) (2vB6EB — 126 +3)] /B unstable if (—17 4 128
—/TF242)/[48(c* ~ 2) < &), £ #0
unstable, if£<0,{#0,
12 + 2V/BEB, [*(8—12%) + (66 — 1) (-2vBEB - 126 +3)] /B, go4qle if0 <€ < (=17 + 1262
8 [20* (—VBEB-1%+2) +2(66 - 1) (-2VBEB - 126 +2)] /B,  spiral, ~ —V1+24)/1U8(* - 2)}, £ #0,
[2? (—v/BEB — 126 +3) +2(6¢ - 1) (-2VBEB - 126 +3)] /B qdie if (=17 + 12¢2
+T+ 24c7)/[48(c* — 2)] < &, £#0
-3, -2,
g [3+3(c2—3){—\/9(c2+5)2£2—6(5c2+17)§+9]/(6£—2), saddle, e <0md1f3<C L0,
stable f0<&E<1/3, §#0

[3+3(c2-3)5+\/9(c2+5)2§2-6(5c2+17)5+9]/(6§-2)
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Table 5 Effective equation of state of all fixed points for n = 2 and
B = —1+ ¢+ 6¢. This is found from the equation (6.25) with

the values of dynamical variables at the fixed points.

Fixed points equation of state parameter, weg

1 Indeterminate
5 _L

:iz
3 ——

3
4 >
5 __A

—3+12¢

6 -1
7 [2(3 — 246 +2V/BEB) + (-1 +66)(3 — 24 + 4/6¢B)| /3B
8 [c2(3 — 246 — 2/BEB) + (=1 +66)(3 - 24¢ — 4/6%E)| /3B
9 -1

on the eigenvalue analysis, the stability of this point varies with ¢. Specifically, for
€ < (8= ct — 4c® + 3/8+ c2) /48, the fixed point behaves as a saddle point. In

contrast, when € > (8 — ¢* — 4¢? + ¢3v/8 + ¢?) /48, it becomes an unstable point.
6.2.2.4 Fixed point 4.

Fixed point 4 corresponds to an effective equation of state parameter wes =
—1. Since one of its eigenvalues is positive, this fixed point behaves as a saddle for
0 < ¢ < 1. The requirement that the matter density parameter satisfies 0 < Q¢ <
1 imposes a condition, 3/(20 +4¢?) < £ < 3/(16 + 4c*) which implies positive
value of ¢ in the range. However, for the fixed point to be physically meaningful,
the conditions z, > 0 and vy, > 0 must also be satisfied. These conditions, however,
require £ < 0. The conditions are in conflict with each other, hence this point is

non-physical.
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6.2.2.5 Fixed point 5.

The eigenvalues of this fixed point depend on £ only when £ # 0. Since .
must be positive, which corresponds to £ < 0, the eigenvalues can be either positive
or negative, indicating that this fixed point is a saddle point. At this fixed point,

the effective equation of state parameter is given by

4¢

STERTTE (6.29)

Weft —

which is independent of c. The condition for cosmic acceleration, weg < —1/3,
permits a range of the NMC coupling, 1/8 < £ < 1/4. The dust-like equation of
state, wer = 0, is approached as & — 0, while a de Sitter-like equation of state,
weg = —1, requires £ = 3/16. However, the condition z, < 0 requires ¢ < 0,
hence this fixed point does not result in acceleration nor dust-like expansion and
nor (effectively) de-Sitter expansion. From Table 3, the constraint 0 < Qe < 1,

implies that £ must satisfy

17 — 12¢% + /1 + 24¢2 < 5 — 122 + /25 + 24c2

< 6.30
96 — 48¢? sEs 48 — 48¢? ! ( )
and

— 2 1 ./2 2 — 2 4./ 2402

54 12¢* + /25 + 24c¢ <¢< 174+ 12¢* + 1+ 24c . (6.31)

—48 + 48¢2 ”~ —96 + 48¢?

Both conditions depend on c. Since the requirement z. > 0 enforces < 0, only the

second condition remains valid. (6.31). As indicated in Table 3, for dust matter to

be completely dominating,

3 —34¢ + 9662
3(1—-462

Ome = —C* + 1, (6.32)

it follows that as £ — 0 with Q. — 1 directly gives ¢ — 0. Canonical scalar field
in GR limit is approached when ¢ — 0 and ¢ — 0. However, this fixed point does
not fully recover the GR limit with a canonical scalar field, as { must be negative.

Approaching the limit, £ = 0~ and ¢ — 07 results in Opne — 17. Therefore, this
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fixed point asymptotically approaches the matter-dominated limit as £ — 0 and it

is a saddle point transition.
6.2.2.6 Fixed point 6.

The stability of this fixed point depends solely on £, which can be analyzed in
three cases. First, for 0 < £ < 1/4, the fixed point behaves as a saddle. Second, for
¢ <0or1/4<E, it is stable. Third, for £ = 0, the system becomes indeterminate
due to zero denominators in equations (6.18), (6.19), (6.26). a redefinition of the
dynamical variables is necessary, leading to a new autonomous system that avoids
indeterminate terms. Here, this case is considered as approaching limit only. A
fundamental requirement for validity is that the kinetic term must not be negative,
enforcing the condition z, > 0. As a result, this requires £ < 0. This fixed point
is characterized by an effective equation of state parameter weg = —1 for all §
and 0 < ¢ < 1, corresponding a dark enérgy—dominated phase. NMC scalar field
and the holographic vacuum energy contribute to the dark energy with density
Qdee = Qge + Qe = Te + Yo + 5c + Qo = 1, implying dark energy domination. In
the canonical scalar limit of GR, where & — 0, (¢ # 0) and ¢ — 0, the potential
term dominates in the late-time universe, leading to z, — 0,y. — 1, meaning
the potential alone drives dark energy. For { — 0 and ¢ # 0, the system evolves
such that z, — 0,9, — 1 — ¢? and Q4. = ¢ For £ # 0 and ¢ = 0, the results
are consistent with those previously obtained by Sami et al. [95] for the non-
holographic NMC theéry.
6.2.2.7 Fixed point 7.

To avoid divergence in the eigenvalues, the coupling parameter must satisfy
€+ (1—¢?)/6. For £ < 0,and 0 < ¢ < 1, the fixed point behaves as a saddle. When
€ — 0~ and 0 < ¢ < 1, the system approaches the canonical scalar holographic
case, where the NMC effect vanishes. In this limit, the effective equation of state

parameter approaches weg — 17, corresponding to a stiff fluid-dominated regime.
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For £ > 0, the stability of the fixed point depends on the value of £ as follows: if
0 < &< (—17+12¢% — 1 + 24c?)/[48(c? — 2)], the eigenvalues are unstable spiral;
if £ > (=174 12¢% — /1 + 24c?)/[48(c* — 2)], the point is unstable point. This is
however, condition of the kinetic term, z. > 0 with a condition 0 < ¢ < 1, implies
that £ < 0 (see Table 3) for the fixed point to be physically meaningful. In the
canonical scalar GR limit, £ — 0~ and ¢ — 0%, the fixed point becomes a purely
kinetic-dominated state with 2z, = 1. The effective equation of state parameter in
this limit is

lim weg=1, (6.33)

c—0t,£-0-

which corresponds to a stiff fluid-dominated epoch.
6.2.2.8 Fixed point 8.

In the limit £ — 0~ and 0 < ¢ < 1, this fixed point is similar to the fixed
point 7, where the universe consists solely of a kinetic term and a constant vacuum
energy. This results in stiff-fluid equation of state parameter wes = 1. A stiff fluid
phase can also emerge in the panonical scalar GR limit, where £ — 0~ and ¢ — 0%,
yielding

lim weg=1. (6.34)

c—0F £-0-
The stability of this fixed point can be categorized into three cases: For { < 0,
the fixed point is a unstable point for 0 < ¢ < 1. For £ > 0, stability depends
on the range of & if 0 < £ < (=17 4 12¢® — /1 + 24¢?)/[48(c* — 2)], the point is
saddle spiral; if £ > (=174 12¢® — v/1 + 24c?) /[48(c? — 2)], the stability is a saddle
point. However, to ensure physical validity, the condition z, > 0 must hold. Given
0 < ¢ < 1, this requirement forces £ < 0, confirming that only negative values of £

make this fixed point physically meaningful..
6.2.2.9 Fixed point 9.

Fixed point 9 represents a state where the universe is dominated by con-

stant vacuum energy and potential, characterized by an effective equation of state
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parameter weg = —1. The stability of this fixed point depends on the value of the
NMC coupling parameter £: For £ < 0 or £ > 1/3 the fixed point behaves as a
saddle. For 0 < £ < 1/3, the fixed point is stable. To ensure a well-defined system,
the NMC coupling must not take the values £ = 0 or £ = 1/3, as these cases lead
to singularities or undefined behavior. This point is potential and vacuum energy

dominated as seen in Table 3. It corresponds to weg = —1.
6.2.3 Phase portrait

Observations of the current density parameter of spatial curvature, (3, from
DESI+CMB+Union3 data reveal a very small value about Q4 = —0.0004+0.0019
[50]. Hence the present universe is very close to flatness, and we assume flat space
here. According to Table 3, dynamical system analysis identifies three fixed points
(point 1, 2, and 3) corresponding to non-flat case and six fixed points (points 4, 5,
6, 7, 8 and 9) corresponding to flat cases. Here, we discuss the flat cases which are

of points 4 to 9

One can consider a universe where the radiation-dominated epoch is omit-
ted, and its evolution is follows as: it initially begins with an almost stiff fluid-
dominated phase, corresponding to fixed points 7 or 8 9 The physical constraint
T, > 0 requires ¢ < 0, and for the theory to remain valid, { must be nonzero.
This phase is then followed by a dust-dominated epoch, represented by fixed point
5. The condition & — 0~ is necessary for two reasons: first, to satisfy the dust-
dominated condition approaching the saddle fixed point 5, and second, to ensure
the kinetic-dominated (stiff-fluid) condition at fixed points 7 and 8. Finally, the
universe transitions into a stable dark energy-dominated phase at fixed point 6.
Fixed points 4 and 9 are excluded from this analysis since they do not correspond

to stable solutions. Thus, the universe evolves through the sequence of fixed points:

9For the point 7 and 8, according to Table 5, as { — 07, the effective equation of state

approaches stiff-fluid condition, weg — 17
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Figure 6 Phase portrait of the autonomous system in flat universe, () =
0, in the z — y plane for £ = —10~* and ¢ = 0.1, with s fixed at
s=—1,—0.5,—-0.001, and 1

7 or 8 = 5 — 6. For a complete dust-dominated phase and a smooth transition to
the stable dark energy epoch, the coupling parameter should be negative and small
for all 0 < ¢ < 1. We can conclude that this model require £ — 0~ for physical
viability. Under these conditions, the dynamical variable s = 16wGeff§¢¢/ H must

be negative in an expanding universe (H > 0).

The evolution of the universe can be visualized through the phase portrait
shown in Figure 6. In this plot, we assume a flat universe with € = 0, a holographic

parameter of ¢ = 0.1, and a coupling parameter approaching £ — —107%. In
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the flat universe case, the system consists of three dynamical variables:: z,y,s.
According to Table 4, when £ — 07, fixed point 7 behaves as a saddle, while
fixed point 8 is unstable. Additionally, for £ — 07, fixed point 8 is located in
the s > 0 region, which is inconsistent with an expanding universe, as it would
require H < 0 (assuming a positive field value). Moreover, under the condition
¢ — 0~, the variables y = 87GegVo$?/3H? and A = 87Geal¢” must satisfy y > 0
and A < 0. Based on these constraints, we focus on fixed point 7, which is located
in the allowed region (s < 0,4 < 0 and y > 0), as the starting point of cosmic
evolution. At this stage, the universe is dominated by the scalar kinetic term
and holographic vacuum energy, leading to an almost stiff-fluid equation of state
(saddle point 7). It then transitions into an approximately dust-dominated phase
(saddle point 5).%. After leaving the saddle point 5, the universe evolves toward
the stable fixed point 6, corresponding to a dark energy-dominated phase at late
times. This evolutionary sequence follows the path: 7 — 5 — 6. FIG 6 presents a
three-dimensional phase portrait in the (s, y, A) space. Bottom panels of the figure
- display two planar slices: the left panel represents the ys—plane with € = —0.01,
¢ = 0.1 and A = —1, while the right panel shows the As—plane with £ = —0.01,
¢ = 0.1 and y = 0. Fixed points are labeled in the figures, with shaded regions
indicating the allowed parameter space. The trajectories illustrate the transition
from fixed point 7 — 5, converging to the stable fixed point 6. This corresponds
approximately to the values to y. = 1.02, s, — —0.038. Fixed point 6 represents a
stable, cosmological constant-dominated epoch with weg = —1, which is consistent
with current observations. Although fixed points 4 and 9 also correspond to dark
energy domination, they are excluded from our analysis as they are not stable

under the condition £ < 0.

10For the fixed point 5, according to TABLE (5), there is no completely dust-dominated epoch

(wegr = 0) however as £ — 0, this approach dust-dominated condition.
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Here the dark energy is effective contribution of both scalar field and holo-
graphic vacuum energy. From the Friedmann constraint, (6.14), the stable fixed
point 6 satisfies 1 = .+ Yc+ Sc + Qe + e + Qc, With Oppe = Te+Ye+8c+ Qe =

Q¢c +Qpc=1.

6.3 Numerical solution

The autonomous system (6.26) can be integrated numerically. Cosmological
parameters are plotted as functions of e-folding number N = Ina, including the
effective equation of state parameter, weg(N), the equation of state parameter for
dark energy, wqe(N), the density parameter for matter, Qm(N), the density pa-
rameter for dark energy, Qae(IV), and spatial curvature density parameter, Qi (N )-
In this work, we consider the quadratic potential V(¢) = Vog?. Figure 7 illus-
trates the effective and dark energy equations of state parameter by varying the
holographic parameter ¢ = 0.1, 0.6, 0.8 (left panel) and the coupling parameter
£ =-10"2,-10"3, 107, —107%, and —107° (right panel). For this plot, the initial
conditions are chosen as follows: yo =1 — 8o — Qmo — 55/(24A0€) — (1 — Qo) —
Qko, S0 = —107, Ag = —0.7. The initial value of yo is given by Friedmann con-
straint equation (6.19) with observational data Qmg = 0.3233, {2 = —0.0004 from
DESI+CMB+Union3 (wew,CDM + () model) [50] where so and A, are chosen by
hand.

According to Table 5, no fixed points are completely dominated by dust or
stiff fluids. For the cosmic evolution to approach dust or stiff fluid dominations,
the coupling parameter must be small and negative (( — 07), and the holographic
parameter must also be small (¢ — 0). Figure 7 shows that, for any values of £ and
¢, the equation of state parameter weg approaches —1 at late times, corresponding
to a cosmological constant-like behavior. For the parameter { = —1075, variations

in the parameter ¢ not significantly change the behavior of the effective equation
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Figure 7 The figure shows the effective equation of state parameter weg
and dark energy equation of state parameter wqge plotting to

Ina.

of state parameter. For small values of ¢, the universe is accelerated expansion,
whereas larger values of ¢ lead to ending of acceleration. When varying the coupling
parameter £, smaller values of & result in a more completely matter-dominated
epoach compared to larger values of £&. The equation of state parameter of dark
energy is also plotted. For a fixed £ = —1075, small value of ¢ make dark energy
behave like a cosmological constant, while increasing ¢ causes dark energy to scale
with the effective equation of state parameter. Conversely, when ¢ = 0.1 is fixed,
varying £ does not alter the late-time cosmological constant behavior of dark energy

but significantly impacts its behavior during early times.

The density parameters for dust matter (Qy,), dark energy (Qqe), and spatial

curvature ({) are shown in Figures 8, 9. At both early and late times, the universe
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Figure 8 The figures show the density parameters for the dust matter

field, O, dark energy, Qqe, and spatial curvature (J.

is dominated by the NMC scalar field togeter with holographic vacuum energy. At
early times, the scalar field beilaves like a stiff fluid, while at late times, the scalar
field and the holographic vacuum energy behave like dark energy. Although c
has negligible influence at early and late times, it significantly affects the matter-
dominated epoch. As c, increases, the density of matter decreases, while the density

of dark energy increase.

Figure 9 shows the density parameters plotted with respect to Ina. At
late times, the universe is dominated by dark energy Q4 = 1, with the other
components becoming negligible. However, during the matter-dominated epoch,
when O, > Qge, the coupling parameter € plays a crucial role. Smaller values of §
increase both the density and the duration of the matter-dominated epoch, while

the density of dark energy behaves oppositely. The density parameter for spatial
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Figure 9 The figures show the density parameters for the dust matter

field, Oy, dark energy, Q4o, and spatial curvature (1.

curvature remains very small throughout and can be neglected in this analysis.

Finally, based on the dynamical system analysis, the conditions for a real-
istic evolution of the universe require that the coupling parameter  be small and
negative, while the holographic parameter ¢ should also be small. For { = -10-8
and ¢ = 0.1, Figure 10 presents the density parameters of matter (red line), dark
energy (blue lihe), and spatial curvature (green line). The plot shows that dark
energy, which arises from the combined effects of the scalar field and holographic
vacuum energy, behaves as a stiff fluid at early times and transitions to act as
a cosmological constant at late times. Between these periods, the matter field

dominates the evolution of the universe.

The figure 10 also includes the equation of state parameters: the effective

equation of state (dashed line), the equation of state for dark energy (red line), and
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Figure 10 The figures show energy density parameters for dark energy
Qde, dust Q,,, and spatial curvature ) in the left panel and
the right panel shows equation of state parameters for scalar
field wy, holographic vacuum energy wp, dark energy wWge,

and effective parameter weg.

its components, namely the NMC scalar field (blue line) and holographic vacuum
energy (green line). The effective equation of state parameter indicates that the
universe evolves from a stiff fluid we.g = 1 to a matter-dominated state weg = 0,
and finally to a cosmological constant-dominated state wes = —1. The scalar field
transitions directly from a stiff fluid wg = 1 to a cosmological constant wy = —1,

while the holographic vacuum energy evolves scaling with the background evolution.



CHAPTER VII

CONCLUSION AND DISCUSSION

We have examined a FLRW universe with arbitrary spatial curvature, con-
sidering cosmic contents that include dust matter, a NMDC field governed by a
power-law potential, and holographic vacuum energy. The cosmological cutoff em-
ployed in this study is the apparent horizon, which reduces to the Hubble horizon
in flat spacetime. For flat spacetime, an effective gravitational constant can be
defined within the Friedmann equation. However, in the general case of non-flat

geometry, such a constant cannot be defined in the same way.

A dynamical and stability analysis of the system reveals the existence of four
distinct fixed points. One stable fixed point, denoted as point (b), corresponds to
weg = —1. This point exists for any value of the NMDC coupliﬁg k, although
observational data favors negative values of k. The cosmological implications of
all fixed points are explored in this work. One branch of the stable fixed point (b)

solution leads to de Sitter expansion.

We numerically integrated the dynamical system and compared the results
with H(z) data from [92]. For flat universes, the observational H (2) data is qualita-
tively consistent with a large negative value of «, approximately —200. Increasing
the value of the parameter ¢ raises the slope of the H(z) plots. For positive or
small negative values of &, the numerical results align with H () data only at lower
redshift regimes. Increasing the magnitude of c steepens the slopes of both the

effective equation of state, weg, and the Hubble parameter, H (2).

A combination of large negative x and larger ¢ values could potentially lead
to a phantom-like equation of state, weg < —1, in the near cosmological future, i.e.,
at small negative redshifts. The inclusion of spatial curvature introduces a coupling

term between the NMDC field and curvature, influencing the sign of the scalar
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field’s kinetic energy based on the sign of k. Negative values of k are preferred,
as they contribute to a larger scalar field kinetic energy term in the Friedmann

equation.

The second part of this dissertation explores the non-minimally coupled
(NMC) scalar field theory of gravity, incorporating holographic vacuum energy
effects. Specifically, we investigate a,, subclass of the Horndeski theory that fea-
tures non-minimal coupling. Previous studies indicate that an NMC theory with
a quadratic potential remains viable for £ > —7.0 x 1073 [96]. We consider FRW
universe containing NMC scalar field, dust matter and holographic vacuum en-
ergy. Our model considers an FRW universe containing an NMC scalar field, dust
matter, and holographic vacuum energy. In this setup, the effective gravitational
constant depends on the scalar field, denoted as Geg(4), and is naturally defined
at the action level. Consequently, the universe is composed of a canonical scalar
field, dust matter, and holographic vacuum energy, with the vacuum energy den-
sity taking the form pp = 3c?/8mGegL? . The cutoff scale is chosen to be apparent

horizon. We consider quadratic power-law scalar potential, V(¢) = Vod? here.

Our dynamical system analysis of the four independent dimensionless pa-
rameters reveals nine fixed points as shown in Table 3. The non-minimal coupling
effects appear explicitly in all dynamical variables through Gg except in {, while
the holographic effect is present only in £2,. Both the holographic vacuum energy
and the scalar field contribute to the total dark energy density that drives cosmic
acceleration. Table 4, categorizes the fixed points stability. Points 1, 2, and 4 are
non-physical, while fixed point 3 corresponds to a curvature-dominated regime that
can be either a saddle or an unstable point. Fixed point 5 exists only for £ <0 and
behaves as a saddle. As £ — 0 and ¢ — 0, this model approaches the canonical
scalar field theory in the GR limit. Hence it is not a complete matter-domination

but only a transient event in the evolution and this happens as £ — 0~. Fixed point
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6 represents a dark energy-dominated phase with weg = —1foralléand 0 < c< 1.
The value range of ¢ affects its stability directly. For 0 < £ <1 /4, it behaves as
a saddle, whereas for £ < 0 or 1/4 < ¢, it is stable. The special case £ = 0 is not
allowed, as it renders the system indeterminate. We can not say that £ = 0 is the
canonical scalar holographic limit. This is because the dynamical variables must
be re-defined from the beginning as such the system becomes completely different
autonomous system and it is not our interest here. Generally, the condition { < 0
is favored and in the non-holographic limit, we recover the NMC results.reported
previously by Sami et al.. Fixed point 7 requires £ < 0and 0 < c < l,acting as
a saddle. As £ — 0~ with 0 < ¢ < 1, the effective equation of state approaches
the stiff-Auid condition, weg — 17, indicating that fixed point 7 corresponds to a
stiff fluid-dominated phase. Similarly, fixed point 8 also represents stiff-fluid dom-
ination but specifically in the GR limit, where £ — 07 and ¢ — 0T. Stability of
the fixed point 8 comes in three cases. For £ < 0, it is unstable otherwise they are
either saddle spiral or saddle point. Nevertheless, it is only physically valid when
¢ < 0. Fixed point 9 corresponds to a constant vacuum energy-dominated phase -
with w.g = —1, where stability depends on the value of c. It behaves as a saddle for
£ < 0or 1/3 < £ and remains stable for 0 < § < 1/3, with singularities occurring
at £=0,1/3.

In our analysis, we focus only on the flat case. As shown in Table 4, points 1,
2, and 3 correspond to non-flat cases, while points 4,5,6,7, 8, and 9 are relevant
for flat space. A plausible cosmological scenario emerges in which the universe
begins in a nearly stiff-fluid-dominated phase (fixed points 7 or 8). To achieve a
near-dust-dominated state (fixed point 5) and maintain the kinetic term-dominated
phase (fixed points 7 and 8), the condition £ — 07 must be met for physical
consistency. Moreover, for an expanding universe, the dynamical variable s must
be negative. Fixed point 8 resides in the s > 0 region, making it incompatible

with cosmic expansion, whereas fixed point 7 is in the physically allowed region
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s < 0,A < 0,y > 0, making it a viable starting point for cosmic evolution. The
universe thus evolves through the sequence: 7 — 5 — 6. The fixed points 4 and
9 are not interested as they are not stable for £ < 0. The stable fixed point 6
corresponds to Qg + Qac = 1. as dark energy is contributed from both scalar field

and holographic vacuum energy.

We numerically integrate the autonomous system equations (6.26) and plot
the evolution of weg(N), n(N), Ope(N) and Qx(In a) as functions of the e-folding
number N = Ina. To approach dust or stiff fluid dominations, the NMC coupling
must be small and negative, and the holographic parameter must also be small
(c — 0%). For any allowed values of ¢ and ¢, weg approaches —1 at late times. A
more negative coupling suppresses the dust-dominated phase, raising weg at fixed
point 5 while decreasing it at fixed point 7 (FIG. 7). Increasing of ¢ does not change
the qualitative shape of wegr, but larger ¢ increases Wes. The NMC coupling £ has
little effect on 24, whereas larger c increases {25, which remains nearly constant
due to the small value of €. For larger negative magnitude of the NMC coupling,
Q, is larger in the past. Larger c reduces the value of Q,. For larger c, kinetic
part z, NMC part s and potential part y are smaller. At latest stage of evolution,
the potential term finally dominates. Very small negative magnitude of £ and very
small 0 < ¢ < 1 are favored in this model. Both the scalar field and holographic
vacuum energy drive late-time acceleration. Future work will explore the effects of
an exponential potential, along with kinematic and perturbation analyses against

observational data.



REFERENCES



REFERENCES

1. Faraoni V. Cosmology in Scalar-Tensor Gravity. Fundamental Theories

of Physics. Springer Netherlands; 2004.

2. Capozziello S, De Laurentis M. Extended Theories of Gravity. Phys
Rept. 2011;509:167-321.

3. Clifton T, Ferreira PG, Padilla A, Skordis C. Modified Gravity and
Cosmology. Phys Rept. 2012;513:1-189.

4. Nojiri S, Odintsov SD. Introduction to modified gravity and gravita-
tional alternative for dark energy. eConf. 2006;C0602061:06.

5. Amendola L, Tsujikawa S. Dark Energy: Theory and Observations.
Dark Energy: Theory and Observations. Cambridge University Press; 2010.

6. Copeland EJ, Sami M, Tsujikawa S. Dynamics of dark energy. Int J
Mod Phys D. 2006;15:1753-936.

7. Padmanabhan T. Dark energy: mystery of the millennium. AIP Conf
Proc. 2006;861(1):179-96.

8. Amanullah R, Lidman C, Rubin D, Aldering G, Astier P, Barbary K,
et al. Spectra and Hubble Space Telescope light curves of six type Ia super-
novae at 0.511< z< 1.12 and the Union2 compilation. The Astrophysical Journal.
2010;716(1):712.

9. Perlmutter S, et al. Measurements of {} and A from 42 High Redshift
Supernovae. Astrophys J. 1999;517:565-86.

10. Perlmutter S, et al. Discovery of a supernova explosion at half the age

of the Universe and its cosmological implications. Nature. 1998;391:51-4.

11. Riess AG, et al. Observational evidence from supernovae for an accel-

erating universe and a cosmological constant. Astron J. 1998;116:1009-38.

12. De Felice A, Tsujikawa S. f(R) theories. Living Rev Rel. 2010;13:3.



89

13. Carroll SM, Duvvuri V, Trodden M, Turner MS. Is cosmic speed - up
due to new gravitational physics? Phys Rev D. 2004;70:043528.

14. Brans C, Dicke RH. Mach’s Principle and a Relativistic Theory of
Gravitation. Phys Rev. 1961 Nov;124:925-35.

15. Fujii Y, Maeda K. The Scalar-Tensor Theory of Gravitation. Cambridge
Monographs on Mathematical Physics. Cambridge University Press; 2003.

16. Amendola L. Cosmology with nonminimal derivative couplings. Physics

Letters B. 1993;301(2-3):175-182.

17. Capozziello S, Lambiase G, Schmidt HJ. Nonminimal derivative cou-
plings and inflation in generalized theories of gravity. Annalen der Physik.
2000;512(1):39-48.

18. Granda LN, Cardona W. General non-minimal kinetic coupling to
gravity. Journal of Cosmology and Astroparticle Physics. 2010 Jul;2010(07):021-
021.

19. Granda LN. Non-minimal Kinetic coupling to gravity and accelerated
expansion. Journal of Cosmology and Astroparticle Physics. 2010;2010(07):006—
006.

20. Sushkov SV. Exact cosmological solutions with nonminimal derivative

coupling. Phys Rev D. 2009;80:103505.

21. Saridakis EN, Sushkov SV. Quintessence and phantom cosmology with
non-minimal derivative coupling. Phys Rev D. 2010;81:083510.

22. Horndeski GW. Second-order scalar-tensor field equations in a four-
dimensional space. Int J Theor Phys. 1974;10:363-84.

23. Deffayet C, Gao X, Steer DA, Zahariade G. From k-essence to gener-
alised Galileons. Phys Rev D. 2011;84:064039.

24. Motohashi H, Suyama T. Third order equations of motion and the
Ostrogradsky instability. Phys Rev D. 2015;91(8):085009.



90

25. Woodard RP. Ostrogradsky’s theorem on Hamiltonian instability.
Scholarpedia. 2015;10(8):32243.

26. Sushkov S. Realistic cosmological scenario with non-minimal kinetic

coupling. Phys Rev D. 2012;85:123520.

27. Bruneton JP, Rinaldi M, Kanfon A, Hees A, Schlogel S, Fuzta A. Fab
Four: When John and George play gravitation and cosmology. Adv Astron.
2012;2012:430694.

28. Skugoreva MA, Sushkov SV, Toporensky AV. Cosmology with nonmin-
imal kinetic coupling and a power-law potential. Phys Rev D. 2013;88:083539.

29. Dent JB, Dutta S, Saridakis EN, Xia JQ. Cosmology with non-minimal
derivative couplings: perturbation analysis and observational constraints. Journal

of Cosmology and Astroparticle Physics. 2013;2013(11):058.

30. Amendola L, Tsujikawa S. Dark energy: Theory and observations.
Cambridge University Press; 2010.

31. Li M. A Model of holographic dark energy. Phys Lett B. 2004;603:1.
32. Hsu SD. Entropy bounds and dark energy. Physics Letters B.
2004;594(1-2):13-6.

33. Cui J, Zhang X. Cosmic age problem revisited in the holographic dark
energy model. Phys Lett B. 2010;690:233-8. |

34. Horava P, Minic D. Probable values of the cosmological constant in a
holographic theory. Phys Rev Lett. 2000;85:1610-3.

35. Cai RG, Kim SP. First law of thermodynamics and Friedmann equa-

tions of Friedmann-Robertson-Walker universe. JHEP. 2005;02:050.

36. Tavayef M, Sheykhi A, Bamba K, Moradpour H. Tsallis Holographic
Dark Energy. Phys Lett B. 2018;781:195-200.



91

37. Moradpour H, Moosavi S, Lobo I, Graga JM, Jawad A, Salako I. Ther-
modynamic approach to holographic dark energy and the Rényi entropy. The
European Physical Journal C. 2018;78:1-6.

38. Nakarachinda R, Pongkitivanichkul C, Samart D, Tannukij L, Wongjun
P. Rényi Holographic Dark Energy. Fortsch Phys. 2024;72(7-8):2400073.

39. Drepanou N, Lymperis A, Saridakis EN, Yesmakhanova K. Kaniadakis
holographic dark energy and cosmology. Eur Phys J C. 2022;82(5):449.

40. Sayahian Jahromi A, Moosavi SA, Moradpour H, Morais Graga JP,
Lobo IP, Salako IG, et al. Generalized entropy formalism and a new holographic

dark energy model. Phys Lett B. 2018;780:21-4.

41. Baisri P, Gumjudpai B, Kritpetch C, Vanichchapongjaroen P. Cos-
mology in holographic non-minimal derivative coupling theory: Constraints from
inflation and variation of gravitational constant. Physics of the Dark Universe.

2023;41:101251.

42. Avdeev NA, Toporensky AV. Ruling Out Inflation Driven by a Power
Law Potential: Kinetic Coupling Does Not Help. Grav Cosmol. 2022;28(4):416-9.

43. Avdeev NA, Toporensky AV. Inflation in Scalar-Tensor Theory with
Nonminimal Kinetic Coupling. Phys Part Nucl Lett. 2023;20(3):486-9.

44. Mather JC, et al. A Preliminary measurement of the Cosmic Microwave
Background spectrum by the Cosmic Background Explorer (COBE) satellite. As-
trophys J Lett. 1990;354:137-40. |

45. Hinshaw G, et al. Nine-year Wilkinson Microwave Anisotropy Probe
(WMAP) observations: cosmological parameter results. The Astrophysical Jour-

nal Supplement Series. 2013;208(2):19.

46. Aghanim N, et al. Planck 2018 results. VI. Cosmological parameters.
Astron Astrophys. 2020;641:A6.



92

47. Cole S, et al. The 2dF Galaxy Redshift Survey: Power-spectrum anal-
ysis of the fina] dataset and cosmological implications. Mon Not Roy Astron Soc.
2005;362:505-34.

48. Eisenstein DJ, et al. Detection of the Baryon Acoustic Peak in the
Large-Scale Correlation Function of SDSS Luminous Red Galaxies. Astrophys J.
2005;633:560-74.

49. Riess AG, et al. A Comprehensive Measurement of the Local Value of

the Hubble Constant with 1 km s~* Mpc~! Uncertainty from the Hubble Space
Telescope and the SHOES Team. Astrophys J Lett. 2022;934(1):L7.

50. Adame AG, et al. DESI 2024 VI: Cosmological Constraints from the
Measurements of Baryon Acoustic Oscillations. 2024 4.

51. Liu H, Tseytlin AA. D = 4 superYang-Mills, D = 5 gauged supergravity,
and D = 4 conformal supergravity. Nucl Phys B. 1998;533:88-108.

52. Nojiri S, Odintsov SD. Conformal anomaly for dilaton coupled theories
from AdS / CFT correspondence. Phys Lett B. 1998;444:92-7.

53. Linde A. Particle physics and inflationary cosmology. arXiv preprint
hep-th/0503203. 2005.

54. Magnano G, Ferraris M, Francaviglia M. Nonlinear gravitational La-
grangians. General Relativity and Gravitation. 1987;19:465-79.
55. Capozziello S, Lambiase G. Nonminimal Derivative Coupling and

the Recovering of Cosmological Constant. General Relativity and Gravitation.

1999;31(7):1005-1014.

56. Daniel SF, Caldwell RR. Consequences of a cosmic scalar with kinetic

coupling to curvature. Class Quant Grav. 2007;24:5573-80.

57. Granda LN. Non-minimal kinetic coupling and the phenomenology of

dark energy. Classical and Quantum Gravity. 2010 Dec;28(2):025006.



93

58. Granda LN. Inflation driven by scalar field with non-minimal kinetic
coupling with Higgs and quadratic potentials. Journal of Cosmology and As-
troparticle Physics. 2011 Apr;2011(04):016-016.

59. Granda LN. Dark energy from scalar field with Gauss-Bonnet and non-
minimal kinetic coupling. Modern Physics Letters A. 2012 Feb;27(04):1250018.

60. Granda LN, Loaiza E. Big Rip and Little Rip solutions in scalar model
with kinetic and Gauss Bonnet couplings. Int J Mod Phys D. 2012;2:1250002.

61. Granda LN. Late time cosmological scenarios from scalar field with
Gauss Bonnet and non-minimal kinetic couplings. Int J Theor Phys. 2012;51:2813-
29.

62. Granda LN, Torrente-Lujan E, Fernandez-Melgarejo JJ. Non-minimal
kinetic coupling and Chaplygin gas cosmology. The European Physical Journal
C. 2011 Jul;71(7).

63. Kobayashi T. Horndeski theory and beyond: a review. Rept Prog Phys.
2019;82(8):086901.
64. Gao C. When scalar field is kinetically coupled to the Einstein tensor.

JCAP. 2010;06:023.

65. Feng K, Qiu T, Piao YS. Curvaton with nonminimal derivative coupling

to gravity. Phys Lett B. 2014;729:99-107.

66. Gubitosi G, Linder EV. Purely Kinetic Coupled Gravity. Phys Lett B.
2011;703:113-8.

67. Koutsoumbas G, Ntrekis K, Papantonopoulos E. Gravitational Particle
Production in Gravity Theories with Non-minimal Derivative Couplings. JCAP.

2013;08:027.

68. Gumjudpai B, Rangdee P. Non-minimal derivative coupling gravity in
cosmology. Gen Rel Grav. 2015;47(11):140.

69. Darabi F, Parsiya A. Cosmology with non-minimal coupled gravity:

inflation and perturbation analysis. Class Quant Grav. 2015;32(15):155005.



94

70. Bekenstein JD. Black Holes and Entropy. Phys Rev D. 1973 Apr;7:2333-
46.

71. Hawking SW. Black hole explosions? Nature. 1974;248(5443):30-1.
72. Hawking SW. Particle Creation by Black Holes. Commun Math Phys.

1975;43:199-220. [Erratum: Commun.Math.Phys. 46, 206 (1976)].

73. Susskind L, Thorlacius L, Uglum J. The Stretched horizon and black
hole complementarity. Phys Rev D. 1993;48:3743-61.

74. 't Hooft G. The black hole interpretation of string theory. Nucl Phys
B. 1990;335:138-54.

75. 't Hooft G. Dimensional reduction in quantum gravity. Conf Proc C.
1993;930308:284-96.

76. Susskind L. The World as a hologram. J Math Phys. 1995;36:6377-96.
77. Bousso R. The Holographic principle. Rev Mod Phys. 2002;74:825-74.
78. Cohen AG, Kaplan DB, Nelson AE. Effective field theory, black holes,

and the cosmological constant. Phys Rev Lett. 1999;82:4971-4.

79. Horvat R. Holography and a variable cosmological constant. Physical
Review D. 2004;70(8):087301. |
80. Hofava P, Minic D. Probable values of the cosmological constant in a

holographic theory. Physical Review Letters. 2000;85(8):1610.

81. Fischler W, Susskind L. Holography and cosmology. arXiv preprint
hep-th/9806039. 1998.

82. Cai RG. A dark energy model characterized by the age of the universe.
Physics Letters B. 2007;657(4-5):228-31.

83. Neupane IP. A note on agegraphic dark energy. Physics Letters B.
2009;673(2):111-8.

84. Gao C, Wu F, Chen X, Shen YG. Holo-graphic dark energy model from
Ricci scalar curvature. Physical Review D. 2009;79(4):043511.



95

85. Granda L, Oliveros A. New infrared cut-off for the holographic scalar
fields models of dark energy. Physics Letters B. 2009;671(2):199-202.

86. Zhang X. Holographic Ricci dark energy: Current observational con-
straints, quintom feature, and the reconstruction of scalar-field dark energy. Phys-

ical Review D. 2009;79(10):103509.

87. Cai RG, Kim SP. First law of thermodynamics and Friedmann equa-
tions of Friedmann-Robertson-Walker universe. Journal of High Energy Physics.
2005;2005(02):050.

88. Li M, Miao RX. A new model of holographic dark energy with action
principle. arXiv preprint arXiv:12100966. 2012.

89. Li M, Li XD, Meng J, Zhang Z. Cosmological constraints on the
new holographic dark energy model with action principle. Physical Review D—

Particles, Fields, Gravitation, and Cosmology. 2013;88(2):023503.

90. Lin C. An effective field theory of holographic dark energy. Journal of
Cosmology and Astroparticle Physics. 2021;2021(07):003.

91. Kritpetch C, Muhammad C, Gumjudpai B.- Holographic dark energy
with non-minimal derivative coupling to gravity effects. Physics of the Dark

Universe. 2020;30:100712.

92. Farooq O, Madiyar FR, Crandall S, Ratra B. Hubble parameter
measurement constraints on the redshift of the deceleration—acceleration tran-
sition, dynamical dark energy, and space curvature. The Astrophysical Journal.
2017;835(1):26.

93. Bahamonde S, Bohmer CG, Carloni S, Copeland EJ, Fang W, Tamanini

N. Dynamical systems applied to cosmology: dark energy and modified gravity.
Physics Reports. 2018;775:1-122.

94. Béhmer CG, Chan N. Dynamical systems in cosmology. In: Dynamical
and Complex Systems. World Scientific; 2017, p. 121-56.



96

95. Sami M, Shahalam M, Skugoreva M, Toporensky A. Cosmological dy-
namics of a nonminimally coupled scalar field system and its late time cosmic
relevance. Physical Review D—Particles, Fields, Gravitation, and Cosmology.

2012;86(10):103532.

96. Tsujikawa S, Gumjudpai B. Density perturbations in generalized Ein-
stein scenarios and constraints on nonminimal couplings from the Cosmic Mi-

crowave Background. Phys Rev D. 2004;69:123523.



APPENDIX



APPENDIX A NMDC FIELD EQUATIONS
The action for a scalar field kinetically coupled to the Einstein tensor can

be written as follows:

S = d4w/\/—_§ [%G_ — %(ng,V“qbV”gb + kG VHPV @) — V($)| + Sm,
(A1)

where S, is the action of barotropic matter. The parameter € = 1,—1,0 corre-
sponds to the canonical field, phantom field, and purely NMDC term, respectively.
The parameter & is the coupling constant between the kinetic term and the Ein-
stein tensor. Now, let us consider the variation of the action in equation (A.1) with

respect to the metric tensor g#’. This yields

/d4.’l}'(5\/:§ [Te_ﬁa - %(Eg”,y + K/Guu)vu(ﬁvud) 7/ V(¢) + L
/ d4x\/—[ Uit ;5(agWVﬂ¢v”¢) -3 3GV 9V"9)

term 2 term 3

term 1

6L

—6V(¢) + (A.2)

The matter action can be expressed as Sy = [ d*zy/—gLm , and the variation of

the scalar potential is zero, i.e., 6V (¢) = 0.
The variation of the determinant, i.e., §1/—g, can be expressed as §,/—g =

—(1/2)g,w+/—96g"* . Thus, the first part of equation (A.2) is given by

R
/ d*zéy/—g [m - %(Eg#u + kG ) VPV d — V(¢) + cm]

_ 41 —adat R _1 LPAVLY
/d nguv\/ gbg e (€gop + KGap)VIVT P V(g)+ L | .

2
(A.3)
Now, let us consider the variation of term 1 of equation (A.2). This gives
1
dir/= — 4 wv / 4. /— R,,6g"
/ z+/ 9167TG5R /dx\/ 16 Gg 6Ri+ d*z+/ glGG wogh

boundary term=0
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_ / O T (A9)
Variation of the kinetic term, i.e., term 2 of the equation (A.2) read
[ oyt (~5ouvrevre) = [ dtov=a (~59.09.000) - (49
Finally, the variation of the coupling part, i.e., term 3 of equation (A.2), gives
/ d*av/=956 (~Gu V*$7"9)
= [ o=as |- - SR Vv

2 7

~ / d'ay=g5n [—55 (Ruuv“w”@%? (g,va“quVqs)} . (A6)

terr;lr 3.1 terr;lr 3.2
The variation of equation (A.6) gives two terms. Let us consider term 3.1. We

have
[ d2v=g58(-Ru v 97"9)
= — [doymGE V0985 (Fuga”)
=~ [/ TTET Veb (R + Rad s’ + Rung3™)

N / d4a;\/_—g-gv,,¢va¢ (6R,9"g"” + 2R36¢")

K; vV
_ / d*ov/=g5 | Ve9Vadg"g" SR, — 2V, 8V 0 R 39" | - (A7)

termv3.1.1 termv3.1.2
The first term of equation (A.7) is expressed in terms of the variation of the Ricci

tensor, which can be obtained as
ORu = V0T, — V3817, (A.8)
where the variation of the Christoffel symbols in equation (A.8) is

1
6%, = 59° (Viubgus + Vol = Volg), (A.9)

6T, = -;—gp"vu(Sng. ' (A.10)
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Hence, term 3.1.1 in equation (A.7) can be expressed as

' K
/d4$v _g§ (_vp¢va¢g“pgua5Ruu)

= / d4x\/—_gg [—VH ¢V §(V,6T%, — V,0T%,)] . (A.11)

Using integration by parts and applying boundary conditions, this gives

K
/ d*z/ —95 (=V,¢Vog" 9"’ 6 Ry)

/ d4m\/—_gg [V,(VEgV*$)8T%, — V,(V*$V* )0T%,] ,

/ A2y =57 [V (V469" )9" (V18ur + VuB0ur ~ VO9u)

~ V(YY" $)9" V1 0p0]

[ oV (VT )0 Vybaue + V(T D)7V 0
—V,(V*¢V" )97V 689 — Vu(V*V $)977 V., 8Gp0] ,

e R AN TR A
VY,V (VEGV” $)9° 690 + VoV (VHEV*$)97 8000

I R AR O R A O

VY,V (VHEV"$)80u + VY (VH V" 8)975,0] |

[ 4o TG (V07 B + V97 (V97 8)gannids™
— Y,V (V*OV" 8) o g5009% — ViV u(VFSV” 6)97° 9ap98509°] ,

/ d4m\/——g‘g [V.Vs(VE4V o) + V., Va(VdV’9)

—V, Vo (VadV5) = VoV, (V*V* ) gas] 69 ,

/ d4a:\/—_ggf [V,V,(VP4V,u8) + V, V. (V6V,8) — VoV (V8 V. 0)

~ VoV (VP PV $)gp) g™ (A.12)

where 69,, = —gaugsy09°?. By combining equation (A.12) with term 3.1.2 of equa-

tion (A.7), term 3.1 of equation (A.6) is given by
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/ d4m\/_—_gg—5(—Ru,,V“¢V”¢)
= / d"x\/——_g}% [V,Vu(VP4V,u8) + V,Vu(VP6V,) — Vo V7 (V,u6V,0)
VLV, (VPEV $) g — AV eV (RS 65 . (A.13)

There is another term in equation (A.6) i.e., term 3.2. Varying this term, we obtain

K|l
/d"‘x\/—ga [55 (gwRV*¢V"9)
= [TV Ry + P35 + Rig™),

= / Atey/=G (VabVadg™ g SRy + Vat Vo 9Rude" + ViV bRIG")
(A.14)

Considering the first term of equation (A.14). The variation of the Ricci tensor

gives

[ atov=aVasv e R

= [ AoV (TadV gAY, ~ Vet Vg VTS

= [ VT (VTG + VTV )T

= [ ovmaE (= VATabT R (Vs + Vol = Vob)
(Vb V)9 57V 0050 )

= [ dovmae e ( VoTd T Vadso = Vol Vot V) Vs
Y H(Vaf V8 Vbt + Vu(Vad V29 Vil )

= [T (VT Tad V)0 + Vo Va0
Y, (Vat V)50 ~ VoV u(VabV9)0550)

- / dzv=g5 - %vuv,(vaww) - %vyv#(va¢va¢)

+ng,,w(va¢va¢))5gw . (A.15)
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Combining with the last second term of the equation (A.14), the term 3.2 of the

equation (A.6) can be expressed as

/ d'ov/=gn [ g,“,RV“qbV"gb)}
/ dizy/—ge (— SV, (Ve V7 P) — -v V(Y ¢v" )
+9u Y,V (VodV78) + VapVd Ry +ququd>R>5g“” (A.16)

Hence, combining equation (A.13) and equation (A.16), the variation of the NMDC

coupling term, i.e., term 3, of the action equation (A.2) can be exprgssed as

/ d4x\/———§%5[—chWV“¢V"¢]
/ d4x\/——gg- [vovy(vwvuqs) + Y,V (VO pV,0) = VoV (VudVoh)
AV ¢V SRS — VoV (VPSV By — %VMV,,(VUQSV”@

1
—EV,,Vu(VogbV”gb) + 9wV, VP (Ve V70) + VadViOR + V,LdaV,,qu} dg*

(A.17)

For simplicity, we use the notation ¢, = V¢, bps = V,Voo, O¢ = V,V*p,
where ¢, is symmetric with respect to the indices p and o as shown in the following

proof

VoVed = Vo(0c$),
= 0,000 +T),000,
= 8,0,0 +T5,000,
= Vo (0,9),
= VoVo$,

= ¢ap ) | (A.18)

where 8,8,¢ = 0,0,¢ and I‘)‘ = I‘>‘ . The variation of the NMDC coupling term

then gives
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/ d4a:\/?§%5[—mGWV“¢V”¢]

/d‘lx\/——gg— [ngu(qlsa(bu) + Vavu(cb"qby) - Vava(¢u¢u)
_4¢a¢(VRZ) - vovp(‘bpd’d)g;w - %V”V,,(tﬁ,,d)a)
_';_Vuvu(ﬁba‘po) + g;vavp((ﬁaﬁba) + ¢a¢aRuu + ¢u¢uR] 59‘“, )

[ @V, + V) + Vo658 + Vi
V(090 + B,9°0) — 4By — Va8Vl + V8 )
19UVt + sVul) = GV Vi 0V

+guuvp(¢avp¢a + ¢va¢a) X ¢a¢aRuu + ¢u¢uR] og,

/ d'ov/=g5 [(va¢yvy¢° + $uVo Vot + Vot Vot + Vo Vi)
H(VodyVud® + 6,VoVud” + Vo’ Vs + ¢ VoVyudy)
(Yot Vo + VoV b+ Vobu Vs + 3V V7 80) — 4ot B
—(Vot" V8 + VoV, + Vot V87 + VoV 58 )

1
_E(Vud)avuqsa + ¢vavu¢a + Vu(.bavud’a + ¢avuvu¢a)

!
~5(Vut Vo + 6"V Vs + VusVyd” + VAN
(Vo7 VP o + 67V, V78 + Vs VPG + 66V, V) g

+¢ad™ Ry + ¢u¢uR} 69",

/ d*av/=5 [Ws: + §uVo Vot + 06y + ¢ VoVidy + by
+¢uvavu¢a + D¢¢uu + ﬁbavavuﬁbu - ¢au¢z - ¢VD¢M - d’oud’i
—QS#D()ZS,I - 4¢0‘¢(VRZ) - ((D¢)2 + ¢avavp¢p + ¢ap¢0p -+ ¢pvavp¢a)gmx
1 a 1 (o) 1 (2 1 a 1 o 1 g
_§¢p,¢l/0' - §¢ Vuvu¢a - §¢ua¢u - §¢avuvu¢ - §¢u¢ua - §¢ Vuvu¢a
1
_§¢W¢Z - %qbav,,vuqyr + (8 oo + 67V, VP, + Dped” + 6V, VPP ) g

+¢ad* Ry + ¢M¢ij| og,
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= /d%\/——gg [%Vavudf +20¢du + ¢"VoVidu + Ve V,ud”
+¢Uvavu¢u - ¢VD¢[L - d)ﬂlj(ﬁ,, - 4¢a¢(uRZ) - (D¢)2guu
_¢avavp¢pg;w - ¢pvavp¢aguu - ¢ua¢z - ¢avpvu¢a - ¢ua¢z

"¢avuvu¢a + 2¢avpvp¢oguu + ¢pa¢paguu + ¢a¢aRuu + ¢M¢VR] 69“’/ )

= [T 200+ VTt BT T+ TV
+¢avavp¢u - ¢VD¢[.L F ¢MD¢V o 4¢a¢(u Z) - (D¢)2guu
"Cbp(RU/\po(ﬁ/\ =+ vavpd’a)g[,w = ¢pVan¢oguu N ¢VO’¢Z, - ¢utr¢g + 2¢UD¢aguu

— o (R xu 8 + VuV08°) = 06V Vid” + $pod”” guv + ¢ Ryuw + ¢u¢uR} og*,

= / d4m\/——g% |:2D¢¢uu + ¢Uvavv¢u + d’uvavud’a + ¢uvavu¢o
+¢Uvovu¢u - ¢VD¢M = ¢,LLD¢U N\ 4¢a¢(u Z) - (D¢)29/w
_¢p¢ARU)\pag;w s 2¢pvavp¢ag;w N ¢ua¢z - ¢ua¢g + 2¢Uu¢aguu

~¢°* Roswp — 206V uVod” + bpo® gy + $ad® Ry + ¢u</>uR] 69",

= [ oo 060 + $ VTt BT+ BT
VoV — 0,0~ $uO — Ao By = (O9) G0
PR s = 2V byt — oo, Dy + 2605
B Run — 2005+ by 68 o + BB 0

(A.19)

Using the fact that §¢g*” is a symmetric tensor under interchange of u and v, and
that the Riemann tensor is antisymmetric under the interchange of its last two

indices, ie., R}, = —Rj

S\uwr W€ have Riwég“” = (0. Moreover, since the covariant

derivatives commute, we have V,V,¢ = V, V¢, which gives
1
/d4a:\/—g§5[—/cGWV“¢V”¢]

= [ dtay=] [2D¢¢W F 8V Vubs + 0V Vot + 4V Vb

+¢avavy¢u - ¢VD¢IJ - qb#D(f),, - 4¢a¢(uRZ,) - (D¢)2g/.w
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_¢p¢)\Ra)\paguu - 2¢pvava¢pguu - ¢ua¢z - ¢;w¢g + 2¢UD¢O’QMU

_2¢Uvuvo¢u + ¢pa¢paguv + ¢a¢aR/.w + ¢u¢uR] 5g",

= [ teTT 3000+ 287Vt + 6,50+ 4,020, = 6,08 = 5,
—4¢a¢(uRZ) - (D¢)2guu + ¢p¢/\R)\pg;w - ¢ua¢z - d’ua‘bi
_2¢avuva¢u + ¢pa¢paguu + ¢a¢aR;w + ¢u¢uR} 5g""

= /d4$\/—_-§% [2D¢¢p,y + 2¢ovavu¢u N 4¢0‘¢(V Z,) - (D¢)2guu + ¢p¢)\R)\pgu,u
—2¢7 (gfuRgz\;wﬁb)‘ + vavu¢u) = ¢W¢Z i ¢ua¢g + ¢pa¢paguv
+¢a¢aR;w + ¢u¢uR:‘ 5g"”,

= /d4$\/—__gg‘ [2D¢¢;w = 4¢a¢(u Z) - (D¢)2guu + ¢p¢)‘R)\pguu - 2¢U¢I\Rv)\;m
_¢ua¢z - ¢ua¢g + ‘ppod’paguv + Pad® Ry + (ﬁﬂd),,R] 69",

~ / d4m\/:§% |:2(V#V,,¢)D¢ - 4(v0¢)V(V¢RZ) ] (D¢)2g;w + (vpd)) (VA¢)RMJ9;W
_z(vod)) (VAQS)RV)\;W N (vuvo¢) (vuva¢) ~ (vuva¢) (Vuvo(p)
(T, Vo) (Vg + (Tad) (VDR + (V) (V)R

(A.20)

Combining the equations (A.3), (A.4), (A.5), and (A.20), the variation of the action

with respect to the metric tensor can be obtained as

1 Rg, 1 .
0g8 = / d“m\/—g§{ - 16“% + §9W(€gag + kGap) VIV + V() 9ur — GuwLrm

(€
+(VP<Z>)(V)‘¢)R,\,,QW —2(V°9) (VA‘b)RVMw - (V,,ngb)(vuvaqﬁ)

—~(VuVod) (VoY) + (Vo Vo) (VPV ) g + (Vad) (V) B

HUVu)R] + 1o Lo (a2)

R
+I B V4Vt [2(vuvu¢)m¢ ~ 4(Vo$) VbR ~ (08 g

According to the principle of least action, §S = 0, the equation (A.21) can be
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expressed as

0Lm

1 1 1
(R;w - Eg/.wR> - 5vu¢vu¢ + §5guuvﬂ¢vﬁ¢ + V(d’)guu - g;wf'm + W

8nG
45 [gwcaﬂvaw% 2V, V08)06 — A(Vod) V(SR — (O6) g
+(V*P¢) (V)\d’)Rz\pg;w —2(V°9) (VA¢)RVAu0 - (V,,Vacb) (V#V”gb)

(VYo d)(VuV79) + (Vo Vo) (VIV §) g + (V) (VD) Ry

+(V,_,,¢)(VV¢)R] =0. (A.22)
This gives
1 s 0Lm
Gw = 8 6V,,,¢V,,d> © Esguuvﬂbv = V(¢)guu + g Lm — Bgh

]~ ST TR+ ATV + (T DT Do
R AR AN A RVA L,
LT (V0 R S0 Res V0778 + (V)G 0w
g (+3(00F — 5T D - 5(7,959) v9) | } ,
(A.23)

1 0L
Guw = 87TG{€V”¢V,,¢ N §5guuvﬁ¢vﬁ¢ — V()9 + guwLm — g

o] - ST TR+ AT VT + (AT Do
(T Ved)(T9%6) ~ (V9,836 — 5(Ved) (V)G

0 (1O~ (TP - T T | } .
(A.24)

According to the Einstein field equations (A.24), the stress-energy tensors of dust

matter, the scalar field, and the NMDC coupling term can be expressed as

Guw = 871G (T™ + T + KOw) (A.25)



107

where

_ 6Lm
T;(w) = guvﬁm_ 59”;”

T = eV,6Vib— 500wV~ V(B
O = —3(Vud)(Vud)R-+ AT V(IR + (V78 (V) oo
H,To8)(VuT76) — (VuTu)06 — 5(Vad) (V°6)Gon
o (K097~ (TR = ST THTTD)
(A.26)

According to the action (A.1), the variation of the action with respect to

the scalar field, ¢, yields the Klein-Gordon equation for NMDC interaction

5,8 = dz / ﬁ(ﬁ- l(eg”,,+nGW)5(V“¢V”¢)—5V¢> (A27)

167G 2

There is no scalar field present inside the Ricci scalar, R. Therefore, the variation

of the Ricci scalar with respect to the scalar field is zero. We have
5,8 = d'z / V=g (—%(agw + RG,L,,)(V“qSéV”gb + VY ¢6VH ) — V:¢6¢>> ,
= d / V=g [ - %egMV(V“¢5V"¢+ WA
G (V4" + V487 9) ~ Vg6,
= ' [ Ve VT~ RGPV~ Vdd) . (A

where V4 = 8V /d¢ is the derivative of the potential with respect to the scalar
field. Using integration by parts, boundary conditions, and the zero divergence of

the Einstein tensor, i.e., V#G,, = 0, we obtain

0pS = /d‘lx\/—g (eV, VFp + kG, VIV — V) oo, (A.29)
The principle of least action, 655 = 0 gives modified Klein-Gordon equation

eV, VF+ kG V'V ¢ —Vy = 0. (A.30)



APPENDIX B NMDC COSMOLOGICAL EQUATIONS

Now, let us consider the FLRW background. The line element corresponding

to the FLRW universe is given by

dr?

2 2
dS = —dt +a2(t) <i_—_k;72-

+ r2d6* + TQSin20d¢2> . (B.1)

The scalar field that satisfies the FLRW universe depends only on time, ie., ¢ =

¢(t). According to the line element, the metric tensor can be expressed as

-1 0 0 0 \
2
o 20 0
I = 1—kr \ (B.2)
0 0 a?(t)r? 0
\ 0 0 0  a?(t)r’sin®f ]

By following the procedures of General Relativity, the Christoffel symbols, Ricci
tensor, Ricci scalar, and Einstein tensor can be derived from the metric tensor.

The non-zero components are

R00=—3(H+H2), _Rij=g7;j (H+3H2+-i—];>, R=6<H+2H2+'d—2>,

i i k . k
Oj:(st’ F%:guH, G00=3<H2+?"_2>, G‘ij:—gij (2H+3H2+§>,

(B.3)

where H = &/a is the Hubble parameter and H is the derivative with respect to

time.

Notice that the equation (B.3) separates the components into (0,0) and
(4,7) components. The (0,0) component of the energy-momentum tensor equation

(A.26) is given by

€
T = eVudVid— 59w VedV6 ~ V(4)guw

T = e -ZF+V9) = FH+V@), (B4)
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And the (0,0) component of ©,, is given by

O = —%(Vogb) (Vod) B + 2(Vo$)V 0bRS) + (V79)(V*6) Roxss
H(VoVod) (Vo9°8) — (VoVod) 06 — 5(Vad) (V°6)Ci
o (00 ~ (V0P Bop = 5T To)(0D))
= PR+ 267 (Va9)(Vo#)Ror + 970 (V) (V9) Rorao
H(VoV,8)(VoV"8) — (VoVah)D6 — ™ 5(Vad) (V2¢)Gon
a0 (500 (9o (Vo) g = 5078V, ¥:9:9))
= —LFR+26"(Yo9)(Vo6)Roo + 66" (Vo9) (Vod) Fao
H(VoVo$) (VoY) — (VoVoh)g™ VeV, — 4%5(Vod)(Vo6)Gioo
+900 (—;—(g"”VaVM)Q - 9%9%(Vo)(Vog) Roo — %g”"g‘“(vpvoqﬁ) (quxtb)) ,
= -1¢'>2R — 2% Rop + ¢* Roowo + (80056 — T3,008) (8060”6 + T'5,0*9)
(808 — Thord)0™ (000 — Toy009) + 5
- (52,08~ 02909 ~ ¢ R
10,0, ~ T, 000076 0,238 ~T5,049) )
= —-¢ R — 262 Roo + ¢*Roooo + (9080 — T'5009)(8a$0°¢ + T3e0°9)
(o0 — ToaB09) [0 (P — Tondod) + 67 (Bid5 — T008)] + 59"Goo
- (%(gmaoaocb — g*°T% B0 + 68,0, — §7T%006)° — ¢ Ruoo
2 6%%(B0Bud — Toth) Budut — To2og)
L4 (0,010 ~ T4,066) 03016 r;?laod))) ,
LR 2R~ 8+ P+ BT+ 58
- (Lb - orhi - PR - 3 - AT

= —%&R — 2" Roo + 99" T3¢ + qs Goo — —( ¢ — 47T59)" + ¢" Roo
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1. 1 .. .
+§¢2 + nggklr‘?kr‘?z‘ﬁz-
Using the set of equations (B.3), ©gy can be expressed as
) d 2 k 12 a 2 gy ] 3 12 2 k
O = —3¢" (B +28%+ ) + 60 (H+ H?) + §6iH+ 2¢* ( H' + —
a? 2 a?
1L i 7T 1)2 2 2 Log  Liickraie
5 (= - 6HY) - 39 <H+H ) + 58 + SOl
= —3¢°H - 64’H> - 3¢2 +6¢°H + 64°H> + 3Hoe + ¢2H2 +5 ¢2
——¢2 —3Hdg — H2¢2 3¢°H — 3¢°H* + §¢2 + §H2¢2 ,
. _Za2yr2 = 2_
= 2¢ H 2¢ = (B.6)

The (0, 0)-component of the dust matter, which we define as a perfect fluid, To({)n ),

represents the energy density of baryons and radiation,
TS = pmtpn (B.7)
Therefore, the (0,0)-component of the Einstein field equation (A.25) is given by

Go = 87C (Té:?) + k600 +T0(5“)) ,

k € . 9 . 3 L,k
3(H +a2) = 87TG[ &+ V(o) 2ﬁ¢ H 2/$¢ a2+pm+p,} ,
k 871G | ¢? 3Kk
2 2
V m e p - (B.
H+a2 3 {2[5 9xH a}%— (@) +p ++p} (B.8)

The equation (B.8) is referred to as the Friedmann equation. Furthermore, equation
(B.8) can be rewritten to incorporate a modification of the gravitational constant,

Geg, as follows

8TGeft |:1 : ( 3nk) 3k
H? = —¢? le— + V(@) + pm+ pr| — .
3 |2% o @)+ ont | = T o Grgt) a2
(B.9)
where the effective gravitational constant, G, can be identified as
: G
Get(§) = —————. (B.10)

1+ 127Grg?
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Next, we will consider the (4, j)-component of the energy-momentum tensor for the

scalar field, given by equation (A.26)
1
T = eVipVid — 5605V $V,0 — 95V (9),
E -
- (38 -v9) - (B.11)
The (i, j)-component of ©;;, as given by equation (A.26), can be expressed by
1 .

Oy = —5(Vig)(Vig)R +2(Vad)V¢R;) + (Vo) (V*$)Rjxio
1
(V) (VG

(vpvaqs)(vpvaqs)) ,

+(ViVed)(V;V78) — (ViV;9)0¢ —

DN =

+a (300 - (V20)(V*0)ap -

= (V°8)(V°®)Rjoi0 + (ViVod)(V; V7

—rt

— (VaV;9)06 — 5(Vod) (V°)Giy
a5 (5007 — (VAT o = 3(7,9,)(75°8)) .
= ¢ Ryoio + (8006 — I3,019)(8;0°¢ +15,0"¢)
—(8:0;¢ — T3;0:8)(8,8°¢ + T5,5"9)
+%¢2Gij + % (%(305% +T17,0*¢)> ~ ¢*Rao
5 (B8 ~ T2, B )0 (Bu 9+ rz;ﬁa%)) ,
= Ry + (0:0,6 — T%,6)(8;0°¢ — o) — (8:8;¢ — T4,9)(8,0°¢ — T509)
+3Gu + gy 5(00°6 ~ T2ad — o
50,008 ~ T8, D0, - T28) ).
= $*Rjoio + (0:006 — T06)(9;0°6 — T50@) + (B:0ks — T'59)(8;6"¢ — T5o9)
— (8056 — T%)(368°$ — Tud) — (8036 — T%9) (88" ¢ — Tho)
+%¢2Gij + 9ij (%(503% — T90¢ + 8:8*¢ — To$)* — ¢* Roo
L0000~ Tipd)g (008 — D) — 3(0:36 ~ T8 ™ (0n6 ~ T )
= ¢ Rioio + TT5od” + Tié(—¢) — " + %éQGn‘

+9ij <%(—¢ - F£0¢)2 — ¢*Roo — %¢2 - %(—Fglé)gkm(—rﬁmé)) : (B.12)
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Using the expression from equation (B.3), we obtain

¢*Rjon + (g H) (65 H)$* — gi; H — gi H* & ¢ - "‘¢2ng (2H+3H2 ;)
+9i5 (%(_fb - 6II§H¢)2 + 3¢2(H + H2) - %4’2 - igkm(gle)(5an)¢2> )
= ¢*Rjoio + 9i H*$* — gy Hp — 39;;, H¢" — ';‘Q'szgij <2H +3H? + fg)

+9ij (%&2 + gH2q32 +3H¢d + 3¢*H + 3¢*H? —

5 1 2
= ¢ RJO’LO + ngH2¢2 il _gz] ¢ + 2gng¢¢ + 291]¢2 (B'13)

lig 30039
5 2H¢),

The Riemann tensor, ijo = g RF 0jo, can be expressed as
Rfojo = 8T8 — 8ol + TinToo — ToaI ™o,
= Ok — Bol% + T8I0y + T Thy — Tl %0 — T6. 5o,
= ‘aorfo - ngrle J
— (6t H) - H6k8),
= —HbF - H*,
Rijo = —gi; H — g H?. (B.14)

By using the expression for the Riemann tensor, equation (B.13) reads

1 2
eij = _913H¢ ~ ngH2¢2 + = gng2¢2 5 _gzg ¢ + 2913H¢¢ + 2gq¢2H
3 2 72 ¢2 2fr
= 5 in ¢ — +29UH¢¢+QU¢
¢2 2 1k
= 3H? +2H + 4Hp¢™? 3 ) 9i- (B.15)
The (4, j)-component of the dust matter, defined as a perfect fluid, ng , represents
the pressure
TS = (Pu+B)g;- (B.16)

Therefore, by combining equations (B.11), (B.15), and (B.16), the (4, j)-component

of the Einstein field equation (A.25) reads
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: k
~ <2H +3H? + §> gi; = 8rG

€ 2 ¢ 2 ' i1k
§¢ - Vig)+ Ko <3H +2H +4Hoo a2>

+Pn+ B 9ij - (B18)

This equation is referred to as the second Friedmann equation, which gives

. .2 . s .
2H+3H2+% = —SWG{%-{e+m<3H2+2H+4H¢¢_1—§)}

~V(¢)+ Pn + Pr} . (B.19)
The Klein-Gordon equation in a FLRW universe can be expressed as
eV, V¥ + kG, VFV ¢ -Vy = 0,
£(0,0"¢ + I, 0°¢) + KG* (80,6 — T7,0,9) —Vy = O,
e(—¢ — Thid) + KGPP — kGITY 9~ Vg = 0,
e(—¢ — 3H) + 3k <H2 -+ %) ¢+ kgg;;(2H +3H? + %)Hq'b -Vy = 0,

e(—¢ —3HG) +x {3H2(é£ +3H) + 25 (b H) + 6HH¢} ~Vs = 0,

—e(¢p+3Ho) + & (3H2+ 3k) (6 +3H) + K (—6H’Z—f+6HHqB> ~Vy = 0.

(B.20)

Hence, the Klein-Gordon equation of NMDC interaction theory can be expressed

as

k¢

[e - <3nH2 + 3(%’“)] (64 3H¢) + Vs — 6kHH + 65H

We can express the equation from two perspectives as follows. Firstly, we can write

it in terms of effective potential
$+3Hp+ Vg = 0, (B.22)

where Vg is

Vg — GuHEHG+ 2L
Vir = @ (B.23)

E—3K,<H2+£;-)
a
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Secondly, we can express the Klein-Gordon equation, in which the damped term

and potential are modified by the NMDC field, as follows

.k
2K <H— —)
$+3He |1- @ Vo = 0. (B.24)

+
‘6-3&(H2+l€2-) E—3K)(H2+ﬁ2>
a a




APPENDIX C NMC FIELD EQUATIONS
The action for the non-minimal coupling between the scalar field, ¢, and

the Ricci scalar, R, can be expressed as
1 1
/d4m\/ (— — —g’“’Vud)V,,ng -V(¢) — §£¢2R ~+ Em) . (C1)

Varying the action with respect to the metric tensor g*” yields the modified Einstein

field equations, which are given by
08 = /d4a:6\/_ [(—— — —§¢2> R— —g“”qubV,xi) + V(¢) + Em:|
/d4z\/_ [(——— — —5(]52) 0R — —Jg”"V,,qbV,,qb + 6L ] . (C.2)

Varying the Ricci scalar with respect to the metric tensor is given by R =

9" 8R,, + R,,,09* . This leads to

A L /d4x5\/_ [(__ — _§¢ ) R— %g“”v,,qﬂvuqb +V(¢) + ﬁm]
1/4 1
+ [dtov=s [ (55~ 36%°) 5%+ (157~ 366") i
—%5gﬂ"vﬂ¢v,,¢ A (C.3)

Varying the determinant of the metric tensor can be expressed as

1
0v=g9 = —5V-9909"". (C4)
Let us consider the variation of the Ricci tensor term in equation (C.3)

SR, = V,0T%, — Vi

vp

where 61", is the variation of the Christoffel symbols. We obtain
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font (e
/ d*zy/=g (—— - —§¢2) W (V,8T%, — V8T8 ). (C.6)

Upon applying integration by parts and imposing the boundary condition that the

variation of the boundary term vanishes, we obtain

ey )i

11 }
= /d“a:\/_ 62,9, [(W——ig(p?) g“]

5
+6T%,9,, K €¢2> ]}
3 /d4x\/_{ 51“!’[ (16 G) ( w/§¢2)]
+ ot |9 (s8g) % ()|

= [ dtey=agee ThV) — oTE, (V)] (©1)

In the final equation, we apply the principle of metric compatibility, which states
that the covariant derivative of the metric tensor vanishes, V,9*”. By expanding

the Christoffel symbols in terms of the metric tensor, we obtain

1
5FZV = Egpo' (vp,fsgua + V,,(sglw — Vacsg,w) y (C.8)

1
5F1€p = 5 (gpavv(sgpa + Vg, — Vp(sgup) )

1
= §gpvvy5gpa . (C.9)

Hence, we obtain

4 — 1 _ l 2 N
/ d wﬁ(l&rG 3¢ ) ORurg

1
= /d4.’L‘ V _g_2_guV§[VP¢2ng (vuégua + vuégua - vadgw/) - Vu¢2gpavl/59pa] 3
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_ / Aoy =G 5EIV 0" 9% (Vbus + Vo800 — Vobg)
~V,.8°9" 977V 6 gps)

= / d%ﬁiéqubg[g“"gm (Vubgve + Vibgus — Vodguw)
—97' 9"V, 09,s]

- / d4x¢-—g§v,,¢2 [0 9"V u6gus + 9" 97V 800 — 997V 580y
—9”'9""V,09,0] ,

= / d4a:\/:§§vp¢2 [9" 9V ub9us — 9% 9"V 8Gus]

= /d4cc\/—_gg [—9" 97709,V V o 8° + 979" 89,V V8]

— / d4x\/:§§ 6977V, Vo8 + 979" (~Guadeapd9™) VuV,87] |

JESNE AW AL

£ / d4a:\/—_g~§ [V.Vu¢? — 9., V,VP8%] 69" . (C.10)

Substituting equations (C.4) and (C.10) into the action equation (C.3), we obtain

(595 =3 /d4.’12 (‘%\/:—ggﬂufsgw/) <'—'—R 7N _€¢2 \ %gdpvaqsvp(b_ - V(¢) + Lm)

167G
1
/d4$v [ ('__G - _§¢2> 6guVRI_“/ + -2"6 (vﬂvl/¢2 - glLVVPvp¢2) Jgﬂ
1 e
—EV,L(bV,,gMg +0Ln|,
= / diz/—gbg" | — . 59 R 1 3§¢2 + lg VPOV ¢ + 1g V(¢)
j24 167TG 2 4 714 14 2 (214
1 1 2 1 2 P 2
_§guu£’m + m - _§¢ R/,w + '2'5 (vnvu¢ - g/.vaV ¢ )
1 0L,
—5VubVudt 52|
= /d‘ix\/—gég‘“’ o —§¢>2 + lg VPV, + l9 V(g)
167G won g P gt
L L ! V.V, ¢? — VVP2 \Y Y OLm C.11
—Eg;w m+§€( p_u¢ Guv ¢)—_ u¢ ”¢+é‘/_w ( ) )

According to least action principle, 6,5 = 0, the equation (C.11) yields modified
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Einstein field equation

1 L, 9 1 0 1 1
<167rG 2t ) G+ 79w VPV ¢ + 59V (#) = 50uLm
1 1 5L
+§§ (Vﬂv"d)z o gﬂVvPvp¢2) - ivﬂgbvu(b + (59#1/ = 0. (012)

By factorizing the equation into the form of the original Einstein equation, we

obtain

8rG |

LSS AN 2 -
Guu 1— 81GED? vu¢vu¢ 2guvv ¢vp¢ V.(d))g;w
9 0 0L,
& (Vo — gV, VP8 + guvLlm — 2 5o (C.13)

The Einstein field equation is given by

Guw = 871G (TP +TY , (C.14)

where the effective gravitational constant is defined as Geg = G/ (1 — 87GER?).
The energy-momentum tensors for the NMC field, Tﬁ,’), and the non-relativistic

matter field, T;S',f'), are given by

1
T‘E,‘i/’) S V#¢VV¢ - —Z-gu,,Vpd)qub - V(¢)guu —¢& (anu¢2 - gu,,V,,V”qb2) )

5L
(m) _ 0fm
T = gwlm—2 S (C.15)

Varying the action in equation (C.1) with respect to the scalar field, ¢,

yields the following equation of motion for the scalar field

555 = / dzy g {—%g‘“’ (V,86) Vo + V,ud(V,00)] — Vgd - §R¢6¢} .
(C.16)

By applying integration by parts and imposing the boundary condition, we obtain

5,5 = / dizy/=g {%g‘“’ [(VuV9)60 + (Vo Vud)dg] - Vb — €R¢5¢} :
_ / dtov/=g[g™(V,V,8) — Vg — ERG) 66,
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— [ do/=g(V,9) - V- €Re 0, | (C7)

where V, represents the derivative of the potential with respect to the scalar field.
According to the principle of least action, §,5 = 0, the variation in equation (C.17)

yield a modified Klein-Gordon equation given by

V.Vt —Vy—ERp = 0. (C.18)



APPENDIX D NMC COSMOLOGICAL EQUATIONS

NMC theory in the FLRW background described by equation (B.1) is con-
sidered. The energy-momentum tensor from the NMC field is given by equation

(C.15)

THO = VEGY,p— SV, = V(S — € (V.4 — 8V, 97
(D.1)

Expanding the last two terms of the covariant derivative, we obtain

VIV$t = gHVIVL,
= g*Vi(0.4°),
= g™ (0x0,6" —T5,0,¢") ,
= g% (020.,6" ~T5,0,¢") ,
= 0"0,¢" - g¥T%,0,6°, (D-2)

V, VP = 8,009 + rgpa*qs? (D.3)
Let us consider the (0,0)-component of the energy-momentum tensor. This gives

1
To? = §%00b00¢ ~ 59 B0d00s — V(9)
—£ (8°80¢” — g*°Ts00¢” — 800°¢* — 900F2080¢2) '

- —¢ + %dﬁ —~ V(8) — € (T5009" + I%00¢°) . (D.4)

In the FLRW universe, the non-zero components of the Christoffel symbols are
given by
F?j = Hygi;, ng = H&;'., % =0, Ii, =0, (D.5)

where H = a/a is the Hubble parameter, g;; represents the spatial part of the

metric, and 6;'- is the Kronecker delta. This gives the (0, 0)-component of the energy
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momentum tensor as

ToO = 4 - V() - €T204,
= B+ - V() - EHE29,
12 .
= % vig)-6eHgs. (D-6)

In the FLRW universe, the energy-momentum tensor for a perfect fluid is charac-

terized by its energy density p and pressure P. This gives

o¥ = —(%2+V(¢)+6§H¢¢S) = ~ps. (D7)

Hence, the energy density of the scalar field, modified by the NMC, is given by
o ‘
ps = G V() +6EHSS, (D.8)
According to the (0,0) component of the Einstein tensor in the spatially curved

FLRW background, we have

GY) = —3(H2+%). (D.9)

Thus, the Einstein field equation yields the Friedmann equation

Gy = 81G (T3¥ +T3™)

¢2

£ BrCur (— +V(9) + 6£HP + pm + pr> : (D.10)

H? + —
+a2 3

2
where py, and p; are energy density of dust and radiation, respectively.

The (i,7) component of the scalar field energy-momentum tensor is given

i i L : ' :
T-(¢) = 8'¢d;p — §5jap¢ap¢ - V(¢)5j — 5(6 8j¢2 —g kFZjaP¢2
_5;',3pap¢2 - 6}F§p8A¢2> ,

1 , ) o ) )
= —590050¢30¢5§ — V(9)8: — & (—g* 17,006 — g%°B080¢"5; — 9%°T5,009%6%)
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-2 . . . . . .
50— V(9)5 = & | — g% on H2pp + 2d¢ + ¢°); + 6Hed; | |
N——

5

= %‘— (¢) +26Hop — 2£(dg + ¢°) _6§H¢¢} 9 »
52 .41
= |L-vie)-¢ (4H¢¢ + 266+ 2¢2) . (D.11)

The (%,7) component of the energy-momentum tensor represents the pressure of a

perfect fluid
T — Pyt (D.12)

Hence, the pressure of the NMC scalar field can be expressed as

12

Py = L -vig)-¢(1Hop+ 200 +24) (D.13)

The (4,7)-component of the Einstein tensor in the spatially curved FLRW back-
ground is

G: = of+3m2 4+ )5, D.14

= +3HT+ = ) 6. (D.14)

Therefore, the (4,7) component of Einstein field equation yields

Z4 #) i)
Gi = 81Ge (T}¥ +T™)
12

T vig) ¢ (4Hop+ 25 +247)

—(2H+3H2+£>5§ = 87Geq 2

5t

R

_Pm-Pr

12

L vig) - ¢ (aH6b + 280 +28°)

. k
2H+3H2+55 = —87Geg 5

—P.—P, (D.15)

Here, P, and P, represent the pressures of dust and radiation, respectively. Since
the dust field exhibits pressureless behavior, we can set P, = 0. However, to

maintain the general form, we include P, in the second Friedmann equation.
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The cosmological Klein-Gordon equation is given by
V. VE¢—Vy—ERY = 0,
0,0t +T4,0°0—Vy —ERY = 0,
—¢—3H¢p— Vy —6£¢ <H+2H2+ %) = 0,
¢+3H¢+V¢+6§¢(H+2H2+$) = 0. (D.16)

Hence, the equation of motion for the scalar field influenced by NMC can be ex-

pressed as

$+3H$=—V, — 664 (H L oH? + %) . (D.17)



APPENDIX E NMDC MODEL: AUTONOMOUS SYSTEM

E.1 Dimensionless dynamical variables

The Friedmann equation, with the kinetic term modified by NMDC, is given

3H2+% = 87TG{¢2 [1—n<9H2 ik>]+v(¢)+pm+m}, (E.1)

The matter contents include a dust field and holographic vacuum energy. The Uni-
verse has the standard Newton’s gravitational constant G. From this perspective,

the holographic energy density at the cosmological scale is

3c? k
= — | H*4 — E.2
R 81G ( v a2> ’ (E2)
Substituting the holographic vacuum energy density into the Friedmann equation

(E.1), we obtain

)

3k ¢ 9 3nk¢2 3c? k
3H2+§ 2 87rG[ ¢>2H2 5 +V(¢)+p pmt o H2+p

3]{) 12 2
3H2+§ = 881G —8rG3 n¢2H2 8 G3”k¢ + 871GV () + 87Gpp,
k
2
T3¢ (H )
k  81Gé? ., AmGrk¢? 871GV (¢) 8nGpm
1 am = e WO - —am T Tam T3
) k
+c 1+a2H2 ,
1 = 24y+r+s+Qn+ Q4 +Q, (E.3)

where the dimensionless dynamical variables are defined as

_ 81Gg? 8rGV (¢) g _ 4nGrkd?
T=emr YT e o T MO, = o
871G oy,

Q= Q= <1+ k) Q= ——F (B.4)

3H? '’ a?H? a?H?
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E.2 Autonomous system

To construct the autonomous system, let us consider the derivative of z
with respect to N = Ina. We use the relation between the derivative with respect
to N and t, ie., dz/dN = (1/H)dz/dt. This approach simplifies the study of
the evolution of the system by transforming time derivatives into derivatives with
respect to the scale factor, making the equations easier to handle in the context of

cosmological evolution. This gives

, 181G <H22$q}5— ¢'522HH>

H 6 H4

8T G? | ¢ H

6H? (235}} B 2?) ’

= 2z((=0) — (=¢)) ,

= 2z(e—19), (E.5)

where we denote € = —H/H? and § = —¢/(¢H). Taking the derivative of y with

respect to N = ln a, we obtain

. 8nG <H2V¢<j§ 4 V2HH>

Y = 3H HA
_ w0y (Vg2
~ 3H2 \VH H?2)’
Voo _H
Power-law potential is considered
" nV
Vo) = Vst Ve = nhZ = I (E7)

This gives

= 2y (—nu-l— e> , (E.8)
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Taking the derivative of r with respect to N = Ina, we obtain

= %(—12%6‘/%24')(%) ,

= 2(—127an<2>2)% :

= =2r). o (E.9)

Taking the derivative of s with respect to N = Ina, we obtain

O L a*H220¢ — $2(a2HH + 2aaH?) \
H atH* ’
_ —4nGkk a>H224¢ 3 $2(a22HH + 200 H?)
B H atH* atH*4 ’
_ —4nGrk [ 29 2H$ 2H$
— H \CLZH2 a?H3  a2H3 |’

_ —4nGrkd®\ [ ¢ H .
=2 ~am )\ m )

= 2s(—6—

(_E) & 1) ’

= 2s(e—6-1). (E.10)

According to the new dimensionless dynamical variable u = ¢/(¢H), differentiating

u with respect to N gives

¢H$ — §(¢H + ¢H)
H(¢H)? ’
¢¢ ¢ (H+¢H
¢H? |’

bpH? SH
b6 ¢ (H o
GHH) oH\H2 ¢H)’
u(—6) — u(—e+u),

—ud + ue — u?,

ule—0 —u). (E.11)
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Taking the derivative of Q; with respect to N = Ina, we obtain

o,

1
ﬁ( 2)a*H=3(aH + Ha),
2k

H (a3H3 a3H3

%
H a2H2 Ha'a,2

2k
& H2 a2 H2

() (—1 5)

2Qk(6 o 1) . (E.12)

In order to obtain a closed autonomous system, we need to express € and 4 in terms

of the dimensionless dynamical variables. Let us consider the (i, 5)-component of

the Einstein equation, which gives

2H+3H2+£2
a

—8rG

¢2 ¢2 (ZH +3H* + 4H¢¢' : >

_V(¢) + Pm +pA:| )

8rGp? 2 g 1 -

4 - d; 47ank¢32 8TGV (9)
-9—(127TGI€¢ )E— + 3 a2H2 + 3H2
¢
w 8nGpm  8mGpa
™ 3H? ATSH?
2 1 4

o = 5(=r)(=9) - 5(-1) — 5(=r)(-0)

1
+§( 8) + Y — Winwm — WAL,
2 4
-3z — gre +r— §r6 — 85+ 3y — 3wywn, — 3walda .

(E.13)
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The holographic dark energy satisfies the conservation law as follows
pa+3Hpa(l+ws) = 0.  (E.14)

This expresses the standard continuity equation for holographic dark energy, en-
suring the conservation of energy in the cosmological model. According to the
holographic dark energy density, the time derivative p) with respect to cosmic

time t is given by

3c? k
o e p Y = H-—2->
- () a3
3c2 k <2HH—2"§(1)
= —_— H2—|—— % ,
87G a? H2+-a—2

1+
—e+ Q
=\ 25 . E.15
pA< Ta ) (E.15)
Substituting into conservation equation,
—e+ 0
oHpp [ 255k £ 3Hp (14 wh) = 0,
1-— 8
—€+ Qk
2( 0, > +3(1+ws) = 0,
2 (e— Qk
= —1+4+= E.16
w = 142 (Eg). @19
this gives
2 4
—2e+3-§ = —-3:1;—§re+r— §r6—5+3y
-3-1+= 1-Q), E.17
sl 2 ()] ea-0, @)
Now let us consider Klein-Gordon equation
; . —Vy+6kHH$ — 6kHoL
b43Hy — Vel ORHHS - OnHg, (E.18)

1-3x(H2+ %)

This gives

[1 — 3k(H? + afg-)] (é& + 3H¢'>) = —Vy,+6cHHG - Gan;EkE . (E.19)
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el
Then, multiplying the equation by %I—F?’ we have

$1GHD _ SrCP I (H+ K) $rGh_ 9sHEP (H+ ) 8nG

6H3 6H2 6H3 6H3
Vy8nGg  6kHH$(87GP) 6kkH81G
a 6H? 6H? 6aH3
" 2% arOnk 42 o ek
P i Pl P A
Hé 6H 6H3¢ 6 6H
_ _8nGVyd  8nGréH _ 8rGrke?
peL o\ a’H? .
K2 2 @ 4nGrk$® ¢ o 121Gkk¢?
x + 3z — 4Gk oo —ZH Ho 12rGKe —gT
A _87rGV¢¢ N 8nGrd*H 3 8nGrkd?
6H3 H? a’H? °’
1 2
z(=6) + 3z + %(—6) +8(—0)+7+3s = —5ynu = —;—(—6) +2s. (E.20)
This gives
—m6+3x—fg—36+r+s = —%ynu—i—gg—e (E.21)

Solving equation (E.17) and (E.21), We can express € and § in terms of dimension-

less dynafnical as follows

€ = { = 3r [P( — 4% + 3) — 2nuy + 4x(Qy — 3) — 3ySh + 3y — Q2 + 40, — 3]

+9z [02(Qk—3)+3z—3y—9k+3] —I—TZ(Qi—ZQk-i-Q)}/

{ —18z(c* — 1) + 272 (3 + Q) + 6r [A(% — 1) —z — QU + 1] }
(E.22)

and

5 = ~18z(3¢? + 2r — 3) + 18ry + 4r2Q — 3nuy(3c® + 7 — 3) (E.23)
T C18z(2— 1)+ 2r2(3 4+ Q) +6r [ — 1) —z — U+ 1] '

Effective equation of state parameter can be written as

_Pet g _2H 2 (E.24)



APPENDIX F NMC MODEL: AUTONOMOUS SYSTEM

F.1 Dimensionless dynamical variables

The dimensionless dynamical variables are derived based on the Friedmann

equation
k 87Geg [ * :
B — . (%+%¢”+6§H¢¢+pm+m> )
k 8nGeg [ 2 N :
1+a_2T{5 = 3H2ﬁ (—2‘+V0¢ +65H¢¢+Pm+PA> ;
Lok _ 81Gud  8GuVog”  SnCe2ld , 87Genpm
a’H? 6H? 3H? H 3H?
8nGegpa
3H2 .
1 87TGeﬂ¢2 8rGegVod" + 16mG el ¢¢ 87(Geffpm
6H?2 3H? H 3H?
8nGespr K
3H? a?H?’
1 = z24+y+5+Qm+ Q% + O, (F.1)
where
81 Gegd? 81GesVog" 167Gl b
. D Vo~ _ TSPV F.2
8TG ot Pra 8 Gempa k
=3 W= m o T Tam

The constraint between the HDE density parameter 25 and the spatial curvature

density parameter §, is derived from the expression for the HDE densitty,

3c? o Kk
= — F.3
P (H + ) | (F3)

leading to the relation

81Geg | 3c? s K
h = = [&rGeﬂ (H +§)]

k
_ 2
= c <1+a2H2>’
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which simplifies as
QA = C2 (1 - Qk) . (F4)

This show that the dependence of Q4 on the curvature parameter {3x. The Fried-

mann equation (F.1) provides an additional constraint,
Qm = ]_—.’I—’y—S—Qm—CZ(l—Qk)—Qk, (F5)

which links the matter density parameter ,, the curvature parameter {, and the

contributions from the NMDC model variables z,y, and s.

F.2 Autonomous system

To construct the autonomous system, we analyze the dynamics of the dimen-
sionless parameters with respect to the logarithm of the scale factor, Ina. Taking

the derivative of y with respect to N = Ina, we obtain

’ 1d (87!'Geff%¢n>

)

VT Ha\ 3B
B \ANS 8nG V™
~ Hdt \3H%(1 - 8nG&?) )’
_ 87GV, | H2(1 — 8nGE4P)ng" 19 — ¢"2H (1 — 8nGEQ?) — ¢ H?(—81GE2$9)
-~ 3H H4(1 — 8nGE?)?
_ 8nGegVod™nd _ 81GeVod” [2H _ 8mGen260
- 3H3¢ 3H? H? H ’
= _ -2 _I_L =+
- n’y H¢ yH2 yS )
2
= = nSE:vy + 2ye + ys,
- nsy
sy + A + 2ye.

In the last equation, we use the relation

E 8WGeﬁ¢2 v H . ¢
s 6H?2 167Gslpp  12HEQ'
_qé_ _ 12¢x (F.7)

Ho s
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and apply a constraint equation relating z, s, and A as follows

82

_ 2
A = 87rGeff€¢ - 2451;7

82

24EA"

Taking the derivative of s with respect to N =Ina, we obtain

, _ 8rG2Ed ¢
$ T TH @&\HI-8Gi?) )’

| 8nG2% [ H(1 - 81GE) (90 + ¢7) — ¢IlH(1 - 8nGEg?) + H(-87GE240)]
H H2(1 — 8nGE¢?)? ’

STG2L(¢6 +¢?)  8rG2EPPH(1 — 8nGEg?) + H(-81GE249)]
H?(1 — 87GEQ?) H3(1 — 87GE@?)? ’
8TG2Ldd 8TG2E P
H2(1 — 8nGEg?) | HP(1— 8rGER)
_ 8nG26¢[H(L — 81GES?) + H(—81GE264)]
H3(1 — 8mGEp?)2 ’
= H2(116i§7£:gi¢2) + 1226 — S'I}?Ii + 8%,

167GEQ[~3H$ — Vol — 668H(2 + Fr + )]

= (1 — 87GE ) +12z€ + se + &7,

= —35— 167rGe1f:fI§2n%¢" — (126)87Gegld?(2 + % .’ a—Qkf-ﬁ) + 1226 + se + 82,

= —33—6n§y—%(Z—E—Qk)+12x§+se+sz,

= &+ i + s(e — 3) — 6nyé + 12A48(e — 2+ Q) - (F.9)

2A

Taking the derivative of () with respect to N =Ina, we obtain
q - _kd( 1
k Hdt \a2H?2 )’
2% ( H L8
~ H \a2H3® a3H2 )|’

ok [ H
T @2H? ﬁ+1 ’

= 20 (1—¢). (F.10)
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Taking the derivative of A with respect to N = Ina, we obtain

, d
A = d_ (SWGeﬁ§¢2) ’
1d [ 8rGEd?
Hdt <1 —87rG§¢2> ’
(1 — 87GEQ?)20¢ — ¢*(—8rGE2p)
(1 — 8w GEP?)? !

167GEpp  8nGES*(—167GEde)

= )

(1 — 8nGEP?) (1 — 8rGEP?)?
= 167 Geff&ﬁ(]; = 87TGeff§¢2(—167rGeff§¢¢.5) )

= s+5A. (F.11)

= 81G¢E

The variable ¢ = —H/H? can be expressed in terms of dimensionless variables by

considering the second Friedmann equation. This gives

) 42 ) . i 1
O + 3E + % — —enCu(% — 4£HB) 26 HY) - %P — Yo"
+Pm + PA) 3
2H k 8TGegd® 2 16mGegldp = 16mGegtdd 8T Gegr?
el = — = 4
sz Tt 32 ez T3 m T B ¥ em

87TGefbe¢n - 87TGeffpm 87rGefpr

6HT ™ 3p2 | AT 3H?
2¢ Qu 2 s ¢
o+ . z+y+38+36$EH2¢+ £x — w wpfly (F.12)

To eliminate the ¢ term, we use the Klein-Gordon equation, which is expressed as

¢ ¢ n Vo by k

36z T2n&yz H k
_ 366z _ _ H__F ) F,
s 52 6|2+ H? + a?H? (F.13)

This allows us to substitute ¢ in the relevant equations and proceed without second-

order derivatives of the scalar field. Hence, the Friedmann equation (F.12) is ex-

pressed as
2 0 2 2
—{—}-1—% = —x+y+§s—s—2n§y—g—m(2—e—Qk)—|—4§:c—wQO

-—U)AQA . (F].4)
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According to the continuity equation of holographic dark energy, the equation of

state is given by

3¢ 1 _ snGes” 2HE
Pl (1—87GEPH*)( -
3c2(1 — 8TGEP?)(H? + &)

2ka
a8

(2HH — 2%

pa+3Hpa(1+wp) = 0,

) — (8rGE2)(H? + )| +3Hpr(1+un) = 0,

8TGE2hd |

&G

T L 1= 8nCER +3Hpa(L+wy) = O,

2 - Fm)  8rGE0e
i /4 1 =
(6 (1+2L>)  H(l-8rGEg?) +3Hpa(1 +wa) 0,

2(& +Q
[Lf—ﬁ—i)—s +3(1+wy) = 0.

1—Q
(F.15)
Hence, the equation of state for holographic vacuum energy is
S 2 (e— Qk
= —14+=-+- F.16
wy +3+3<1—Qk>’ (F.16)

Using constraint equation (F.4), (F.8), (F.16) and dust equation of state parameter

wy, = 0, we obtain

€ = {32(1 — 4€) + 8AsE [1+ ¢ (1 — Q)] — BAE[ — 3+ 3y — 24AE — bnyé

+¢ (3 — Q) + % + 12460 ] } / [16A¢ (1 - & +64¢)] . (F.17)

Using the Friedmann equations (6.7), effective equation of state parameter can be

expressed as

Weg

P tot

?

Prot
~2H -3H*- %
3H*+ %

-1— 2H . k
3H? 3a2H?

1+
~1+2e+%
= 873 F.18

3

)

where P, and pyo are total pressure.
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