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ABSTRACT

The theoretical study of the power spectrum of Cherenkov radiation is
mostly based on electrodynamics theory. However, quantum theory has been
slightly applied in the radiation investigation, especially source theory. Thus,
this dissertation aims to apply source theory to calculate the power spectrum of
Cherenkov radiation in two cases. First is the power spectrum of massive photons
at a finite temperature caused by a charged electron moving through a dielectric
medium. Second, the power spectrum of massless and massive photons at a fi-
nite temperature is caused by a two-charge electron system moving through the
medium. For calculation, we start with finding the propagator of massive photons
at finite temperatures in the medium. Then, we calculate the action of the massive
electromagnetic field. Finally, we can derive the power spectrum from the action.
The results found that the power spectrum in water at 0 and 20 °C has almost no
difference, While the power spectrum at 50, 80, and 100 °C has decreased slightly,
respectively. We also found that the photon mass, the velocity, and the distance
between two charges affect the power spectrum. The results illustrate the potential

of source theory in calculating the power spectrum of Cherenkov radiation.
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CHAPTER 1
INTRODUCTION

1.1 Historical Background

Cherenkov radiation is the radiation phenomenon that occurs when a charged
particle moves through in a transparent medium, any liquid or solid, with a speed
faster than light in that medium (L’Annunziata, 2020). The origin of this radi-
ation was observed by many scientists before it was discovered and understood
this phenomenon. The first appearance of this radiation dates back to 1910 when
Marie Curie observed a soft blue light emanating from a concentrated solution of
radium in a dark room. Unfortunately, she did not investigate the cause of this
luminescence (Curie, 1941). Later in the 1920s, Mallet was the first to conduct
deliberate experiments on the phenomenon. He found that various transparent
materials would emit light when exposed to a radioactive source. He also observed
that it was distinct from other types of luminescence. Nevertheless, Mallet did not
propose any theory to explain the origin of that light (Mallet, 1926, 1928, 1929).
Afterward, Pavel Cherenkov began a series of thorough experiments in 1934 on
the luminescence of solutions under gamma rays (Cerenkov, 1934). This was his
doctoral research under the supervision of Vavilov, the world’s leading lumines-
cence expert physicist. Cherenkov initiated the experiment to examine what he
assumed was luminescence. However, he discovered that the light emission was not
fluorescence, but a new radiation that was unknown to humankind.

The new radiation that has the characteristics of faint blue light was dis-
covered by Cherenkov through his experiments. It was later revealed by further
investigations by Cerenkov in 1936-1938 (Cerenkov, 1936, 1937, 1938) and theo-
retical interpretation by Frank and Tamm in 1937, it was eventually known that
this radiation arose from charged particles moving at a speed faster than light in a

transparent medium (Frank, & Tamm, 1937). Cherenkov, Frank, and Tamm were
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awarded the Nobel Prize in Physics for their discovery and theoretical interpreta-
tion of this phenomenon in 1958. This radiation is called Cherenkov radiation in
honor of Cherenkov who discovered a new type of radiation that has unique char-
acteristics. This discovery and theoretical interpretation have influenced physicists
to later uncover the application of Cherenkov radiation.

A few years later, the principle of Cherenkov radiation was applied to de-
velop particle detectors. In the early 1960s, the first Cherenkov detector of large
size was constructed by the Russian Academy of Sciences. They used it for several
years to study the multiple production of muons in high-energy nuclear interactions
(Vavilov et al., 1963). It was the largest Cherenkov detector in the world at the
time. In addition, another massive Cherenkov detector was installed in Japan in
1996, it was called Super-Kamiokande. With these Cherenkov detectors, neutrinos
from distant cosmic sources could be observed. In the year 1987, neutrinos from
an explosion of supernova in the Large Magellanic Cloud were detected. (Koshiba,
2003; Bolotovskii, 2009). This marked the birth of neutrino astronomy. A few
decades passed until 2020, the principle of Cherenkov radiation was applied to
many fields. This radiation has many applications in science and technology, such
as detecting nuclear reactors, measuring the energy and direction of cosmic rays,
and imaging tumors in radiotherapy. Nowadays, Cherenkov radiation continues to

develop in both practical applications and theoretical studies.

1.2 Theoretical Development and Knowledge Gap

As mentioned above, in 1937 Frank and Tamm were pioneers in the the-
oretical interpretation of the Cherenkov radiation which was based on classical
theory. They employ the principles of classical electrodynamics theory and suc-
cessfully derive the formula to calculate the main properties of the radiation by
using the Poynting vector (Frank, & Tamm, 1937). As a consequence, this the-
ory has been extensively employed by physicists to investigate the properties of

Cherenkov radiation, such as power spectrum, number of photons, velocity, and



frequency in diverse conditions and mediums, both in homogeneous and inhomoge-
neous mediums (Ginzburg, & Frank, 1945; Garibian, 1958; Ginzburg, & Tsytovich,
1979; Ginzburg, 1982, 1996, 2005). However, the theoretical studies of Cherenkov
radiation in the framework of classical electrodynamics theory still have limita-
tions. Some conditions have been simplified to reduce complexity. By assuming
that charged particles have uniform motion within a medium at a constant velocity
including neglecting the effects of radiation reactions and others. It appears that
the investigation of Cherenkov radiation through the framework of classical elec-
trodynamics theory appears to contravene the principle of conservation (Kobzev,
2010, 2014). So, it can be seen that the theoretical study of this phenomenon by
using the concepts of classical theory is still incomplete in investigating the real
condition of the phenomenon.

Later, quantum theory started to play a role in studying Cherenkov radia-
tion. In 1940 Ginzburg presented the approach of quantum theory for the study
of Cherenkov radiation (Ginzburg, 1940). He applies the principle of quantum
theory investigation and considers conditions more correspond with the reality of
the phenomenon. Ginzburg has implemented the requisite modifications by per-
mitting the reaction of the particle while it emits the radiation. The modifications
are inherently anticipated to be small given that the energy of the emitted quanta
is negligible in comparison to the kinetic energy of the particle (Jelley, 1958). In
1975, Schwinger developed the source theory approach, which formulated quantum
theory by applying the quantum vacuum persistence amplitude to calculate the
power spectrum and the number of photons of Cherenkov radiation in a medium
(Schwinger et al., 1976). Thereafter, the source theory was used to calculate the
power spectrum and the intensity spectrum of Cherenkov radiation in various medi-
ums and conditions (DeRaad et al., 1978; Drimal, 1984; Pardy, 1989). Since the
1990s, the source theory approach has rarely been used to study Cherenkov radia-
tion. It is mostly found only in Pardy’s article that uses the source theory approach

to study this radiation. He utilizes the source theory to calculate the power spec-



trum of Cherenkov radiation in different conditions such as finite temperature,
massive photons, and gravitational (Pardy, 1995, 2002, 2015). The current state of
theoretical development on Cherenkov radiation demonstrates the advancements
in theoretical investigations of this phenomenon by utilizing classical and quan-:
tum theories. This radiation remains an interesting and significant research topic,
specifically using quantum theory such as the source theory. For the approach of
the source theory in studying Cherenkov radiation, I will present and discuss it in
Chapter II.

Although the current theoretical study on the power spectrum of Cherenkov
radiation has been extensively studied in various conditions (Alfimov, 2010; Kheiran-
dish, & Amooghorban, 2010; Roques-Carmes et al., 2018). Most theoretical inves-
tigations of this radiation are based on classical electrodynamics theory (Tuchin,
2018; Macleod et al., 2019). However, a theoretical study of Cherenkov radiation
from the viewpoint of quantum theory especially the source theory has not yet
been investigated in numerous. Quantum theory based on quantum mechanics has
a better potential to describe phenomena at the quantum level, whereas classi-
cal electrodynamics has some limitations (Feynman, 2010, 2011). We believe that
quantum theory is powerful in calculating the properties of Cherenkov radiation.
Thus, this dissertation will apply the quantum theory and focus on the source the-
ory to calculate the power spectrum of Cherenkov radiation in conditions of finite
temperature and massive photon combination in one and two-charge systems. We
also perfornf numerical calculations of the power spectrum in each condition. This
study will contribute knowledge for the theoretical physics of quantum theory that

can be applied to investigate this radiation phenomenon in the future.



1.3 Objectives of Research

This dissertation aims to study Cherenkov radiation by applying source
theory. The first case is to calculate the power spectrum of massive photons at a
finite temperature from a charged electron moving through a dielectric medium. In
the second case, to calculate the power spectrum of massless and massive photons
at a finite temperature from a two-charge electron system moving through the

medium.



CHAPTER II

FUNDAMEMTAL THEORY

RELATED TO CHERENKOV RADIATION

In this chapter, we will introduce the basic concepts and theories essential
for studying Cherenkov radiation. In order to understand the theory applied to
study Cherenkov radiation, especially source theory, we review and present the
previous knowledge relating to the Cherenkov radiation phenomena. It is composed
of three main sections. First section 2.1 focuses on the basic concept of Cherenkov
radiation. It consisted of 1) Cherenkov radiation and dielectric medium 2) the
Mechanism of Cherenkov radiation and 3) a previous study of Cherenkov radiation
with source theory. The second section 2.2 emphasizes the electrodynamics theory
of Cherenkov radiation, comprised of 1) the fundamentals of electrodynamics theory
and 2) the approach of electrodynamics theory. The third section 2.3 presents
the quantum theory of Cherenkov radiation. This section is composed of 1) the
approach of source theory and 2) the approach of field theory. The detail of each

section is shown as follows.

2.1 Basic Concept of Cherenkov Radiation

2.1.1 Cherenkov Radiation and Dielectric Medium
1) Cherenkov Radiation

Radiation is the process of the emission or transmission of energy as waves
or particles through a medium or space. There exist a variety of radiation forms,
depending on their origin, energy, and interaction with substances. A few prevalent
forms of radiation include electromagnetic radiation, nuclear radiation, and cosmic
radiation. Electromagnetic radiation is the radiation that consists of oscillating
electric and magnetic fields, so as radio waves, microwaves, infrared, visible light,

Cherenkov radiation, ultraviolet, X-rays, and gamma rays. Nuclear radiation is the



radiation that results from the decay of unstable atomic nuclei or nuclear reactions
such as fission or fusion. Cosmic radiation is the radiation that originates from
outer space, such as from the sun, stars, supernovae, black holes, or cosmic rays.

Cherenkov radiation is a radiation phenomenon that occurs when charged:
particles, such as electrons, travel through a dielectric medium at speeds greater
than the phase velocity of light within that medium. Interesting about the phe-
nomenon of Cherenkov radiation is its unique mechanism. The mechanism of
Cherenkov radiation is unique because it involves charged particles exceeding the
speed of light in a medium, such as when charged particles move through water at
a speed faster than light in water. This creates a shockwave of light that manifests
as a blue glow. This results in a characteristic blue glow, often observed in nuclear
reactors, which is actually electromagnetic radiation emitted by the particles as
they pass through the medium (Bolotovskii, 2009; L’ Annunziata, 2020).

The applications of Cherenkov radiation are extensive and impactful across
various fields such as particle physics, astrophysics, and biomedical sciences. In
particle physics, Cherenkov radiation enables the measurement of the energy and
velocity of particles. For instance, the Cherenkov detector was a crucial instrument
in the detection of fundamental particles like antiprotons and neutrinos (Chamber-
lain, 1955; Bolotovskii, 2009). In astrophysics, Cherenkov radiation facilitates the
observation of cosmic rays and high-energy gamma rays in the Earth’s atmosphere
(Mirzoyan, 2022). Moreover, Cherenkov radiation has recently been applied to
biomedical sciences, especially in novel imaging techniques such as Cherenkov lumi-
nescence imaging. These techniques have demonstrated their usefulness in medical
evaluations involving tissue, such as tumor diagnosis and treatment (Tanha et al.,
2015; Ciarrocchi, & Belcari, 2017; Wang et al., 2022).

2) Dielectric Medium

A medium is a substance that transfers energy or light from one location to

another. The types of medium include transparent, translucent, and opaque. Clas-

sifications according to composition are homogeneous and inhomogeneous (hetero-



geneous) or, according to the properties of the medium, categorized into isotropic

and anisotropic, detailed in Table 1 (Helbig, 2015).

Table 1 Types of mediums, definitions, and examples.

Medium Definition Example

Homogencous  Mediuhas s unifuom composition Water, glass, vacuum
Inhomogeneous Medium gfm ;ocic:lz?ositions Air, fog, smoke
Isotropic Medimiﬁsllﬂm:nspfoperﬁes Pure water, clear glass, diamond
Anisotropic Medm&uergxﬂ?erﬁg zg.mies Composite materials, all crystal

A dielectric (or dielectric medium) is essentially an electrical insulator that
can be polarized when subjected to an electric field. Unlike conductors, where elec-
tric charges flow freely due to the presence of free electrons, dielectric materials do
not allow electric charges to flow through. Instead, when placed within an electric
field, the charges in a dielectric are displaced minutely from their normal positions.
This slight shift from equilibrium is known as dielectric polarization. Most common
substances or materials can be classified into two broad categories: conductors and
insulators (or dielectrics). Conductors are materials that have an abundance of
charges that can freely move within the material. Usually, this implies that many
electrons are not bound to any specific nucleus, but wander around randomly. In
contrast, in dielectrics, all charges are linked to certain atoms or molecules that are
constrained, and they can only shift slightly within the atom or molecule. There
are two main mechanisms by which electric fields can distort the charge distribu-
tion of a dielectric atom or molecule: induced dipoles and polarization. In the next
sections, we will discuss these processes (Griffiths, 2013).

2.1) Induced Dipoles

A neutral atom experiences a polarization effect when it is exposed to an
electric field. The atom is comprised of a nucleus that is positively charged and an
electron cloud with a negative charge, which are both affected by the field. The

nucleus is attracted to the field direction, while the electrons are repelled by it.



A strong enough field can potentially ionize the atom by separating the charges
completely, making the substance a conductor. However, for weaker fields, the
atom reaches avstable state, where the nucleus and the electron cloud are slightly
shifted from each other, creating an internal attraction force. The atom becomes
polarized, with a small dipole moment that aligns with the field direction.
2.2) Polarization
We have considered how an individual atom or molecule responds to an
external electric field in the preceding sections. Now can answer how a dielectric
material behaves when it is exposed to an electric field. The field will induce a
small dipole moment in each neutral atom (or nonpolar molecule) that aligns with
the field direction. The field will also exert a torque on each permanent dipole in
a polar molecule, which will tend to orient it along the field direction. The result
of these two mechanisms is essentially the same: a large number of small dipoles
point in the direction of the field causing the material to become polarized.
2.3) Permittivity and Dielectric Constant
In previous sections, we have qualitatively known that an electric field can
induce the polarization of a dielectric by aligning its atomic or molecular dipoles.

For numerous substances, the polarization is directly proportional to the field:
P = ¢x.E. (2.1.1)

The proportionality constant, ., is the electric susceptibility of the medium. The
value of x. is determined by the microscopic structure of the substance. Griffiths
will refer to materials that satisfy Eq.(2.1.1) as linear dielectrics.

He denotes the total field by E in Eq.(2.1.1), which may consist of contribu-
tions from both free charges and the polarization itself. Starting with displacement
is the easiest way, especially since D can be directly calculated from the free charge
distribution.

In linear medium

D=gE+P=¢E+¢x.E=¢(l+x)E (2.1.2)
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so D is also directly proportional to E :
D =¢E (2.1.3)

where

e=eo(1+xe) (2.1.4)

called constant € that the permittivity of the material. (There is no matter to
polarization in a vacuum, resulting in the susceptibility being zero, the permittivity
is €9. Thus ¢g is called the permittivity of free space, in which the permittivity has
the value 8.85x 10712C?/Nm?.) Removing a factor of € remain as,

=14y =— (2.1.5)

€0

where the material’s relative permittivity, or dielectric constant, is denoted by e,..
Table 2 shows the dielectric constants of some common substances. (He observe
that €, is always larger than 1 for ordinary materials; this indicates that the polar-

ization is usually in the same direction as the field.)

Table 2 The dielectric constants of various substances at standard

conditions.
Dielectric Dielectric

Material Constant  Material Constant
Vacuum 1 Benzene 2.28
Helium 1.000065 Diamond 5.7-59
Neon 1.00013 Salt 59
Hydrogen (H;) 1.000254  Silicon 11.7
Argon 1.000517  Methanol 33.0
Air (dry) 1.000536  Water 80.1
Nitrogen (N3) 1.000548  Ice (-30° C) 104

Water vapor (100°C)  1.00589 KTaNbO; (0°C) 34,000

Source: The Handbook of Chemistry and Physics, 91st edition.
2.1.2 Mechanism of Cherenkov Radiation
Frank and Tamm proposed a theoretical interpretation of Cherenkov radi-

ation. They explained that it occurs when an electron moves faster than the light
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speed in that medium (Frank, & Tamm, 1937). Although, Einstein’s theory of rel-
ativity states that matter cannot exceed the light velocity in a vacuum. However,
the light speed in a vacuum is different from the speed of light in a gas, liquid, or
solid medium, where it is lower. Therefore, an electron with enough energy can
move faster than the light speed in such media, producing Cherenkov radiation.
Cherenkov radiation (Figure 1) is a phenomenon that involves the local po-
larization of the medium by a charged particle, creating electric dipoles along its
trajectory. These dipoles oscillate and emit electromagnetic radiation. However,
this emission only occurs when the particle velocity exceeds c/n, where c is the
speed of light and n is the refractive index of the medium. Below this threshold,
the dipoles interfere destructively and no photons are produced. Above this thresh-

old, the dipoles form a coherent electromagnetic shock wave behind the particle.

\ %% 0:00
.. .‘. OG 'ooO

0‘\ . .O 00°

“ ) (902,000,
!0‘@;0 OO'“D >

O% QOO o 0%66%00
05000° D o OO 00 o0

v<con v > cin

Figure 1 Polarization of the medium induced by a charged particle.

Adapted from Naurois and Mazin (2015).

This electromagnetic shock wave is similar to the sonic boom created by
an aircraft that moves faster than the speed of sound can be observed in the

electromagnetic domain, as shown in Figure 2.
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Mediun with k 4 Normal to the wave front

refractive /
index n

Wave front
Source
(charge)

Figure 2 The Cherenkov cone is formed when a charged particle
moves faster than the velocity of light in the medium.

From Ginzburg (2005).

This can be deduced from Figure 2 that the distance moved by the electro-
magnetic wave of the atoms in a medium during a certain time interval is ct/n,
while the particle covers a distance of vt = fct, where 8 = v/c. Therefore, the
angle of emission of the Cherenkov radiation relation with the direction of motion

of the electrons is determined by (Frank, & Tamm, 1937)

(2.1.6)

where ¢ is the angle of emission, n is the refractive index of the medium, 8 =
v/e, v is the charge velocity, and c is the velocity of light in a vacuum. Frank
and Tamm demonstrated that the above equation is valid only when An > 1.
When the electron velocity approaches the light speed in a vacuum, where 8 = 1,
the emission angle of the Cherenkov radiation reaches a maximum value given by
Omaz = cos™1(1/n).

Frank and Tamm derived the total energy of Cherenkov radiation by passing
an electron through the surface of a cylinder of length I, with the cylinder’s axis

aligned with the electron’s line of travel, and obtained the equation as
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W—fﬂ/ 1) wdw (2.1.7)
—62 Bn>1 ,3277'2 o

where W is the total radiated energy, e is the electron charge, w is the Cherenkov
radiation frequency. The lower limit of the integral, An > 1, corresponds to the
condition for Cherenkov radiation to occur in a given medium. The equation is only
valid if [ is large compared to the wavelength of the emitted Cherenkov radiation.

Using equation (2.1.7), Frank and Tamm derived an expression for the pho-
ton emission rate of an electron within a specified spectral range. The spectral

range is bounded by the wavelengths A; and ); is equal to

1 1 1

where N is the number of photons emitted, ¢ is the fine structure constant = 1/137
and n is the medium’s average refractive index.

These above formulas agree with the experiment of Cherenkov. The exper-
imental evidence confirmed that the emission angle and the total energy including
the number of photons emitted consistent with the theoretical calculations of Frank
and Tamm that apply electrodynamics theory (Frank, & Tamm, 1937).

2.1.3 Previous Study of Cherenkov Radiation with Source Theory

As mentioned above, Cherenkov radiation has unique characteristics that
are emitted by charged particles. Its intensity depended on tﬁe energy of the
particles and the properties of the solution. It only appeared in the same direction
as the charged particles were moving. Moreover, the radiation had specific angles of
emission relative to the charged particles’ direction (Cerenkov, 1936, 1937, 1938).
The discovery of the unique Cherenkov radiation yielded many physicists’ interest
in studying the properties of this radiation in various mediums. In quantum theory,
many academics have investigated properties. Power spectrum is the most studied,
followed by the number of photons and the velocity. In addition, intellectuals tend
to study by applying various theories in order to validate and compare the results

of each theory.
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In terms of source theory, there are a few scholars who apply this theory to
study Cherenkov radiation. After Schwinger et al. (1976) explained the Cherenkov
radiation by applying quantum theory, Pardy is a scholar who extended the idea
of source theory to investigate the Cherenkov radiation. His result contributes to
‘the knowledge of applying source theory to calculate the power spectrum. Table 3
shows that, from 1980s to 2023, he have been various research articles related to
Cherenkov radiation. Before 2000, he applied source theory to calculate the power
. spectrum with radiative corrections and gravitation at a finite-temperature. After
2000 he expands and integrates the idea of the Cherenkov effect with various con-
ditions and methods to calculate the power spectrum such as massive and massless
photons, two-three dimensions, Lorentz contraction and, etc. Now Pardy applied
source theory to study the Cherenkov power spectrum in the system of two oppo-
site charges with Lorentz contraction, which published in 2023. Therefore, it can
be said that he is the one expert who applied source theqry to calculate Cherenkov
radiation.

In this section, we have introduced the basic concepts of Cherenkov radi-
ation, which is a phenomenon that occurs when a charged particle travels faster
than the speed of light in a medium. We have described the properties of radia-
tion, medium, and material, including the properties of Cherenkov radiation and
the physical mechanism behind it. This will provide the necessary background for
understanding the phenomenon of Cherenkov radiation in the later chapters.

In summary, section 2.1 describes a basic idea that relates to radiation
phenomena. Radiation is the transmission of energy as waves or particles through a
medium or space. Cherenkov radiation is a type of radiation that is classified in the
form of electromagnetic radiation. This radiation study focuses on the calculation
of many properties: power spectrum, velocity, frequency, wavelength, and energy.
Radiation transmission through a different material or medium, that is directed
affects the mechanism of inducing dipoles and polarization because the medium

has a different constant value. Not only that but the radiation is also affected
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Table 3 Previous study of Cherenkov radiation with source theory.

Author/Year Title Condifion Property
. Classical and Quantum Theory
L St‘:i:“(";gg;é’) 1 of Synergic Synchrotron- - Power spectrum
caL Cerenkov Radiation
2 Finite-Temperature -
. Pardy, M. (1989) Cerenkov Radiation Finite temperature Power spectrum
] ; Modify photon
3. Pardy, M. (1994) Th?agcznkov efii‘.:t with propagator with Power spectrum
radialave corrections radiative corrections
Finite-Temperature Constant gravitational
ie- L empera index of refraction,
4, Pardy, M. (1995) Gravitational Cerenkov d Power spectrum
Radiation B, 11- nonzero
temperafure
) , The system with two
5. Pardy, M. (1997) thCeienkotx egc;t:?.d equal charges, the Power spectrum
s S radiative corrections
The Cerenkov effect with Massive photon, one and
6. Pardy, M. (1999) massive photons two charge system Power spectrum
7. Pardy, M. (2002) Cm?:eEpf[f;‘z,X:ﬂ] Massive photon Power spectrum
The two-dimensional Vavilov- 2D sheet, graphene-like
8. BngyARE (2005) Cerenkov radiation in LED structures RoRer spec
3D and 2D Cerenkov
" 9. Pardy, M. (2022) he 3D. t?l i 2D. Cerc;nliov ‘eﬁ‘e(:t cffect with massless and  Power spectrum
with massive photons massive photon
The Cerenkov Radiation from
10. Pardy, M. (2023) Dipole and the Lorentz Toe system ot?two Power spectrom
Contraction opposite charges

by other factors. In calculating methods, Frank and Tamm are the pioneers in

formulating the equation to derive the total energy of Cherenkov radiation and the

number of photons. Understanding of these concepts that support the author in

terms of working on my dissertation successfully.
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2.2 Electrodynamics Theory of Cherenkov Radiation

2.2.1 The Fundamentals of Electrodynamics Theory
In this section, we will introduce the basic theory of electrodynamics for
the study of Cherenkov radiation. These theories were compiled from the textbook
classical electrodynamics by Jackson (1999) and Schwinger et al. (2018).
1) Maxwell Equations in Vacuum, Sources and Fields

The equations of Maxwell govern the phenomenon of electromagnetic

V:-D=p

VxH-2=7]
” (2.2.1)

V.-B=0

where the external sources in a vacuum, D = ¢E and B = poH. The first two

equations be
V -E=p/e
) pleo (2.2.2)
V xB - cz—gt = ,LL()J
The equations of Maxwell implicitly are the continuing equation for charge
density and current density,
dp

E-ﬁ-V-J:O (2.2.3)

The equations presented here are written in SI units. A fundamental con-
cept of electrodynamics is the speed of light in a vacuum, given in SI units by
¢ = (uoeo) >, The SI unit for length, the meter, is established based on the
second (a unit of time derived from a hyperfine transition in cesium-133) and the
exact value of ¢ = 299792458 m/s. This definition signifies that the velocity of
light remains constant universally, which aligns with experimental observations in-
dicating that the velocity of light in a vacuum is independent of frequency, ranging
from extremely low frequencies to at least v = 10! Hz. For practical intention, it
is acceptable to use the approximation ¢ = 3 x 10® m/s or a more precise value,

c=2.998 x 108 m/s.
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In classical electromagnetism, they use p(z,t) and J(z,t) to represent the
electric charge density and the electric current density, respectively. These are con-
tinuous functions of z, the spatial variable, and ¢, the temporal variable. However,
sometimes they encounter localized distributions that can be modeled by point
charges. These point charges have arbitrary values in theory, but in reality they
are quantized (Jackson, 1999).

Maxwell’s Displacement Current
The fundamental laws of electricity and magnetism studied thus far may be

expressed in differential form by the four equations below:

Coulomb’s law; V-D = p

Ampere’slaw; VxH=J
Faraday’s law; V x E + 88—]?— =0

Absence of free magnetic poles; V-B =0

(2.2.4)

The derivation of all the equations in set (2.2.4) except for Faraday’s law was
based on steady-state observations. Therefore, logically, there is no guarantee that
the static equations will remain valid for fields that vary with time. In fact, the
equations in set (2.2.4) are not compatible with each other. It was Maxwell, inspired
by Faraday’s observations, who noticed the incompatibility in equations (2.2.4) and
corrected them into a consistent set that predicted new physical phenomena, which
were later confirmed by experiments in every detail. The corrected set of equations
is rightfully called the Maxwell equations, in honor of his remarkable achievement
in 1865. The equation that needed correction was Ampere’s law. It was derived
for current phenomena that were steady-state with V -J = 0. This condition on
the divergence of J is implicit in Ampere’s law, as can be shown by taking the

divergence of both sides:

V. J=V-(VxH) =0 (2.2.5)

While V - J = 0 is valid for steady-state problems, the common relation is
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provided from the continuity equation of charge and current:

dp
VIt =0 (2.2.6)

Maxwell observed that the continuity equation may be turned into a van-

ishing divergence by applying Coulomb’s law (2.2.4). Hence

dp oD
J+==V-{J+—|=0 2.2.7
VoIt ( + 5 ) (2.2.7)
Then Maxwell replaced J in Ampere’s law by its generalization
oD
Jo>J+—
—J+ Y

for time-dependent fields. Thus Ampere’s law became

VxH=J+88—]tD (2.2.8)

The same law, which has been confirmed by experiments, applies to both steady-
state and time-dependent phenomena. It is compatible with the continuity equation
(2.2.6) that describes the variation of fields over time.Maxwell designated the ad-
ditional term in equation (2.2.8) as the displacement current. This indicates that a
varying electric field has the capability to induce a magnetic field, even in the ab-
sence of an electric current. This concept stands in contrast to Faraday’s law. The
modification to Ampere’s law is crucial when dealing with rapidly changing fields.
In the absence of this modification, the existence of electromagnetic radiation would
be negated. Maxwell postulated that light was a manifestation of electromagnetic
wave phenomena and that electromagnetic waves with varying frequencies could be
generated, attracted the interest of all physicists and inspired a lot of theoretical
and experimental work on electromagnetism in the late nineteenth century. The

four equations that summarize these laws are:
= = 9D
V-D=p, VxH=J+% (2.2.9)
V- B=0, VXxE+2£ =0

well-known the Maxwell equations which form the foundation for all phenomenon

classical electromagnetic.
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2) Vector and Scalar Potentials

The electric and magnetic fields are interrelated by a set of first-order partial
differential equations, known as the Maxwell equations. These equations can be
directly applied to simple cases, but sometimes it is useful to introduce potentials,
which reduce the number of equations to second-order ones, and automatically
satisfy some of the Maxwell equations. This idea is not new to us, as it have
already used the scalar potential ® and the vector potential A in electrostatics and
magnetostatics.

Since V - B = 0 still holds, can define B in terms of a vector potential:
B=VxA (2.2.10)
Then the other homogeneous equation in (2.2.9), Faraday’s law, can be written

V x (E+ %—?) =0 (2.2.11)

- It implies that a value with vanishing curl in (2.2.11) may be expressed as the

gradient of a scalar potential ®.

or
0A
E=-V&-— (2.2.12b)

Using the potentials A and ®, can express B and E as in equations (2.2.10)
and (2.2.12), which automatically satisfy the two homogeneous Maxwell equations.
To find the dynamics of A and ®, It needs to solve the two non-homogeneous
equations in (2.2.9). For simplicity, focus on the vacuum case of the Maxwell
equations. Then, the non-homogeneous equations in (2.2.9) can be rewritten in

terms of the potentials as

8
Ve + (V- A) = e

1 2 ¢ ’

c? or? 2ot

(2.2.12)
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The two equations that remain after simplifying the four Maxwell equations
are still interdependent. To separate them, can use the freedom in choosing the
potentials. Since (2.2.10) defines B in terms of A, can add the gradient of any
scalar function to the vector potential without changing B. This is called a gauge -

transformation.

Ao A =A+VA (2.2.13)

For the electric field (2.2.12) to be unchanged as well, the scalar potential must be

simultaneously transformed.

, BA
@ P =0 (2.2.14)

The independence implicit by (2.2.13) and (2.2.14) implies that can select the set

of potentials (A, ®) for satisfying the Lorenz condition.

19®
VAt =0 (2.2.15)

This will uncouple the pair of equations (2.2.12) and leave two inhomogeneous wave

equations, one for ® and one for A :

2
. (2.2.16)
2
VA= e = Hd

Equations (2.2.16) along with equation (2.2.15) constitute a set of equations that

are equivalent to the Maxwell equations in a vacuum as Lorenz and others observed.
3) Green’s Functions

The differential equation regulating the scalar potential of a given charge

distribution in a dielectric medium, which is the result of the combination of

V D = 4mp,
(2.2.17)

D=¢E, E=-Vg,
is

-V - (eV¢) = dnmp (2.2.18)
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In the special situation of the vacuum, e = 1 (or, effectively, for a spatially

homogeneous dielectric constant), this becomes
— V%¢p = 4np (2.2.19)

the equation of Siméon Denis Poisson (1781-1840); in regions devoid of charge, it

reduces to the equation of Pierre Simon Laplace (1749-1827),
Vi =0 (2.2.20)

Our task is to find the solution of (2.2.18) for ¢, for a given charge distribu-
tion. Since (2.2.18) is a linear differential equation relating p and ¢, the potential

at a point r is the additive contribution of all individual charge elements (dr’) p (x')

86) = [ @G ()ol). (2221)
It is evident that G (r,r’) is the potential at r arising from a unit point

charge at r’, so that it satisfies the differential equation
=V [e(r)VG (r,1)] =476 (r — 1) (2.2.22)

Equation (2.2.21) expresses the fact that the potential due to a charge distri-
bution is simply the sum of the contributions of each of the charges. G (r,r’) is an
example of a class of functions introduced by George Green (1793-1841). Once we
have Green’s function, the solution for any charge distribution in a given dielectric
arrangement is a matter of integration (Schwinger et al., 2018).

Retarded Green’s Function
3.1) Potentials and Gauges

In a vacuum, the Maxwell’s equations are

10 47
= B4
vV xB c Ot + c']’
V -E =4xp, )
(2.2.23
—VszlﬁB,
c It

V-B=0,
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where p is the charge, and j is the current density, and assumed that no magnetic

charge is present. Notice that the local conservation law

.0
V-ji+ ETi 0, (2.2.24)

is not an independent statement, but is derivable from (2.2.23a) and (2.2.23b).
To solve Maxwell’s equations, first recognize that the last two equations,
(2.2.23c) and (2.2.23d), not referral to charge or current, which be able to similarly

satisfying by potentials via the definition

B=VxA,
2.2.25)
19 (
=—-ZA-V¢
E c ot Ve

the potentials A and ¢ are not uniquely defined. Since the magnetic field is the

curl of A, it is unchanged when a gradient is added to A,
A—-A+V)A (2.2.26)

where ) is an arbitrary function. In order that this new choice of vector potential
not alter the electric field, (2.2.25b), it is necessary to simultaneously replace the
scalar potential by

10

b § =<\ (2.2.27)

The original set of potentials is not unique, can choose another set that satisfies
equations (2.2.26) and (2.2.27) and leads to the same observable fields B and E.
This ambiguity in the selection of potentials is known as the gauge freedom of the
theory, and the transformations that preserve it are called gauge transformations.
This freedom will be used to simplify the solution of the differential equations for
the potentials in the next section.

Upon substituting the constructions of B and E in terms of potentials,
(2.2.25), into the first set of Maxwell’s equations, from (2.2.23a),

10 10 dm,
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or
102 10 4r
— 2 —_——— g . [ 3
(V = 3t2) A v (V A+ e, ) + ] (2.2.29)
and, from (2.2.23b),
10
L v 2P S . =
\% cat(v A) = 4rmp. (2.2.30)

The potentials A and ¢ are defined by a system of two second order differential
equations, which depend on the choice of gauge. It can simplify the equations by
selecting a suitable gauge. Below, discuss the most common and convenient gauges
for this purpose.

1. The radiation gauge (or Coulomb gauge) is defined by the condition
V-A=0 (2.2.31)

In this gauge, (2.2.29) and (2.2.30) reduce to

— V2¢ = 4mp, (2.2.32)
47 10
— 2 g — 7 — —_———
PA = —j - —=(V9), (2.2.33)
where
1 52
0?=v? -~ 558 (2.2.34)

is the d’Alembertian. (Jean d’Alembert’s Traité de Dynamique was published in
1758.) The equation for ¢, (2.2.32), is just the same as that in electrostatics (hence
the origin of the term "Coulomb gauge”) so that ¢ is, in principle, known. The
structure on the right hand side of (2.2.33) is proportional to an effective current,

the second term of which is present in order that it be divergenceless:

, 19 10,0, 0
V'[J‘V<zm )}‘V' “arg (VO = Vit ge=0 (2235

where the last equality follows from charge conservation, (2.2.24). This relation
also entails the consistency of the choice of the radiation gauge in that if set V- A
equal to zero at one time, it remains zero for all time, since

—[*(V-A) = %v- [j -V <%g$ ﬂ = 0. (2.2.36)
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2. The Lorentz gauge condition is a relation between vector and scalar potentials,

10
V- A+-—¢=0. 2.2.37
+ cOt ( )
In this gauge, the equations for A and ¢ have the symmetrical form,
4
— A = -1 (2.2.38)
c
— [%¢ = 47p. (2.2.39)

The consistency of this gauge choice again follows from the fact that charge is

conserved,

_p (v AL lO) A (o, 9P
EI(V At-od)=— Vit )=0 (2.2.40)

3.2) Green’s Function in the Lorentz Gauge
The following paragraphs will present a solution to the differential equations
(2.2.38) and (2.2.39) for potentials in the Lorentz gauge. The potentials have a
linear relationship with their sources, which allows us to express them in terms of

a Green's function.
o(r,t) = /(dr') dt'Gr—r't—t)p('t)
) (2.2.41)
Alr,t) = / (@) G (x = ¥ ) 2 (¢, ¢)

The Green’s function, G (r — 1/, ¢ — t'), depends only on the relative positions and
times due to the translational invariance in unbounded space. Since ¢ satisfies
(2.2.39), the Green’s function also satisfies the differential equation.
—P*Gr—rt—t)=4nd(r =)o (t=1), (2.2.42)
which is a four-dimensional generalization of the three-dimensional Green’s function
equation studied in electrostatics,
~V2G(r—v)=4nb (r — 1) (2.2.43)

To solve (2.2.42), will analyze its time dependence by making use of the exponential

representations (Fourier transforms in time)

5 (t _ tl) _ ;ﬂe—iw(t—t’),
~oo0 d:; o (2.2.44)
Gr—r't-t)= —e G, (r — 1),

—oo 2T
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where G, satisfies the three-dimensional differential equation,
2 w2 ! /
- V—I—g Gy(r—1')=4né (r —1'). (2.2.45)

In the static limit, w — 0, (2.2.45) reduces to (2.2.43), the solution of which is

Coulomb’s potential:
1

"R

Gu=o (r — 1) (2.2.46)

Since G,, depends only on r — r/, set r' = 0, without loss of generality in the
following discussion. Also, since now looking for a spherically symmetrical solution
for G,,, it is natural to use a spherical coordinate system in which the Laplacian

here reduces to

1d d
2 2@ ([ 20
Ve — 2 (r dr> (2.2.47)
Therefore, for 7 > 0, to solve the homogeneous equation
1d /[ ,d w?

subject to the boundary condition that there is a point charge at the origin. The
consequence of this requirement is most conveniently extracted by integrating

(2.2.45) over a sphere S of vanishing radius ry about the origin,

A\ / @)V - (VG,) = - 75 dSv,G, = — am? g, (2.2.49)
S dT rog—0
or
- r2iG (r) =] (2.2.50)
d'f' = ro—0 o

Noted that the w?/c? term in the differential equation does not contribute to the

integral since

w? 1

gGw ~ ;, as 1 — 0, (2251)

which has vanishing volume integral as ro — 0. To solve (2.2.48), introduce g,
defined by
G = =g, (2.2.52)
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which satisfies the differential equation

dz w2
(ﬁ + §> gu(r) =0, for r >0, (2.2.53)
where d d
T2d_Gw =T~ o
r " (2.2.54)

1d(,d 1
" ar ( 217Gw) =

The independent solutions of (2.2.53) have the form

G ~ eWre, (2.2.55)
and the corresponding forms for G, are

Gu(r) = geﬂ“’r/c, for 7 > 0. (2.2.56)

For either choice of + or —sign, the constant C is determined by the boundary
condition (2.2.50) to be
C=L1 (2.2.57)

- Therefore, will have two fundamental solutions to (2.2.45),

1 O
Gw (I' ~ I'I) = —l—:—;l—leilw,r 1/ 4 (2258)

while from (2.2.44b) now obtain the space-time form of the Green’s functions,

o dw ]. § 7 /
G N/ W= tl — Y iw[E|e—r}fe—(t-1")]
Goryt= =/ o’

1 1 , ,

What is implied by the use of the + or - sign in (2.2.59)? The choice of the + sign

(2.2.59)

leads to the retarded Green’s function,
Grs (=1t =) = —— 6 (Ljr = v = (t— ) (2.2.60)
© ’ r—1| \c

which is nonvanishing when

1
t=t'+=|r-r (2.2.61)
c
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This implies that the sign propagates at the velocity of light ¢ from the source (at
time t) to the spectator (at time t); the effect happens after the cause. If pick the

- sign, will obtain the advanced Green’s function
Gaae r =t =) = ——6 (L= |+ (t =) (2.2.62)
adv ’ r—r'| \c o

which is nonzero when

t=¢ — % I — (2.2.63)

To avoid the violation of causality, which implies that the observer receives the sig-
nal before the source emits it, choose the retarded Green’s function as the solution
that meets the appropriate temporal boundary condition. (However, both retarded
and advanced Green’s functions have applications in physics.) By inserting (2.2.60)

into (2.2.41a) and (2.2.41b), will can derive explicit formulas for the potentials.

4] (l It —r/| — (¢t — t')) 1 (2.2.64)
A(ra t) = / (drl) dt/ —€ lr ] EJ (I‘I,tl) .

Integrating over ¢/, will obtain the so-called retarded or Lienard-Wiechert potentials

(published in 1898 and 1900 , respectively),

e, = [ i) i (= L)
A, ?) :/(dr’) |r—1r’l%j (r',t— %lr—r'[)

These results are elementary generalizations of the potentials for electrostatics and

(2.2.65)

magnetostatics, but now reflecting the finite propagation speed of light.
2.2.2 The Approach of Electrodynamics Theory
In this section, we will present the approach of electrodynamics theory for
the calculation of the power spectrum of Cherenkov radiation. The method in this
section is from the textbook classical electrodynamics by Schwinger et al.(2018).
1) Spectral and Angular Distribution
Let’s focus on the spectrum characteristic of this radiation, that is, its de-

pendence on frequency, or wavelength. To investigate this dependence, return to
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our starting point, the potentials in the Lorentz gauge, given by (2.2.64a) and
(2.2.64b)

S(ijr—1|-(—-¢
¢(r,t) — / (drl) dtl (c |r lrr_] rll( ))p(r/,t/),
| (2.2.66)
S r—r-@-t)1
t — / t, C s ! t/ .
Aty = [ (@)ar =ty
In deriving these results, will use the spectral representation [cf. (2.2.62)]
1 / 7 e i ! —($—+
Zle—=v]=(t—t — = giwlle—r'|/e—(t—1")] 2.9.
5<c v — x| = (¢ )) - 5 (2.2.67)

If now reinsert (2.2.67) into (2.2.66a) and (2.2.66b), and carry out the ¢ integration

by introducing the temporal Fourier transform

/_ T (1) = fw),

(2.2.68)
* dw —iwt _ /
| e =),
will obtain the Fourier transformed versions of (2.2.66a) and (2.2.66b):
eiwlr—r’|/c
o) = [ (@) T '), (2.2.69)
Alr,w) = / @) e L ) (2.2.70)
)T v — /| D o\ -

Observe that if f (¢') is a real function of ¢/, its Fourier transform, f(w), satisfies

the condition
flw) = f(-w) (2.2.11)
consequently,

Fw) fw) =1fw)* = f(~w)f(w) (2.2.72)

is a real positive number, symmetric under the interchange w — —w. This implies
that the algebraic sign of w is not significant, since only its magnitude enters into
physical quantities.

Let us focus our attention on the radiation fields, far from the sources.

Using the expansion for |r — r'| in (2.2.69) and (2.2.70), will obtain the asymptotic
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expression for the potentials, in terms of spatial Fourier transforms,

ezwr/c

¢(raw) ~

(2.2.73)

eiwr/c i L1
A(r,w) ~ . / (dr') g-iwnT /czj (I‘I, w),

where n = r/r. Evidently, the effectiveness of radiation with a given wavelength
and direction of propagation depends upon the Fourier analysis of the time and
spatial dependences of the charges and currents. In the exponential, the term
wn-r'/c, which is of the order of the ratio of the size of the system to the wavelength

of the radiation, is significant for all but small systems.

k=

%n (2.2.74)

the propagation vector, in terms of which the potentials are written as Fourier

transforms in space and time,

iwr/c
L~ 2202 L aow), (2.2.75)
A I
where, for example,
plk,w) = /(dr') e s (¢! w). (2.2.76)

The corresponding field strengths can now be computed from the time Fourier

transforms of (2.2.69) and (2.2.70):

E(r,w) = i%A(r,w) — Vo(r,w),

(2.2.77)
B(r,w) =V X A(r,w)
where use the effective replacement
% — —iw, (2.2.78)
because
/: dtei“’t%F(r,t) = —wF(r,w), (2.2.79)

provided that F(r,t) — 0 as t = Zoo. Physically, the time boundary conditions

state that in the infinite past and the infinite future, nothing is happening: what
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is significant for our observation takes place in a finite time interval only. The
measure of significant variation in 7 is the wavelength, A\ = 2mc/w, as indicated by

the effective replacement for the gradients in (2.2.77a) and (2.2.77b),

V — ik (2.2.80)

Consequently, the asymptotic forms of the electric and magnetic fields are

W 6'iun‘/c 1 W eiwr/c

E(I‘,LL)) i —j(k,CO) —i= np(k1 CU),
C o SN, (2.2.81)
B(r,w) igewr/cn X l(k w)
’ e\ 07l

By using the Fourier‘transformed version of the local charge conservation condition,
wplk,w) =k -jk,w), (2.2.82)

rewrite the second term of (2.2.81a) as

: Liwr/c ) Liwrfe 1

e we
nk-jk,w) =—— nn - -j(k,w). 2.2.83

-— jlew) = ——— ~j(k,w) (2.2.83)

The electric field now becomes

ez’wr/c w 1.
E(I‘,LL)) ~ r ’Lz(l - 1'11’1) ’ E‘](k,w)
iwr/c
=% %« [n el 4 w)] (2.2.84)
T C C

~ —n x B(r,w)

Before proceeding, remark that the relation between the two terms in (2.2.81a)
can also be obtained by using the Lorentz gauge condition; this is not surprising
since the consistency of the Lorentz gauge depends upon current conservation. The

Fourier transform of (2.2.37) reads
W
V- -Alr,w) — zzqﬁ(r,w) =0, (2.2.85)
which becomes, upon using the asymptotic replacement (2.2.80),

ikn- A(r,w) — ¢(r,w)] =0, (2.2.86)
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or

d(r,w) ~n- A(r,w), (2.2.87)

so from (2.2.77a) the reduction (2.2.84) follows.
The instantaneous flux of energy, at a particular time ¢, is given by Poynt-
ing’s vector

S(r,t) = éE(r,t) x B(r, 1), (2.2.88)

so the total radiated energy crossing a unit area of surface normal to S is

/_: dtS(r,t) / dt/ —E(r w)*e™ x B(r,t)

c [*dw .
= 4_7['_ EE(I',UJ) X B(I‘,LU) (2289)
* dw
= HE < '—IB(I' (U)'

using (2.2.84), and the fact that n- B = 0. The energy flows in the direction of n

and the energy radiated per unit area perpendicular to this direction is

/ din - S(r, 1) / dw|B(r, w) (2.2.90)

where use the symmetry property (2.2.72). It is more useful to consider the total

energy radiated into the solid angle df?,

/ dt(n - S)r?dQ = dQr? —/ dw|B(r,w)|?

2.2.91)
d’E (
_dQ——dQ/ dwdwdﬂ
where d2E .
W .
W2 1 2 (2.2.92)
= 4n2c { EJ(kvw) - |p(k) w)l?}

is the general expression for the spectral distribution, the energy radiated per unit
frequency per unit solid angle in the direction of observation n.
2) Power Spectrum of Cherenkov Radiation
In the previous section, a general expression for the spectral distribution is

obtained, (2.2.92), which accounts for the radiation from all times, ¢ — —oo to
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t = +o0o. To obtain a generalization applicable to a limited epoch. In so doing,
must note that time and frequency are complementary; that is, a time interval
of many periods is required in order to identify a corresponding frequency. First
rewrite (2.2.92) in the space-time form:

d*E w? iwts * ! iwt’ /
Todal = ia B X dte**j(k,t)| - |nx [ dt'e“j(k,t)|, (2.2.93)

and focus our attention on the part involving time integrations:

/ dtdt'e= )ik, 1)*j (k, t')

(2.2.94)
= / dTdre™™Tj(k, T + 7/2)*j(k, T — 7/2)
where introduce the average time and the time difference,
1
T = 5 (t+t), T=t—t, dtdt' =dTdr (2.2.95)

The integral in (2.2.94) is dominated by the values of 7 that are approximately 1/w,
which determines the time scale for the radiation emission. This microscopic time
scale may be much shorter than macroscopic time intervals; for example, for visible
light, 7 ~ 10™%%sec. The time T is then understood as the mean (macroscopic) time
of emission, which can only be defined within a time of order 7.

Substituting (2.2.94) into (2.2.93), will write

2 2
PE _ [ . dP(T)

Tod Tod (2.2.96)

from which infer the power spectrum at time 7',

dQP(T) UJ2 oo —iwT 1' * 1'
o = 47r20/_ dre [n X E_](k,T+T/2) ] . [n X zJ(k>T—T/2) )

o0

(2.2.97)
or, alternatively, using the second form of (2.2.92),
d*P(T 2 o - 1 1
(T) =Y / dre™7 ¢ =j(k, T+ 7/2)" - =j(k, T — 7/2)
dwd dr2c J_, c c (2.2.98)

—p(k, T+ T/Q)*,O(k, T - 7—/2)}
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To apply (2.2.98), will examine the radiation generated by a charged particle

traveling with constant velocity v, where the charge and current density are

p(r,t) = ed(r — vt),

(2.2.99)
j(r,t) = evé(r — vi).
The Fourier transforms in (2.2.98) are trivially evaluated:
/(dr)ezl:iwn-r/c p(I‘, T+ 7'/2) — E:i:iwn~v(T:L-1-/2)/c € (2-2'100)
2j(x, T £7/2) ¢y

When these are substituted into (2.2.98), the T dependence disappears, as expected,

and obtain

2 2 oo 2
ap w / d,l._e—iw‘re2 (U_ _ 1) eiwn'vr/c

dwdQ ~ 4n2c | c?
2 2 =
= e (Z_Q J 1) / dre=tr(n/e (2.2.101)

w?e? [v? v
= Tt (g — 1) 276 <w (1 — ECOSG))
where 0 is the angle between the direction of observation, n, and the velocity of

the particle, v. The § function implies that there is no radiation, since
v
—cosf < 1. (2.2.102)
c

This is the familiar result that a charged particle moving with a constant velocity

in vacuum does not radiate. However, if it were possible that
v
- > 1, (2.2.103)

the argument of the delta function could vanish, and radiation would be emitted
by the charged particle. Is there any way of effectively satisfying (2.2.103)? In
a medium, light can move with a speed, ¢, less than ¢, and correspondingly the
speed of a particle can be greater than ¢/. Now does the particle radiate? Recall
that the macroscopic Maxwell’s equations, for a medium with dielectric constant e
and magnetic permeability u, can be put into vacuum form, by the redefinitions

.1 1

E =, H=pH ¢=— J=—1UJ = (22104

E“m
b

4

5
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Therefore, the power radiated when a charged particle is moving with constant

velocity in a nonmagnetic medium (u = 1) of index of refraction n = /e can be

obtained immediately from (2.2.101) by the substitutions e — e/n and ¢ — ¢/n :
2

d(fo _ 47T2°E’02/n) (%)2 ((c;’_n)g _ 1) 96 (w (1 ~ (C;’—n)cow)) . (2.2.105)

Thus, indeed there is radiation if the condition

2 cosf =1, (2.2.106)
C

or

cosf = — < 1, (2.2.107)
nv

is satisfied. Here will see that, for a charged particle traveling with a constant veloc-
ity inside a medium characterized by an index of refraction n > 1, electromagnetic

radiation can be emitted if the criterion

v > (2.2.108)

k4
n
is satisfied. Such a medium can be easily found for fast particles. The radiation is
emitted on a cone described by (2.2.107), and because of its unique characteristics,
is especially suited for determining the velocities of relativistic charged particles.
This phenomenon is called Cherenkov radiation. Emphasize that the condition
(2.2.107) can only be satisfied when n > 1. Because the index of refraction depends
on frequency, that is, media are dispersive, this means that the condition (2.2.108)
can only hold for a finite range of frequencies (typically, in the optical region).
Moreover, this dispersion implies that different frequencies are emitted at different
angles. Cherenkov radiation is commonly seen in watermoderated nuclear reactors
as blue light surrounding the core.

The frequency spectrum of the radiated power can be obtained by integrat-
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ing (2.2.105) over all angles,

dP d2pP
/ il dwdS)

2 1
26 n?v? ¢ _mw
TV e &2 (1 _nzvz) /_ . d(cos 6)d (w (1 . cos0>) (2.2.109)

ev c? _ c
=wc—2(1—m>, 1fn(w)>;

and the total radiated power is

o D / dw—
/dwwe 4 ( (c:)v2) (2.2.110)
P=u2 (1- )

where E is the energy of the particle. In practice, it is more convenient to consider

the energy lost per unit distance traveled by the particle, since this is what can be

directly measured by a Cherenkov counter:

_ dwwe_z 1_% ) (2.2.111)
/ C( n(w)v)

In (2.2.110) and (2.2.111) it is understood that the w integration extends only over
the range where n(w) > ¢/v. Finally, note that detection is a quantum process,
involving photons. The energy of a photon of frequency v = w/27 is hv = hw,

where h = 27k is Planck’s constant (Schwinger et al., 2018).
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2.3 Quantum Theory of Cherenkov Radiation

2.3.1 The Approach of Source Theory

In this section, we will introduce the approach of source theory in the cal-
culation of the power spectrum of Cherenkov radiation. This theoretical approach
uses quantum mechanical language, which is a very compact formula developed by
Schwinger et al. (1976).

1) Propagator of Photon in-a Medium

A key concept in the theory of radiation is the propagator of photon,
DX (xz — z'), which describes how photons travel in a given medium. In this sec-
tion, will present a simple method to compute D}’ for a medium that has both
polarization and permeability properties. Our starting point is the set of Maxwell
equations in the rationalized cgs system, which govern the electromagnetic fields

in such a medium. (Schwinger et al. 1976)

(2.3.1)
V.-B=0, VXE=-1%
for an isotropic medium
D=¢E, B=pH, n?=eu (2.3.2)
Equation (2.3.1b) means that could express the potentials A and ¢ as
10A
B=VxA, E=--22_y, 2.3.3
X ~ (2.3.3)
or in covariant form
FH = gFAY — §¥ AH (2.3.4)
with
FU=F' F9=¢"*B, A" =(p A). (2.3.5)
In terms of potentials, equation (2.3.1a) may be rewritten in the form
2 ME p _ 1p
2o
2.3.6
9 ue O2A L ( )
VA -—=—=-=1].

¢ Ot? c
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In the Lorentz gauge
OuA* = (ue —1)(n0)(n4) = 0, (2.3.7)

where n* = (1,0) is the unit timelike vector in the rest frame of the medium.

By utilizing the four vectors
JH=(ep, ), x*=(ct,x), Kk*=(k°Kk); (2.3.8)

and the momentum representation

(2.3.9)

then can combine equation (2.3.6) in the covariant form (letting n? = eu )
2 2 (1,012 K v n®—1 v
(K2 — n® (k)%) A4(R) = = { g + =——n"n" | Ju(k). (2.3.10)

In virtue of the definition of D" (k)[Eq.(2.3.19)] this implies

2 & 1
D (k) = £ (g 4 . 2.3.11
) =8 (o4 ) e 232D
In coordinate space, will get (Schwinger et al. 1976)
Uy / ,LL v n2 V 1 n, v /
Dy (33—5”):; g +T7l7l D(z—4a'), (2.3.12)
where ” /
D (x _ 2?/) :/ ( )4 eik(:c—z') 5 :
(2m) |k|? — n? (k°)" — ic
_ o , (2.3.13)
LEL [ g el 1)
cdn? J, |r —r/|

by the standard contour integral method.
2) The Power Spectrum of Cherenkov Radiation

The expression for the vacuum persistence amplitude (Schwinger et al. 1976)

(04 | 0_) = exp {%W} (2.3.14)
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where

W= 2% / (do) (da') J(2) Doy (3 — 7') J* () (2.3.15)

J# = (cp,J) is the source current, and D,,, denotes the propagator of photon.
The vacuum persistence probability can identify the decay rate y(¢) (Schwinger et

al. 1976)

’(0+ | 0_)°”2 —exp {—% ImW} — exp {— /dm(t)} (2.3.16)

to be

/ Y()dt = %ImW (2.3.17)

and this is linked to the power spectrum P(w,t) by

Tl / dw% (2.3.18)

All of the major results be able to derived from these fundamental relations.

The behavior of radiation in a medium that surrounds it is the topic of
this paper. The assumption that the medium has uniform and isotropic proper-
ties, and that its interaction with the electromagnetic field is characterized by a
dielectric permittivity e(w, H) and a magnetic permeability p(w, H) that may vary
with the frequency and the (multivalued) magnetic field. The refractive index is
defined as usual by n(w, H) = (eu)'/?, and assume that this is a real number. By
neglect absorption, anisotropy, spatial dispersion, and other effects, since they can
be accounted for in extensions of the theory that are analogous to the generaliza-
tions of ordinary Cherenkov radiation. The information about the medium may be
integrated in (2.3.15) via the propagator of photon, which can be obtained from

Maxwell equations using the relation in the medium’s frame of reference.
A¥(z) = /(da:') D (z — 2"} J, () (2.3.19)
The essential result is that [compare (2.3.12)]

DY (x —a') = (u/c) (¢*' + [1 —n7?] n"n*) D (z — ") (2.3.20)
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where n* = (1,0) is the unit timelike vector, and

? * sin((nw/c) |r —r'|) _
D(x—x’)zm i dw (« |r/—)r|’l | exp {—iw |t — |} (2.3.21)

By inserting (2.3.20,21) into (2.3.15) and separating the imaginary part, will get .

ImW = — 8—71r2 / dwdtdt'drdr' 252 (T(LZ‘I*:/ i) lfl" "D cos o (¢ — ¢)
(2.3.22)

{oten o ,0) = Loty 3 ,0)

The power spectrum could then be identified from the equation (2.3.17) and (2.3.18)

,sin ((nw/c) [r — r'l)
v — |

Plwrt) == g [ avarta cos u (¢ 1)

7 P
T (2.3.23)

x {p(r, Do) - 23w, 7 (r',t’)}

These methods can be applied to derive the other relevant quantities.
Here, will show how simply Cherenkov radiation can be derived from equa-
tion (2.3.23). By consider a charged particle e, which moves with a constant speed

represented by v, the source functions to be
p=ed(r—vt), J=evé(r—vi) (2.3.24)

By inserting (2.3.24) in (2.3.23) and taking some fundamental reduction, will get
(letting 7 =t' — ¢, 8 = v/c ) (Schwinger et al. 1976)

e? pwv 1 ®dr
P(w,t) = PPN <1 - n2ﬁ2> /_oo 7s1n(nﬂw¢) COSWT
0, nf< 1 (2.3.25)

2
28y (1), nf>1

This is the power spectrum of Cherenkov radiation, which has the threshold n8 > 1

for the radiation to occur.
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2.3.2 The Approach of Field Theory

The investigation of the phenomenon of Cherenkov radiation through the
concepts of quantum field theory. In the process of calculation, the power spec-
trum and the minimum velocity threshold of Cherenkov radiation in the dielec-
tric medium. We have applied the ideas and methods of Edouard B. Manoukian,
in the article titled “Vacuum-to-vacuum transition probability and radiation in a
medium”. The calculation process consists of 3 steps as follows: 1. Calculation of
the average number of photons 2. Calculation of the current distribution and the
photon propagator and 3. Substitute the value in the average number of photons.
Fach step is shown as follows:

1. Calculation of the average number of photons

In the first step, we utilize the Poisson distribution and transition probability
to obtain the average number of photons. The Poisson distribution is applied to
provide an equation for the relation between the average number of photons and the
vacuum-to-vacuum transition probability. Schwinger and Manoukian employ the
Poisson distribution to describe the probability distribution of the photon number
N generated by the current (Schwinger 1970; Manoukian, 2012), that is

n
Prob(N = n) = (2)' e, n=0,1,2,.. (2.3.26)

where A = (V) represents the average number of photons generated by the current
source and and from equation (2.3.26), we could get the equation for the rela-
tion between the average number of photons and the vacuum-to-vacuum transition

probability as follows (Manoukian, 2015)
expl—(NV)] = {04 | 0_)[2, (2.3.27)
The vacuum-to-vacuum transition amplitude given by Manoukian (2015)
i v
010 =emp | (@) @) LD ) L), @32s)

where D* (z,z') is the propagator of photon.

To calculate the average number of photons, will express the vacuum-to-vacuum
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transition probability as function integrals (Manoukian, 2015)

(0 [0)[" = exp [—hi [ @) @) 2,0) @Dt (@) 1, )|, (2329

where (dz) = dz° dz! dz? dz®, From the average number of photons in equa-
tion (2.3.27) and the vacuum-to-vacuum transition probability in equation (2.3.29)
could derive the average number of photons emitted by the arbitrary current dis-
tribution to be

1

(N) =75

/ (dz) (dz') J,,(z) (m D (2, 2')) , («'). (2.3.30)

In the case of the dielectric medium permittivity € and permeability u = 1, may
rewrite the equation (2.3.30) according to Manoukian (2015) as follows

(N) = ah_lc3 (dz) (da') L, (z) (m D (z,2')) J, (&) (2.3.31)

The above equation will be applied further to calculate the average number of
photons in the dielectric medium. |

2. Calculation of the current distribution and the photon propagator

This step involves calculating the current distribution and the photon prop-
agator in the dielectric medium to substitute values and calculate the average
number of photons.

The current distribution from electrons e moving in the medium with ve-

locity v along the z!-axis can be calculated as follows

J'(z) = evd''6 (2%) 6 (z°) 6 (a:l - -z ) , (2.3.32)

Jo(z) =ecd (z°) 5 (z°) 6 <:c1 - g:z:()) : (2.3.33)

For calculating the Photon propagator, can find from the Lifshitz and Pitaevskii

(1984) (v=0,1,2,3, and 4,57 = 1,2, 3) that is
[-0,8"6% + 0'9%) DI (w,2") = 66 (x,2"). (2.3.34)

From equation (2.3.34), will can calculate the relevant component of the photon

propagator in a dielectric medium moving along the z!-axis and can be expressed
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according to Manoukian (2015) as follows

0o [ (dQ) e exei@ (e -a)/VE
Dy (z,2') = / (2m)4 Q-0 -1 ’

3. Substitute the value in the average number of photons

§— 0. (2.3.35)

The last step involves substituting the current distribution and the photon
propagator into the average number of photons in equation (2.3.31) will get for (N)
as in the following equation (Manoukian, 2015)

)~z [ (@) (@) (3003 @) = L) @)
el’2he €

(2.3.36)
» / PQ g x-x)-ilai(e-a) /vE
(2m)32|Q|

[0}

b}

Additionally, to be able to determine the photon number density, use the

principle of symmetry under the interchange (z — z') +» (2’ — z) and insertion of

1= /00o dws <w - %) - (2337)

Then substitute the identity in equation (2.3.37) into the integrand equation

the identity

of the average number of photons (2.3.36), and could obtain (N) = [ dwN(w),
with Q = |Qn, |Q| = <(Q1)2 + |Q|||2) 1/2. After substituting the current distribu-
tion equation (2.3.32) and (2.3.33) into equation (2.3.36) will obtained the photon
number density to be (Manoukian, 2015)

2
e?v? c o~ e’ <7Td Qi )
ehe eV 16m3w (2.3.38)

X § <w - %) exp [i (QTlv - %) (2° — xw)]

In order to get the power spectrum, first calculate the energy by E =

FuwN(w). After that, execute the integrals over @, |Q||}2 , T, following Manoukian
(2015) then can obtain the power spectrum in the dielectric medium as follows

e wu c?

.P(w) s (1 ~ 5) (2.3.39)

the power spectrum in the dielectric medium occurred only for v > ¢/+/e.
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To calculate the minimum velocity threshold of CR in the dielectric medium,

we consider the power spectrum must be greater than 0 as follows:

P(w) >0 (2.3.40)
Therefore, imply that
2
- — 2.341
(1 Ev2> >0 (2.3.41)

Then we obtained the minimum threshold velocity is

(2.3.42)

v > %

Numerical calculations

Numerical calculations are methods that rely on numerical values to model
mathematical procedures, that reflect real-world circumstances (Hamming, 2012).
This capability permits an improved comprehension of the Cherenkov phenomena.
For the numerical computations, the result of the quantum field theory takes into
account a charged electron traversing through water. In order to visualize data
and functions in both 2D and 3D, we utilize Wolfram Mathematica for numerical
calculations and plotting functions, resulting in Figures 3 and 4.

1) The Minimum Velocity Threshold

Considering the value of the dielectric permittivity of water ¢ ~ 1.8. The
computation of the minimum velocity threshold for generating Cherenkov radiation
v > c¢/+/e leads to the determination that the minimum threshold velocity of a
moving charged electron in water is v, > 0.74c. Thus, it can be inferred that the
minimum velocity threshold required for generating Cherenkov radiation in water
must be at least approximately 0.75c, where ¢ represents the speed of light.

The depiction of the power spectrum can be observed in Figures 3 and
4, which showcase the correlation of the power spectrum at discrete velocities of
three distinct values in a two dimensional graph and the correlation of the power
spectrum at continuous velocities from zero to the speed of light in a three di-

mensional graph respectively. In Figure 3, the correlation of the power spectrum



44

— 0.9¢ ,
15— 0.8¢ -

1.0}

0.5-

P(x10732W)

0.0 _ ‘

o (X 1015 rad/s)

Figure 3 The correlation 2D of the power spectrum of a moving
electron in water P with angular frequency w at

velocities of v = 0.75¢, v = 0.8¢, and v = 0.9c.

P with angular frequency w for visible light in the range of 10" rad/s at various
velocities of v=0.75¢, v=0.8¢, and v=0.9c is illustrated in two dimensions, thereby
signifying that the threshold velocity for Cherenkov radiation generation in water
is approximately 0.75c. This leads to the surpassing of the power spectrum beyond
0. It is notable that the aforementioned figure elucidates that the power spectrum
is directly proportional to the angular frequency and velocity. Whereas Figure 4
portrays the correlation in three dimensions of the power spectrum P with angu-
lar frequency w at velocities ranging from v = 2 x 108 to 3 x 10® m/s. In this
regard, it can be inferred that the power spectrum remains below 0 at velocities
less than 0.75c. This result highlights the significance of velocity in influencing the
power spectrum of Cherenkov radiation. These figures provide an understanding
of the power spectrum of Cherenkov radiation at various velocities and angular

frequencies.
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P(x107%2W)

Figure 4 The correlation 3D of the power spectrum of a moving
electron in water P with angular frequency w at

velocities v = 2 x 10® to 3 x 10® m/s.

2) The Power Spectrum Comparison

order to verify the result of the power spectrum at a minimum velocity
threshold as predicted by both (iuantum field theory and electrodynamics theory.
Figures 5 presented the comparison of the correlation in two dimensions of the
power spectrum P at a range angular frequency of w rad/s. Upon analyzing the
graph illustrated in Figure 5 it has been found that the power spectrum P, as
derived by both electrodynamic theory and quantum field theory, demonstrates
values that are either similar or comparable when the range of angular frequency w
is lower than 1 x 10 rad/s. It is shown that the power spectrum of both theories

has similar results at low angular frequencies. Conversely, the results reveal that
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Figure 5 The power spectrum of an electron in water at a minimum

velocity threshold P at range angular frequency w.

the power spectrum P exhibits significant divergence in value when the range of
angular frequency w is higher than 1 x 10'° rad/s. Remarkable that the power
spectrum of both theories began to have significantly different results at higher

angular frequencies.



CHAPTER III

CHERENKOV RADIATION OF MASSIVE

PHOTONS AT FINITE TEMPERATURE

In studying the phenomenon of Cherenkov radiation that occurs from a
charged electron moving through a dielectric medium Figure 6, we will utilize the
concepts of quantum theory by applying source theory to calculate the power spec-
trum of massive photons at a finite temperature from a charged electron moving
through a dielectric medium. This chapter includes three sections. Section 3.1
Propagator of Massive Photons at Finite Temperature, we will present an ap-
proach to calculating the propagator of massive photons at finite temperatures in a
dielectric medium. Section 3.2 Power Spectrum of Massive Photons at Finite Tem-
perature, we will show steps to calculate the power spectrum of massive photons
at finite temperatures in the medium. In section 3.3 Numerical Calculation of the
Power Spectrum at Finite Temperature, we will numerically calculate the results

of the power spectrum obtained and display the results as a graph.

Dielectric medium

Temperature T

H >

Figure 6 A charge electron e moves through a dielectric

medium with velocity v at finite temperatures T
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3.1 Propagator of Massive Photons at Finite Temperature

In the calculation of the propagator of massive photons at finite tempera-
tures in the medium. We have applied the methods following the paper of Pardy
(1989, 2002), which have been studied within the framework of the source theory.
In order to obtain the propagator, we begin by considering the massive spin 0 field
then the massive spin 1 field, and finally the massive photon in electrodynamics.

3.1.1 The Massive Spin 0 Fields |

To illustrate the fundamentals of source theory, start with the massive spin
0 field, which is the simplest example (Schwinger, 1970). According to source
theory, the action of spin 0 particles is composed of the scalar source K (z) and the

propagator A, . Here, the action is
W(K) = %/(da:) (dz") K(z)A4 (z — ') K (2) (3.1.1)

where provides the correct condition for probability |(04 [ 0_)> < 1 (Schwinger,
1970; Schwinger et al., 1976), and (A=1)

(04 | 0_)F = W0 (3.1.2)

is the fundamental formula of Schwinger’s source theory is represented by the term,
where the expression (0, | 0_) denotes the amplitude from one vacuum state to
another. This core concept is pivotal in understanding the intricacies of quantum
theory and the behavior of particles at quantum levels.

To demonstrate that the quantity (04 | 0_) truly represents the amplitude
from vacuum to vacuum, it’s essential to know the explicit form of Green’s function

Ay (z — '), which satisfies the given equation (Pardy, 2002)
(=0 +m*) Ay (z—2) =6 (z —2') (3.1.3)

From the last equation, it indicates that
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The formula (3.1.4) is not unambiguous and it is necessary to specify it by

the e-term, or

, (dp) ePta=)
A+(a:—x)=/(2ﬂ_)4p2+m2_ia, e — 0y (3.1.5)

Next, will show that (04 | 0_)|” is the probability of the persistence of
vacuum. According to the definition (Pardy, 2002)

01109 =oxp {5 [ (9 @) K@ (0~ ) K ()} (3.1.6)

dp) eip(z'_m')
! /
/(dx dx)/ K(o) K (&)

geat
{z dp) K(p)K(-p )}
{2

will get (Pardy, 2002)

(04 [ 0-) =exp

DN e

27r)4p +m2 — i€

K(p)® } (3.1.7)

(27r)4 2 —I- m? — ie

a result of Equation (3.1.5) and K*(p) = K(—p). Using the well-known theorem

1
T — 1€

_p (%) Lind(a) &0 (3.1.8)

where P represents the principal value of integral, will obtain the follows formula,

for the vacuum persistence (Pardy, 2002):

104 | 0_))® = e72™W — exp {—2/ (dp)47r|K(p)|25 (p® +m2)} (3.1.9)

(27)
By using
5 (7 + m2) :Z(I)Tlmz)lﬁ {5( 0 (p? +m2)1/2>
+6 (po + (p* + m2)1/2) } ; (3.1.10)

will obtain (Pardy, 2002)

d 2 2 2 d 0 2
2/((2]))) (p)I?6 (p +m)=/ ( p)—1—|K(p,p)’ (3.1.11)

(2m)3 2p°
and then,

0,100 =exp {~ [ aw K} (3.1.12)
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where

_ (dp) 1 0 __ 2 2
Wo = Tampgp P =T (@™

Equation (3.1.12) indicates that when the scalar source K (z) is present, the

12 (3.1.13)

probability of the vacuum state persisting is <1.
Next, will demonstrate the derivation of the field equation from the action

W for the scalar field ¢, (Pardy, 2002) where

W=%/KA+K=%/¢K:%/¢(—82+m2)g0

= %/ (8up0%p + mP?) =2W — W

— [k - 51002 + 1] = [(@)IKEe@) +LeE)] (119

with
Lp(a) = 3 [Bupdt + m*e?). (3.1.15)
By putting
5, W =0, (3.1.16)
or
/(5g0K - [5#908”&04-7712(,05(,0] =0. (3.1.17)

After some modification will obtain (Pardy, 2002)
/(da:) [K — (=8,0%p + m*p)] 6p =0 (3.1.18)
As variable ¢ is an arbitrary one the last integral is 0 only if
(=0 +m*) o(z) = K(2), (3.1.19)

where is the Klein-Gordon equation with source K (z) on the right side of equa-
tion. Next, we will present the Proca equation for massive particles with spin 1

and generate the Maxwell equations for massive photons.
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3.1.2 The Massive Spin 1 Fields
We present the natural construction of the field of the particles with spin 1.
The derivation of the action for this massive spin 1 field is based on the modification

of the derivation of spin 0 fields (Pardy, 2002). The relation
| (04 ] 0_)? = exp{—2ImW} <1 (3.1.20)

is postulated to be valid for all spin fields. Here, will show the construction of
action and field equations concerning spin 1.

Scalar sources characterize spin 0 particles and fields, whereas a vector
source, represented as J¥(z), may serve as a potential descriptor for spin 1 particles
and fields. Yet, a challenge arises due to the vector source J#(z) comprising four
components, while spin 1 particles are limited to three distinct spin states. Despite
this, it is worthwhile to explore, drawing parallels to spin 0 fields, a specific action

form for unit spin fields:

W(J) = % / (do) (da') J*(2) Ay (3 — ) J, (&) (3.1.21)
Then,
0210 = e —exp { = [ dur6) )} (31.22)
However,
J*H()Ju(p) = 13 ()* = |7°(p)]" <0or >0 (3.1.23)

and this implies that the value specified in Equation (3.1.21) should not be inter-
preted as the likelihood of vacuum stability.
To address the issue, one can substitute the initial expression J*(z)J,(z)

with an alternative invariant form (Pardy, 2002):

J*(p) [g,w + #p,‘pvJ J"(p) (3.1.24)

which can be identified, considering its consistency, within the reference frame of

the time-oriented vector p*, where p* = (m,0,0,0) in the rest frame. By goo =
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(-1,1,1,1) and gy, = 0 for p # v, with

on; p=kv=1I
G = G + %pwu =4 0; pu=0v=0 (3.1.25)
0; p=kv=0
and
J* (D) J* (p) = |I)? (3.1.26)

now the quantity |(04 | 0_){* can interpreted as the vacuum persistence probability.
Subsequently, upon applying Equation (3.1.24), one can straightforwardly
obtain the function W (J) within the space-time framework through the application

of a Fourier transform (Pardy, 2002):

W) =5 [ (d) (@) )y (& = ) J# &)

+o D)y @ = 2) 00 @) (3.1.27)

The field associated with particles of spin 1 can be established through the
definition of a test source, denoted as §J#(z), by employing a specific relational

expression
SW(J) = /(da:)dJ"(a:)goﬂ(m) (3.1.28)

where ¢, is the field consists of particles that possess a spin of 1. By varying
formula (3.1.27) and equating it with equation (3.1.28), will get the equation for
the spin 1 field as follows (Pardy, 2002):

0u@) = [ (@) (0= 2) (@) - 230, [ (@) 84 (6 =) 2 (&),
(3.1.29)
The divergence of the vector field ¢, (z) is given by the relation
0 (@) = [ (@) 8 (o= ) O @) = 50 [ (@) 2, o - ) 0" &)

_ #8,“]“(3:) (3.1.30)
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as a consequence of Eq. (3.1.3) or
—0?°A, =6 (z —2') — m?A,. (3.1.31)

Further, after applying operator (—8% +m? ) on Eq. (3.1.29) get the equa-
tions follows (Pardy, 2002):
1 v
(=8% +m?) pu(z) = Ju(z) — ﬁauayj (z) (3.1.32)
(=8 + m?) pu(z) + 8,0,¢"(z) = Ju(z) (3.1.33)

as a consequence of Eq. (3.1.30).

The final equation can be readily reformulated as follows:
"Gy + Mo, = J,, (3.1.34)

where

Gu(7) = —Guu(@) = Oupy — Buipy. (3.1.35)

By equating the tensor G, to the electromagnetic field tensor F,, will get
an alternative to equations (3.1.33) and (3.1.34), known as the Proca equation.
This equation describes the electromagnetic field in the context of a photon that

possesses mass or massive photon (Pardy, 2002):

(=02 +m?) Au(z) + 8,0, 4% (z) = Ju(z), (3.1.36)
O F, +m?A, = J,, (3.1.37)
Fu(z) = —Fu(z) = 0,4, — 0, A,. (3.1.38)

In the case m? # 0, set §,A* = 0 to obtain
(-8*+m?) A,(z) =0, §,4*=0. (3.1.39)
The solution of the system (3.1.39) is the plane wave
A, =euk)e*® k2= —m? (3.1.40)

the condition ke(k) = 0 accurately defines of a massive particle with spin 1.
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Equation (3.1.34) can also be derived from the action (Pardy, 2002)

W= [ (@) ((@oula) + Lipla)) (3.1.41)
where
L= —% (% (0"¢" = 8"¢") (Oupy — Buipu) + m2w“¢m> , (3.1.42)
use the arrangement
[0yt (-0 0. = [@oeaup, (3.0.43)
and
/ (d2)0*8,8" 0, = — / (dz)” 8 8,0, = — / (dz)p, 8", (3.1.44)

The Lagrange function can be derived in its standard form by applying the
last equation (3.1.44) (Pardy, 2002):

1 5
L= =5 (00 00 = (0u0") +mP¢p,). (3.0.45)

Utilize the A and F' symbols, from equation (3.1.42) the Proca Lagrangian

1/1
&3 <§F‘“’Fu,, + m2A“Au> (3.1.46)
or
= —% (0 A, A, ~ (8,A")® + m?AFA,) (3.1.47)

When adjust the associated Lagrangians for a massive field with spin 1, it
naturally leads to the formulation of the massive Maxwell equations.

The absence of a zero mass limit is clear when 0,J#(z) # 0. Consequently,
there is a necessity to reevaluate the action W(J). One potential approach is to

consider an alternative definition (Pardy, 2002)

O, JH(z) = mK(z) (3.1.48)
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and identify K(z) in the limit m — 0 with the source of massless spin 0 particles.
Since the zero mass particles with zero spin are experimentally unknown in any

event, take K (z) = 0 and get (Pardy, 2002)

Win-a(J) = 5 [ (@) (@) J,(2)Ds (@ o) J* (), (3.1.49)
where
8, J%(z) = 0 (3.1.50)
and
Di(z—2Y=Ay(z—-2';m=0). (3.1.51)

When dealing with electrodynamics within a medium, it’s essential to con-
sider key parameters including the speed of light (denoted as c), magnetic per-
meability (1), and dielectric constant (¢). The formulation of electromagnetic po-
tential equations, which are consistent with Maxwell’s equations, was detailed by
Schwinger et al. (1976). These equations are crucial for understanding how elec-

tromagnetic fields behave in different mediums and conditions (Pardy, 2002):

2 2 _
( > Ea_) AF = % (g’“’ +2 17)“7)") - (3.1.52)

c® 9¢2 n?

where the Lorentz gauge condition was specified by Schwinger et al. (1976) and is

expressed as follows:

BuA¥ = (e — 1)(nd) (nA) = 0, (3.1.53)

where in the medium'’s rest frame, the unit timelike vector is represented as n* =
(1,0). There are four potentials denoted by A* = (¢, A), and similarly, the four
currents are expressed as J* = (cg, J). Additionally, the medium’s index of refrac-
tion is indicated by n.

The Green function that corresponds to these variables in the z-representation

is denoted by D/"

2

-1
(g‘“’ + 2 = n“n") D, (z—1). (3.1.54)

DY (& — ') =

o=
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where D, (z — ') was derived by Schwinger et al. 1976 as the following:

dk) eik(a:—a:’)
D, (z—12 =/ ( , 3.1.55
+ ( ) (27[.)4 |k2| —n2 (k0)2 — e ( )
or
w81 [ sin®x—=x| .o
Dy(z—a)=1— M XX i (3.1.56)

cdn? J, |x — x'|

3.1.3 The Massive Photon in Electrodynamics
Massive electrodynamics in a medium may be generated by applying mass-
less electrodynamics to the situation of massive photons. In our situation, this

means that we will replace simply Eq. (3.1.52) with the following (Pardy, 2002):

2 2.2 2_1
A_BED MO gu B ) g (3.1.57)
c n?2

where m is mass of photon. The Lorentz gauge (3.1.53) is also conserved in the
massive situation.
According to Pardy (1989; 1994; 1995) with the analogy of the massless

photon propagator D(k) in the momentum representation

1

ST i (3.1.58)

D(k)

we will get the massive photon propagator at finite temperature is of the form
1 2mi 2
— 5 ( k 2_ .2 kO ) ,
Iklz _ n2 (ko)z + mh2202 _ 1:8 + eE/k:BT . 1 I l n ( )
(3.1.59)

DT (k‘, m2)

where E = Aw is the energy, kg is boltzmann constant, and T is temperature in the
meduim. This propagator is derived from an assumption that the photon energy
equation is (Pardy, 2002)

2.2

2 m-c

h? ’

k| — n? (k°) (3.1.60)
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where n is the parameter of the medium and m is mass of photon in this medium.

From Eq. (3.1.60) the dispersion relation for the massive photons follows:

m2c?
k2 +

W= % = (3.1.61)

The correctness of Eq.(3.1.60) may be proven using a very basic idea: for
= 1, the Einstein equation for mass and energy must be followed. Putting

p = 1k, hk® = R(w/c) = E/c, will get the Einstein energy equation

E? = p?c® + m3c!. (3.1.62)

The propagator for the massive photon at finite temperature is then derived

as

]1/2

h2 |x — x| 2

|x — x| exp(fw/kgT) — 1°
(3.1.63)

—iw|t—t'|

si
D — dw
¥ | (a: o m c471'2 /
The function (3.1.63) differs from the the original function D, by the factor

2,2 2.2\ 1/2
2 w'n®  mic (3.1.64)
exp(fw/kgT) — 1\ c? 2
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3.2 Power Spectrum of Massive Photons at Finite Temper-
ature

In the situation of a massive electromagnetic field in the medium at finite

temperature, the action W can be calculated from the following (Pardy, 2002):

W=o [ (@) @) P@)Dl (o -2 m?) P (&), (32)
where
D’_:_';, = % [gl“’ + (1 _ n—z) 77#77”] D+T (:p o= a:’, m2) , (322)

where n* = (1,0), J* = (cp, J) is the conserved current, u is the magnetic perme-
ability of the medium, ¢ is the dielectric constant of the medium, and n = \/ep is
the index of refraction of the medium.

The probability of the persistence of vacuum follows from the vacuum am-

plitude (3.1.2) in the form (Pardy, 2002):

(04 | 02))7 = e # 1MW, (3.2.3)

where Im W is the foundation for the definition of the spectrum function P(w,t) :

2 _ P(w,t)
— = ImW = —/dtdw = (3.2.4)

We insert Eq. (3.2.2) into Eq. (3.2.1), we will get after extracting Pr(w,t)

the following general expression for the spectrum formula:

2

Frw?) :exp(ﬁw/kBT) -1

n?w? mzcz} 12 |X _ Xll

sin -

w U I {02 &
X —— [ dxdx'dt

47r2n2/ x |x — x|

X cos [w (t —t')] [g(x,t)g (x',t') — Z—jJ(x, t)-J (X, t')} . (3.2.5)
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The power spectrum at finite temperature is expressed through the following

Pr =Pr—o + Pryo

= Pro (1 + exp(m/iBT) - 1>

= -PT=0 X COth(hu)/2kBT) (326)
By using
2 %,
NQ exp(z) —1 R (5)

1/2
n [nzg,z _ mﬁZC ] |X _ x/l

| — x|

Pr =4i£2 coth(i‘uu/ZkBT)/dxdx'dt'

X cos [w (t — t')] [g(x, to(x,t') — %;J(x,t) - J (X t')] \ (3.2.7)

Next, we apply the formula (3.2.7) in order to get the power spectrum of
massive photons at finite temperature. The Cherenkov radiation is produced by
charged particle of charge e moving at a constant velocity v. Thus, we can write

the charge density and the current density as
o=ed(x—vt), J=evi(x—vi) (3.2.8)

After insertion of Eq. (3.2.8) into Eq. (3.2.7), will get (v = |v|)

472 2

*dr n*w?  mc 1/2
X — sin 2 2 vT | coswr, (3.2.9)

where 7 =t —t and 8 =v/c.

2
Pr = ( ) x coth(fw/2kgT)
w?

Consider the integral in equation (3.2.9): by using

® sinXT 1 X—-w X+w
dr COSWT =—T + =T (3.2.10)
o T T\ VX=X ep
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SO

22
® dr | n2w?  m2c2]? T, 0<m? <% (n?8% 1)
— Sln 5 T 3o UT | COSWT =
¢ iz 0. m2> w;h; (n2[)’2 _ 1)
’ 2y '

(3.2.11)

—00

From Eq. (3.2.11) it immediately follows that m? > 0 implies that the
Cherenkov threshold ng > 1. From Eqgs. (3.2.9) and (3.2.11) we get the spectrum

formula of the Cherenkov radiation at finite temperature of massive photons in the

form
Pp S0 (1 LY th(fiw/2ksT) (3.2.12)
T7 4r 2 n?p32 co 3 o
for
w > ey L >0

h /n2ﬁ2 -1
and Py = 0 for

mecv

w <

1
ko /n2p% — 1
Using the dispersion relation for the massive photons follows:
c m2c?

e
4 n +52

(3.2.13)

We can obtain the power spectrum of massive photons at finite temperatures

as follows:
e? v m2c? 1 he m?2c?
Pp = Z s 1- h 2 1
TS eV T TR ( n2[32)XCOt <2nkBT Bt ) nb >
(3.2.14)
and

Pr =0, nB<L. (3.2.15)
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When we substitute m = 0 in equation (3.2.13) and (3.2.14), we get

w=2 (3.2.16)

and

e? vuw
P ==
T ar e

1
(1 - n2[32> x coth(hw/2kpT) (3.2.17)

where 8 = v/c and F = hw, which corresponds to the power spectrum formula of

the Cherenkov radiation at finite temperatures derived by Pardy (1989).
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3.3 Numerical Calculation of Power Spectrum at Finite
Temperature

For the numerical calculations, the result of the power spectrum of massive
photons at finite temperatures is derived from the source theory. We take into
account a charged electron moving through a water medium. In order to plot
graphs in both 2D and 3D from equation (3.2.14), we utilize Wolfram Mathematica.
Details of the numerical calculations and plot graph are in Appendix C.

3.2.1 The pbwer spectrum of massive photons at temperature

0, 20, 50, 80, and 100 °C

To analyze the power spectrum at a finite temperature, we have plotted the
first graph of the power spectrum at a temperature of T' = 0, 20, 50, 80, and 100 °C
as shown in Figure 7. The y-axis is the power spectrum in watts (W) and the x-axis

is the velocity in meters per second (m/s). The green, blue dash, yellow, blue, and

2.0 B
1.5

1.0/

P{x107%32 W)

0.5

2.2 24 2.6 2.8 3.0

v (x 108 m/fs)

Figure 7 The power spectrum of massive photons

at 0, 20, 50, 80, and 100 °C.

red lines represent the temperature cases of 0, 20, 50, 80, and 100 °C, respectively.

From the graph, it was found that the power spectrum at temperatures 0 and 20
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°C has almost no difference, while the power spectrum at temperatures 50, 80, and
100 °C decreased slightly. We also found that the minimum velocity that causes
the power spectrum to be above zero at temperatures 0 and 20 °C is approximately
2.23 x 108 m/s, while at temperatures 100 °C it is more than 2.26 x 108 m/s. So, it
can be inferred that the temperature and the velocity influence the power spectrum
of Cherenkov radiation.

3.2.2 The power spectrum of massless and massive photons

at temperature 20 °C

The second graph as displayed in Figure 8 is a 2D graph of the power
spectrum of massless and massive photons at a temperatures of T' = 20 °C. The y-
axis is the power spectrum in watts (W) and the x-axis is the velocity in meters per
second (m/s). The orange and blue lines represent the cases of massless and massive

photons, respectively. We found that the power spectrum of massive photons is

2.0 T T g v T T T T T K
— m=1x10"P kg ]
— m=0kg é
1.5 !
z
o \
5 1.0} )
—t
X
o,
0.5} -
o‘o ~_l 5 i H B A 1 { 1 [l ' 1 l:.
2.2 2.4 2.6 2.3 3.0

v (X 108 m/s)
Figure 8 The power spectrum of massless and massive photons at 20 °C.
more than approximately two times of massless photons. We also found that the

minimum velocity that causes the power spectrum of massless and massive photons

to be above zero is about 2.23 x 108 m/s. Hence, the graph indicates that the mass
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of photons and the velocity affect the power spectrum of Cherenkov radiation.
3.2.3 The power spectrum of massive photons at temperature
0, 20, and 100 °C
The third graph as demonstrated in Figure 9 is a 3D graph of the power
spectrum of massive photons at a temperature of 7' = 0 °C, which is similar to the

previous graph and adds a z-axis of the mass of photons in kilograms (kg). From

P(x10732W)

Figure 9 The power spectrum of massive photons at 0 °C.

the graph, we found that as in the previous graph, increasing the photon mass and
the velocity increases the power spectrum. Additionally, we found that the.power
spectrum of massive photons above zero at the velocity is more than 2.23 x 10®
m/s. Thus, the graph reveals that the photon mass and the velocity influence the
power spectrum of Cherenkov radiation.

The fourth and fifth graphs as demonstrated in Figures 10 and 11 are a 3D
graph of the power spectrum of massive photons at a temperatures of T' = 20 and
100 °C. From the graph, we found that the power spectrum of massive photons
at a temperature of 20 and 100 °C had similar results as the power spectrum at
a temperature of 0 °C. We also found that the minimum velocity that causes the

power spectrum to be above zero at a temperature of 20 °C is more than 2.23 x 108



P(x 10732W)

P(x1073 W)

Vep N 2.23 X 10% mss

Figure 10 The power spectrum of massive photons at 20 °C.

kg) 1020 v on ¥ 2.26 X 108 mfs

Figure 11 The power spectrum of massive photons at 100 °C.
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m/s, while at a temperature of 100 °C it is more than 2.26 X 10® m/s. Therefore,
these graphs indicate that the photon mass, the velocity, and the temperatures

affect the power spectrum of Cherenkov radiation.



CHAPTER 1V
CHERENKOV RADIATION OF MASSLESS AND

MASSIVE PHOTON IN TWO CHARGE SYSTEM

This chapter we will use the same concepts of quantum theory as Chapter
I1I in order to study Cherenkov radiation, which occurs from a two-charge electron
system moving through a dielectric medium as show in Figure 12. We will utilize
source theory to calculate the power spectrum of massless and massive photons
from a two-charge electron system at a finite temperature moving through a di-
electric medium. This chapter has three sections. Section 4.1 Power Spectrum of
Massless Photons in Two Charge Systeﬁl, we will present steps to calculate the
power spectrum of massless photons from a two-charge electron moving through a
dielectric medium. Section 4.2 Power Spectrum of Massive Photons in Two Charge
System, we will represent steps to calculate the power spectrum of massive photons
from a two-charge electron moving through the medium. In section 4.3 Numerical
Calculation of the Power Spectrum in Two Charge System, we will numerically
calculate the results of the power spectrum obtained and display the results as a

graph of massless and massive photons.

Dielectric medium

Temperature T a

0>

v

Figure 12 A system of two charges electron ¢ moves through a dielectric

medium with velocity v at finite temperatures T'.
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4.1 Power Spectrum of Massless Photons in Two Charge
System
In source theory, the fundamental equation is the vacuum-to-vacuum am-

plitude (Schwinger et al., 1976)
(04 | 0_) = eI/DWS) (4.1.1)

where the minus and plus marks on the vacuum symbol are causal labels, indicating
time before and after the space-time region where sources are altered. The expo-
nential form assumes physically independent experimental configurations, resulting
in multiplying probability amplitudes and adding W expressions (Schwinger et al.,
1970).

The description of the electromagnetic field can be characterized by its am-

plitude, denoted as (4.1.1), in conjunction with associated the action
1 , y
W) = o / (dz) (dz') J*(2) D% (@ — &) J* (&), (4.1.2)

where W (J) denoted as the action. Here, J, represents the densities of charge and
current. Meanwhile, D7, (z — x') signifies the propagator of photon, whose precise
structure is to be defined in subsequent analysis.

The probability of the persistence of vacuum can be found from the following

formula (Schwinger et al., 1976):

(05 [0} = exp {—%ImW} — exp {—/dtdw%} , (4.1.3)

where P(w,t) is known as the power spectrum function. To derive the spectrum
function from the imaginary part of Im W, one must be acquainted with the precise

structure of the propagator of photon, represented as DY7. (x — a).
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The fourpotentials, denoted as A*(¢, A), characterize the electromagnetic
field, while the generation of this field stems from the four-current, represented
by J#(ce,J). These relationships are governed by a specific differential equation.
This equation establishes how the four-current influences the electromagnetic field

through the fourpotentials (Schwinger et al., 1976)
UE 02 U “ Ly n®—1 oV
== == - 9 4.1.4
(A c? 8t2> A c (g + n2 0 J ( )

wiht the corresponding Green’s function D, :
g "

D B (g W= L) p : 4.1
br =\ 9+ —=1"1" | Dar (2 = 2), (4.1.5)

where n# = (1,0), the symbol p represents the magnetic permeability of the di-
electric medium with the dielectric constant £. The symbol ¢ stands for the speed
of light in a vacuum. The term n refers to the refractive index of the medium.
Additionally, the function D, (z — 2') was derived by Schwingeret et al. (1976) in

the following:

Dir(z—12') =

i /°° sin(nw/e) |x — x'| 2 e~ It (4.1.6)
dr2c J, |x — x| exp(hw/kpT) — 1

By applying equations (4.1.2), (4.1.3), (4.1.5), and (4.1.6), the resulting

expression for the power spectrum can be derived as (Schwinger et al., 1976):

B 2 w B , osin{nw/c) |x — x'|
Pr(w,t) exp(hw/ksT) — 1472 n? /dde dt |x — x|

X cos [w (t — )] x {g(x, t)o(x',t') — Z—zJ(x,t) -J (x’,t')} : (4.1.7)
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The power spectrum at finite temperature is expressed through the following

Pr =Pr—o+ Przo (4.1.8)
2
=Pr_o|1 1.
reo (14 ety =) “19)
= PT:() X COth(hw/Qk‘BT) (4110)
By using
2 x
e — = 1.
+ o= =t (2) (4.1.11)
get

sin(nw/c) |x — x'|
|x — x|

Pr(w,t) =coth(ﬁw/2kBT)ﬁ% / dxdx'dt’

X cos [w (t —t')] x {g(x, t)o(x,t') — Z—zJ(x, t)-J (x',t')} . (4.1.12)

We are now ready to utilize the final equation for scenarios involving two
identical charges traveling through a dielectric medium.

The common belief is that Cherenkov radiation within electrodynamics
arises from a charge moving at a steady speed. This discussion, however, focuses
on a pair of identical charges, denoted as e, which maintain a fixed separation,
represented by a = |a|, and travel at a velocity v through a dielectric medium.
Under these conditions, the expressions for a charge and current densities of the

configuration are specified by the following equations:

0 =e[d(x — vt) +d(x — a— vt)] (4.1.13)

J =ev[d(x—vt) +(x —a—vi)] (4.1.14)

where in the system S, the vector a represents the directed distance from the left
charge to the right charge, and the magnitude of this vector is denoted by a = |a.
Let us suppose that v||aj|x, and upon substituting equations (4.1.13) and

4.1.14) into equation (4.1.12), while defining 7 = t'—¢, and § = v/c, where v = |v]|,
g

" we get instead of the formula (4.1.12) the following relation (Pardy, 1997):

Piotat(w,t) = 2Py (w,t) + Py(w,t) + Ps(w,t), (4.1.15)
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where

2
By(w ) =5 Y (1 - #) x coth(fuw/2kpT)

TAm? &2
x/ dTMCOSWT (4.1.16)

2
Py(w,t) =—— 2 (1_ ! )XCoth(ﬁw/ZkBT)

T 4m? 2 n2?
y / gsmnwplafotr] (4.1.17)
— la/v + 7]

2
Py(w,t) =22 (1 — ) x coth(Fw/2ksT)

47?2 n?[3?
X / dr= nwBla/v - 7| COS WT. (4.1.18)
. la/v— 7]

Consider the integral in equation (4.1.16):

/ dTMcosz=17r< mof tw | mwbtw ) (4.1.19)

i 2 \V(wB —w)?  /(wph +w)?

_ lw w(nf —1) w(np +1) |
A 2 (w\/(nﬁ —1)2 " w/(np + 1)2> =™ (41.20)

—o

SO
2 i m, nf>1
L = / dTM COSWT = A . (4.1.21)
—o0 4 0; nB<1
Consider the integral in equation (4.1.17) and (4.1.18):
I = / demnwﬁ|a/v 7 COSWT (4.1.22)
oo la/v + 7]
and
Is =/ grommwblafv =l o (4.1.23)
o0 la/v— ]
By applying integral (4.1.21), we obtain the power spectrum formula P;:
e? uw 1
P (w,t) = P <1 - n2ﬂ2> x coth(hw/2kgT), nf>1 (4.1.24)
and

Py(w,t) =0, nf<1. (4.1.25)
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Using transformations
Zhr=T, Z_r=rT (4.1.26)
v v

Upon evaluating the integrals denoted by I and I3, we get the power spec-
trum formula P, Py (Pardy, 1997):

e? uw wa 1
Py(w,t) = 1 s (7) v <1 - n2ﬁ2) x coth(hw/2kgT) = P3(w,t), nB>1
(4.1.27)

and

Py (w,t) = Ps(w,t) =0, nf <1 (4.1.28)

The total power spectrum released by the Cherenkov radiation in a system

with two charges is the sum result of the individual power spectrum:

Rfotal =2 (Pl + P2) (4129)

=2 (1 + cos %» E——ﬂzfu (1 _ ) x coth(fuw/2kgT) (4.1.30)

TL2,52

2 i 1
iz (1 — n2ﬂ2> x coth(fuw/2kgT) (4.1.31)

aw
= 4 cos? (
)

2
Sy (1 1Y o (%
e (1 n252> cos <2v) x coth(fw/2kgT), nf>1 (4.1.32)

By using

2(1 + cos(z)) = 4 cos? (g) (4.1.33)

We get the total power spectrum of massless photons in two charge systems

at finite temperatures in the following:

e? pw 1 aw
Ptota,l = ;?U <1 —_ W) COS2 (5) X COth(h{JJ/QkBT), n,B > 1 (4134)

and

Ptotal = 0, nﬂ < 1. (4135)
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4.2 Power Spectrum of Massive Photons in Two Charge
System

For the calculation of the power spectrum of massive photons in the two-
charge system, we will use the same method as in the previous section.

Rather than considering the Cherenkov radiation produced by a single mov-
ing charge, this study examines a pair of identical charges, denoted as e, maintain-
ing a fixed separation distance a = |a| and traveling at a velocity v within a di-
electric medium. Under these conditions, the expressions for a charge and current

density on the system are described by the following equations:
0 =eld(x — vt) + d(x — a— vt)] (4.2.1)

J=ev[d(x—vt) +é(x —a—vt)] (4.2.2)

where the vector a represents the directed distance from the left charge to the right

charge, and the magnitude of this vector is denoted by a = |a| in the system S.
Assuming that v||a||x, we proceed by substituting equations (4.2.1) and

(4.2.2) into equation (3.2.7), we define 7 =t' — ¢, and 8 = v/c, where v = |v|, we

obtain instead of the formula (3.2.7) the following relation (Pardy, 1997):

Protar(w, t) = 2P1(w,t) + Pa(w, t) + Ps(w,t), (4.2.3)
where
e? vuw 1
Pi(w,t) =i I 2 x coth(hw/2kgT)
1/2
o Sin ( ["i‘;’z — m;f} v7'>
X / dr COSWT (4.2.4)
—oo T
e? vuw 1
Py(w,t) =173 1- g x coth(hw/2kgT)

1/2
0o sin (linz;dz - mi:;z] l% + T|>
X dr COSWT 4.2.5
/_oo |2+ 7| (42.5)
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e? vpw 1
Ps(w, t) =1 52 < n2ﬂ2) x coth(hw/2kgT)
1/2
w sin (["1‘5’2 - m;fz] |; -7
X / dr |a l CoSWT (4.2.6)
—oo g&_r

Consider the integral in equation (4.2.4): by using

©  sinX 1 X — X
/ dr 22T coswr =27 . tv = (4.2.7)
— T 2 \V/(X-w2 JX+w)?
S0
0 2,,2 2,2 1/2
- wn (B [
L =/ dr CosSwWT = . (4.2.8)
-0 T 0; ng<1
Consider the integral in equation (4.2.5) and (4.2.6):
n?w? m2c? 1/2 a
00 [ P ) ] I; + T|
I :/ dr COSWT (4.2.9)
\ ]
and

n2w? m?c? 1/2 a
o0 <[c—z 6\ r_Z] |5 - TI)
I = / dr (4.2.10)

By applying the integral (4.2.8), we are able to derive the power spectrum

formula P;:

Pi(w,t) e (1 S ) x coth(hw/2ksT); nB > 1 (4.2.11)

T 4r 2 n2f?
and

Pi(w,t) =0; nf <1, (4.2.12)
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Using transformations
Sir=1, 2-7=T, (4.2.13)

Following the evaluation of the relevant integrals, we obtain the results I, I3,

the corresponding the power spectrum formula P, P; (Pardy, 1997):

e? uw wa 1
Py(w,t) = 1 2 8 <—v—> v <1 - n2,32> X coth(hw/2kpT) = Ps(w,t); nB>1
(4.2.14)
and
Py(w,t) = P3(w,t) =0; nf< 1 (4.2.15)

The total power spectrum released by the Cherenkov radiation in a system

with two charges is the sum result of the individual power spectrum:

Piotar =2(P1 + P,) (4.2.16)
= woRINST B TGAN . K\
=2 <1 + cos ( » )) > <1 n2[32> x coth(fw/2kgT) (4.2.17)

/, 9 (OW\ €° LW 1
Using the dispersion relation for the massive photons follows:
c m2c?

_ Y. ]2
wnk+h2

Finally, we obtain the total power spectrum of massive photons in two charge

(4.2.19)

systems at finite temperatures in the folllowing form:

Piotar =2(P1 + P2) (4.2.20)
e? uv m2c2 1 ac m2c2
= —— 2 — 2 7 2
T cn o h? <1 n2[32> o0 (21}71 L h? )
hc m2c?
t 2 : 4.2.21
XCOh<2nkBT k2 + h2>’ nB>1 ( )

and

Ptotal = O, n/B <1 (4222)
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4.3 Numerical Calculation of Power Spectrum in Two Charge

System at Finite Temperature

For the numerical calculations, the result of the power spectrum of massless
and massive photons in two charge systems at finite temperatures comes from the
source theory. We consider a two-electron move through a water medium. To
plot graphs in both 2D and 3D from equations (4.1.34) and (4.2.21), we utilize
Wolfram Mathematica. The details of numerical calculations and plot graphs are
in Appendix D.

4.3.1 The power spectrum of massless photons in two charge

system at temperature 0, 20, 50, 80, and 100 °C

To investigate the power spectrum of Cherenkov radiation produced by two-
charge electron systems at a temperature of 7' = 0, 20, 50, 80, and 100 °C. We have
plotted the first 2D graph of the power spectrum of massless photons in two-charge
systems, as shown in Figure 13. The y-axis is the power spectrum in watts (W)
and the x-axis is the distance between two charges in meters (m). The green, blue
dash, yellow, blue, and red lines represent the temperature cases of 0, 20, 50, 80,
and 100 °C, respectively. From the graph, we found that the power spectrum of
two-charge systems is in the form of the function cos? (%), where @ = 0 m there is
constructive interference, and at @ = 1.8 x 10~7 m there is destructive interference.
We also found that the power spectrum at temperatures 0 and 20 °C has almost
no difference, while the power spectrum at temperatures 50, 80, and 100 °C has
decreased slightly, respectively. The graph of the power spectrum for two-charge
systems shows that the distance between two charges and the temperatures affect
the value of the power spectrum, in which the distance between two charges a is
related to the position of constructive and destructive interference in the power

spectrum of Cherenkov radiation.
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Figure 13 The power spectrum of massless photons in two charge system

at 0, 20, 50, 80, and 100 °C.

4.3.2 The power spectrum of massless photons in two charge
system at temperature 20 °C

The second graph is a 3D graph of the power spectrum of massless photons
in two-charge electron systems at a finite temperature of T' = 20 °C, which is similar
to the previous graph' and adds a z-axis of the velocity in meters per second (m/s)
as in Figure 14. From the graph, it is found that the power spectrum is in the form
of the function cos? (%) as in the previous graph, and at higher velocities it affects
interference of the power spectrum. However, at a velocity less than 2.2 x 108 m/s,
there is weak interference of the power spectrum, and at a velocity greater than
2.2 x 10® m/s, there is more strong interference of the power spectrum. The graph

indicate that the distance between two charges and the velocity affects interference

in the power spectrum.
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Figure 14 The power spectrum of massless photons in two charge system

at 20 °C.

4.3.3 The power spectrum of massive photons in two charge
system at temperature 0, 20, 50, 80, and 100 °C

The third graph as displayed in Figure 15 is a 2D graph of the power spec-
trum of massive photons in two charge systems at a temperature of T = 0, 20,
50, 80, and 100 °C. The y-axis is the power spectrum in watts (W) and the x-axis
is the distance between two charges in meters (m). The green, blue dash, yellow,
blue, and red lines represent the temperature cases of 0, 20, 50, 80, and 100 °C,
respectively. From the graph, we found that the power spectrum of two-charge

systems is in the form of the function cos? | 2%4/k2 + £ }, where a = 0 m there
Y 2un |7

is constructive interference, and at a = 1.1 x 1077 m there is destructive interfer-

ence. We also found that the power spectrum at temperatures 0 and 20 °C had
no difference, while the power spectrum at temperatures 50, 80, and 100 °C de-
creased a little. The graph shows that the distance between two charges and the

temperatures affect the power spectrum.
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Figure 15 The power spéctrum of massive photons in two charge system

at 0, 20, 50, 80, and 100 °C.

4.3.4 The power spectrum of massive photons in two charge
system at temperature 20 °C
The last graph as demonstrated in Figure 16 is a 3D graph of the power
spectrum of massive photons in two charge systems at a temperature of 7' = 20 °C,
which is similar to the previous graph in Figure 15 and adds a z-axis of the velocity
in meters per second (m/s). From the graph, it is found that the power spectrum
is in the férm of the function cos? (%, [k? + "‘;;2) as in the previous graph, and

at higher velocities it affects the interference of the power spectrum as well. We

also found that the minimum threshold velocity that causes the power spectrum
of massive photons in water at a temperature of 20 °C is approximately 2.23 x 108
m/s. However, at a velocity less than 2.23 x 10® m/s, there is no interference
with the power spectrum, and at a velocity greater than 2.23 x 10® m/s, there is
beginning to be interference with the power spectrum. The graph indicates that
the distance between two charges and the velocity influence the interference of the

power spectrum. Therefore, we can infer that the distance between two charges
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Figure 16 The power spectrum of massive photons in two charge system

at 20 °C.

“and the velocity affect the constructive and destructive interference of the power

spectrum of Cherenkov radiation.



CHAPTER V
CONCLUSION AND DISCUSSION

The current theoretical study of the power spectrum of Cherenkov radia-
tion is mostly based on classical electrodynamics theory. Nevertheless, quantum
theory has been slightly applied in the Cherenkov radiation investigation, especially
the source theory. In the study of Cherenkov radiation, we believe that quantum
theory is powerful in calculating the properties of Cherenkov radiation. Therefore,
this dissertation aims to apply the quantum theory focus on the source theory to
calculate the power spectrum of Cherenkov radiation in two cases. The first case
is to calculate the power spectrum of massive photons at a finite temperature from
a charged electron moving through a dielectric medium. In the second case, to
calculate the power spectrum of massless and massive photons at a finite temper-
ature from a two-charge electron system moving through a dielectric medium. In
addition, to prove the validity of the result, we also did numerical calculations of

the power spectrum in each case.

5.1 Conclusion

5.1.1 Power Spectrum of Massive Photons at Finite
Temperature

In order to calculate the power spectrum of the massive photon at a finite
temperature, we start with the calculation of the propagator of massive photons
at finite temperatures in the medium by applying the calculation of the massless
photon propagator. Then, we calculate the action of the massive electromagnetic
field from the propagator of massive photons at finite temperatures. Finally, we
can derive the power spectrum of the massive photon at a finite temperature from

the action as follows
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Pr = %;}TZ k2 + 7r;;c2 (1 - n21[32) X coth <2nZZT k2 + mi;cQ) (5.1.1)

In addition, to validate the power spectrum calculation at a finite tem-
perature derived from the source theory above, we apply the numerical calculation
method with conditions to present trends and the probability of the power spectrum
changing by the graph. Firstly, we plotted the 2D graph of the power spectrum at
a temperature of 0, 20, 50, 80, and 100 °C, it was found that the power spectrum at
0 and 20 °C has almost no difference, while the power spectrum at 50, 80, and 100
°C has decreased slightly. In addition, we also found that the minimum velocity
that causes the power spectrum to be above zero at temperatures 0 and 20 °C is
approximately 2.23 x 108 m/s, however, at temperature 100 °C the velocity is more
than 2.26 x 108 m/s. So, it can be inferred that temperature and velocity influence
the power spectrum of Cherenkov radiation. Secondly, the comparison of massless
and massive photons at a temperature of 20 °C, displays that the power spectrum
of massive photons is more than approximately two times of the massless photons.
We also found that the minimum velocity that causes the power spectrum of mass-
less and massive photons to be above zero is about 2.23 x 10® m/s. It concludes
that the mass of photons and the velocity affect the power spectrum of Cherenkov
radiation. Thirdly, the graph shows the power spectrum of massive photons at a
temperature of 20 °C in the 3D graph, we also found that the results are the same
as in the previous graph which shows that increasing the photon mass and velocity
influence the power spectrum of Cherenkov radiation.

5.1.2 Power Spectrum of Massless and Massive Photons

in Two Charge System

To calculate the total power spectrum of the massless photon in two charge
systems at a finite temperature, we start with the calculation of the propagator of
massless photons at finite temperatures in the medium. After that, we calculate

the action of the massless electromagnetic field from the propagator of massless
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photons at finite temperatures. Then, we calculate the power spectrum of the
massive photon at a finite temperature from the action. Lastly, we sum the power
spectrum of two charged systems and will get the total power spectrum of the
massless photon in two charged systems at a finite temperature the following:

e? puw 1

For the case of the total power spectrum of the massive photon in two

) cos? (%) x coth(hw/2kpT) (5.1.2)

charge systems at finite temperatures, the calculation method is similar to the
previous one. We can calculate the total power spectrum of the massive photon
in two charged systems at a finite temperature from the summation of the power
spectrum of the massive photon at a finite temperature of two charged systems.
Eventually, we get the total power spectrum of the massive photon in two charge

systems at finite temperatures as the following:

e? pw m2c2 1 ac m2c?
Protal =——1/ k2 1— —— ) cos® | —1/k?
vl T e * e ( n2ﬂ2> 9 <2’un T )

hc m2c?
2
X coth <2nkBT k% + 72 )

For the numerical verification, we plot 2D and 3D graphs with circumstances

(5.1.3)

that fit with the power spectrum calculation above. Firstly, the power spectrum
of massless photons in two charge systems at temperatures 0, 20, 50, 80, and 100
°C, concludes that the power spectrum at 0 and 20 °C has almost no difference,
in turn, the power spectrum at 50, 80, and 100 °C has decreased slightly. The
distance between two charges and temperatures affects the value of the power
spectrum, in which the distance between two charges a, is related to the position
of constructive and destructive interference in the power spectrum of Cherenkov
radiation. Secondly, when plotting the 3D graph of the power spectrum of massless
photons in two charge systems at a temperature of 20 °C, the result revealed the
change in the power spectrum is the same as the 2D graph plotting, which is the
distance between two charges and the velocity affects the interference of the power

spectrum. Thirdly, the 2D graph plotting the power spectrum of massive photons
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in two charge systems at temperatures 0, 20, 50, 80, and 100 °C, concludes that
the power spectrum at 0 and 20 °C had no difference, however, the power spectrum
at 50, 80, and 100 °C has decreased a tiny. Also, the distance between two charges
and the temperature affects the power spectrum of Cherenkov radiation. Lastly,
the graph shows the power spectrum of massive photons in two charge systems at
a temperature of 20 °C in the 3D graph. We found that the results are the same
as the previous graph, which shows the distance between two charges and how
temperatures affect the power spectrum of Cherenkov radiation. We also found
that the minimum threshold velocity that causes the power spectrum of massive

photons in water at a temperature of 20 °C is approximately 2.23 x 10% m/s.

5.2 Discussion

This study indicates a correlation between the temperature of the medium
and the power spectrum of Cherenkov radiation. As the temperature rises, there
is a slight decrease in the power spectrum. This is because of the change in the
refractive index of the medium (n) with temperature (T") (Bashkatov and Genina,
2003; Tan, 2021). The refractive index is crucial because it determines the phase
speed of light in the medium. A higher temperature leads to a lower refractive
index, which in turn increases the phase speed of light (v, = ¢/n). The phase
speed of light affects the threshold of Cherenkov radiation generated. Therefore,
when the temperature increases, it influences the power spectrum of Cherenkov
radiation. The result is consistent with Pardy (1989), which studies the power
spectrum of Cherenkov radiation at finite temperatures. This study contributes
to a deeper understanding of the relation of light-medium interactions at various
temperatures for the occurrence of Cherenkov radiation.

| In the case of massive photons, the study found that a mass of photons
greater than zero results in an increase in the power spectrum of Cerenkov radi-
ation. This is because the dispersion relation for massive photons indicgtes that

the frequency (w) and refractive index of light (n) depend on the photon mass (m)
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(Pardy, 2002). Consequently, when we consider photon mass greater than zero,
this would lead to an increase in the power spectrum of Cerenkov radiation. The
results of this study correspond to the power spectrum formula of massive photons
derived from Pardy (2002). The concept of massive photons, though not widely
accepted in the standard model of particle physics, presents interesting possibilities
in the realm of theoretical research.

Cherenkov radiation, a phenomenon where charged particles emit light as
they travel through a dielectric medium faster than the phase velocity of light in
that medium, is well-known for the case of single particles (Schwinger et al., 1976).
However, in the case of two charged particles, the radiation emitted is an output
of the superposition of the electromagnetic waves produced by each particle. If
the particles move in parallel and at the same velocity, the wavefronts may cause
constructive interference, potentially intensifying the power spectrum of Cerenkov
radiation. Conversely, if their paths or velocities differ, the interference could be
destructive, reducing the power spectrum of the radiation. The distance between
two charged systems affects the interference in the power spectrum, which is consis-
tent with Pardy’s (1999) formula for the power spectrum in two charged systems.
Additionally, the geometry of the radiation emitted may alter, forming a more
complex pattern than the classic conical shape seen with a single particle. Under-
standing these variations is crucial for applications in particle physics experiments
and medical imaging, where precise measurements of Cherenkov radiation are used

to analyze high-speed particles and diagnose medical.
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APPENDICES



APPENDIX A List of Some Symbols and Physical Constants

The constants listed here are the values of some physical constants expressed

in SI units. We use these constants for the numerical calculations of the power spec-

trum in each case.

¢ = Speed of light in vacuum, which is 299792458 ~ 3 X 108 m /s
R = Reduced Planck constant, which is 1.054571817 x 1073 J.s
e = Electron charge, which is 1.60217663 x 107! C
kg = Boltzmann constant, which is 1.380649 x 1072 J / K
= The frequency of photon

w = The angular frequency of photons
n = The refractive index of the medium
T = The temperature of the medium

P = The power spectrum



APPENDIX B Photon Constants and Refractive Index

Table 4 True mass of photons for various wavelengths and frequencies.

Radiation
Type

Wavelength
{Nanometer)

Energy
(Joule)

Frequency (f)
(Cycles/second}

True Mass of
Photon {(aff (Kg)

Gamma Rays
X Rays
Ultra Violet
Dark Blue
Green
Red
Infra Red

0.001
1.0
100
442
531
633

1000

1.9864458 x 10-1
1.9864458 x 107
1.9864458 x 1018
4.4942213 x 107"
3.7409525 x 10-%°
6.6260700 x 107"

1.9864458 x 1071

2.99792458 x 10
2.99792458 x 107
2.99792458 x 10"
6.78263479 x 10M
5.64580900 x 10M
4.73605778 x 10"

2.99792458 x 10“

4.420438115 % 10-¥
4.420438115 x 107
4420438115 x 10
1.000099121 x 107
8.324742213 x 10°%
6.983314558 x 107%

4420438115 % 10°%

Note: Data from the article titled New Quantum Theory Explains All the

Mysterious Quantum Phenomena in the Journal of Modern Physics.

Table 5 Refractive index of water depends on temperature and

wavelength.

) 0 Wavelength
Temperature, °C

226.5 nm 361.05 nmn 404.41 nm 589 nm 632.8 nm

0 1.3945 1.34896 1.34415 1.33432 1.33306

10 1.39422 1.3487 1.34389 1.33408 1.33282

20 1.39336 1.34795 1.34315 1.33336 1.33211

30 1.39208 1.34682 1.34205 1.3323 1.33105

40 1.39046 1.3454 1.34065 1.33095 1.32972

50 1.38854 1.34373 1.33901 1.32937 1.32814

60 1.38636 1.34184 1.33714 1.32757 1.32636

70 1.38395 1.33974 1.33508 1.32559 1.32438

80 1.38132 1.33746 1.33284 1.32342 1.32223

90 1.37849 1.33501 133042 1.32109 1.31991

100 1.37547 1.33239 1.32784 1.31861 1.31744

Source: Index of refraction of water in Handbook of Chemistry and Physics,

Eds. Lide D.R., CRC Press, 2000-2001.



APPENDIX C Numerical Calculation of Power Spectrum at

Finite Temperature

The numerical calculations, the result of the power spectrum of massive
photons at finite temperatures is derived from the source theory. We plot graphs

in both 2D and 3D from equation (3.2.14). Details of the numerical calculations

and plot graph are following.

e? v m2c? 1 ke m2c?
Pr=2 k2 1— th 2,
T = e\ 55 ( n2,62> xcoth | kT V © T e }
2 2
m=0kg,k?= (2m)

5 A=442%10"~90m

n = 1.34415 (0°C) , n = 1.34315 (20°C) , n = 1.32784 (100°C)

T = 0°C(273.15 K), T = 20°C(293.15 K), T = 100°C(373.15 K)

1.60217663 x 10" — 19)" 2

ln[l] ‘P PT:20 = ( A

v (2m)? 1
X 1-
(1.34315) * (3 * 1078) \/ (442 ¥ 100 — 9)° ( (1.34315)2 (3*1%A8)2>

1.054571817 x 10" — 34 % (3 % 10°8) (2m)?
2% (1.34315) * 1.380649 x 10~ — 23 % 293.15 |/ (442 x 107 — 9)?

X coth {

16
Out [1] = 7.20647 x 10~ (1 _ w> ’
v
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et v m2c? 1 1
2nk37’ 52

}?T = kz -+ Bz ;;aég

" 4dmnc
A 2 (27r)2 A
m = 1.000099121 x 10" — 35 kg;k” = 51, A = 442 510" — 9 m

T = 0°C(273.15 K), T = 20°C(293.15 K), T = 100°C(373.15 K)

) x Coth

he m2c2 }
b

(1.60217663 x 10" — 19)"2 v
In|2] := Prg =
8[2] := Pr=o i (1.34415) % (3 * 10°8)
y (2m)? N (1.000099121 x 107 — 35) # (3  1018)?
(442 % 107 — 9)° (1.054571817 x 107 — 34)?

1 1.054571817 x 107 — 34 % (3 x 10°8)

1 th
% ( (1.34415)2 (3*1%A3)2> o [z % (1.34415) + 1.380649 x 107 — 23 % 273.15

y (2m)2 g (1.000099121 x 107 — 35) * (3  1078)?
(442 % 10" — 9)? (1.054571817 x 107 — 34)°

16
Out[2] = 1.61111 x 10~%° (1_ 4_9§i?f2><i> )

(1.60217663 x 10" — 19)" 2 v
In|3| := Pp_gg =
n{3] = Prmo i (1.34315) (3 » 10°8)
y (27)? (1.000099121 x 107 — 35) * (3 % 1078)?
(442 107 — 9)? (1.054571817 x 107 — 34)>

1 1.054571817 x 10" — 34 * (3 x 10"8)
x| 1-— 5 | X coth =
(1.34315)2 (L) 2% (1.34315) x 1.380649 x 10" — 23 % 293.15

3%1018

y (2m)2 (1.000099121 x 107 — 35)% % (3 x 108)?
(442 % 10" — 9)? (1054571817 x 107 — 34)>

16
Out[3] = 1.61231 x 107 (1 - w) v

12
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(1.60217663 x 10" — 19)" 2 v
Inl4] := Pp_g5o =
nl4] = Pr—so 4n (1.33901) * (3 % 1078)
(27)2 . (1.000099121 x 10~ — 35)% % (3 % 1078)*
(442 » 100 — 9)? (1.054571817 x 107 — 34)°

- 1 < Coth 1.054571817 x 10" — 34 % (3 * 10°8)
(1.33901)2 (sor) 2 % (1.33901)  1.380649 x 107 — 23  323.15

3x10°8

(2m)? (1.000099121 x 107 — 35)% % (3 % 10°8)*
(442 % 10~ — 9)? (1.054571817 x 107 — 34)?

5.01967 x 1016
NN

Out[4]= 1.61729 x 107 (1

(160217663 x 10" — 19)" 2 v
4 (1.33284) * (3 * 1078)

(2m)2 (1.000099121 x 107 — 35)% % (3 % 1078)*
(442 % 10M — 9)? (1.054571817 x 10° — 34)?

11’1[5] = PT=80 =

1l 1 « Coth 1.054571817 x 10" — 34 % (3 x 10"'8)
(1.33284)2 (L)2 2% (1.33284) * 1.380649 x 10" — 23 * 353.15

3%10°8

(2m)2 (1.000099121 x 107 — 35) # (3 * 10/8)*
(442 % 107 — 9)? (1.054571817 x 107 — 34)?

16
Out[5]= 1.62478 x 10~ (1 _ 5.06625 x 10'¢ ) -

V2

(1.60217663 x 10" —19)"2 v
1 = Pr_j0 =
(6] := Pr=100 dn (1.32784) * (3 » 10°8)
(27)2 (1.000099121 x 107 — 35)° % (3 % 1048)?
(442 % 10" — 9)? (1.054571817 x 10~ — 34)?

- 1 S—— 1.054571817 x 10" — 34 % (3 x 10"8)
(1.32784)2 (-2 )" 2 % (1.32784) % 1.380649 x 10" — 23  373.15

(2m)? N (1.000099121 x 107 — 35)% % (3 % 10°8)?
(442 % 10" — 9)? (1.054571817 x 107 — 34)?

16
Out[6]= 1.6309 x 1074 (1 - M) .

2
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4. 1016
In(7) := Plot [{1.6111 x 10~ <1 - _9813V2><_0> v

4.9888 x 101 _'5.01967 x 1016) y

1.6123 x 10740 (1 ) v,1.61729 x 10740 (1

v2 2
16 16
1.62478 x 10740 (1 - W) v, 1.6309 x 10740 <1 SARex ) v} ,

{v,2.2 x 10%,3 x 10°}, PlotRange — {0,2 x 10732},
PlotLegends — { 0°C,20°C, 50°C, 80°C, 100°C},

PlotStyle — {Green, DotDashed,Y ellow, Blue, Red}]

Out[7|=
2.x10732 {
15107220 0 °C
''''' ~ 20°C
1.x10732 50 °C
80 °C
5.x10733 100 °C
2.2x108 2.4x108 2.6x108 2.8x108 3.0x108

Figure 17 Plot the power spectrum of massive photons at 0, 20, and 100 °C.
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9887699393530056 x 106
In[8] := Plot [{1.6123087853709085 x 1074 (1 _ 49 - . ) v

16
7.206472756429646 x 10~ (1 - 4‘988769939::’)5230056 x10 ) v} , {v,2.2 x 10%,3 x 108}

PlotRange — {0,2 X 10_32} , PlotLegends — { m=1x10%kg, m=0 kg}]

Out[8]=
2.x107%2
1.5x10732
W -35
121032 L m=1x10 kg
— m=0 kg
5.x10733 |
2.2x108 2.4x108 2.6x108 2.8x108 3.0x108

Figure 18 Plot the power spectrum of massless and massive photons at 20 °C.
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101872 < 4.98135 x 1016) y

— ' —48 . 4 8401y 2
In[9] := Plot3D [5.06573 x 10 \/8 09264 x 10%¢m? + 18841 V2

101872 4. 10
\/8.092639376356166 x 108 e 4 S0 () 49887099395530056 x 1077
48841 v?

101872
Coth [3.12058 X 10—6\/ 8.092639376356166 x 1084 m? + 4(;821] :

{m,0,1x107%},{v,2 x 10%,3 x 10°} , PlotRange — {0,2.4 x 107%?}]

Out[9]=

= 2.0x108

1.x10

Figure 19 Plot the power spectrum of massive photons at 0 °C.
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101872 ( 498877 x 1016> y

In[10] := Plot3D [5.0695 X 10—48\/ 8.00264 x 10%m2 + 2

101872 [ 4.9887699393530056 x 106
\/8.092639376356166><1084 m2 4 22Ty 29887 aking p¥
48841 v?

101842
Coth [2.9098441048689325 X 10-6\/ 8.092639376356166 x 1084 m2 + 488;;} ,
{m,0,1 x107%} {v,2 x 108,38 x 10®} , PlotRange — {0,2.4 x 107%?}]

Out[10]=

0x108

1,%10-35 " 2.0x 10

Figure 20 Plot the power spectrum of massive photons at 20 °C.
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101872 ( 5.10447 x 1016>
1-— ]

a —48 84,7,2
In[11} := Plot3D |5.12795 x 10 \/8.09264>< 10%¢m? + 13841 02

182 4. 1 16
\/8.092639376356166 X 108 2 4 0 (17 2I08TOWBNIBOX 10,
48841 V2

101872
Coth [2.31236 X 10_6\/8.092639376356166 x 108 m? + 488:1] )

{m,0,1x107%} {v,2 x 10%,3 x 10°}, PlotRange — {0,2.4 x 107%}]

Out[11l]=

1.x10°% " 2,0x108

Figure 21 Plot the power spectrum of massive photons at 100 °C.



APPENDIX D Numerical Calculation of Power Spectrum in Two Charge

System at Finite Temperature

The numerical calculations, the result of the power spectrum of massive
photons at finite temperatures is derived from the source theory. We plot graphs
in both 2D and 3D from equation (4.1.34) and (4.2.21). Details of the numerical

calculations and plot graph are shown as follows.

e vw

1 9 [aw hw
Pr(a) = —= (1 - W) cos [%] X coth [2kBT]

m =0 kg, T = 0°C(273.15 K), T = 20°C(293.15 K), T = 100°C(373.15 K),

n = 1.34415 (0°C) , n = 1.34315(20°C) , n = 1.32784 (100°C) , v = 0.8C

(1.60217663 x 10" — 19)"20.8 3 » 10”8 * 4.26165512564931 % 10"15
T (3%1078)" 2

nip 1 cos 12 % 4.26165512564931" * 107151 °
(1.34415)2(0.8)2 2% 0.8 % 3% 10°8

1.054571817 x 10" — 34 x 4.26165512564931 x 10" 15
2% 1.380649 x 10N — 23 % 273.15

In[1) := Pp_o =

x Coth [

Out[1] = 1.25527 x 10~32Cos[x8.87845 x 10°]?

(1.60217663 x 10" — 19)" 20.8 * 3 % 10”8 * 4.26165512564931 % 10"15
m (3% 1078)"2

(1 1 s |2 4.26165512564931" % 1071571\ ?
(1.34315)2(0.8)2 2%08%3%10°8

1.054571817 x 10" — 34 % 4.26165512564931 * 10"15
2% 1.380649 x 10" — 23 % 293.15

11’1[2] = PT=20 =

x Coth [

Out[2] = 1.24331 x 10732Cos[x8.87845 x 10%a]?
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1.60217663 x 10* — 19)"20.8 3 % 10"8 % 4.26165512564931 % 1015
™ (3 % 1078)" 2
y (1 _ 1 ) (COS [a* 4.26165512564931" * 10A15D2
(1.33901)2(0.8)2 2% 0.8 % 3 % 10/8 '
1.054571817 x 10" — 34 * 4.26165512564931 * 1015
2 1.380649 x 10" — 23 % 323.15 ]

111[3] = PT=50 = (

x Coth [

Out[3] = 1.1935 x 10~%2Cos[x8.87845 x 10%q)?2

(1.60217663 x 10~ — 19)"20.8 % 3 % 10"8 % 4.26165512564931 * 10"15
T (3 % 1078)" 2

(1 1 a * 4.26165512564931" % 107157 2
(1.33284)2(0.8)2 ) \°° 2% 0.8 %3 % 1078

1.054571817 x 10" — 34 % 4.26165512564931 * 10"15
2% 1.380649 x 10" — 23 * 353.15

11’1[4] = PT=80 =

x Coth [

Out[4] = 1.11841 x 1073 Cos[x8.87845 X 10°a]?

1.60217663 x 10" — 19)" 20.8 % 3 x 10°8 % 4.26165512564931 % 1015
T (3% 1078)" 2
5 (1 \ 1 ) (COS [a % 4.261655125649317 * 10A15D2
(1.32784)2(0.8)2 2% 0.8 % 3 % 10°8
1.054571817 x 10" — 34 % 4.26165512564931 * 10A15}

11'1[5] = PT=100 = (

th
x Co [ 2 % 1.380649 x 10" — 23  373.15

Out[5] = 1.05678 x 10~3*Cos[x8.87845 x 10°a)?
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In[6] := Plot [{1.25527 x 107**Cos[x8.87845 x 10%]? ,1.24331 x 10~**Cos[x8.87845 x 10%]?,
1.1935 x 10732Cos[x8.87845 x 106a]2, 1.11841 x 10™*2Cos[x8.87845 x 10%a)?
1.0567815865201587 x 10732 Cos [8.878448178436063 x 10%]""} ,{a,0,5.3 x 1077},
PlotLegends — { 0°C,20°C, 50°C, 80°C, 100°C},

PlotStyle — {Green, DotDashed,Y ellow, Blue, Red}|

Out[6] =
1.2x10732 |2
1.!10-32 . O DC
sx1073F N N - - 20°C
6.x10733 | 50 °C
4.x10733} 80 °C
-\ 4 NN — 100 °C
2.x10733 |
1 L 1 L L 1 I 1 1 1 L L 1 1 L 1 I I 1 1 1 ] ]
1.x1677  2.x1077  3.x1077  4x1077  5x1077

Figure 22 Plot the power spectrum of massless photons in two charge system

at 0, 20, 50, 80, and 100 °C.

e? vw 1 aw hw
r(a) - (1 n2[)’2) cos [20] x Coth [%BT] ;m = 0kg, oC

(1.60217663 x 10" — 19)" 2'V * 4.26165512564931" * 1015
™ (3%1078)"2

(1o 1 o a * 4.261655125649317 107157 ?
(1.34315)2(0.8)? 2%

1.054571817 x 10" — 34  4.26165512564931" x 10°15
2 % 1.380649 x 10" — 23 % 293.15

11’1[7] = PT=20 =

x Coth [

2.13083 x 10%}2
v

Out[7] = 5.18046 x 10™**v Cos [



106

2.13083 x 101%}2

In[8] := Plot3D[5.18046 x 10~*'v Cos [ .

{a,0,6.3 x 107"}, {v,2.2 x 10%,3 x 10°}, PlotRange — {0,1.6 x 107%}]

Out{8]=

Figure 23 Plot the power spectrum of massless photons in two charge system

at 20 °C.
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Pr(a) = %%1 [k? + % (1 - nz—lﬂz) cos? [% k% + m};&} xcoth [%Z;T k2 + m:fz] ;

m = 1.000099121 x 10" — 35 kg, k2 = &2 X = 442 % 10" — 9 m, v = 0.8¢

(1.60217663 x 10" —19)"2 0.8 x 3 % 10"8
™ (1.34415) (3  1078)

(27)2 (1.000099121 x 107 — 35)° % (3 % 1078)? ( . 1 ) (cos|
(442 % 10 — 9)° (1.054571817 x 107 — 34)? (1.34415)2(0.8)2

h’l[g] = PT=9 =

2
a% 3% 1078 (27)? (1.000099121 x 10~ — 35)% % (3 % 1018)?
2% 0.8 %3+ 1078 % 1.34415 \| (442 % 107 — 9)° (1054571817 x 10~ — 34)°

ot [ 1.05457 x 10" — 34 % (3 % 10°8) \/ (2m)2 L (1x10r— 35)% % (3 % 10A8)2}

2% (1.34) % 1.38 x 100 — 23% 273.15 \| (442 % 107 — 9)? (1.05457 x 10" — 34)?

Out[9]=2.09082 x 10732 Cos [1.47882 x 107’

(1.60217663 x 10" —19)"2 0.8 % 3% 10"8
™ (1.34315) (3 * 1018)

(2m)? . (1.000099121 x 101 — 35)% (3 % 1078)? ( 7 1 > (cos|
(442 % 100 — 9)? (1.054571817 x 107 — 34)° (1.34315)2(0.8)?

ln[lO] = PT:20 =

2%0.8% 3 10°8 % 1.34315\| (442 % 10" — 9)° (1.054571817 x 10~ — 34)?

1.054571817 x 10" — 34 % (3 * 10°8)
2 % (1.34315) * 1.380649 x 10" — 23 % 293.15

\/ (2m) (1000099121 x 10" — 35)° ¥ (3 + 10°8)?
(

2
ax3 %108 J (2m)2 (1.000099121 x 107 — 35)% x (3 % 10’\8)2} )

Coth [

442 % 10M — 9)? (1.054571817 x 107 — 34)°

Out{10]= 2.07244 x 10732 Cos [1.47992 x 107a]”
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(1.60217663 x 10" —19)*2 0.8 %3 %108

— P _ =
Inf11] := Prso - (1.33901) (3 * 1078)
(2m)2 (1.000099121 x 107 — 35)% % (3 % 1018)* ( L 1 ) (cos|
(442 % 107 — 9)° (1.054571817 x 107 — 34)° (1.33901)%(0.8)2
2
a % 3%10°8 (27)? (1.000099121 x 107 — 35)% * (3 % 10/8)*
2% 0.8 3% 10"8 x 1.33901'\| (442 x 100 — 9)? (1.054571817 x 107 — 34)°
Cotpy | 1:05457 x 10" — 34 + (3 + 108) (27)? (1 x 10" — 35) % (3 % 1078)?
2 (1.34) * 1.38 x 10" — 23 % 323.15 |/ (442 % 107 — 9)? (1 x 100 — 34)°

Out[11]= 1.99556 x 10732 Cos [1.4845 x 107a]”

(1.60217663 x 10" —19)"2 0.8 % 3 % 10"8

In[12] 1= Pp_gg =
n(12] i= Pr-so m (1.33901) (3  10°8)
(2m)? (1.000099121 x 107 — 35)% « (3 * 1078)* < A 1 ) (cos|
(442 % 107 — 9)? (1.054571817 x 107 — 34)° (1.33284)%(0.8)?
2
a%3%10°8 (2m)? (1.000099121 x 107 — 35) * (3 * 108)?
2%0.8+3 %108 % 1.33284"\| (442 * 10" — 9)? (1.054571817 x 10~ — 34)?
Coth | 105457 x 10" — 34 + (3  10"8) (2m)? (1 x 107 — 35)% # (3 % 10°8)?
O | 2% (1.33) # 1.38 x 10" — 23 % 353.15 (442 % 107 — 9)° (1 x 10 — 34)°

Out[12)= 1.87866 x 107 Cos [1.49137 x 107a]

(1.60217663 x 10" —19)"2 0.8 %3 x 10"8

In[13] := Proigp =
a{13] = Pr=io0 7r (1.32784) (3 * 1078)
(2r)2 (1.000099121 x 107 — 35) * (3 % 1078)? <1 _ 1 ) (Cos|
(442 % 107 — 9)? (1.054571817 x 107 — 34)? (1.32784)2(0.8)2
2
a3 % 1078 (27)2 ., (1.000099121 x 10" — 35)% % (3 % 1018)?
2%0.8% 3% 10°8 % 1.32784\| (442 % 10~ — 9)° (1.054571817 x 107 — 34)°
Coth | 1:05457 x 10" — 34 (3 108) (27)? (1 x 107 — 35) % (3 % 1078)?
2 (1.33) % 1.38 x 100 — 23 % 373.15 \| (442 % 10 — 9)? (1 x 100 — 34)

Out[13]= 1.78183 x 10732 Cos [1.49698 x 107a]?



109

Inf14] := Plot [{2.09082 x 10~ Cos [1.47882 x 107a]” ,2.07244 x 1072 Cos [1.47992 x 107},
1.99556 x 10732 Cos [1.4845 x 107a]”, 1.87866 x 10~°2 Cos [1.49137 x 107a]”
1.7818269105990336 x 107°* Cos [1.4969846267655965 x 107a]2} ,{a,0,5.3 x 10" = 7},
PlotLegends — { 0°C,20°C, 50°C, 80°C, 100°C},

PlotStyle — {Green, DotDashed,Y ellow, Blue, Red}]

Out[14]=
2.x10732 |\
15x10732 | 0°C
----- - 20°C
1.x10732 ~ s B0 OC
80°C
5.x10732 . 100 °C
P | AR T SN S AT . ¥ A B T,
11077 2x1077  3.x1077  4x10~7  5x1077

Figure 24 Plot the power spectrum of two charge systems with

massive photons at 0, 20, 50, 80, and 100 °C.
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o _ (1.60217663x 10" —19)"2 A

In[15] := Pr—go = T (1.34315)(3+1078)
(2m)? + (1.000099121 x 10~ —35)2%(3+10/8)* _ 1

(442*10’\-—9)2 (1.054571817 x 100 —34)% (1'34315)2(m)2
cos | ~ax3:108 (27)2 (1.000099121 x 107 —35)2%(3%10/ 8)2

2xvx1.34315 \/ (442+107— 9)2 (1.054571817107 —34)* |

coth 1.054571817 x 10" —34+(3+10"8) (2m)2 (1.000099121 X107 —35)% %(310/8)?
2+(1.34315)+1.380649 x 107 —23+293.15 \/ (242+10~— 9)2 (1.054571817 x 10/ —34)?2

Out[15]=6.44924 x 10~ (1 _ 4.98877x10 6) v Cos [3.55181x1015a]2

v v

4. 1016 55181 % 1015412
In[16] := Plot3D([6.44924 x 10~ (1 — M) v COS [3 55181 x 10 a] |

v2 v
{a,0,6.3 x 107"}, {v,2 x 10%,3 x 10*}, PlotRange — {0,9 x 107%?}]

Out[16]=

3.0x10%

20x108

Figure 25 Plot the power spectrum of two charge systems with

massive photons at temperature 20 °C.
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