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ABSTRACT

In this dissertation, the M5-brane action is constructed from the inspiration

of the Sen formalism which imposes the 2-form and 3-form pseudo-field. They

are called pseudo due to these fields transform in non-usual standard way. To

evaluate this obtained M5-brane action which is too complicated to understand so

we simplify by using the double dimensional reduction. The final result we obtain

the D4-brane and dual D4-brane action which depends on choice fields of dual

frame to be integrated out then field redefinition. In particular, this clearly appears

that the unphysical sector decouples from physical one. Furthermore to ensure this

decoupling, the Hamiltonian analysis is applied to consider the constraint. By using

field redefinition of first-order Lagrangian, the unphysical part explicitly decouples

from the physical part at the level of Lagrangian.
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CHAPTER 1

INTRODUCTION

Theoretical physicists have developed several methods for building the low-
energy effective of M5-brane action that coupled to the background 11-dimensional
supergravity. These methods typically begin by focusing on a theory of chiral 2-
form on 6-dimensional spacetime. A chiral 2-form is a special kind of field whose
field strength which is self-duality. The self-duality of 3-form field strength make
it impossible to directly construct the action in 6 dimensions. The solution of
this problem begins from the duality symmetric action which loses the manifest
diffeomorphism covariance (1, 2]. The following attempts for the approach are
somehow not satisfied manifestly diffeomorphism invariance as well [3, 4, 5, 6].
The extension to non-linear duality symmetric action is considered in [7, 8, 9].
Alternatively, a chiral 2-form can be constructed by introducing auxiliary fields
which has no dynamics. This approach is called the PST (Pasto, Sorokin, Tonin)
formalism (10, 11, 12, 13, 14, 15]. Particularly, once the action of the chiral field
is constructed, it is usually relatively simpler to extend to the complete M5-brane

action.

A recent approach is called the Sen formalism [16, 17]. This approach is
inspired from string field theory. Originally, this method is applied to self-dual 4-
form fields in 10 dimensions type IIB supergravity theory. This method is applied
to describe chiral 2p-form for 4p+2 dimensions. In the original construction, the
chiral 2-form fields has linear self-dual field strength. In our case, we impose p = 1
since it is related to M5-brane. In this case, there are 2-form field P and a 3-form
field @ which are the independent fields. In particular, these fields transform in non-
standard way under diffeomorphism transformation. Moreover, the Q field is linear

self-dual with respect to flat 6-dimensional metric even through this theory depends



on curved spacetime. Nevertheless the information about curved metric is not lost.
The @ field is combined with g metric to give rising for 3-form field strength H.
This H field is off-shell self-dual with respect to curved metric and is closed on-
shell. Thus H is exact on-shell in the spacetime with trivial topology. Note that
this is difference from PST formalism in which the chiral 2-form is independent

field. In the Sen formalism, the chiral 2-form field is not independent field.

The further explorations and extensions of the Sen formalism are given as
examples as [18, 19, 20, 21, 22, 23]. We focus on the extension in [22] for achieving
a complete Mb-brane action which is coupled to the background 11-dimensional
supergravity in the Green-Schwarz (GS) formalism. This GS formalism has the
supertarget spacetime which is manifestly supersymmetry. The symmetries which
are gauge symmetries, kappa-symmetry, and diffeomorphism, is required for the
construction. Even if M5-brane Sen acion has been constructed, there are still
many points to further study and evaluate for more understanding. Especially, this
procedure of Sen formalism is difficult because these independent fields P and Q
are non-standard way under diffeomorphism transformation. Furthermore, even for
the linear self-duality case the coupling of P and @ to the gravity is complicated. In
order to better understand the Sen formalism, we apply the dimensional reduction

to the action

According to [17, 18], the dimensional reduction are possible applied to var-
ious space. However, this study are restricted only in the case of uncompact flat
space. We are interesting in the case that if we extend a simply case of quadratic
action to the more complicate case of a complete M5-brane action. What is the
result from applying the dimensional reduction. This is the majority of task we
work in this dissertation. To evaluate the Sen formalism, we provide the double
dimensional reduction to the complete M5-brane action. Furthermore, the Hamil-

tonian analysis is applied to the action for constraint consideration where its result



confirms with the Lagrangian formalism that unphysical sector decouples. How-
ever the combination of pseudo-form with unphysical or physical part to become

the field strength is still the interesting subject to be evaluated.

Furthermore, applying a double dimensional reduction of the complete M5-
brane action on a circle give rise to D4-brane action. In the case of PST action
[6, 10, 11], the M5-brane is dimensionally reduced to the dual D4-brane action which
can be dualise to the D4-brane action [24]. While in [25, 15], if one starts with the
complete dual M5-brane action then applies a double dimensional reduction on a

circle. The result is the D4-brane action.

Outline of the Dissertation

This outline of dissertation is given as following. In chapter 2, the basic
detail about mathematics is provided including with the definition of p-form and
the exterior derivative where we usually encounter for calculation. Note that in
this dissertation, we use the right-hand definition. In particular, the Hodge duality
is also given as simply version and extended for the general manifold. This duality
plays the important role in the most part of calculations. Moreover, we also offer the
vielbein formalism which is the connection between coordinate and non-coordinate
basis. This vielbein is very important part for the embedding method which is the
essential one in the case of superstring. We point out the Green-Schwarz formalism

which is useful in the case of M5-brane evaluation.

In chapter 3 after finish preparing mathematical basic, we introduce ap-
proaches of chiral p-form action from early works about the dual symmertric action.
Including with the Sen formalism is inspired from string field theory. As well as,
the M5-brane and its construction are given here then it is extended to a complete
Mb5-brane action. In particular, the mappings of M is necessary to be evaluated
in difference pictures from [17] to [19] and [22]. However, we are interesting to

consider a perspective in [22]. Then we evaluate M for useful in the dimensional



reduction in this chapter.

The dimension reduction is provided in the chapter 4. Firstly, we simply
consider the Sen quadratic action that the result is the 5-dimension]l Maxwell’s
theory. According to Sen formalism, it appears unphysical and physical part which
combined from the pseudo 2-form and 3-form field. Moreover, an unphysical part
decouples from a physical one. When we consider a complete M5-brane action from
Green-Schwarz formalism. Then applying the double dimensional reduction thus
the reduced action is D4-brane and dual D4-brane which depends on which field is

integrated out in the case of dual frame and field redefinition.

To consider the constraint of this action, we apply the Hamiltonian analysis
into the quadratic Sen action, in the chapter 5. This result is confirm that the un-
physical decouples from physical part. When we transform back to Lagrangian, we
obtain the first-order Lagrangian. Moreover, after we apply the field redefinition.
We obtain the action that analogues to Henneaux-Teitelboim action for both phys-
ical and unphysical sector. And the last chapter, we conclude the all corresponding

result and suggest the direction of following research or the possible future works.



CHAPTER II

BASIC MATHEMATICS AND SUPERSTRING

2.1 Differential form and Vielbein formalism

We will give the mathematics detail that is the important for further calcula-
tion in following chapter. As well as the physics method in the case of superstring

theory is provided.

2.1.1 Differential form

4

A differential p-form or a “p-form” and is a totally antisymmetric

W, = d(lI 1 d.’E 2 ‘ot dIE Wy, .. 2-1
p 1 /\ /\ /\ Hp-HaH1 ( )

where A is the wedge product. Moreover, wy,...u,u, is totally anti-symmetric. Cor-
responding to this convention, we define interior product and exterior derivative to

act from the right. The wedge product has to satisfy
o dz¥* Adz*? A - Adxt»=0 if there is a repeated index.
o dzH AdzH? A .-+ AdzPr is linear in each dz*

There are n choices from p, the set thus the independent basis is given as

n n!

S e — 2.2
p) (@=p)p! 22)
When we look at R™. Let £ = (z1,zs,...,T,) be the coordinates in that space.

e O-form is just a function f(z)  (scalar field)
e l-form is a = o, (z)dz* (covector field)

o 2-form is w = 1da* A dz*w,,(z) (area form)



o p-form is w, = &dz" Adz*2 A -+ A dztrw,, .
P p! Hp-H2p]

In this dissertation, the most of our calculation usually uses p-form.
2.1.2 Exterior derivative operator

An exterior derivative operator is applied to increase a rank of vector
or covector. An simple example, this operator applies the derivative to a scalar

function f (0-form) then this scalar becomes a covector field. It is shown as
d(p-form) — ((p + 1)-form)

So we simply said that this operator increases the rank of p-form by 1.

Suppose we have f(z) where z = (z1,%3,...,7,) so
a=df =dzta,(z) (2.3)

where a,, = 8f/0z*. Certainly, it is defined by (1-form)=d(0-form).

When acting on 1-form, we clearly have
w = do = d(dz"a,(z)) = da' A dz¥d, (a,(z)) (2.4)
then (2-form)=d(1-form). So, we obtain the new expression of this 2-form as
w = dz* A dz"w,, (2.5)

where w,, = 0o, /0z, and p < v.

Then if we have p-form « = dz’a; where I =1y, 1s,. .. , ip, we will have
9]
da = da’ A dg* 24 (2.6)
oz,

where dz! = dz™ Adz - Adz™ and a; = i iy -
For p-form is satisfied Theorem:

1. If a is p-form and f is k-form then

d(aAB) = (da) A B+ a A (dB) (2.7



2. d(da) = 0, this is called “closed”.
These theorem is important when we consider the fields of theory in the chapter 4.

For our case, the exterior derivative is defined to act from the right

1
dw, = Eda:’“ ANz N A dahP A dx¥ O, (W) ez - (2.8)

2.1.3 Dual transformation

In this section we illustrate the definition and properties of Hodge
star operator * in flat spacetime. For an example in Riemannian, let us look at R™.
When we apply this operator on the p-form, we will obtain the (n — p)-form where
n > 7. For clear this state, it is demonstrated in R?, z; = (z,y, 2z). This Hodge

duality operates on dz, we have
*dr = %elijdmi A dz?
= %(dy/\ dz —dz A\ dy)
=dyANdz (2.9)

where A wedge product is totally antisymmetric. This € is the totally antisymmetric

tensor which is defined as

(
+1  if (uapa. .. py) is an even permutaion of (12...n7)
Cpapzepn = § —1 if (papss . .. pn) is an odd permutaion of (12...n) (2.10)
0 otherwise.

where the index is p = {1,2,...,n}.

While in the case of Lorentzian, we can define this operation on the
space R™ when acting on wedge product. The index is given as pu = {0,1,...,n}.
In the case of flat spacetime 7, it is given as

(-1

dr"PtI A Adxhn
n—ply/=n

* drP A Ndatr =

. Vpt1-Vnf1 - Hp
nﬂp+1 Vpt1 nll-n Vn € ‘

(2.11)



Furthermore in a case depends on metric g, of curve spacetime, we have

(=1t
sdzP A AdpMr = —( ) dxHPri A A dxl‘ng#p+lyp+1 O Gpnn Vi Vnblip

(n—p)v/=g
(2.12)
When we apply the Hodge duality to p-form, we have

1
*Wp = — & (AT Adz" A+ A ATy

= 1 (_1)p+1 dptetl dxtr Vp+1 - UnH1-lp
T A —piv=g" Ao NG Gy avpiy " G € Wyp---pap

(2.13)
so only an element, it is
(=1 = 1 N
iy = = G G Uy (2.14)
where it is swapped the index of w.
For the manifold is Riemannian, there is
¥ w = (—1)P"Ply (2.15)
while the manifold is Lorentzian, we have
% w = (—1)HPr=r)y,, (2.16)

Our calculation will use the Hodge duality of Lorentzian manifold for the dimen-

sional reduction method in chapter 4.
2.1.4 Exterior derivative and Hodge operator relation

In the simplest explanation of this relation, let us consider more
calculation between the exterior derivative and Hodge operator in R3, we start
with defining forms as

1. . .
w= Ed:vl A dzlwj; (2.17)

1. . )
Q= §d£l71 A dLEJQ]'i. (218)



Firstly, we have

wA*Q = (w-Q)dV

(2.19)

where *Q is transformed then becomes 1-form. Explicitly, the wedge product is

nothing but the volume.

Next we consider the operation * d *. Suppose we have a covector field as o =

Pdz' 4+ Qdz? + Rdx?®. So, the calculation is expressed as

#d % o = x d * (Pdz* + Qdz* + Rdz®)

= % d(Pdz® A dz® + Qdz® A dz' + Rda! A dz?).

Let’s consider some term in bracket, we have

d(Pdz® A dz®) = (dP)(da® A dz®) + Pd(de®Adz")

0

where

P P P
sza—dxl-i-a da:z-l-a—

L0 3
81’1 8.’1‘2 8:33 de

then we finally obtain

d(Pdz® A dz®) = g;dxl A dz? A dz.
T

Repeating this trick to remain terms, we have

_ (8P 8Q B8R\ 9P  8Q OR
*d*a_*<8m1+6:c2 8z3>dv_8x1+8x2+8w3

Suppose there exists a vector field is F = Pe) + Qes + Réz then
xd*a = DivF.

Moreover, we also have

xdo = (V x F)-dz

where d = (dz')é; + (dz?)é; + (dz®)és.

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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2.1.5 Vielbein formalism

Vielbein formalism is also called tetrad formalism. It provides the
relationship between of the coordinate basis and non-coordinate basis. Before we
begin, many definitions must be provided. Firstly, the metric is defined in term of
vielbein or tetrad form as

(€as €5) = Nab (2.27)
where the latin latter is in non-coordinate basis index. And the vector and coverter

from the coordinate basis is given in the non-coordinate basis as

O =e,"é (2.28)

dz* = e* §°. (2.29)

In addition, if each non-coordinate basis contract to each other we obtain the
kronecker delta as
ele =", , ehel=4¢" (2.30)

a~pu a

Furthermore, the invert form of eq.(2.27) is illustrated as

Nab = §(€a, €)
= g(€",0u,€",0,)
Nab = €€ 4G (2.31)
The vector which is transformed from coordinate basis to non-coordinate basis, is
V =VHg, = Vie, e, = Vo, (2.32)

and the vector is transformed from the coordinate basis to non-coordinate basis is

given as

Ve = ¢ oyn (2.33)

"

In general, for the tensor in n-dimension is

T#l"'p‘u = e:u;ll PR ellu ebl LR ebllealn-au b]...b[ (2-34)

V1. a,” n1
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These tetrad basis transform under Lorentz transformation are given as
Tlab = DNy e (2.35)
and the induced mapping from flat to curve spacetime is
G = €,%€, b (2.36)
The metric is obviously invariant §,, = g,, in which the tetrad basis transform as
&, =A%e). ‘ (2.37)

In the general coordinate transformation, they are expressed like

s a Oz” a b
e, = 6§gﬂA Ey - (2.38)
and for the tensor type, it is given as
. Fh
= 9% ) by (2.39)
oz

Next, let us discuss about to apply differential operator on V2, like
9,V It is invariant under general coordinate transformation but not under lo-
cal Lorentz transformation. This V® is a scalar in coordinate basis but in non-
coordinate basis, it is a vector. So we have to express with some extra term like

the connection term in curve space. Then we obtain the covariant derivative as
V V=9,V w, Vv (2.40)

where w,®, is called spin connection which is a mixed basis.

In the case of tensor, we have
v.T%, = 8,T%, + w,* T, —T*,, T (2.41)
and in the case of covector in non-coordinate basis, they are express as

VuWa = 8. W, = w,, ' W, (2.42)
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In particular, the relation between of the affine connection and spin connection can

be showed in the form of
I, = €.0ue,% +w,* e e’ (2.43)

where we can see the different between coordinate basis and non-coordinate basis

in the first term of above equation. When we contract Eq.(2.43) then we have
Oue,’ =€, T, —w, e, (2.44)
thus we obtain the covariant derivative for tetrad basis as

Ve’ =0ue, +w, e, — e’ =0, (2.45)

where this is called vielbein postulate.

Then the vielbein postulate which is expressed as
vpg;w == vp(eauebunab) =0, (2'46)

which is called metric compatibility.

At last we will be able to apply this vielbein formalism to find the

specific variables which is curvature of spacetime.

2.2 Superstring: Embedding methods

According to the bosonic string theory, it only consists the bosonic quan-
tization but, normally in physics, all of these particles are also included with
fermions. Therefore, we have to extend our theory to cover all of these fields
especially fermions. Consequently, Supersymmetry comes to play the important

role in following theory which is called superstring theory.

There are three ways consider superstring where the worldsheet is embedded

into target space. Ramond-Neveu-Schwarz formulation (RNS), the worldsheet is

supersymmetric but spacetime is not. While the Green-Schwarz formulation (GS),
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its spacetime is supersymmetric. For superembedding where both the worldsheet

and spacetime are manifestly supersymmetric.

To emphasize, for RNS formulation, the world-volume has the superspace
that is embedded on the spacetime. From the string quantization, the spectrum is
truncated into two sectors which are Ramond sector and Neumann-Schwarz sector
when we consider low energy limit. This quantization of spectrum suggests that

the target space has supersymmetry.

From the method of GS formalism, the worldvolume is not manifest in the
supersymmetry where it is bosonic. They are embedded on the manifest super-
spacetime where bosonic and feminonic strings are unified in a single Fock space.
Consequently, the kappa-symmetry is provided where is a local fermionic symmetry
to cancel an extra degree of freedom for fermionic. In particular, this GS action is

difficult to be quantized but it can be done in the light-cone gauge.

For the superembedding, superworldsheet is embedded on superspacetime.
The extension to the superspace gives the extra degrees of freedom. These are
not physical. However, they are be removed by imposing the constraints analysis.
Moreover, this formulation normally deals with the relation of supervielbein and

superconnection. We will not go in the detail here.

All the formulations are illustrated as Fig.1 as following,
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X®

-
G, (X)
/ Pull back
D-brane Target space

RNS superspace \
formalism world-sheet ——> Spacetime
formalism world-sheet ——> super-spacetime

U superspace

bedd . supcr-spale
?:mf:l(ii;lf world-sheet super-spagetig

Figure 1 Illustration of embedding methods.

2.2.1 The Green-Schwarz formalism

For this dissertation, the majority for our calculation and evaluation
will use the Green-Schwarz formalism. So we will give the information for this

formulation only.

The example for the bosonic string action in the GS formalism [26]
of the covariant action. Firstly we provide a basis detail of the point particle string.

The action is given as

S=-m / dT\/ —XmXng.(X), (2.47)
where g, is a fixed curved spacetime and m is mass for this particle action. The

X™(7) are a mapping of embedding the trajectory of particle with affine parameter



15

7 into spacetime. This X™(7) of the local coordinates z™ is descried as field, has

dynamics on the world line.

Next we discuss about the bosonic string action where we focus on

the Nambu-Goto action, 1+1 dimension. The action is given as
Sy = Ty / d?ov/—det G (2.48)

where T} is the tension. This action associates worldsheet coordinates o* =01
and the spacetime coordinates X™ by the embedding X™(c), m = 0,1...,d — 1
with ggp(X) metric,

G = 0, X"0, X" gmn(X), (2.49)
where this is the induced matrix from the supertarget spacetime. Then theory
becomes a non-linear interaction. We have the Wess-Zumino term where strings

N

can be charged under 2-forms, as

Sy = Qf/Q(z), (2.50)

where () is a 2-form. This ;) is the pull-back from the superspace background.

The bosonic string action is
S —Tf/d20'\/— det G + Qf/Q(z). (2.51)

Furthermore, introducing the supersymmetry, so we have the space-
time vector X™ and a scalar fields #* which transforms as a spinor. The action is

invariant under the supersymmetry transformations which is

504 =€, oX™ =A™ Pog, (2.52)

# is a constant spacetime spinor and & = (") CB4 which C is the charge

where ¢
conjugation matrix. Moreover A is the independent indices for counting supersym-
metries (spinor indices), A = 1,2,...N. The supersymmetric string action is given

as

T
S = —7f / oV hE T e, (2.53)
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where h,, is an auxiliary 2-dimensional metric and we define the supersymmetric

combination as

™ = dX™ + 64(r™) Bdog. (2.54)

However, the number of the spacetime dimension and the spinor must be equaled
at on-shell. So to satisfy this requirement, the extra amount degree of freedom of

fermions have to be canceled by applying the kappa-symmetry.

The kappa-symmetry gives a modification of the spinor of local pa-

rameter (o) and requires 6 to transform by projection operators as
600 = (1£T,)k, with T2 =1, (2.55)

When we focus on the type II, the Wess-Zumino term under this extension is given

as

Sy = Qy / o[ ~ 0, X™(F'T,u0,6" — BT, 0%) + e#"élrmanalézrmanez].
(2.56)

The action is invariant under the global supersymmetry transformations which is
604 = k45,.0. (2.57)

The local fermionic x symmetry gauges away the half of fermion. Moreover, from

its supersymmetric and kappa-symmetry invariant, it requires

1

e i (2.58)

Ty=Qf=

where [, is the length of the string.

In the case of background curved spacetime, we consider the action

that becomes
1

2ma’

1
S = dzo- —det Gl“’ + % /Q(z) (259)

Actually, the G, and §(2) depend on superfields E%, supervielbein and Q45, re-

spectively, where M stands for curved superspace, M = {m,a}, and A is for
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tangent superspace indices A = {a, a}. These superfields F, and Q45 that string

couples, are defined as the pull-back from superspace into the worldsheet as

Gu =1, -1, = 8,ZME%(2)0,Z" B8 (Z)N)ap,

Q@) = 8,2 E4y(2)9,2" BR(Z)0ac(2), (2.60)

where ZM = {X™, 0°} is the local coordinate of worldsheet that embedded on

background superspace.

According to this GS formalism, we will apply to construct the com-

plete M5-brane action in the next chapter.



CHAPTER III

M5-BRANE ACTION AND SEN FORMALISM

3.1 Previous approaches of chiral p-form action

The early research, the dual symmetric actions in 4-dimension was proposed
for obtaining the local Lagrangian field equations [1, 2, 12, 13]. However, their
result are still lose some identities, manifestly Lorentz invariance, to approach the
Maxwell’s theory in higher dimension. We will discuss some examples of approach-
ing as following.

From Henneaux and Teitelboim [3], they constructed the action for chiral p-
forms with self-duality condition. This is local, Lorentz invariant and invariant
under the standard gauge transformation as well but the resulting action still loses

its manifestly Lorentz invariant.

According to PST research [10, 27, 28, 29, 30], this approach constructs the
dual symmetric action by proposing the method to treat this problem. Schwarz
and Sen give the original idea for an auxiliary field to the action. This action
satisfied the diffeomorphism transformation. But the action still loses the local
invariance transformation with that auxiliary field. Hence PST considered the du-
ality symmetric action by using an auxiliary field in extending detail from Schwarz
and Sen. Furthermore, this auxiliary field couples to dual gauge field. As a result

the low-energy effective action is satisfied the manifestly Lorentz invariant.

These approach of chiral 2-form field theory can be used to describe the M5-
brane action which possible to be applied the dimensional reduction for explaining
lower dimension action. However our calculation of this dissertation will focus on

the Sen formalism that gives the different perspective, provided as following section.
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3.2 Sen action inspiration

The Sen formalism inherits from the string field theory aspect, BV formalism
[31]. The ghost field are proposed from the one particle irreducible effective action.
This ghost field has a wrong sign kinetic term and decouples from the theory at

last.

In the type IIB supergravity, the action is in (9 + 1)-dimensions and has 4-
form gauge potential and 5-form field strength which has a self-duality constraint.
While Sen formalism, the 4-form field and 5-form field are imposed to be the
fundamental fields instead of a 4-form gauge potential. Moreover, this formalism
has two kinds of Hodge duality. One respects to flat metric while another one
respects to curved metric. According to the action, this 4-form field has the wrong
sign kinetic term and decouples from the theory at the level of equations of motion.
For a 5-form field, this comes with the self-duality condition which respects to the
flat metric. These fundamental fields are explained at the local tangent space so this
is possible to use a flat metric, even this theory is under the curved spacetime. This
formulation preserves the manifest Lorentz invariant, has a finite auxiliary field,
and is polynomial. However this fields transform under the general coordinate

transformation in an unusual way.
3.2.1 Type IIB supergravity action

According to Sen idea [16] from the string field theory perspective,
we consider this concept for type IIB supergravity action in 10-dimensions. The
imposed fields are given as the 4-form unconstrained gauge field P; while the 5-form

field ()5 obeys a self-dual constraint.

The self-duality condition of Qs is given as

¥ Qs = Qs (3.1)

where ' is Hodge duality with respect to the flat metric which denoted as the
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internal space or the local tangent space for fields. This idea is come from the view

of considering a vielbein.

From Sen [16, 17], the action is

where S(Qs, M) is the term that interacts with other fields. This term has been
shown that describes type IIB supergravity. The other physical fields are collected
in term of M. This P, appears in only kinetic terms while @5 is in the kinetic term

only linearly and in the interacting terms.

The variation of S take form as

_ 1 _
OSi= ~3 /R/\ 0Qs + oy S (3.3)

where dp relates to the all other fields. R is anti-self-dual due to a self-duality of
0Q)s and property of M, given as

(1-;*/)5@5

1 1
ZR/\E(SQ5+R/\§(5*IQ5

RA6Qs=RA

1 1
= ER A 5Q5 + §6Q5 A *IR

1 1
‘:ER/\CSQE)__Q—*IRA(SQS (34)
which forces ¥ R = —R for keeping this equation corrects.

The equations of motion from eq.(3.2) are given as

Py d(*'dP,— Q) =0 (3.5)
Q5 . dP4 — *IdP4 + R=0 (36)
M: §yS=0. (3.7)

Applying the exterior derivative on eq.(3.6) and using eq.(3.5), we have

d(Qs — R) =0. (3.8)
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These eq.(3.7) and (3.8) can be used as the equations of motion for physical fields in
type IIB supergravity. While eq.(3.6) is the equation for P;. The different solution

to eq.(3.6) for term of R which given by Qs and M so the equation becomes
d(AP4) - *’d(AP4) =0. (39)

From this result, the given differ solution is not effect eq.(3.7) and

(3.8). Thus this Py decouples from theory and the interacting term does not depend
on it.

From Sen’s invention, this theory has been extended further in [17, 18, 19,

20, 32). We will consider in the detail in next section. In particular, we consider

R in terms of a mapping M which encodes the interaction term corresponding to

external source and gravity.

3.3 Mb5-brane action

M5-brane is the one of objects in M-theory. This brane is magnetically charged
under C3 of background 11-dimensions supergravity. Field content on M5-brane,
this contains a chiral 2-form field with non-linear self-dual 3-form field strength.
The main motivation of this theory is analogue to Maxwell’s theory which has field

strength contains with vector potential in 4-dimensions. This is given as

£=—%F/\*F.' (3.10)

Likewise, we attempt try to write chiral 2-form action directly like
L~—HAxH, (3.11)

where H is 3-form field strength in 6-dimensions. However, this attempt fails
because the property of H that is self-duality, *H = H where * is Hodge duality
with respect to the curved space-time. From this self-duality condition leads to

eq.(3.11) to be zero.
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3.4 Mb5-brane action construction

The brane is considered its fields content where this depends on which theory
we interest. These fields have to satisfy the equation of motion where the self-
duality condition is naturally proposed. The action is evaluated and obtained
from a known solution of the equations of motion. Then instead of linear self-
duality, applying the non-linear self-duality condition which calculated from the
result of superembedding. Adding the background fields g, Cs, Cs which pullback
from the 11-dimension supergravity target space to the action from the Green-
Schwarz formalism then the action becomes the complete M5-brane action. It is
important to evaluate the symmetries of the action such as kappa-symmetry, gauge
symmetry, and diffeomorophism. Particularly, kappa-symmetry is used to cancel

the abundant degree of freedom of fermions. These steps can be summarized below.

( Fields ) Add B.G. fields
9, G5 G

E.o.M.

Linear SD

(MS-brane action)

( Action ) - Symﬁ;jze

K-symmetry
Non-Linear SD gauge symmetry
superembedding diffeomorphism

Figure 2 MS5-brane construction
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3.5 Complete M5-brane action

According to the work [16] then extended in [17], the action is discussed in
the general form. The simplified version in [19] when focusing the chiral 2-form
field in 6-dimension, the action is given as

1 —_
S:/<§dP/\*’dP—2Q/\dP+Q/\M(Q,g, J)) (3.12)

where P is a 2-form gauge field and @ is a 3-form field strength under self-dual
constraint, ¥@Q = Q. The interaction term is collected in M (@, 9, J) coupling with

the background field. It is the function of Q, metric g, and the external source J.

For the simple function M(@Q), it is normally the linear mapping for the self-
duality to anti—selffduality condition. However, this mapping can be modified by
extending a domain and its acting on basis property where these are discuss in
[19, 22]. For the detail will give in the next section. This M function is given in

the index notation as
M@y = g M Qs .13
which obeys anti-self-dual, is
M(Q) = —+ M(Q). (3.14)
Its symmetric property is
Q1 AM(Q2) = Q2 A M(Qy). (3.15)

Taking the variation for the action in eq.(3.12) where the source term is J = 0 and

using the properties of ¥'Q) = @ and symmemtric of M, we have
08 = / <6P A(d* dP +2dQ) + 6Q A (¥'dP — dP + 2M(Q))> : (3.16)
Thus the following result for the equations of motion are expressed as

dP : d*' dP+2dQ =0 (3.17)

5Q:  dP —«dP —2M(Q) =0, (3.18)
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and the corresponding calculation are

d(% ¥ dP+Q) =0 (3.19)
4P — M(Q) = ¥ (dP — M(Q)). (3.20)

By observing the equations of motions, we define Hy,) and H as
1

H®) = 5(dP + ¥'dP) 4+ Q (3.21)
H=Q - M(Q). (3.22)
The first equation (3.21) is defined as the unphysical part because the kinetic term
of P field has wrong sign where P field is unphysical field or pseudo-field. However
this term is not effect the whole theory due to it decouples from the physical sector,
H. In particular, this H is given in analogy of eq.(3.11) so H = xH where it is

off-shell self-duality with respects to curve spacetime.

The corresponding equation of motion of H and H® are
dH =0, dH® =0, (3.23)

which imply that these H®) and H are closed on-shell.

We now consider the action from [22]. We start by using the action is given

1
S:/ (ZdP/\*’dP—QAdP+£1(Q,g,J)> (3.24)
where this is rescaled from the original [16, 17, 19]. From the variation of the

action, £; with respect to @ is

Recalling this R is satisfied the anti-self-duality condition as R = — ' R.

From @ is self-duality thus directly applying the external source J into the

equation of motion of physical part H and redefinition H to H”, we have

H =Q-R+, (3.26)
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which should be *-self-dual off-shell. For linear theory, H’ = xHY. From the

calculation of the equation of motion, we have
dH’ =dJ,  dH® =0. (3.27)
This H/ — J is exact on-shell, obtained from

dH' = dJ

d(H? — J) = 0. (3.28)

According to [22], we promote this action to non-linear theory where only term of
x-self-duality becomes |

* H = V(H’, g). (3.29)

For a complete M5-brane action which is proposed in the Green-Schwarz formalism,

it is given in the term of eq.(3.24) as

1 1 1
Sys = 5/ <§dP/\>k'dP—2Q/\dP—E x«U(F,g) +Q/\+2C’6+F/\C'3> . (3.30)
This action describes 6-dimensional worlvolume embedded in the 11-dimensional
background target superspace. For Cs and C, these fields is just the induction from

the background target superspace as well as the metric g. They are no dynamics

themselves.

Consider by comparing with eq.(3.24), we replace J with Cs while HY with

F. Thus we have

F=Q-R+C; (3.31)

This eq.(3.30) is rescaled to be match with other M5-brane in previous works.

Using from [33], we define

Cs Snis
— —_—, .32
5 SM5 — ) (3 3 )

In particular the form of V is given in U5 which is simply shown in the equation
as U. This function eq.(3.29) will be described in an index notation as the Greek

indices u, v, p.
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For the M5-brane action, the non-linear *-self-duality condtion in eq.(3.29) is

(*F)p = (— % + %3) wp T %(Fs)wp, (3.33)
where
(F)p = F[uIV’P’F“IV'p’Fu’IVp]' (3.34)
For U in eq.(3.30), it is given as
F,,,Fr

U= —244/1 422

L~ (3.35)

Indices in these terms are raised and lowered by g"” and g,,,, respectively.

As the requirement of symmetries such as diffeomorphism, gauge symmetries,

and kappa-symmetry, the relation of transformation rules for P and @ is
1 /
0Q = —5(1 + *)di P, (3.36)

where this equation is the same for all these symmetries. From eq.(3.36), this
H®) is invariant under all symmetry transformations. For diffeomorphism, the

transformations on P and @ by z# — z# + £ are

5§P = ’LE(F ~ 03),

5:Q = —=(1 + #')dig (F — C). (3.37)

2
We note that these transformations are non-standard for 2-form and 3-form fields,
respectively. Hence these P and ) are called pseudo-forms.

We have been presenting and considering the basics of Sen M5-brane action.
Furthermore, this action will be calculated for double dimensional reduction in

chapter 4. For the next section, we will evaluate in the deep detail for M.
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3.6 The form of M mapping

From the mapping of Sen’s concept, the notation is M (it is M in figure).
Recall the mapping M, this is self-duality to anti-self-duality. We consider the
M form with different mapping in [31]. From [19] and [22] concept of these M

constructions are illustrated as

Figure 3 Asymmetric perspective mapping

Figure 4 Symmetric perspective mapping

where we define “#’-SD” as self-dual, “x’-ASD” as anti-self-dual, and M as an
explicit mapping. From [19], it is extended the domain of mapping not only self-
duality to anti-self-duality but from anti-self-duality to be zero and universe set is

the same as M. While mapping in [22], it is extended for anti-self-duality to self-



28

duality. We will follow the mapping from [22] but we show the idea and calculation

from [19] in the next subsection.
3.6.1 Asymmetric mapping: Lambert’s perspective

We will consider and give the detail about the idea of mapping M
[19] in Fig.3.6. The definitions of self-duality condition for H with respect to g

metric are given as
*(Q-M(Q)) =Q - M(Q) (3.38)
where * respect to g curve spacetime matrix, and Q = ¥'Q. When defining, H :=
Q@ — M(Q), we have
H =xH, (3.39)
dH = (I (3.40)
Where eq.(3.39) are constructed by imposing, self-duality off-shell and normally
given by hand, while eq.(3.40) is obtained by the equation of motion. Let M is a
linear mapping of self-dual 3-forms to anti-self-dual 3-forms by #’ while vanishing
on anti-self-dual 3-forms. It is given as
M(ASD) = 0. (3.41)

Then extending his action to an arbitrary 3-form, it need a symmetry property as

Q1 AM(Qs) = Q2 A M(Qy), (3.42)
which holds for any 3-form.
Considering, M is rewritten as
M= %(1 M, (3.43)
where M = — ¥’ M. Hence,
M s %(1 — M1+, (3.44)

Q= %(1 + 0. (3.45)
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According to eq.(3.38), we calculate
H = H
*(Q - M(Q) =Q - M(Q)
*Q — +M(Q) = Q - M(Q)
M(Q) — *M(Q) = Q — *Q
1= M(Q) =(1-%Q (3.46)
then using eq.(3.44) and (3.45), we have
ol *)%(1 ML+ +)Q = %(1 — (140 (3.47)

This M acts as the linear operator on 3-form. It is expressed as

1 1
Z(l—*)(l—*’)/\/t(l—f—*')=§(1—*)(1+*'). : (3.48)
To solve this symmetry, defining a basis of 3-forms as w4, w_4 with
A=1,...,10. + indicates their eigenvalues under *’. They are
wi = #w?, w_a=—%* w_y,

~ where a upper index A is for self-duality basis while a lower index is for anti-self-

duality basis. The matrix M“E act on this basis as

Mw_4) =0, (3.49)
M(w) = MABw_p. (3.50)

If we choose a basis where
w? Aw_p = 264dz"5 (3.51)

then we consider eq.(3.42)
HAwf A M(ngf) = HBwf A M(HAwf)
HAHBwf A M(wf) = HBHAwf A M(wh)

MAB2655da® > = MPA253dz"*. (3.52)
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Hence, it is proof a symmetry as

MAB = pMBA, (3.53)
A

When eq.(3.48) acts on w_y, it becomes 0 (trivial). While acting on w?, we have

the left-hand-side is
]‘ 1 / 1 / A __ 1 1 / A
Z(1—>k)( — ¥ )M(1 + )i = 5(1 — *)M(1 4+« )w?
= (1= W M(w)
= (1 - x)M*By_g, (3.54)
and the right-hand-side is
1
SA =)+ i = (1 - )wf. (3.55)
So, it becomes

(I —)MABy_p=(1-*)wf

(1~ #)(wi — M*Pw_p) = 0. (3.56)

Especially, we have eq.(3.56), is SD with respect to x.

Constructing ¢ basis of SD 3-form with respect to . Any given
point is

0% = Ngw? + K*Puw_p (3.57)

where it is extended to arbitrary 3-forms. From the condition that wf - MABy_g

is SD with respect to %, we define ©4 5 through
wh — MABy g = 04,08
= 04 5(NBwl + KB )
- @ABNBng + @ABICBCUJ_C (358)

where wf, w_4 are a basis of 3-forms. So, we compare 1 term as

O pNE, =1, (3.59)
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hence, it is

@AB = (N_I)AB- (3.60)

While 2 term is

_MAB - @AC}CBO
MAB — _eAC]CBC’
MAB = _(N1H)A KCB (3.61)

where we use eq.(3.60) on the last step.

These operators are considered in the local and valid at general in
space-time. N5 and K4Z are defined only at local, but A'4; may not be invertible
every where in the space-time. So if M is not invertible at any point so it exists
self-duality 3-forms with respect to * which anti-self-duality 3-forms with respect

to #’. If the spacetime is orientable, this property is impossible.

To emphasize, “orientability” means that it is a property of some
topological spaces such as real vector spaces, Euclidean spaces, surfaces, and more
generally manifolds that allows a consistent definition of “clockwise” and “coun-
terclockwise”. For example, real vector spaces, Euclidean space, and sphere are
orientable where an object is transported along these space, is not changed. While
non-orientable space when an object is moved around, is changed where it is clock-

wise at start and after moving it is anticlockwise. Its example is Mdbius strip.

Let us consider that eq.(3.61) is compatible with symmetry condition -

in eq.(3.53). First, constructing A and B for N. At start, we set

(V00" =wh — M _¢ (3.62)

NP pp? = wf = MBPuw_p, (3.63)

where

N0 AN P =0. (3.64)
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Then we calculate

(wf - MACLU_(;) N (wf - MBDLU_D) =0
0

0
M— wf AMBPy_p —MABw_C/\wf +Wz 0
—wﬁ AMBPu_p — MACw_c A wf =0

~MPPW ANw_p + MACWE Aw_g = 0. (3.65)
From eq.(3.51), we have

—MBDQ(Sgde'"S + MAC25gdz0...5 =0
2(_MBA + MAB)d.'EO'"s =0
2(MAB — MBA) x5 = 0. (3.66)

So, we have the satisfied condition as
MAB _ AqBA _
MAB = MBA, (3.67)

Further point to consider, it is about Hy) property and the mapping
of M which acts on it. Hi,) = H — M(H) is SD with respect to *. We find that

— 50+ OM(Q) (3.68)

1
H=5(Q++Q)
If @ = Qaw? with eq.(3.62) and (3.63) (M~1)4 5, basis with respects to
H = QaNH4 505 (3.69)

Imposing more compact notations for any 3-forms w, M(M(w)) = 0, we define the

mapping as

m: weHw— M(w)

m' owew+ Mw)
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where w is with respect to *' while w £ M(w) is with respect to *. We have
m: % SD — * SD (3.70)

which maps from *'-self-duality 3-form to *-self-duality 3-form. Mapping acts iden-

tity on *' ASD which is not for all 3-forms such that M(M(w)) = 0.

If H is % SD then m map is
]‘ /
H_m(§(1+*)H). (3.71)

Due to M is ' ASD (M(Q) = — ¥ M(Q)), H is * SD so there is always on a '
SD @ such that H = m(Q) which is given as

%(1 +#)H = %(1 ++)(Q — M)(Q)

SD
1 T\ ,
= 5@+ +Q) = 5(M++M)
= 2(Q+Q) - 5(M(@) - M(@)
%(1 ++)H = Q. (3.72)
So, eq.(3.71) is
H=m(Q) (3.73)
which is
H=m(Q)=Q-M(@). (3.74)

Mapping of [19], changing the basis property from self-duality to

anti-self-duality eq.(3.50) while for anti-self-duality is forced to be zero eq.(3.49).
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3.6.2 Symmetric mapping: PV’s perspective
According to [22] and from Fig.3.6, we have
H=Q—-R, R=MQ (3.75)
which come with its property as
H=+H Q=+Q, R=-+R (3.76)

This M has a symmetry property as w; A Mws = wy A Mw; where w;,w, are
*'-SD-3-forms. According to [16], this M term is proposed an operator, while from

[19] it is considered as the basis. From {22], the mappings is extended with
M : %" ASD — %' SD (3.77)
where the conditions have to satisfy eq.(3.76) as

*IMW+ = _MU)+, (378)

(1—-%)(1 - M)wy =0. (3.79)
Let us consider

(1 =)0 = My = (1= s — Maoy)
= (wy — Mwy) — *(wy — Mwy)

= 0. (3.80)

Extending domain of M to any 3-forms (w), we have from eq.(3.75) and property
of self-duality conditions eq.(3.76) as

xx —x MK =1- M. (3.82)
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Next, to check eq.(3.81) and (3.82) satisfied eq.(3.78) and (3.79), and also symme-

tries. From eq.(3.81) we have

Hence the solution to eq.(3.81) and (3.82) is

w ¥ — kMK =1 - M
—* MFK M =1— %+
M — s M+ =1 — 5%
(1= +())M =1~ w

(1+# )M =1 — *«' (3.84)
Then eq.(3.84) becomes

(14 %) "1 4+ )M = (1 + #+) 71 (1 — *%')

M= (14 )7 (1 — #%). (3.85)
Ve Y A

inverse operator
This #+' is the 3-forms mapping to 3-forms where this operator is represented by
square matrix.
When this operator is considered in the view of matrix so we use the

Cayley-Hamilton formula to express (1 -+ #%')~!. This %%’ series is up to 19** order.
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3.7 Applying M to the dimensional reduction

We will consider the reduced form for M in this method. At first, we have
M = (14 %')71(1 — *#'). Let us consider only **' acting on the basis of any
3-forms.

The curve and flat metric are given respectively as

-1 0 0

— =)'/ . | (3.86)
0 r? N\
0o ... 1

In the case of a dimensional reduction from 6 — 5, we fix 6" dimension (dz®). Let

us calculate * ' dz®* where a,b = {0,1,...,4}.
For * %' dzS,
_1)y3+1
*/d ajazd __ ( ]‘) d azaqas bzbsbsayazb
J T (6 —3)! z TasbsTasbsTasbs €
— azaq4as b3bybseyaz
= gdm NazbzTasbs Tasbs € )
Wl'lere 6b3b4b5¢11ﬂ25 2 6b3b4b5a1a2'
—1
'd a1azd _ 1d aza4as bia1 ., b2az
* dg 0 = e (~debN)asasnsintall 11
= — Jpos0ens, biai, baaz
- 3l asasasbiby 7] n .
Then
* *Id arazd __ i(*d azasas bi1ay, boag
z - 3l £ )Ea3a4a5b1bzn n
= i _(_:l)i?)d c1c2d did25a3a4as biay, baay
N 3' (6 - 3)'\/—__(] v Jerdr Jead, 955€ €azasashib] n
_ 3T2 d c1c2b 1 3 _didsaszagas biay, baas
© (32 TN Gerdy Yooy (—1)7€ Cagagashybs?] ™ 7]

37‘ cq4csd 343 _aszaqasdids bray, baa2

=~ (aE e e Geats (1) €asanasintall 7,
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Consider
6a304a5d1d26a3a4a5b1b2 =M§'£|5§:$
= -2 3l
- dma1a25 — _l_—a"i?ngrrdmclczqudlgczdz(slt)illgi;nblalnbzag
= 71961111962d2nb1a1nb2a2dxcw25'

Then flatten down g — 7,

% *I dma1a25 — TﬁclblﬂchzT}bla]nbzazdxclczs — T(sgllézzzquczs
= rdz™®, (3.87)
For * & dzote,
‘ (—1)3+1 5 b3babsh
! 3 a al1a2a.
* dp®9s — —(6 . 3)' 3AT 450, b, N by M55 € 2 4050210203
=L 3 d a4a55 1 3 _bsbsaia2a35
> 5 Z 77041747705175(_ ) €
| 3 d asas5 babsaiazas
- _5 xz NasbsTasbs €
N 3d azasass (1)1 det biay, baaz, bszaz
N _5 Z (_ ) ( € 77)€a4a5b1bzb377 n n
3
5 biay ,.b2az,.bsa
= _gdmasams €asa5bibabsl] 101 pb20zy, 343
then
3
1 a agagsh biaj, baas, bza
* % dr* P29 = —5(*6112 i) )6a4a5b1b2b3n \ 177 2 277 s
3 (__1)3+1
_ cicac3 dydad3asass
- —5 [(6 - 3)'\/’__gdx gCIdIgCZd2gcad3€ :l
b baaa, b
X €agasbibabs’] ””77 2“77 843
— 3 1d c1c2€3 dydadzagas biai, baaz, bsas
- (3[)2; T -gcldlngngciidBE Ea4asb1b2b377 77 77 .
Consider
didodzasar . 343 _agandidad
gh1fatads r,6114115b1b2173 = (_1) gt 36Maslubzba

_ —2,) dydads
— (et TBI60

— didads
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So, we have
! T c didads, byay, baaz, baa
x % (rit®2?® = WT dxcre? 3gc1d1gc2d2gcad35b11b22b3377 ! 177 2 277 3as
_ l brai, . b2az baasd c1cacs
- Tgmdlngdzgl:adan n n Xz s

then flatten down g — 7,

1
[ aia biai, bzaz . bsa c1cac
% % dml2a3=;7]c1b17]c2b27703b3771 177227]33(133123

1 a1a2a C1C2C.
= ;Jcllczzc;dx G
p 1
% % d$ala2a3 — ;dxalazaa' (388)
As a result, we have

* *' dp®1°2® = rdg™ 2 (3.89)
o *I dxmazas Al ldxalazaa (390)

r

To obtain the M in the matrix form, earlier we have

1
 +' (dz19?%) = rdr™%° and  * #/(dz™%®) = Zdz™2%. (3.91)
r

In general form, it is * ' dz**? = gggg dz®®7. Expanding the basis for dz®® and

dz®c ag

ab5 € {015, 025,035, 045, 125, 135, 145, 235, 245, 345}

abe € {012,013, 014, 023,024, 034,123,124, 134, 234}

which are twenty of them. For the matrix form, it is

SEERE o
012 | | {012
013 ' 1 | lo13
¥ | 1| = r S (3.92)
.
945 | ' 945
345 ' ' 345
L - 0 r L s
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Thus we have

1=I®1

1
x* = =T prl, (3.93)
T

where I is 10 X 10 identity matrix.

Hence in order to compute M = (1 + *¥/)~1(1 — *«'), we consider
(1 — *x")dz*? = [(1 - 1)[ @ <l - 7‘>I] dz*?
T

_ [(r;1>l$(—(r—l)>l]dr‘“’p (3.94)

then let us express the above equation as
(1 — x#")dz*P = Bdz""*. (3.95)
We also need the expression for (1 + #%')71. So let us first consider

(1w = (14 1) 10 (1 + ) ]

1
— [(“: )1@ (r-l—l)[]da:""”, (3.96)
then it becomes
(1 + *«")dz""? = Adz"*. (3.97)

Let us consider (1 + #x')"! = A~1  we have

A= <T—:1>IGB(T+1>I. (3.98)

Where this matrix A is already diagonal so the corresponding result is

1 T 1
A _<1’+1>I®<r+1)1' (3.99)

As a result, the form of M is

=[()re ()l < () re (- - )]
(r—1

. <T—1)}I (3.100)
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According to a result, we know how M changes basis which are

1

Mzt = (: - 1>d:r“bc, (3.101)
1

Mdzt = — (: - 1>dm“b5 (3.102)

where they are confirmed as same as [17] in the case of dimensional reduction. This
result is also obtain from [17, 19]. They are not the same mapping of basis but the
physics is still the same. However, the mappings are difference but the result of
this M is the same when we consider the dimensional reduction. This eq.(3.101)

is useful for the following chapter that is about the dimensional reduction.



CHAPTER IV

DIMENSIONAL REDUCTION

The dimensional reduction is an original idea from Kaluza-Klein. In this
chapter, we will continue consider Sen’s action which is applied the this method on

specific case.

4.1 Reduction on S?

Firstly, we set up by giving the necessary convention. The Hodge star for
curve spacetime are given as

(—1)P+!

gt =
(6 —p)\/~g

NENA 6 o Vp1 - VepL - HL
dxtr+l A Adz uprivpin Gusvs€ * P, (41)

While in the case of a flat space-time, the Hodge star is

(=1

W gy — N T
(6 —p)lv/—n

Hp+1 ., L H6 Y Vp+1--Vep1 -},
gl A8 - QEDATE T, LSl 1IN v, (4.2)

- - - [Ll[l.z...[t —
where €litpugeciy) = € r =1,

For the dimensional reduction, the important first step is imposing the metric

g which is proposed as

g= , (4.3)

which 75 is a flat metric in 5-dimension. While the coordinate z° is given in the
term of r, is a positive real number and a radial of circle S*. This z° is compactified
as z° ~ z° + | where [ is parameter with the length dimension. Hence every fields
are independent from z°. We use the Roman alphabets for 5-dimensional spacetime

such as a, b, c, 1, 7, k, I, m,n. We give the convention as

— ijkmn — _ijkmnb
€ijkmn = €ijkmns, € =7 : (44)



42

These €;jkmn and ¢i’kmn are Levi-Civita symbols on the 5-dimensional spacetime.
Because of #’-self-duality of @) and #'-anti-self-duality of R, we obtain

1 L 1 o
Qﬂbc = EeabCijn’Lanann: Roye = _Efabcijnlmn]anm (45)

where ) and R are given in the term of z2° independent quantities

Qab = Qabs,  Rab = Raps. (4.6)

After all definitions are given here, the next step we will consider about the di-
mensional reduction of quadratic action and following by a complete Mb-brane

action.
4.1.1 Dimensional reduction of quadratic action
According to the previous chapter, Sen’s action is provided as
1 : 1 '
S = (ZdP/\*dP—Q/\dP+§Q/\R> (4.7)

where we recall the duality property for @ and R which are satisfied *'@Q) = @ and

*' R = —R, respectively. This R is given as the function of @ where is defined
R=MQ.
In the index notation, dP and *'dP are expressed as
1
dP = —dz* 9, Pys — deabcaap,,c (4.8)
1. .. 1 .
*IdP = —§d$ljk€ijkl7n8[lp7n]5 + Zdw"~756iﬂmn8[1Pm"}. (49)

According to eq.(3.101), we have R as

_ (r—1)
Rabf) - (’I’ + l)qaba (410)

where g, is defined in eq.(4.6). By using eq.(4.5) and (4.10), we obtain the dimen-

sional reduced action as following as

! 3 1
§=; / d%{zaapbca[apbd + 0,50 P'ls + 2000 Pis + 5 GusOn Prpe ™™
(r—1) a
b ¢ 4.11
+ ('I" + 1)q q b} ( )
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We define

Xave = 305 Pog (4.12)

then replace into the action eq.(4.7) and introduce Lagrange multiplier K,, for

OaXpeq) = 0. So the action becomes

! 1 1 1
S = [ @o{ XX 1 200 Xy 4 Ko J ™ 15, Pig0l P,

2478, Pys 1+ T abg L 41
+ 2¢*°8 bs+(r+l)q qab} (4.13)

And solving for the equations of motion of X, we obtain
X = —emmebe(q .+ O Kn)- (4.14)
Then integrating out X thus the action is

I
5=7 / d%{ (Goum + O + Oy Po)) (¢ + O™ K™ + ™ P7)

m pn (T—l) ab
20, K,0mP" + (T+1)q qab}. (4.15)

Following up step, we find the equation of motion of ¢ which is given as
"+ 1
" = —(’;—) (almKnl + 8[”"P"]). (4.16)
r

Applying into eq.(4.15), thus the action is

N —
S = l/d%{ (r )amKna[mKn] N wam}(na[mpnl 1 uampna[m]:n]}_
2 2r r 2r

(4.17)

Observing the action, we can obtain a quadratic form. This is given in the matrix
form as
1 r—1 —(r+1)

o (4.18)

-(r+1) r-1
Eigenvalues for this matrix are —1/r,1. Their eigenvectors are (1,1)7 and (1, —1)7,

respectively.



We define

frn = UOmKny + OpmPr),  F) = UBmKn) — OpmPay),
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(4.19)

where they have mass dimension two and in f() this “(s)” stand for unphysical

sector. So these terms are field strength of following redefined fields which are given

as

Ay = é(Km +P,), AW = %(Km — P).
Corresponding K, and P,,, are given as

! ©) 1 (®)

Km:?(Am_'-Am )) Pm:'z'(Am_Am)

and
1 ®) 1 (s)
Om Ky, = T(BMA" + O AYY), Om P, = 7_(8,,114” — OnAYY).

Then we replace into eq.(4.17) so we obtain

1 1
st 5,.) moAn | (8) gm A(s)n
S /da:{ O A0 A" + SO ADO" A"}

From eq.(4.19), we have

As a result the action becomes

1 1
— 5,.) mn |~ r(s) p(s)mn
S= [ &= fn™ + IO

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

We can see that we have the two field strengths where the wrong-sign

kinetic term of AY of f,an is the unphysical decouples from the physical sector.

This action describes the 5-dimension Maxwell theory. For the first term with

A of finn, it is scaled by 1/r where r € R*. This scaling is required from the

conformal symmetry [34]. Moreover, this 1/r confirms with the PST formalism

result for dimensional reduction on circle.
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4.1.2 Double dimensional reduction of the full M5-brane action '

In this section, we extend from a quadratic Sen’s action to the Sen
M5-brane action which is non-linear with source terms. Let continue same process

as previous section.

After expressing R in term of @, the non-linear term is too difficult
so we simplify some steps to achieve the D4-brane in type IIA supergravity. The
double dimensional reduction is that the background target space X' is compact-
ified on a circle and z° coordinate of worldvolume warps around that X°. The
length of z° is given as

/d:z:5 = 27 gsls. (4.26)

If the Tyss tension of the M5-brane action (4.7) is recovered, then a scaling
SM;r, — Tar5Surs, and Trs2mgsls = Tpa. (4.27)
After this, we set up this to be simplified by defining |
/d:v5 =1, Trs =1=Tp,. (4.28)

The metric on the worldvolume for the double dimensional reduction is provided

as

e~ 2By, + e23C,C, e/3C,

Guv = , (429)

M3, 44/3
where the fields ¢ and C, are considered as pullbacks of the background superfield
to 5-dimensional worldvolume.

Let us consider the pullbacks for C3 and Cgs of the target space

superfields that is reduced. The components of Cs are separated as
1 a b 5 1 i j k
03 = §d.’L' ANdx’ Adx Cba.S + gd.’r ANdx? Adx Ckij- (430)

Defining the corresponding,

. 1 ..
bap = Caps, C® = yfab”kcijk- (4.31)
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We have that C is dual of Cijk, raising and lowering by 7. As well as the indices
of B. Where we have B as
1
B = 5dz* A dzPby,. (4.32)

Next for Cs, it can be expressed as
Ce = —C5 A d$5. (433)

We summarize the pullbacks of the target space superfields of type IIA supergravity
to 5-dimensional worldvoulme are v, by, C1, C3, Cs for this dimensional reduced

theory.
4.1.3 D4-brane action

The corresponding worldvolume action is given as
S|= % / &z Gaap,,ca[apbcl + 0 Pos 01" PY5 + 200, Pys + %qabampn,,em"mb>
+3) 2 (5v0 + lar e 0] - 5l - RE-6)) - [ wa
where we define the trace (-)%, as
[MN] = M*%N",. (4.35)

But we have to be careful for using this because the 5-dimensional of worldvolume
is not flat. It is not like the previous section. Normally the given 5-dimensional
matrix M will be specific for its components to be raised or lowered by 7 or 7.
However the components of ¢, R, B, C that we are discussing here are raised and
lowered by 7.

Next we follow the same process as the previous section but keep

the term of R to be calculated later. Then we simply calculate by dualising P, by

using the definition from eq.(4.12) and input into the Lagrange multiplier. Thus
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the action becomes

/ d°x abe X ** + 0, Pys01* PYl5 + 290, Pys + 6Qamenp6mnpab
1 1 1 N
Xabca K eabcmn) + 5 /de 5V _gU + [Q(R + b)] - _[(q - R) (b - C)])
3 2 12 2
_ / Cs. (4.36)
Integrating out X, we have
55:%/ﬁ%(—uax+ap+qf]+2wxam) (4.37)
1 1 1 &
+§/fxG?ﬁ§U+MR+W—§M—RWF{m)—/Cm(Mﬁ

where 0K and 0P are matrices with components respectively as

The components of 9K and OP are raised or lowered by 7.

Let us define
Y =0K +0P, ¢y =0K — 9P, (4.40)

whose components are also raised or lowered by 7.

We give the redefinitions for the fields as

A AL
m m= m’ Km_ m = .
K+ P 5 P 5

(4.41)

So we have that —1 and () are field strengths of A and A(®), respectively.

Thus the action becomes

s=3 [ @ (- lw+ a7+ 3w - 51067)

/d"’ <12\/—U+[q(R+b]—%[(Q— (b— C) /05 (4.42)

Solving for Euler-Lagrange equation of q gives

R=1¢+q. (4.43)
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The term of R is eliminated by using eq.(4.43) so the action becomes
S = [ ¢ (=310 - 107 + Slal—p + D) + v/ =5U + 2t - TuC]
4 4 2 24 4 4
- / Cs. | (4.44)

After that we simplify U in eq.(3.35), let us define matrices F' and

F whose components are
Foys. (4.45)
In this case the indices of F; and £, are raised and lowered by v. So we have

F,

L

PP = —3[F? + 3[F?). (4.46)

For F,,,, this term has twenty componenfs which are related to
each other by the non-linear self-duality condition. Where only ten independent

components are required. Thus in our case, F,;; will be eliminated.

The relevant non-linear self-duality condition is given as

P (1 — 1) Fap + (F)a
ab — 5 )
\/1—y1+y1 — Y2

(4.47)

where

w=glF =Y (4.48)

Therefore, after substituting this result into eq.(4.46) then calculating U, we obtain

e
U=-12 L . (4.49)
\/1—yl+%y%-y2

Integrating out g. By considering the zjk component of H = Q — R, with eq.(4.43),

we have
1 - ~ 1 ..
qab —_ 5 (\/__gFu.b + Cab _ §Eab2]kEjCk + na‘cnbchd _ bah) ] (450)
This () is completely determined in terms of other fields because of eq.(4.47) and

Fab = —’l,bab + bab, (451)



49

where 1, is a field strength of a 1-form field, from eq.(4.40)-(4.41). By substituting

eq.(4.50) into eq.(4.44), we obtain the action as

S = /d5 ( ¢(s) fj)n‘”nb’ e~%/— det(ya + Fab)) - /(01 +Cs+ Cg) A el

(4.52)
where
Fop = 0, Ay — OpAg + bap, (4.53)
1
Cy= Cs = sBACy, (4.54)
$8) = 8,AE) — 5,A®. (4.55)

The action (4.52) describes the complete D4-brane decoupled with ghost field [24].
4.1.4 Dual D4-brane action

According to the previous subsection, we slightly change the proce-
dure to obtain the dual D4-brane action from Sen M5-brane action. To modify this
process, we simply switch the role of P components. Instead of dualise P,5 compo-
nents, we apply to Py, components. As the same process, the Lagrange multiplier
is also introduced to the action. These terms will be combined to form the gauge
and ghost field.

Let us consider by following the steps as those of the previous. So

we skip to eq.(4.34). Then giving the definition as
Yap = 20, Pys (4.56)

and introducing Lagrange multiplier term, the action becomes

~_1 5 3 [a pbe] 1 ab ab
S—z/dx<48ancé) P +ZY“”Y + ¢,

1
+ _Qabampnpfmnpab + 4)/ ba Knpeabmnp)

/d5 <12\/_U+[R+C)]+—[q+R b—C ) /05 (4.57)
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Integrating out Y, we obtain

S=%/fx“6?—ﬁﬂqﬂ+2ﬁ?ﬁ@
+ %/dﬁa: (%\/—_gU +la(R+ )+ Slla+ R) - é)]) - /05, (4.58)

where we define K and OP as

K =

mn

Emnijkaink, éTJP = 6mnijkai})jk- . (459)

1 1
4 4

Indices for matrices K and OP are raised and lowered by the 5-dimensional flat

metric 77. Let us define
x=0P-0K, X9 =§P+ ?9“}?.‘ (4.60)
Then we impose the field redefinitions which
P; - Kij=2B;;,  Py;+K;=2B%. (4.61)

So x and x(® are dual of field strengths of B and B(®), respectively.

Thus the action becomes

§=5 [ = ({0 = 501+ 3o

+ %/d% <%\/—_9U+ [q(R+C‘)]+%[(Q+R b— ) > /05, (4.62)
A result from variation with respect to ¢ gives
R=x—gq. (4.63)
Eliminating R from the action, we have

S= /ds( [(x¥)?] + i[x2]+%[q (=x+ O+ o, \/_U+ [xb——x )46{6’5.

The next step, U is reexpressed by giving firstly the definition as

R FabE s FabS
Fab = .

]

|
O_D
Il

(4.65)
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Let the indices of £'% and ff’ 2 be lowered by 7,, while the indices of F#*# and F#»

are lowered by g,,. So we obtain the functional term of U as
Flup P = —3[F?] + 3[£7), (4.66)

By using nonlinear self-duality condition to eliminate £, which is

1 + Zl)pab — (F!S)ab

J ( , (4.67)
\/l‘l-ll"‘%Zf—Zz
where
1 2, 1 2,
Z2 = E[F ], Z9 = Z[F ] (468)
As a resulf of calculation, we have
7 12(2 4+ =) (4.69)

\/l—l—zl-’r%zf—zg
Eliminating g from the action (4.62) by considering the ab5 component of H =

@ — R, we obtain
1 ] 1 5 Fn pn
Qab — Rab > ﬁ gacF b — '2" V —9€abemnd Ja pg = bab (470)

So along with eq.(4.63), we obtain
N\ 1 1 e 1 = N on
Gab = §<ﬁ <gacF b — 5 —G€abemng A pd )
I bab + VvV —gvV g55F~1mp§pn7]ma77nb + éab); (471)

where this Q) is completely determined in terms of other fields due to eq.(4.47). We

have
a5 b5

~ab — a 99

and
X = =g/gB e gt 4 b, (4.73)
Let us define
web = \/_—g\/gﬁﬁadédb

]. iik
= —gfab]kFijk (4.74)
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as the dualisation of Fj;j, with respect to five-dimensional flat metric 7. While the

components of W are raised and lowered by 7.

So the action becomes

+ S8 + 7108 — £ eabcmngcf’wmnwa”) / Cs

1
2 855

Sv ]l 3 9 b 9 s) ai Ci E_¢ / 1

/ ° ( [a l(ac] ¢ gk)] ] ;bJ ] ¢ ) \/1 21 Z% 22
3 s s) ai = [

/ d5 (—a bgcl)allb‘gk)]n ’I]bj’” — det G

1 cd abmnp
24 e—44/3 1 62¢/3Ci7ij0j 7 Cae anpFabc)
+ /(b A (F = C5) — Cy), (4.75)
where
dij 2¢
G = 7 % ¢ Yac€” *Fijk(ya + €24CyCy) (4.76)
6° V=71 + e2¢C,y2C,
Due to eq.(4.60), (4.73)-(4.74), we have
Fijx. = 0;Bji + 0;Bi; + Ok Bi; + Ciji. (4.77)

The action (4.75) describes the complete dual D4-brane action [24] decoupled with

ghost field.
4.1.5 Discussion

From previous two subsections, when the complete M5-brane action
is -applied the double dimensional reduction on circle. As a result we obtain the
complete D4-brane action or the complete dual D4-brane action which depend on
the chosen components of P to be integrated out. It has shown that we only
simply swapping choose the components of pseudo-form P. This swapping gives

the relation of duality transformation.



CHAPTER V

DECOUPLING BETWEEN PHYSICAL AND
UNPHYSICAL SECTORS

In this chapter, we apply the Hamiltonian analysis to evaluate the constraint
of Sen formalism. The result of this method also provides previously in [17, 19)].
Thens, we consider in the Lagrangian analysis to obtain the first-order form La-
grangian. Moreover, we use the field redefinition then at the level of Lagrangian,

the unphysical and physical sectors couple from each other.

5.1 Quadratic Sen action

Firstly, we define the collective index as A = (ajas) and I = (i14y13). We also

define

gabgcd = [g2](ac|bd) = [92]BA, (5‘1)

gijgklgmn = [gs](ikmljl") _4 [gS]I.I (5.2)

)

as well as 1. Moreover the Levi-Civita symbol e#1#2#2p+1 guch that ¢9(4r+1) = 1

and we define
-4 Oigklm — _ijklm
€0ijkim = ~—€ijkim, rannds—" ) 4 (5.3)

It is also important to define the Levi-Civita tensor

Eu1#2'-'#4p+2 =V 7O papapras (5'4)

€Eurpz-papsz = V "N g puapya- (5.5)



Then we consider the ¥’ Hodge duality as

(~1)6D
6 —3)!

00, la, mb

*'(d:ro N dﬂ?ab) = dmlwpfp.upOImn nn

1 .
— §|' [dxljkeoijklnlnlanmb]

1
*'(dmt A dl‘A) — —"?jdeGIB[n2]BA

while

(—1)(3+1) li, mj

*/(dmijk) = (6 —3)! dx" P € plrn 1) nnk

1 \\
! k
= gdmﬂypfuuplmnn 177"”7771

3 N
Oab 1 k
= gd-r “ €0ablmnT] 177"”77"

1 o
Oab 1 k
= —”Q‘dx L €ablmnT] 27]”1'777”

1
' (dz’) = —5dt A dze 15[n%)""

1
and dz! = D) ' (dt A dz?)eas[n®)7!.
Thus we have

1
' (dt A d:rA) = —yd:ﬁjem [UZ]BA

1
*(dz’) = _§(dt Adzt)eqs ']

While * Hodge duality is given as

*(dt N dxA) = ——':)’_"(JgoodeQB[gQ]BA

*(dz’) = —@(dt/\ dz®)ep (g%
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(5.6)

(5.9)

(5.10)

(5.11)

(5.12)
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We also prepare an identity for following calculation

(dt Adz) A ¥ (dt A de®) = (dt A da) A (%d:pleBI)
= —%dt Adz? A dzleB,
= —i'dt A dPzetleB,
= —%dt A dsxeAIecanB
= —%dt A d°z(213165)nCE

= —204Bdt A d°x, (5.13)

where e4'eg; = (213162) for flat spacetime. And we define the inner product for

any 2-form A, B as

BABs = (B)?,  and A“B, = AB. (5.14)

We begin evaluation for Hamiltonian analysis. We recall the action

)\ S /(idP A*'dP —Q AdP + %Q A R). (5.15)

We have dP which is defined as

1

P = —da*P,, (5.16)
1

AP = 5dz""?0,P,, (5.17)

Let us setup an index notation, we define

(0P)a = (0P)oap = 0o Pap + 20 Pyjo, (5.18)

(0P)1 = (OP)abe = 300 s, (5.19)
From the action (5.15), we have dP and #'dP from the previous identities as

dP = —%dt A dz?(OP) 4 — % « (dt A dz*)(OP) 4, (5.20)

VAP — _% ¥ (dt A dz*)(0P) 5 ~ %dt A dz*(OP)a, (5.21)
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where we define

~ 1
(OP)4 = —yeAI(BP)I. (5.22)
As well as, @ and R are expressed as

1
Q= =5 Ads* Qs ~ £ ¥ (dt A da*)Qa, (5.23)

1
R=23 ' (dt Ndz?)Ry — %dt Adz? Ry, (5.24)

respectively.

Corresponding the wedge product in eq.(5.15), we have

AP AYdP = ~Ldt A dx(0P)? + i Az (GPY, (5.25)
QAdP = —%dt A dPzQA(OP) 4 + %dt A BPzQ*(OP) 4, (5.26)
QAR=dt Nd°zQ*R,. (5.27)

Thus the quadratic Sen action becomes
V4 1 N 1 5 2 1 5.8 D)2
s_/L( dt A da(9P) +2dt/\dm(8P)>

— 1
A\ ( - %dt A &zQ*(OP) 4 + %dt A d5xQA(6P)A) + 5dt A dSIQARA} :
(5.28)
Then we rearrange
1 5 2 1 5 /A \2 1 5 AraD 1 5 A
S~ —gdt A d°z(OP)? + gdt A d*z(OP)? + 5azt/\ d°zQ*(0P) 4 — 5cﬁt A dzQ*(OP)4

1
+5dt A dzQ Ry, (5.29)

and simplify the Lagrangian density as
1 2 1~ 1 — 1 1
L=-50P)"+2(0P)" + 5@4(0P)4 = 5Qu(0F)4 + 5Q4Ra. (5.30)

Then we have to find the conjugate momentum which is defined as

oL 6L
tp §P4 9(GoPa) (5-31)
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Let us calculate the conjugate momentum as

0L
4 _
NF = 55028
3§ 1, 1o~y 1 — 1 1
= 5P~ 3P+ 5OP) + 5Qa(@P)4 — 5Qa(0P)a + 5 QaR,]
g = —i(ap)A - %QA. (5.32)

We also have the conjugate momentum for Q and P,

oL
A4 = 5.33
HQ (58062 0, ( )
oL
b= —— =0, 5.34
g 580Pa0 O ( )

We have the primary constraint equations which are
114 = 0, % = 0. (5.35)
As a result, the Hamiltonian density is

H=TI120,Py — L
=113 [(0P)4 - 26(a Pio
LITIAINZ S 1
+ g(ap) - g(ap) - EQA(aP)A - EQA(aP)A — 5@k
1 1 ~ 1 ~ 1
= [13(9P) 4 — 2451, Py + g(ap)Z - §(8P)2 T EQA@P)A - EQARA- (5.36)
Then we trade 9P from eq.(5.32) so the Hamiltonian density as

1~ 1~ 1
2~ g(aP)2 — 5Q(@P) ~5QR - 219y, Pyjo.- (5.37)

' 1
H=-2(Ilp +5Q)
So the total Hamiltonian density is given as
Hr = H + uAHS + v, (5.38)

We find the time derivative of primary constraint as

115 = [14, H] . (5.39)
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Let us calculate

” OI4(Z) oH(y)  T5(F) oH(y)
[I4(2), H()] = /dy/ (8@02)51105) 5HC(EWQ°‘(£)>

- /dg/ dz( — 686 (z — z)(,f;((i),)). (5.40)
Considering only the partial part in bracket as
o - e {— 2Ilp +5Q)° - 3 (P ~ 2Q(P) - 1QR - zwaba[apb]oj )
5.41)
then
Py = 2 2(TI8 + 507 4)5622—(_,)(11&13) +505)@)

8Q5 50R ] -
+agc(4§[— ~(8P) ]( J) — [Q ang +882E%>R (y)]. (5.42)

From the identity eq.(3.75), we have §gR = M so

So| - 3QR] = ~3(QboR + oQR)

= —%(QM + R)
= (2R)= R (5.43)
Thus eq.(5.42) becomes
87{( ) B B B B¢/ = 143
5000 = ~MIE + 507 @)3086 — 2 + 6255~ A - 205" @

- s[@ama + R @)eZa( - 5

= 2T + 3Q°) )5 - 2) + 87 - [ - (9P| @
- 3[R+ BP|sgata -

= 2T + 206 - 2) + 65 - )| - L0P)] @
~ 5RO @3 - 2

= 218 + 3Q°) )37 - 2 + 87~ )| ~ L (2P)] )
- RO~ 2)

= =218 + 5Q°) @3~ 2 + 07— (- HOP)° ~ R) (@), (5.49
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Thus eq.(5.40) becomes
(@), 2@ = [ a7 [ a7~ a0tz - 257~ (- 2015 + 509)@)
« (=30P7 - 2)@)]

— / ays(z — ) | 2(114 + %Q“‘) + %(aﬁ)*‘ + RA:, (),  (5.45)

so we have

. T
I3 = 2I3 + Q4 + E(ap)*‘ + R4, (5.46)

While the time derivative of 7%, noted 7% = 7, is
p = [}, H] (5.47)

S0

o Ong(Z) OH(7) BW“(:E') OH(Y)
[7%(Z), H(Y)] = /dz/ y<3Pco Z)awc 2’) on°(%) 3Pc0(5)>
/ dz / dif( — 625(z 87{((2),)) (5.48)

and only this term survives,

Ll N = Lapye _ Low@m — Lop — opa
8P(2) = FTNE —2(I1p + 5@)2 i §(5'P)2 = 5Q(&P) 2QR 2 8[,1Pb]0} )

= _277-”8(8113_70(5))6})60(2) (549)
So we have

[Wa(f),H(ﬁ)]=/dzaga(f_z)/ ( nma[a( JEE:)))D

_ / 475°6(7 - 7) / d7j<27r“ (§)8:56(7 — z)) (5.50)

after using by-part integration

[ dwi@osis -2 = [ dsisti- Doty (5.51)



then
m(@. H@) = [ az [ aga(a - ] - 262607 - om0
7*(F) = -2 / dzZ815(z% — 2)0;m(2)
0 = —20,7(%)
0= —20;7,
SO

8i7rij = 0.
We summarize the corresponding result of time derivative which are
1rc
24 + Q4 + E(ap)f‘ +R =0
8i7rij ~
To further evaluate the Hamiltonian, we define IT% as

1 —~
% =14 + Z(aP)A.
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(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

We further explore its identities and properties for H,iq- Firstly, we discuss about its

definition. It is given by giving that IT§ spans on tangent spaces. From eq.(5.53),

114 is a solution and IT% = Hﬁ:ta(é]a),; is also a solution. This IT% = Hﬁ:l:oz(éjs)A

has 10 components for each
e 5 components for IT% = IT% + a(8P) 4,

e 5 components for IT¥ = IT§ — a(cz)‘p)A)

where TI% is antisymmetric with 5 X 5 matrix so 1,7 of collective index A has

(5 X 4)/2 components that valid. We need to prove that II* and II~ are linearly

independent. Let us define

oI = B2, ;a”, B eR,

(5.57)
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and calculate

o (115 + 2 @F)a) = (1 ~ +(GP).)

(o = BT = —(a* + 64) 1 (P,

If and only if, we have

o —pA =0 (5.58)
(a4 =0, (559
Let us calculate
ot -4 =0
ot = g4, (5.60)

Then applying into eq.(5.59) we obtain
264 =0, (5.61)

so a® = f# = 0. From IT” and P are linearly independent so eq.(5.56) is also

linearly independent.

Moreover, this 81-Hi is also a constraint. We consider by applying derivative,
we have
e

=0 (5.62)

because of eq.(5.53) and the derivative on 9P, is zero.

In the case of IT*, this form relates to H field strength of this theory. We
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consider from eq.(5.54), expressed as

M = ~2Q* ~ SR* — L (GP)*
Qf+ R = —2(Tp+ i(aP)A)
QA+RA H+A
#(QA + RA) = —2 4/ T+ A
Q@1 — Ry = =211},
Hy = —2II, | (5.63)

so this IT* gives rise for H field strength and is also defined as the physical part
of conjugate momentum. While I~ relates to H® by starting with eq.(5.56) then

applying with eq.(5.32), we have

1k
I =11, — Z(aP)A

%QA N —(6P)A

~2MT; = Qu + 3[(0P)a + (3)a]. (5.64)

1
= —Z(BP)A N

So from eq.(3.21), an above equation is expressed as
HY) = _oIT;, (5.65)

where this II~ give rise to H().

We also consider the commutation of II=.We have

, _ [ M@ s _ a0
@, 15) - [ oz (apc(aaﬂg(z)—ang(wljc(g)) 560

and calculate

oIL(E) 0
OPc(§) — OPs(y)

_omg@ LN (aPD(.f)>
1

m5() + 3(515),;(5)}

T 9P:(y) 4

1 r i — —
= 0+ 7eanis(080(3 — 7)) = Jeacd (5@ 7)), (5.67)
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and
oIi(z) 8 Pz 4 (5P (3
al5(5) ~ A5 {HA( )+ 3 OP)A )J
_OIE(E) o cacn
= 323 0= 680(Z — 7). (5.68)

Eq.(5.66) becomes

[L}(2), L5 ()] = / dz[imaiw(f—a)aga( — ) — 646(z ~ 2) enc O3 —z’))]

_ / dz{iewa(g— 20(6(3 = 2)) — %Bma(f — 2)64(8(7 - 5))}

=1/ di[mmé(ﬁ 9 (65— 2) ~ eonibl@ —z)ai,.(dw—a)}

and by using

07— 2) =~ 007 - ), (5.69)
then
I3 (2), T (D)]

-1/ dz[ eamid(§— 2) (51— 2) + emaid(& - 2) (o —z‘»}
/dz [ — €4pid( 8 ( (Z~ 2)) + (=1)* e 4p:6(Z — Z)%(&(?f— Zﬁ))}

=ZEABI/dz[ 87— 93 (67— 2) + 302~ )2 (607 —z*))} (5.70)

From by-part integration,
5 29 (51 -
Z

so for the first term, we have

- [ azsa-256(7-2)
(5.71)

1032, T 3)) = geans | dz*[é(f - )5~ 2) 4 6l 2) (i - a}

4
= Jean: [ d2B(E = 2)5 -8~ ) = Leanipridli— 9)
—46,431 Z20\T — 2z -z GABz&L_i y—z
1 0

= Seanin (3~ ). (5.72)
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As well as [I13(Z), H5(9)], we have

(@), T (9] = ~ g eanspgd (@ — ) (5.73)

And the last one is

(= OIT} (%) Oll3(7)  OII%(Z) Oll5(7)
[II%(2), I3(9)] = / <6Pc(2) PNE() ~ BTE (D aPC(*))’ (5.74)

we calculate
[11%(2), 5 ()]

/dz{ caciz0(Z — 2)9E6(7 - 2) 505(.@—2)(—1530, ai 57 —5))}

1 . p a ., . . ad 1
= 1 /dz [5A8i5(y - 5)%5(95 — Z) + epaid(7 - Z”)a—yi(?(y I Z)J

~ feas [ dz[— 05~ g b(@ — )~ 3( — 2) 2 8(7 *)] (5.75)

And for by-part integration which is

[ 2802506 - 2 —W

A a ..,
- [ @@ - 9580~ 2,

(5.76)
we have
[ (2), (7)) = GABz/dZ [/29;41—/29—/5))4(—/2)] =0
(5.77)
Finally, we obtain
@), T3 ) = g cami st (2 - ) (5.78)
[IT5(2), 5 ()] = 0. (5.79)

This result is also useful for further calculation but we already finish this exploration
for Hﬁ.

Let us continue consider the Hamiltonian density (5.37). Firstly we calculate

for trading out @ and R in this Hamiltonian by using H = *H. Then we have

(Q—R)4 = jﬂ[gQ]AB(Q +R)2, (5.80)
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By the second class constraint (5.54), we have 4 and R4 which are expressed as

Qu = jﬂ[f] aP)B) (I + ~ <aP)) (5.81)
R - jﬁ[ 2] 4 (I3 Z@’D)) (s + (6P)). (5.82)

Trading @ and R from Hamiltonian density, we have

H = —H?_ — Jo0 HA[gz]ABHB + 28[aH“beo + UAHQ T+ VT (583)

=

We use the Legredre transformation. The first-order Lagrangian is given as

L =TIABy P, + 112 + \j%nﬂfumi (5.84)

where 9,11%, II4, and n® vanished by their equation of motion from eq.(5.35) and
(5.55).

From the second class constraint, it is possible to define
a_ 1 d)A
ng = 2(33)", (5.85)
which corresponds to a second class constraint solution. So we have I14 as
T o,
s = 2((09) + (9P)]*. (5.86)

Substituting back to the Lagrangian, we obtain

_ 1 2 i goo ;77 2 B
£ = (@9) 80Pt 55((09)~(GP)) -+ 55~ (6)*+(OP)sLas((5)+(5P)"),
(5.87)
Let us gives the field redefinition which is imposed as
Pa=pat+toa,  ¢a=pa—oa, (5.88)

and

~—A 1 . —~—A 1 )
ap = —Eai/)BEAlB, Jo = —EaiO'BEAlB. (589)



66

Applying eq.(5.88) to the Lagrangian density, thus it becomes

L=~ o4+ 180 + 3 (3o on+ 3 @0 ou + 5(00) 64— 5 (80 5

+ 1 00 a5 (80" (5.90)

Then by using by-part integral to cancel the cross term, we have

£=—%(‘%) Gat 7 (30)2 (5p) m+ij& (B9 le%45(80)%,  (5.91)

where we define
T1E ——(80)0 + - (80) (5.92)
L, = Z(ap)ﬁ" + ﬁgoo(ap)abgacgbd(%)w- (5.93)

At this stage, it show us that the decoupling of unphysical and physical sector.
This result gives us that the quadratic Sen action relates to Henneaux-Teitelboim

action. However the unphysical sector has the wrong sign of kinetic term.

Furthermore, we consider only the sector of physical by giving the definition

Fijk = 30ipix), Foij = Gopij + 20450 (5.94)

From eq.(5.89), we have

~ 1 ;
FoA = ma‘ BFEp. (5.95)

As we define F' = dp, so eq.(5.95) becomes

~0A__L~0A
= \/__g(ap) . (5.96)

We calculate and rearrange the physical sector £, so we have

1 o |
L, —— 4Vg00 (FOB FOB>F0A[g2]BA. (5.97)

When we return the collective index to normal fashion, it is

1 Oabd 0ab Ocd
L, —— 4\/900 (F _F )F GncGbi, (5.98)

where this analogue to Henneaux-Teitelboim action [3] for physical sector.



CHAPTER VI

CONCLUSION

6.1 Summary

To summarize the result from the evaluation of Sen formalism, we have done
calculated the dimensional reduction of simply Sen quadratic in chapter 4. A

corresponding result, we obtain the 5-dimension Maxwell theory as
S = /de{——l—f L B (6.1)
4]’ 4p-m™ ’

where we explicitly can see that the unphysical decouples from the physical sector.

In the case of complete Mb5-brane action where we use the Green-Schwarz
formalism to induce the background fields from the supertarget spacetime. The
corresponding calculation of D4-brane action where we apply dual frame and field

redefinition so we have

L)) aipi -
S = /d5r <Z,l/)t(zb)’(7bi(j)77mnbj —e ¢\/——- det(’)’ab-l‘Fab)) —/(Cl +C3+Cé) /\eF,

(6.2)
where
Fab — aa,fqb - 8bAa = baba ‘ (63)
1
Cg =C5 — EB A Cs, (6.4)
P8 = 9, A% — 5,A), (6.5)

It is shown that as same as the 5-dimensional Maxwell theory, the unphysical field

decouples from physical one. While the dual D4-brane action, we choose difference
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components of P to be integrated out. Thus the action is given as

S= / &z ( Db Bpblin ™ — e=*v/~ det G

1 cd abmnp
24 e_4¢/3 6245/30.,;")/1-7 Cj Y Cye Enonabc>
+ [onr-cy-cy, (6.6)

where
& ¢ 7act” . E]k(')’db"‘e ¢CdCb)

Ga = Yab — 7€
~-7a’ 1+ e2¢C,y2C,

We can see as well as the D4—brane action above that this dual D4-brane action

(6.7)

has the unphysical field decouples from the physical sector.

As a result, the D4-brane and dual D4-brane action can be obtained from the
double dimensional reduction on a circle of the complete M5-brane action. This
can be realized that the D4-brane relates to the dual D4-brane action via which

components of P to be chosen and integrated out.

In the chapter 5, we apply the Hamiltonian analysis to the quadratic Sen

action. The final result, we have

L=~ (@) 6a+ (@) + 160 0a + 5 I G0 L@, (69
where we define
L= ~2(E0)6 + 2(30)? (6.9)
4 4
Lo = 2005 + T m(57) g0s1a ) (6.10)

This result gives us the detail that quadratic Sen action relates to Henneaux-
Teitelboim action [3]. We also further consider the physical sector of this La-

grangian £, . This term is given as

1 v—5 a 770ab \ 770c
£+ = 4 900 <FO b FO b)FO dgacgbd (611)
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This analysis gives us directly that the unphysical field surely separates from the
physical one. This confirms the corresponding result from previous chapter 4 that

we consider in the Lagrange formalism.

6.2 Future works

Further exploring the Sen formalism, the dimensional reduction is on the other
geometry such as T2, T2, Riemann surface, and K3. It can be expected that the
Sen action also gives rise to other action in string theory and M-theory. Moreover,
in the other kind of dimensional reduction, it is the null dimensional reduction

which could apply to Sen Mb5-brane action.

According to [35] where the two kind of metric is provided to discuss as two
diffeomorphism. And up coming [36], the diffeomorphism rules, the reduced phase
space sinceand shift vectors. Hopefully, to expand this result to full the Hamiltonian
is up to linear powers in lapse functions phase space on which the Hamiltonian is

a complicated function of lapse functions and shift vectors.

Further investigation whether the Sen formulation is related to the dual of
standard gauge-fixed PST formulation as well as the standard PST formulation at
the Lagrangian level. In particular, it is also interesting that Sen formalism is also

related to the clone field formulation [37].
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