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ABSTRACT

In this thesis, we investigates thermodynamic stability of black holes, including

to the Schwarzschild-de Sitter black hole and Schwarzschild-like black holes in the

Horndeski theory. We study thermodynamics of the vector-tensor Horndeski black

holes by using a proper black hole’s entropy, that is the Wald entropy. The vector-

tensor Horndeski black hole is classified into two types, viz. magnetic-Horndeski

black hole (MHBH) and electric-Horndeski black hole (EHBH). Since the solution

of MHBH is the analytic one, it allows us to investigate thermodynamic stability

together with the linear stability. For the EHBH, the solution is obtained from

numerical method. The thermodynamic stability can be considered solely. MHBH

and EHBH are thermodynamic stable with the similar conditions for value of cou-

pling constant. In case of the Schwarzschild-de Sitter black hole, we consider the

black hole with other statistics’ representation. The Rényi entropy is one that we

have chosen, because it can serve the zeroth law compatibility of thermodynam-

ics. By extending the phase space, the Schwarzschild-de Sitter black hole can be

thermodynamically stable in this representation.
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CHAPTER I

INTRODUCTION

1.1 OVERVIEW

On the gravity, in the past we would be reminded of Newton’s gravity which

concerns the force between objects that have mass. After Einstein proposed though

experiment such as Einstein’s equivalence principle, it led to a new concept for grav-

ity such that gravitation is caused by curvature of spacetime, then Einstein’s field

equation was formulated. This equation describes the relation between curvature

and matter (including properties of matter e.g. pressure and momentum, etc.) and

is given by

Rµν −
1

2
Rgµν = 8πGTµν ,

where Rµν is the Ricci tensor, R is the Ricci scalar, gµν is the metric tensor, Tµν is

the energy momentum tensor and G is Newton’s universal gravitational constant.

The first solution was proposed by Karl Schwarzschild called the “Schwarzschild

solution”. He applied spherical symmetry and static condition to Einstein’s field

equation. This solution implies mysterious objects which have intensive gravitation

that even the light cannot escape. We call these objects as “black holes”.

There are several investigations on the behavior of black holes. One of the

most simple features is the No-hair theorem which tells us black holes are described

by mass, charge, and angular momentum. Besides, black holes have a specific

behavior obeying the so called “black hole’s mechanical laws”. Coincidentally, the

black hole’s mechanical laws are similar to thermodynamic laws.

Bekenstein and Hawking proposed the temperature and entropy of black

holes based on Gibbs-Boltzmann statistics [1, 2, 3]. Temperature and entropy are
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given by

SBH =
A

4G
and TH =

κ

2π
,

where A is area of event horizon and κ is surface gravity. So, we can say that

black hole is thermodynamic objects. To study about existence of black holes via

a thermodynamics point of view, we need to consider on thermodynamic stability

of black holes. The stability analysis can be performed by considering the thermal

properties of a black hole, for example, heat capacity and compressibility, etc.

Nowadays, there are many unsolvable physical problems, such as accelerated

expanding of the Universe, the Inflation, the coincidence problem, etc. These

are not explained by General Relativity. Whereupon, physicists propose the new

theories for solving them, one of those is “modified gravity theories”. There are

several models of the modification theory of GR, and then black hole’s solutions are

possible to be found for a theory. Thereafter, the doubt was arisen, are they (black

hole’s solutions of modified theories of gravity) employ the Bekenstein-Hawking

entropy? The answer is “no”, because the derivation of SBH is based on only the

General Relativity [2, 4]. The formula of entropy in general theory of gravity might

be derived, and then Wald achieved that purpose [5]. Such entropy is known as

“Wald entropy” and given by

SW = −2π

∫
H

Xµνbµν , (1.1)

where bµν = 2N[µKν] is a binormal vector which Nµ and Kµ are normal vectors on

surface H. Here, the tensor Xµν is defined by

Xµν ≡ ελ1λ2µ3···µnE
µνλ1λ2

R , (1.2)

where the equation of motion tensor Eµνρσ
R is written by

Eµνρσ
R =

[
∂L

∂Rµνρσ

−∇µ1

∂L
∂ (∇µ1Rµνρσ)

+ · · ·
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+(−1)k∇µ1 · · ·∇µk

∂L
∂ (∇µ1 · · · ∇kRµνρσ)

]
, (1.3)

where L is the Lagrangian density and Rµνρσ is the Riemann tensor. Roughly

speaking, Wald entropy depends on the Riemann tensor which appears in the La-

grangian density. Consequently, SBH and SW are different in the non-minimal

coupling of gravity theory (there exits the interactions between gravity an others).

For example, the vector-tensor Horndeski theory which is given by following action

S =

∫
d4x

√
−g

(
1

16πG
R− 1

4
FµνF

µν + βLµναβFµνFαβ

)
(1.4)

where g is the determinant of gµν , Fµν is the field strength tensor and β is the

coupling constant. Here, Lµναβ is the double dual Riemann tensor,

Lµναβ =
1

4
ϵµνρσϵαβγδRρσγδ. (1.5)

This theory is expected whether it would be done for the cosmological unsolvable

problem [6, 7, 8, 9, 10]. Moreover, it is the most general theory for second-order

equation of motion [11, 12, 13, 14]. According to reference [15], the black hole in

such theory, so-called “vector-tensor Horndeski black hole”, is linearly stabilities.

Combining with thermodynamic stability, we will be able to conclude that the

Horndeski black hole can exist by itself in the nature. Furthermore, the black

hole image from the Event Horizon Telescope [16, 17, 18, 19, 20, 21] might be the

Horndeski black hole. For that reason, the vector-tensor Horndeski theory might

be the proper theory for solving the unsolvable one.

Nevertheless, the Bekenstein-Hawking entropy obeys the Gibbs-Boltzmann

statistics, in other words

SBH = SGB, (1.6)

where SGB is the Gibbs-Boltzmann entropy. According to eq.(1.1), black hole’s

entropy depends on the horizon area, and then it is not an additive entropy,

S12 ̸= S1 + S2. (1.7)
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The consequence is that such an entropy is not the extensive one. Meanwhile,

Gibbs-Boltzmann entropy in thermodynamics is both additivite and extensive.

Furthermore, the zeroth law of thermodynamics requires the property of additivity

[22]. Thus, the entropy Gibbs-Boltzmann statistics is quite not suitable to describe

Bekenstein-Hawking entropy. We need to interpret black hole’s entropy with an-

other type of statistics. One chooses the Tsallis entropy for a representation of the

Bekenstein-Hawking entropy [23, 24, 25, 26, 27]. It is reasonable because both of

them are the non-extensive and non-additive entropy. To recover the zeroth law

of thermodynamics, the Tsallis entropy is not enough. The formal logarithm map

gives us the additive version of the Tsallis entropy, that is “Rényi entropy” [28].

The black hole’s entropy in this representation is defined by

Sbh = SR =
1

λ
ln (1 + λSBH), (1.8)

where λ is the non-extensive parameter. It is called “black hole’s Rényi entropy”.

In this representation, the Rényi entropy can stabilize black holes, for example,

Schwarzschild black hole as shown in reference [23].

In the present, the most successful model for explanation of accelerated

expanding Universe is the ΛCDM model. The action of this theory is given by

S =

∫
d4x

√
−g

(
1

16πG
R− Λ

)
, (1.9)

where Λ is the cosmological constant. The expansion of Universe is described by the

positive cosmological constant, corresponding to de Sitter spacetime. However, the

Schwarzschild-de Sitter black hole is thermodynamically unstable in Bekenstein-

Hawking entropy [29]. It is possible that the Schwarzschild-de Sitter black hole in

the Rényi’s representation is thermodynamically stable.

According to title of the thesis, entropies and thermodynamic stability of

black holes, it relates to black hole thermodynamics. The background of this area

includes general relativity and thermodynamics, and then they will be presented
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in chapter 2. After solving the solutions of Einstein’s field equation in various

situation, a black hole and its mechanical laws would be presented in chapter 3. To

studying thermodynamics of black hole, we will talk about this topic through the

black hole’s entropies in chapter 4. Thermodynamics of black holes in a modified

gravity theory which is the vector-tensor Horndeski theory is presented in chapter

5. Thermodynamics of Schwarzchild-de Sitter black hole with black hole’s Rényi

entropy is studied in chapter 6. In the end of thesis, chapter 7, we will summarize

what we found in this research.

1.2 OBJECTIVE

1. Investigation of thermodynamic stability of the vector-tensor Horndeski black

holes and comparison with linear stability.

2. Investigation of thermodynamic stability in Rényi’s representation of the

Schwarzschild-de Sitter black hole along with formulating the first law of

thermodynamics of such a black hole.



CHAPTER II

THEORIES

2.1 GENERAL RELATIVITY

2.1.1 Accelerated Frame

Special Relativity (SR) describes motion of an object in the different frames

where those frames have relatively uniform velocity to each other. From SR, we

found some strange features, for example, length contraction and time dilation.

What about a relatively accelerated frame?

g g
a g

Figure 1 Weak Equivalent Principle.

From Figure 1, the observer in the rocket would see the ball moving down-

ward with acceleration. Incidentally, it is the same as the observer dropping the

ball in a rest frame on the gravitation field. Therefore, the acceleration and gravity

are equivalent. Moreover, when we talk about the rest frame, we cannot distinguish

that we are in the freely falling frame in a gravitational field or absolutely empty

space, as illustrated in Figure 2.

Note that, the above equivalence valids only in small enough regions. For

the case of two particles that are far away enough, they are falling by the influ-

ence of the gravitational field, an observer in this frame will see the particles move

toward each other. This is the effect of tidal force because the direction of gravi-
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a=g
g

a=g

Figure 2 Einstein’s elevator thought experiment.

tational force direct to center of mass of source, as shown in figure 3.

Ftidal

global frame

Figure 3 The effect of tidal in the global frame.

The above equivalence is called the “Weak Equivalence Principle” or WEP

which states that “The motion of freely-falling particles are the same in a gravita-

tional field and uniformly accelerated frame, in small enough regions of spacetime”.

Another description of WEP is realized by considering dropping particles. A free

falling object described by Newton equation as follows

F⃗ = mia⃗ = −mg∇⃗Φ.

where F⃗ is the exerted force on the object, mi is inertial mass, a⃗ is the acceleration

of the object, mg is gravitational mass and Φ is the gravitational potential. Then,

a⃗ = −mg

mi

∇⃗Φ.
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WEP implies that

a⃗ = −∇⃗Φ.

Therefore, we obtain

mi = mg.

This is another definition of WEP. Moreover, the Pisa experiment states that “The

motion of a gravitational test particle in a gravitational field is independent of its

mass and composition”.

Einstein generalized the idea of WEP to be Einstein’s Equivalence Principle

(EEP) which states that “Laws of physics reduce to those of SR since it is impossible

to detect the existence of a gravitational field by means of local experiments”.

According to EEP together with Figure 2, in freely falling frame we cannot claim

that we are in a place with gravitational field or not. We need to redefine the

definition of the inertial frame, that is the inertial frame is an “unaccelerated”

frame where accelerated means free-falling by influence of only gravity. In this

sense, the definition of the initial frame can be generalized as “freely-falling frame”.

a = g a = g

light source light source

Observation of outside observer Observation of observer in elevator

Figure 4 Curved trajectory of light.

Moreover, Einstein proposed a new concept of gravity. To show this concept,

let us consider the thought experiment as shown in Figure 5.
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z

g

z

a

a

Figure 5 Light wave in accelerated frame and gravitational field.

From this figure, the observer in an elevator see the trajectory of light as

curved line. And the outside observer sees the trajectory of the light as a straight

line. We can think that spacetime in the accelerated frame (or gravitation) may be

curved and causes the curved trajectory of light. As the WEP, we cannot measure

a gravity in freely-falling frame even if it exists. Thus, gravity might be described

by the concept of curved spacetime, because everything cannot avoid influence of

gravity which is like the existence of curvature of spacetime.

To visualize gravity as the curvature of spacetime, we will consider the

gravitational redshift as illustrated in Figure 4. From the left panel of Figure 4, the

first rocket sends a photon to the second one where the time for photon travelling

is ∆t = z
c

where z and c are the distance between rockets and c is the speed of light,

respectively. The second rocket has increasing of velocity as ∆v = a∆t = az
c

where

a is the acceleration of rockets. Thus the photon will be redshifted by Doppler

effect
∆λ

λ0

=
∆v

c
=

az

c2
,

where λ0 is the wavelength of photon which observed by the observer in the first

rocket. The different of the wavelengths which observed by the observers in the
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first and second rockets is denoted by ∆λ.

The right panel of Figure 4 should have the same phenomena because they

obey WEP (gravity is acceleration locally),

∆λ

λ0

=
∆v

c
=

gz

c2
.

This implies that even the rest frame in gravitational field, there is redshift effect.

From the left panel of Figure 4, if the source emits one photon with a certain

wavelength, the time which is observed by the tower’s observer is ∆t = λ
c
. We

found that the period of photon which is observed by the tower’s observer is longer

than one in the source as follows

∆t =
λ

c
=
(gz
c2

+ 1
) λ0

c
> ∆t0.

This implies that the time at a different position in gravitational field are different.

In other words, the spacetime which photon travels through is curved. Therefore,

gravity can be represented by curvature of spacetime.

2.1.2 Manifolds

As previously discussion, the gravity is the curvature of spacetime. In this

section, we would like to find out a mathematical description of curvature of space-

time, that is a “manifold”. An informal concept of a manifold is a space that may

be curved or having complicated topology but in local region looks like Euclidean

space Rn. The definition of a manifold is compatible with curved spacetime. Such

a spacetime is curved spacetime but locally flat. Some examples of manifold are

shown in Figure 6. The sphere and the torus is sewing with Euclidean space R2.

Obviously, a flat plane is also a manifold.

2.1.2.1 Objects on the manifold

Since many physical quantities can be defined via vectors, it is important

to investigate how to define the vector and tensor in the manifold. In Euclidean
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(a) Sphere (b) Torus (c) Flat plane

Figure 6 Examples of the manifold.

geometry, the vector is a quantity that has both magnitude and direction. For

curved manifolds, the vector is just an object associated with a single point on

manifold. Let us consider the curve γ = γ(λ) which is parametrized by λ. This

curve passes through a point p in manifold then the vector in this sense is a “tangent

vectors to curve at point p” and a (tangent) vector space is the collection of all

tangent vectors passing through point p. Considering a scalar function f(x), at

point p in some coordinate system xµ, the change of the function f(x) can be

written as

d

dλ
f =

d

dλ
f(xµ(λ)) =

dxµ

dλ

∂f

∂xµ
. (2.1)

Let us treat ∂
∂xµ as a basis known as coordinate basis, then we can write the vector

in the form as

V =
∂xµ

∂λ
∂µ = V µ∂µ, (2.2)

where ∂xµ

∂λ
can be treated as a component (after this we will call it as vector)

and ∂µ = ∂
∂xµ as a basis. Under general coordinate transformation xµ → xµ′ , the

component of vector in a new coordinates xµ′ is written as follows

V µ′
=

∂xµ′
(x)

∂λ
=

∂xµ′

∂xµ

∂xµ

∂λ
=

∂xµ′

∂xµ
V µ. (2.3)

This is the formula of general coordinate transformation of a (component) vector.
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For the basis in the coordinate xµ′ , it is written by

∂µ′f(x) =
∂xµ

∂xµ′ ∂µf(x). (2.4)

Thus a vector in the coordinate xµ′ can be expressed by

V ′ = V µ′
∂µ′ =

(
∂xµ′

∂xµ
V µ

)(
∂xµ

∂xµ′ ∂µ

)
= V, (2.5)

where one used the eq.(2.2), (2.3) and (2.4). This implies that a vector is invariant

under general coordinate transformation which is the important property of such

a mathematical object.

In order to obtain a product of vector, it is useful to introduce a mapping

as follows

ω : Tp → R, (2.6)

where Tp is the tangent space at point p. This object is in “cotangent space” T ∗
p ,

and called “dual vector” or covariant vector. A dual vector can be written by

ω = ωµdx
µ, (2.7)

where dxµ is a basis of the dual vector and ωµ is a component of the dual vector.

The example of a dual vector is the gradient of a function f(x) which is expressed

as following

df =
∂f

∂xµ
dxµ, (2.8)

where ∂f
∂xµ is the component of the dual vector df . The transformation law of a

dual vector can be derived by considering the transformation of the gradient of a

function f . Under general coordinate transformation xµ → xµ′ , the gradient of a

function f in the new coordinate xµ′ is written by

df ′ =
∂f(x)

∂xµ′ dxµ′
(x) =

(
∂xµ

∂xµ′

∂f

∂xµ

)(
∂xµ′

∂xµ
dxµ

)
. (2.9)
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This can infer that the transformation of the component and basis of a dual vector

is written as follows

ωµ′ =
∂xµ

∂xµ′ ωµ, (2.10)

dxµ′
=

∂xµ′

∂xµ
dxµ. (2.11)

Moreover, the eq.(2.9) implies that a dual vector is also invariant under the general

coordinate transformation. Let us consider the mapping in eq.(2.6) of vector and

dual vector. We obtain

ω(V ) = ωµdx
µ(V ν∂ν)

= ωµV
νdxµ(∂ν)

= ωµV
νδµν

= ωµV
µ ∈ R,

where dxµ(∂ν) =
dxµ

dxν = δµν .

The generalization of vectors and dual vectors is the “tensor” which can be

written as follows

T = T µ1µ2...µn
ν1ν2...νm

∂µ1 ⊗ ...⊗ ∂µn ⊗ dxν1 ⊗ ...⊗ dxνm , (2.12)

where ⊗ is the tensor product. This is called tensor rank (n,m) where T µ1µ2...µn
ν1ν2...νm

is a component. The transformation law of the tensor is given by

T
µ′
1µ

′
2...µ

′
n

ν′1ν
′
2...ν

′
m

=
∂xµ′

1

∂xµ1
...
∂xµ′

n

∂xµn

∂xν1

∂xν′1
...
∂xνm

∂xν′m
T µ1µ2...µn

ν1ν2...νm
. (2.13)

Moreover, there is a special class of a tensor which is totally antisymmetrized tensor

rank (0,m),

α ≡ αµ1µ2···µmdx
µ1 ∧ dxm2 ∧ · · · ∧ dxµm , (2.14)

where ∧ is the wedge product which is the antisymmetrized tensor product. It

is called “differential m−form”, or “m−form”. Vector, dual vector and tensor are
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object on a manifold. In the next section, we will present structure of a manifold

and an operation on a manifold.

2.1.2.2 Structure of manifolds

The gravity can be described by the curvature of spacetime. In order to see

the structure of curved spacetime, it is useful to introduce “metric tensor” , gµν ,

via the distance in the manifold or spacetime interval as follows

ds2 = gµνdx
µdxν . (2.15)

In flat Minkowski spacetime, the interval for this spacetime can be written by

ds2 = ηµνdx
µdxν = −(dt)2 + (dx)2 + (dy)2 + (dz)2. (2.16)

For spherical coordinates, it is given by

ds2 = −(dt)2 + (dr)2 + (rdθ)2 + (r sin θdϕ)2. (2.17)

They are metrics for the flat spacetime but difference coordinate systems. For

curved spacetimes, the simplest example is 2-sphere and the metric can be found

by

ds2 = (dθ)2 + (sin θdϕ)2. (2.18)

Furthermore, the metric can be used to define the dot product (or inner

product) as follows

W · V = gµνW
µV ν , (2.19)

where gµν is the inverse of gµν . We can use the metric for “raising” and “lowering”

index as

Wν = gµνW
µ and W ν = gµνWµ.

Another property of the metric tensor is

gνρg
ρµ = gσνg

σµ = δµν .
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Moreover, the metric is symmetric tensor,

gµν = gνµ and gµν = gνµ.

2.1.2.3 Derivative

Since many physical quantities are rate of change, for example, acceleration

is the rate of change of velocity with respect to time, the derivative operator must

be properly defined. Let us start with considering the partial derivative of a vector

V ,

∂V

∂xν
=

∂

∂xν
(V µ∂µ).

The concept of derivative is the comparison between two vectors in different points

in manifold. The basis of such two vectors are in different tangent spaces. Therefore

it is useful to define “connection”, Γρ
µν , between two bases as follows

∂

∂xν
(V µ∂µ) =

(
∂V µ

∂xν

)
∂µ + V µ

(
∂

∂xν
∂µ

)
=

(
∂V µ

∂xν

)
∂µ + V µ

(
Γρ
µν∂ρ

)
. (2.20)

Note that this object is not tensor because it does not transform like a tensor which

is given by

Γν′

µ′λ′ =
∂xµ

∂xµ′

∂xλ

∂xλ′

∂xν′

∂xν
Γν
µλ −

∂xµ

∂xµ′

∂xλ

∂xλ′

∂2xν′

∂xµ∂xλ
. (2.21)

Then eq.(2.20) can be rearranged

∂

∂xν
(V µ∂µ) =

(
∂V µ

∂xν

)
∂µ +

(
Γρ
µνV

µ
)
∂ρ =

(
∂V ν

∂xµ
+ Γµ

ρνV
ρ

)
∂µ = (∇µV

ν)∂µ.

As a result, we can define the “covariant derivative”, ∇µ,

∇µV
ν ≡ ∂V ν

∂xµ
+ Γµ

ρνV
ρ. (2.22)

The covariant derivative is invariant under general coordinate transformation. The

operation ∇µV
ν transforms as (1,1) tensor ,

∇µ′V ν′ =
∂xµ

∂xµ′

∂xν′

∂xν
∇µV

ν . (2.23)
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Since this quantity transforms as a tensor, the covariant derivative of a tensor is in-

variant under general coordinate transformation which it is the important property

in GR. Meanwhile, the partial derivative cannot serve such a property. To obtain

the expression of covariant derivative of a dual vector, we consider the covariant

derivative of a scalar, ϕ = AµBµ. One have

∇νϕ = ∂νϕ,

∇ν(A
µBµ) = ∂ν(A

µBµ)

= (∂νA
µ)Bµ + Aµ(∂νBµ). (2.24)

Substituting equation eq.(2.22) into eq.(2.24), we obtained

∇ν(A
µBµ) = (∂νA

µ)Bµ + Aµ(∂νBµ)

= (∇νA
µ − Γµ

ρνA
ρ)Bµ + Aµ(∂νBµ),

Aµ(∇νBµ) + (∇νA
µ)Bµ =

[
Aµ(∂νBµ)− Γµ

ρνA
ρBµ

]
+Bµ∇νA

µ,

Aµ(∇νBµ) = Aµ(∂νBµ)− Γµ
ρνA

ρBµ

= Aµ(∂νBµ)− Γρ
µνA

µBρ.

As a result, we obtain the covariant of dual vector as follows

∇νBµ = ∂νBµ − Γρ
µνBρ.

We can generalize the covariant derivative to the (k, l) tensor as

∇σT
µ1µ2...µk

ν1ν2...νl
= ∂σT

µ1µ2...µk
ν1ν2...νl

+ Γµ1

σλT
λµ2...µk

ν1ν2...νl
+ Γµ2

σλT
µ1λ...µk

ν1ν2...νl
+ ...

− Γλ
σν1

T µ1µ2...µk

λν2...νl
− Γλ

σν2
T µ1µ2...µk

ν1λ...νl
− .... (2.25)

In GR, there are assumptions for connection and metric tensor following

• Spacetime is “torsion free” : Γρ
µν = Γρ

νµ.

• The metric obeys “metric compatibility” : ∇ρgµν = 0.
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According to metric compatibility, we have

∇ρgµν = ∂ρgµν − gλνΓ
λ
ρµ − gµλΓ

λ
ρν = 0, (2.26a)

∇µgνρ = ∂µgνρ − gλρΓ
λ
µν − gνλΓ

λ
νρ = 0, (2.26b)

∇νgρµ = ∂νgρµ − gλµΓ
λ
νρ − gρλΓ

λ
µν = 0. (2.26c)

Considering eq.(2.26a) - eq.(2.26b) - eq.(2.26c), we obtained

∂ρgµν − ∂µgνρ − ∂νgρµ + 2gρλΓ
λ
µν = 0,

where the torsion-free condition is also used. Then contracting with gρα,the con-

nection can be written in terms of metric tensor as

Γρ
µν =

1

2
gρα (∂µgνα + ∂νgαµ − ∂αgµν) . (2.27)

This connection is called “Christoffel symbols” which is special kind of connection.

2.1.2.4 Integration

The key issue of the General Relativity is that physics does not change under

general coordinate transformation. The appropriated objects such as tensors and

covariant derivative are well defined in this theory. It is worthwhile to investigate

the proper integral form which is invariant under general coordinate transformation

in this theory.

The volume element dnx which is not invariant under general coordinate

transformation can be expressed by following

dnx′ =

∣∣∣∣∂xµ′

∂xµ

∣∣∣∣ dnx, (2.28)

where
∣∣∂xµ′

/∂xµ
∣∣ is the determinant of the Jacobian matrix ∂xµ′

/∂xµ. In order

to redefine the proper volume element, one can construct the element dnx from a

vector element dxµ with using a wedge product. The wedge product can be defined

as antisymmetrized tensor product mapping p−form and q−form to (p+ q)−form.

For example, the wedge of Aµ1···µp and Bµ1···µq is written by

(A ∧ B)µ1···µp+q
=

(p+ q)!

p!q!
A[µ1···µpBµp+1···µp+q ]. (2.29)
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Figure 7 visualizes the geometrical interpretation of the wedge product of vectors.

For the wedge products of 2 and 3 vectors, they represent an area and a volume,

B⃗

R⃗

G⃗B⃗

R⃗

Figure 7 Examples of the result of the wedge product.

respectively. Then, the volume element can be defined by

dnx ≡ dx0 ∧ dx1 ∧ · · · ∧ dxn−1. (2.30)

Since the product of wedge operator is antisymmetric, then we can write the volume

element dnx as following

dx0 ∧ · · · ∧ dxn−1 =
1

n!
ϵ̃µ1···µndx

µ1 ∧ · · · ∧ dxµn , (2.31)

where ϵ̃µ1···µn is the Levi-Civita symbol defined by

ϵ̃µ1···µn =


1 if µ1 · · ·µn is an even permutation of 01 · · · (n− 1)

−1 if µ1 · · ·µn is an odd permutation of 01 · · · (n− 1)

0 otherwise.

(2.32)

The factor 1/n! exists for over counting by summation over permutation of the

indices. The Levi-Civita symbol transforms under coordinate transformation as

follows [30]

ϵ̃µ′
1···µ′

n
=

∣∣∣∣∂xµ′

∂xµ

∣∣∣∣ ∂xµ1

∂xµ′
1
· · · ∂x

µn

∂xµ′
n
ϵ̃µ1···µn . (2.33)

The ϵ̃µ1···µn does not transform like a tensor in eq.(2.13), this is a reason why it is

called “symbol”. Then, the coordinate transformation of eq.(2.31) can be written
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by

ϵ̃µ1···µndx
µ1 ∧ · · · ∧ dxµn =

(∣∣∣∣ ∂xµ

∂xµ′

∣∣∣∣ ∂xµ′
1

∂xµ1
· · · ∂x

µ′
n

∂xµn
ϵ̃µ′

1···µ′
n

)
(
∂xµ1

∂xµ′
1
· · · ∂x

µn

∂xµ′
n
dxµ′

1 ∧ · · · ∧ dxµ′
n

)
=

∣∣∣∣ ∂xµ

∂xµ′

∣∣∣∣ ϵ̃µ′
1···µ′

n
dxµ′

1 ∧ · · · ∧ dxµ′
n , (2.34)

where we have used
∣∣∂xµ′

/∂xµ
∣∣−1

=
∣∣∂xµ/∂xµ′∣∣. This implies that the volume

element dnx is not invariant under general coordinate transformation. We can con-

struct the proper volume element ε which is invariant under coordinate transfor-

mation by introducing the metric’s determinant. Let’s us consider the determinant

of the following equation,

gµν =
∂xµ′

∂xµ

∂xν′

∂xν
gµ′ν′ . (2.35)

Then the determinant of metric gµν transforms as

g(x) =

∣∣∣∣∂xµ′

∂xµ

∣∣∣∣2 g(x′). (2.36)

Since the determinant of metric transforms by square of Jacobian, one can use the

square root of metric’s determinant to obtain the proper volume as follows

√
−g(x)ϵ̃µ1···µndx

µ1 ∧ · · · ∧ dxµn =

(∣∣∣∣∂xµ′

∂xµ

∣∣∣∣√−g(x′)

)
(∣∣∣∣ ∂xµ

∂xµ′

∣∣∣∣ ϵ̃µ′
1···µ′

n
dxµ′

1 ∧ · · · ∧ dxµ′
n

)
=
√

−g(x′)ϵ̃µ′
1···µ′

n
dxµ′

1 ∧ · · · ∧ dxµ′
n . (2.37)

Indeed, one can define the Levi-Civita tensor from the Levi-Civita symbol by using

square root of the metric’s determinant as follows

ϵµ1···µn =
√
−gϵ̃µ1···µn (2.38)

Thus, the proper volume element ε is defined by
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ε ≡ 1

n!
ϵµ1···µndx

µ1 ∧ · · · ∧ dxµn

=
√
−gϵ̃01···n−1dx

0 ∧ dx1 ∧ · · · ∧ dxn−1

=
√
−gdnx, (2.39)

where eq,(2.30) and (2.32) are used. The integral I of scalar function ϕ(x) is written

as

I =

∫
ϕ(x)ε

=

∫
ϕ(x)

√
−gdnx. (2.40)

In the language of differential form, the integral of n−form ω = ωµ1···µndx
µ1∧

· · · ∧ dxµn over n−dimensional region Σ which is a submanifold of manifold M, is

mapping from n−form to (n−m)−form Ω = Ωµ1···µn−mdx
µ1 ∧ · · · ∧ dxµn−m ,∫

Σ

: ω → Ω. (2.41)

The integration of ωµ1···µn over m−dimensional region Σ is written by

Ω =

∫
Σ

ω (2.42)

=

∫
Σ

ωµ1···µndx
µ1 ∧ · · · ∧ dxµm . (2.43)

From the integration in eq.(2.40), one can treat the scalar function ϕ(x) as the

n−form by absorbing the Levi-Civita tensor as follows

ϕ ≡ ϕ(x)µ1···µndx
µ1 ∧ · · · ∧ dxµn

= ϕ(x)ϵµ1···µndx
µ1 ∧ · · · ∧ dxµn . (2.44)

By using this language, the integrand in eq.(2.40) can be obtained as follows
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∫
Σ

ϕ =

∫
Σ

ϕµ1···µndx
µ1 ∧ · · · ∧ dxµn

=

∫
Σ

ϕ(x)ϵµ1···µndx
µ1 ∧ · · · ∧ dxµn

=

∫
Σ

ϕ(x)
√
−gϵ̃01···n−1dx

0 ∧ dx1 ∧ · · · ∧ dxn−1

=

∫
Σ

ϕ(x)
√
−gdnx. (2.45)

This expression corresponds to the integration in eq.(2.40).

2.1.2.5 Geodesics

Since the covariant derivative is the change of the vector from one point

to other point in curved spacetime, it is useful to define the moving of the vector

between such two points via covariant derivative. If the vector is moved to some

point without a change with respect to the vector at the origin, such moving is

called “parallel transport”, illustrated in Figure 8.

γ(λ)V (p)

V (p)parallel
V (q)

∇V ∼ V (q)− V (p)parallel

Figure 8 Difference between the vector and its parallel transport.

The parallel transported is transportation of a vector which keeps the vector

constant, this depends on the path that we move. Since the parallel transport

depends on path parameterized by λ, one can define the “directional covariant

derivative” as

D

dλ
=

dxµ

dλ
∇µ. (2.46)

As a result, the parallel transport can be defined via the directional derivative as
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follows

D

dλ
V µ =

dxρ

dλ
∇ρV

µ = 0. (2.47)

Then eq.(2.47) can be rearranged by

dxρ

dλ
∇ρV

µ =
dxρ

dλ

(
∂V µ

∂xρ
+ Γµ

σρV
σ

)
0 =

d

dλ
V µ + Γµ

σρ

dxρ

dλ
V σ. (2.48)

This is called “equation of parallel transport”. In flat spacetime, Γρ
µν = 0, eq.(2.48)

reduces to

d

dλ
V µ = 0. (2.49)

By treating the vector as the tangent vector, V µ = dxµ

dλ
, we have

d

dλ

dxµ

dλ
= 0. (2.50)

Along a straight line, the tangent vector will unchange, as illustrated in Figure 9,

so that parallel transport of the tangent vector can give us the shortest path in the

flat spacetime. In the same manner, for the curved spacetime, the shortest path

straight line path

dxµ

dλ

Figure 9 Shortest path in flat space.

can be defined as parallel transport of the tangent vector as follows

d

dλ

dxµ

dλ
+ Γµ

σρ

dxρ

dλ

dxσ

dλ
= 0. (2.51)

This generalization of the shortest path for curved spacetime is called “geodesic”.

Furthermore, The parameter λ which satisfies the geodesics equation is called affine

parameter. On other words, the geodesics is parametrized by affine parameter.
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2.1.2.6 Symmetry

It is interesting to investigate the symmetry of spacetime, and it is useful to

consider the Lie derivative of a vector A along the direction of a vector u defined

by

L̂uA
µ ≡ uρ∇ρA

α − Aρ∇ρu
µ. (2.52)

For the dual vector, the Lie derivative is given by

L̂uBµ = uρ∇ρBµ +Bρ∇µu
ρ. (2.53)

The Lie derivative of the (m,n) tensor T µ1···µm
ν1···νn is then

L̂uT
µ1···µm

ν1···νn = uρ∇ρT
µ1···µm

ν1···νn − T ρ···µm
ν1···νn ∇ρu

µ1 − · · ·

+ T µ1···µm
ρ···νn ∇ν1u

ρ + · · · . (2.54)

If the Lie derivative of metric tensor gµν vanishes, spacetime will admit

symmetry infer from the vector u. We can find the spacetime symmetry via the

metric tenor by using the Lie derivative as follows

L̂Kgµν = ∇µKν +∇νKµ = 0. (2.55)

The reference vector K obeyed in eq.(2.55) is called “Killing vector”. The existence

of the Killing vector implies the existence of spacetime symmetry. Moreover, the

Killing vectors can infer the conserved quantities along the geodesic, suppose that

vµ is the tangent vector along the curve parametrized by λ, then

d

dλ
(vνKν) = ∇ρ(v

νKν)
∂

∂λ
xρ = Kνv

ρ∇ρv
ν + vρvν∇ρKν .

For the first term, it corresponds to geodesic equation (2.51). According to eq.(2.55),

∇νKν is antisymmetric, the second term vanishes because uµuν is symmetric. Thus

d

dλ
(vνKν) = 0. (2.56)
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Moreover, the Killing vectors can be refered to conserved quantities of particle in

such spacetime. For example, spacetime which admits the spherical symmetry and

static condition is described by the metric as follows

ds2 = −A(r)dt2 +B(r)dr2 + r2dθ2 + r2 sin2 θdϕ2,

where A and B are a function of radius r. Obviously, them metric is independent,

so that the Killing vectors which satisfy eq.(2.55) can be written as

Kµ
(t) =

∂xµ

∂t
and Kµ

(ϕ) =
∂xµ

∂ϕ
. (2.57)

As a result, the conserved quantities for such Killing vectors are expressed as

E = −vνK
ν
(t) and l = vνK

ν
(ϕ), (2.58)

where vµ is the tangent vector. If vµ is the four-velocity of particle on geodesic,

then E and l are energy and angular momentum per mass, respectively.

The existence of the timelike Killing vector, Kµ
(t), is infered from the static

condition corresponding to time translation invariance. For the rotational invari-

ance, there exists the spacelike Killing vector, Kµ
(ϕ), corresponding to spherical

symmetry of spacetime.

2.1.3 Curvature

We are dealing a “curved” manifold, then our next task is to measure the

curvature of the manifold. To visualize, let us consider a vector moving along a

different paths to the same final point as shown in Figure 10. From this figure, one

can see that the initial vector and the final vector are different. Therefore, it is

possible to measure the curvature by measuring the different of the vectors at the

final point. This corresponds to the commutator of the covariant derivative because

the covariant derivative of tensor in certain direction measures how much the vector

changes relative to what it would have been if it had been parallel transported, Then

the commutator measures the difference between parallel transporting the vector
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V ρ ∇µ

∇µ

∇ν

∇ν

δV ∼ [∇µ,∇ν ]V
ρ

Figure 10 Difference between parallel transport vectors along different

paths.

first one way and then the other, versus the opposite ordering. As a result, the

commutator of the covariant derivative to a vector can be written as

[∇µ,∇ν ]V
ρ = ∇µ∇νV

ρ −∇ν∇µV
ρ

= ∂µ(∇νV
ρ)− Γλ

µν(∇λV
ρ) + Γρ

λµ(∇νV
λ)

− ∂ν(∇µV
ρ) + Γλ

νµ(∇λV
ρ)− Γρ

λν(∇µV
λ)

= ∂µ(∇νV
ρ)− ∂ν(∇µV

ρ) + Γρ
λµ(∇νV

λ)− Γρ
λν(∇µV

λ)

= ∂µ∂νV
ρ + ∂µ(Γ

ρ
λνV

λ)− ∂ν∂µV
ρ − ∂ν(Γ

ρ
λµV

λ)

+ Γρ
λµ∂νV

λ + Γρ
λµΓ

λ
σνV

σ − Γρ
λν∂µV

λ − Γρ
λνΓ

λ
σµV

σ

= (∂µΓ
ρ
λν)V

λ − (∂νΓ
ρ
λµ)V

λ + Γρ
λµΓ

λ
σνV

σ − Γρ
λνΓ

λ
σµV

σ

=
(
∂µΓ

ρ
λν − ∂νΓ

ρ
λµ + Γρ

σµΓ
σ
λν − Γρ

σνΓ
σ
λµ

)
V λ. (2.59)

Thus the quantity in parentheses can describe the spacetime curvature. It is called

“Riemann tensor” and given by

Rρ
λµν ≡ ∂µΓ

ρ
λν − ∂νΓ

ρ
λµ + Γρ

σµΓ
σ
λν − Γρ

σνΓ
σ
λµ. (2.60)

Clearly, in flat spacetime, Γρ
λν = 0, then Riemann tensor vanishes. Furthermore,

Riemann tensor has properties as follows

1. Rρσµν = −Rσρµν : Antisymmetric under first two indices,

2. Rρσµν = −Rρσνµ : Antisymmetric under last two indices,
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3. Rρσµν = Rµνρσ : Symmetric under first and second pairs of indices,

4. Rρσµν+Rρνσµ+Rρµνσ = 0 : Cyclic permutations of last three indices vanishes.

These reduce the number of independent components of the Riemann tensor from

n4 to 1
12
n2(n2 − 1), so for four-dimensional spacetime, it has 20 independent com-

ponents. Another important property is the “Bianchi identity” which is written

as

∇[λRρσ]µν = 0.

It can be written in another expression as follows

∇[λRρσ]µν =
1

6
(∇λRρσµν +∇σRλρµν +∇ρRσλµν

−∇λRσρµν −∇σRρλµν −∇ρRλσµν)

=
1

3
(∇λRρσµν +∇σRλρµν +∇ρRσλµν) ,

∇ρRµνλσ +∇σRµνρλ +∇λRµνσρ = 0, (2.61)

where we used Rρσµν = −Rσρµν . It is possible to define other tensors by contracting

the indices of the Riemann curvature tensor as follows

Rσ
µσν ≡ Rµν and R = gµνRµν , (2.62)

where Rµν is a symmetric tensor called “Ricci tensor” and R is called “Ricci

scalar”. Contracting gµλ to the Bianchi equation, (2.61), we obtain

gµλ (∇ρRµνλσ +∇σRµνρλ +∇λRµνσρ) = 0,

∇ρR
λ
νλσ +∇σR

λ
νρλ +∇λR

λ
νσρ = 0. (2.63)

Contracting it again with gνσ, one obtains

gνσ
(
∇ρRνσ −∇σRνρ +∇λR

λ
νσρ

)
= 0,

∇ρR−∇νRνρ +∇λ

(
gνσgλαRανσρ

)
= 0. (2.64)
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The third term of the above equation can be expressed as

gνσgλα∇λRανσρ = −gλα∇λR
σ
ασρ = −∇αRαρ.

Substituting the above equation to eq.(2.64), we obtain

∇ρR− 2∇νRνρ = ∇νgνρR− 2∇νRνρ = 0,

∇ν

(
Rνρ −

1

2
Rgρν

)
= 0. (2.65)

The term in the bracket is defined as “Einstein tensor”, then we have

Gµν ≡ Rµν −
1

2
Rgµν and ∇µGµν = 0. (2.66)

2.1.3.1 Curvature and Matter

As we mentioned before, gravity can be described by the curvature of space-

time, and matter causes gravity. So our equation should manifest the relation of

matter and the curvature of spacetime. The energy-momentum tensor is a tensorial

quantity that sufficiently describes properties of matter. We have many choices to

describe spacetime curvature. The equation can be simply written as an arbitrary

function of Rρ
σµν , Rµν , R as

f(Rρ
σµν , Rµν , R) = κTµν .

Since Tµν is symmetric and conserved,

∇µT
µν = 0,

the left-hand side should have the same property. Fortunately, the tensor satisfying

such the property is Einstein tensor as defined in eq.(2.66). Therefore, the equation

can be written as

Gµν = κTµν ,
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where κ is a constant. The Einstein gravity must be reduced to Newtonian gravity.

This leads to κ = 8πG. Then we obtain

Rµν −
1

2
Rgµν = 8πGTµν , (2.67)

which is called the “Einstein’s field equations”.

2.1.4 Geodesics Congruences

This section, we will talk about mathematical techiniques to consider the

system of geodesics. The system of geodesics can be viewed as a deformable fluid.

In the view point of fluid [31], we can define a small displacement ξa between two

neighborhoods of the fluid elements as shown in Figure 11. From this figure, the

Σt1

Σt0Q P

Q P

ξa(t0)

ξa(t1)

fluid

hypersurface

with fixing time

Figure 11 Deformation of fluid.

fluid element can evolve with time and then the evolution of the displacement can

generally take the forms as

dξa

dt
= Ba

b(t)ξ
b +O(ξ2), (2.68)

where a and b are indices on the surface and Ba
b is deformation tensor which

describes how the surface changes in time. In general, the deformation tensor can

be written as

Bab =
1

2
θδab + σab + ωab, (2.69)
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where

• θ = Ba
a is the expansion scalar or trace part.

• σab = B(ab) − 1
2
θδab is the shear tensor or the symmetric part.

• ωab = B[ab] is the rotation tensor or antisymmetric part.

In GR, a congruence is a family of curves passing through the cross-section.

We are interested in two cases, namely, timelike and null geodesics. For timelike

case, we want to investigate the deviation vector ξµ between two neighbouring

geodesics in the congruence as shown in Figure 11. Therefore, each cross-section

can be parametrized by the proper time τ . In this sense, we can introduce the

deformation tensor as

Bµν = ∇µtν , (2.70)

where tµ is the tangent vector. It is important to know that the deformation tensor

is purely transverse to the tangent vector. Since the deviation vector ξµ and the

tangent vector are orthogonal to each other, we have L̂ξt
ν = L̂tξ

µ = 0. This leads

to the relation tν∇νξ
µ = ξν∇νt

µ. By using these properties, we obtain

tν∇νξ
ν = Bµ

ν ξ
ν . (2.71)

This implies that the deformation tensor Bµν measures the failure of ξµ to be

parallel transported along the congruence. By using the same manner for the fluid,

the deformation tensor can be expressed as

Bµν =
1

3
θhµν + σµν + ωµν , (2.72)

where hµν is a projection defined by hµν = gµν + tµtν . Actually, we consider the

change of the deviation vector at each hypersurface of fixing proper time. In other

words, the deformation tensor is a tensor on hypersurface which is orthogonal to

the tangent vector.
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2.1.4.1 Frobenius theorem

This theorem states that if each family of geodesics is orthogonal to ev-

erywhere of hypersurface, so-called the hypersurface orthogonal, then the rotation

tensor ωµν = 0. We would show explicitly for only the case of timelike.

If the congruence is hypersurface orthogonal, then the tangent vector is

proportional to the normal vector which can be expressed as

tµ = N∇µΦ,

where Φ is a function of hypersurface and N is a normalization factor. Then we

obtain

t[µ∇νtα] =
1

3!
(tµ∇νtα + tα∇µtν + tν∇αtµ − tν∇µtα − tµ∇αtµ − tα∇νtµ) = 0.

Note that we used ∇µtν ∝ ∇µ∇νΦ = ∇ν∇µΦ. Using property of rotation tensor,

we obtain

3!t[µ∇νtα] = 2(t[µ∇ν]tα + t[α∇µ]tν + t[ν∇α]tµ)

= 2(B[µν]tα +B[αµ]tν +B[να]tµ),

0 = 2(ωµνtα + ωαµtν + ωναtµ). (2.73)

Contracting the above equation with tα and using ωαµt
α = ωναt

α = 0, we have

ωµν = 0. (2.74)

Therefore, we have proven the Frobenius’s theorem.

2.1.4.2 Raychaudhuri’s equation

There is an evolution equation for expansion scalar. In order to obtain such

a equation, we begin with the evolution equation of the deformation tensor in a

direction of the tangent vector,
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tρ∇ρBµν = tρ∇ρ∇µtν

= (∇µ∇ρtν −Rµσνρt
σ)tρ

= ∇µ(t
ρ∇ρtν)−∇µt

ρ∇ρtν −Rµσνρt
σtρ

= −B ρ
µ Bρν −Rµσνρt

σtρ. (2.75)

Since the tangent vector satisfies geodesic equation, tρ∇ρtν = 0. Contracting the

above equation with gµν , we obtain

tρ∇ρB
ν
ν = −BνρBρν −Rσρt

σtρ.

From the relations as follows tµ = dxµ

dτ
, ∇µB

ν
ν = ∂µθ, and BµνBνµ = 1

3
θ2+σµνσµν−

ωµνωµν , the equation for the evolution of expansion scalar can be written as

dθ

dτ
= −1

3
θ2 − σµνσµν + ωµνωµν −Rµνt

µtν . (2.76)

This equation is known as “Raychaudhuri’s equation” for the congruence of

timelike geodesics.

For the null case, there is tangent vector kµ with kµkµ = 0, the deformation

tensor can be expressed as

Bµν = ∇µkν .

The relation between deviation vector and deformation tensor can be obtbtained

in similar way for timelike case as

(kν∇ν ξ̃
µ)̃ = B̃µ

ν ξ̃
ν , (2.77)

where (kν∇ν ξ̃
µ)̃ = hµ

ν(k
ν∇ν ξ̃

µ), ξ̃ν = hµ
νξ

ν and B̃µν = hρ
µh

σ
νBρσ. Note that for

the null case, we need to project on the deformation tensor on two the surface which

is orthogonal to both tangent vector kµ and auxiliary vector Nµ. By performing

in the same way as done in the timelike case, we obtain

dθ

dλ
= −1

2
θ2 − σµνσµν + ωµνωµν −Rµνk

µkν , (2.78)
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where the deformation tensor can be expressed as

B̃µν =
1

2
θhµν + σµν + ωµν . (2.79)

Another feature of expansion scalar for the timelike case is the fractional rate

of change of the congruence’s cross-sectional volume δV which can be expressed as

θ =
1

δV

d

dτ
δV.

For the null case, the expansion scalar is the fractional rate of change of the con-

gruence’s cross-sectional area δA as follows

θ =
1

δA

d

dλ
δA. (2.80)

2.1.5 Solution of Einstein’s Field Equation

It is very hard to solve the Einstein’s field equation for the general solution

because it composes of coupled nonlinear second-order differential equations as

illustrated in Figure 12. In order to solve for an exact solution, one may need to

Γρ
µν = 1

2
gρα (∂µgνρ + ∂νgρµ − ∂ρgµν)

Rρ
λµν = ∂µΓ

ρ
λν − ∂νΓ

ρ
λµ + Γρ

σµΓ
σ
λν − Γρ

σνΓ
σ
λµ

Rµν − 1
2
Rgµν = 8πGTµν

Figure 12 Solving the Einstein’s field equation.

impose some conditions. By applying static condition and spherical symmetry, the

first solution was discovered by Karl Schwarzschild in 1916.

2.1.5.1 Schwarzschild solution

Since in our Universe, it composes of stars (and etc.) and shape of mostly

star is spherical, it is useful for solving the curvature around massive spherical

object.
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The first condition that we apply is the spherical symmetry. For a general

metric in coordinates xµ = (t, r, θ, ϕ) is given by

ds2 = gµνdx
µdxν

= −gttdt
2 + 2gtrdtdr + 2gtθdtdθ + 2gtϕdtdϕ+ grrdr

2

+ 2grθdrdθ + 2grϕdrdϕ+ 2gθϕdθdϕ+ gθθdθ
2 + gϕϕdϕ

2. (2.81)

For the spherical symmetry, the metric tensor must be a function of radial and

time gµν = f(t, r), and invariant under angular reversion

dθ → −dθ, dϕ → −dϕ. (2.82)

As a result, some components of metric tensor must be vanished as follows

gtθ = gtϕ = grθ = grϕ = 0.

By rewritting the components of the metric as

gtt = A(t, r), gtr = B(t, r), grr = C(t, r), gθϕ = D(t, r), gθθ = E(t, r), gϕϕ = F (t, r),

the metric becomes

ds2 = −A(t, r)dt2 +B(t, r)dtdr + C(t, r)dr2

+D(t, r)dθdϕ+ E(t, r)dθ2 + F (t, r)dϕ2. (2.83)

For the last three terms, D(t, r)dθdϕ+E(t, r)dθ2+F (t, r)dϕ2, is a two-dimensional

spatial metric, and there is a theorem which states that “any two dimensional

Riemannian manifold is conformally flat” or

gab = Ω2ηab, (2.84)

where the indices a and b run over 2 to 3, and Ω is a conformal function. Therefore,

we obtain

D(t, r)dθdϕ+ E(t, r)dθ2 + F (t, r)dϕ2 = H(t, r)(r2dθ2 + r2 sin2 θdϕ2). (2.85)
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By defining a new timelike coordinate as

dt′ = −A(t, r)dt+
B(t, r)

2
dr

and using

dt′2 = A2(t, r)dt2 − A(t, r)B(t, r)dtdr +
B2(t, r)

4
dr2,

we obtain

A(t, r)dt2 − B(t, r)dtdr = A−1(t, r)dt′2 − B2(t, r)

4
dr2,

= A′(t′, r)dt′2 − B′(t′, r)dr2. (2.86)

As a result, the metric can be written as

ds2 = −A′(t′, r)dt′2 +B′(t′, r)dr2 +H(t, r)(r2dθ2 + r2 sin2 θdϕ2). (2.87)

By defining the radial coordinate as r2H(t, r) = r′2, we obtain

ds2 = −A′′(t′, r′)dt′2 +B′′(t′, r′)dr2 + r′2(dθ2 + sin2 θdϕ2). (2.88)

By rewritting A′′(t′, r′) = e2α(t
′,r′) , B′′(t′, r′) = e2β(t

′,r′) and dΩ2 = dθ2 + sin2 θdϕ2,

and relabelling t′ → t and r′ → r, the metric for the spherical symmetry can be

written as

ds2 = −e2α(t,r)dt2 + e2β(t,r)dr2 + r2dΩ2. (2.89)

Next, we will solve the Einstein’s field equation for obtaining the solution of eα(t,r)

and eβ(t,r). By considering the spacetime around a spherical object, we have to

solve the vacuum Einstein’s field equation as follows

Rµν −
1

2
Rgµν = 0. (2.90)

Contracting with gµν , we found that R− 4
2
R = 0 and then

R = 0. (2.91)
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Substituting this into the vacuum Einstein’s field equation (2.90), we obtain

Rµν = 0. (2.92)

The Ricci tensor can be expressed in terms of the Christoffel symbol as

Rµν = Rρ
µρν = ∂ρΓ

ρ
µν − ∂νΓ

ρ
µρ + Γρ

σρΓ
σ
µν − Γρ

σνΓ
σ
µρ, (2.93)

while the Christoffel symbol can be written in terms of the metric tensor as

Γρ
µν =

1

2
gρα (∂µgνα + ∂νgαµ − ∂αgµν) .

By substuting the metric from eq.(2.89) into the above equation, the non-vanishing

components of the Christoffel symbol are

Γt
tt = α̇, Γt

tr = α′, Γt
rr = β̇e2(α−β),

Γr
tt = α′e2(α−β), Γr

tr = β̇, Γr
rr = β′,

Γθ
rθ =

1

r
, Γr

θθ = −re−2β, Γϕ
rϕ =

1

r
,

Γr
ϕϕ = −re−2β sin2 θ, Γθ

ϕϕ = − sin θ cos θ, Γϕ
θϕ =

cos θ
sin θ

, (2.94)

where the dot denotes time derivative and the prime denotes radial derivative.

Substituting above quantities into eq.(2.93), the nonvanishing components of the

Ricci tensor are

Rtt = (β̈ + β̇2 − α̇β̇) + e2(α−β)(α′′ + α′2 − α′β′ +
2

r
α′),

Rrr = −(α′′ + α′2 − α′β′ − 2

r
β′) + e2(β−α)(β̈ + β̇2 − α̇β̇),

Rtr =
2

r
β̇,

Rθθ = e−2β[r(β′ − α′)− 1] + 1,

Rϕϕ = Rθθ sin2 θ, (2.95)

For Rtr = 0, it corresponds to β̇ = 0, one gets

β = β(r). (2.96)
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By taking time derivative to Rθθ = 0, it corresponds to ˙(α′) = 0, we get

α = αr(r) + αt(t), (2.97)

where αr and αt respectively are the functions of r and t solely. Considering

e−2(α−β)Rtt +Rrr = 0, it is equivalent to

α′ = −β′. (2.98)

Integrating this equation over r, we obtain

−β = α + f(t)

= αr(r) + αt(t) + f(t) (2.99)

Since β = β(r), we have αt(t) + f(t) = 0. As a result, and then

β = −αr(r). (2.100)

Now, the metric becomes

ds2 = −e2αr(r)e2αt(t)dt2 + e−2αr(r)dr2 + r2dΩ2.

Defining the new time coordinate such as dt′ = eαt(t)dt, we obtain

ds2 = −e2αr(r)dt′2 + e−2αr(r)dr2 + r2dΩ2.

Relabeling t → t′ and αr → α, the spherical symmetric metric is written as follows

ds2 = −e2α(r)dt2 + e−2α(r)dr2 + r2dΩ2. (2.101)

Notice that gµν is independent on time and gti = 0, they correspond to the static

spacetime. Moreover, even if we start with time dependence metric, we still ob-

tain time-independent one. This is Birkhoff’s theorem which states that “Any

spherically symmetric vacuum solution is static”. Now, let us solve eq.(2.92) by

considering Rθθ = 0. Applying eq.(2.100), we obtain
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2rα′(r)e2α(r) + e2α(r) = 1,

∂r[re
2α(r)] = 1,

re2α(r) = r + C,

e2α(r) = 1 +
C

r
. (2.102)

where C is an integration constant. Since the theory should be reduced to the

Newtonian theory in the weak field limit, the intregation constant must be

C = −2mG, (2.103)

where m is a mass of that object and G is the universal gravitational constant.

Finally, the metric for spherical symmetry can be written as

ds2 = −
(
1− 2mG

r

)
dt2 +

(
1− 2mG

r

)−1

dr2 + r2dΩ2. (2.104)

This metric is known as “Schwarzschild metric”.

2.1.5.2 Reissner-Nordström solution

In the previous section, we solved the Einstein’s field equation in vacuum.

The solution of Einstein’s field equation can be solved by relaxing the vacuum

condition. One considers spacetime which possesses electric charge, and then the

electric field would propagate through the spacetime. Such a solution was proposed

by Hans Reissner and Gunnar Nordström in 1917.

It is impossible to collect charge particles because the Coulumb force is

much more stronger than the gravitational force, for example the force between

two electrons,

F⃗e =
ke2

r2
≈ 2.3× 10−28 and F⃗g =

Gm2
e

r2
≈ 5.5× 10−71. (2.105)

However, the star cannot be formed due to particles with same charges. We will

consider a charged solution as a toy model of the solutions of GR in this section.

Moreover, we will include the magnetic charge for this consideration.
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We start with the static spherical symmetric metric (2.101). The charged

solution differs from the Schwarzschild solution by the existence of the energy

momentum tensor of the gauge field while Schwarzschild one is vacuum solution

(no energy-momentum tensor). The energy-momentum tensor is given by

Tµν =
1

µ0

(
FµρF

ρ
ν − 1

4
gµνFρσF

ρσ

)
, (2.106)

where Fµν = ∇µAν − ∇νAµ is the field stress tensor and Aµ is the four-vector

potential. The components of field strength tensor can be expressed in terms of

the electric and magnetic fields as follows

F0i = −Ei and Fij =
1

2
ϵijkB

k =
1

2

√
gϵ̃ijkB

k, (2.107)

where g is the metric’s determinant. By considering the static condition and spher-

ically symmetric metric, we have Eθ = Eϕ = Bθ = Bϕ = 0, and Er(r) = E(r) ̸=

0 and Br(r) = B(r) ̸= 0. The the field strenght tensor can be reexpressed as

Fµν =



0 −E(r) 0 0

E(r) 0 0 0

0 0 0 r2 sin θB(r)

0 0 −r2 sin θB(r) 0


. (2.108)

The equations of motion of the gauge field can be written as

∇µF
µν = 0, (2.109)

∇ρFµν +∇µFνρ +∇νFρµ = 0. (2.110)

In curved spacetime, the covariant divergence can be written in terms of the partial

derivative as

∇ρT
ρν2ν3... =

1√
−g

∂ρ
(√

−gT ρν2ν3...
)
. (2.111)

The derivation will be shown in section 2.2.2.1. Hence eq.(2.109) can be written as

∇ρF
ρν =

1√
−g

∂ρ
(√

−gF ρν
)
. (2.112)
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Considering components ν = 0, we have

∇ρF
ρ0 = ∇iF

i0,

=
1√
−g

∂i(
√
−gF i0)

=
1

eα+βr2 sin θ
∂r
(
eα+βr2 sin θF 10

)
=

1

eα+βr2 sin θ
∂r
(
eα+βr2 sin θg00g11F10

)
=

1

eα+βr2
∂r
(
eα+βr2E

)
= 0. (2.113)

Integrating it, the electric field is written as

e−(α+β)r2E = C1 → E =
Ce(α+β)

r2
, (2.114)

where C1 is an integration constant. Since the solution must reduce to one for the

flat spacetime at large r, or eα|r→∞ = eβ|r→∞ ≈ 1, the integration constant can be

obtained as

E|r→∞ =
1

4πϵ0

Q

r2
, (2.115)

where Q is an electric charge and ϵ0 is the electric permittivity in vacuum. Thus

the integration constant C1 is interpreted as

C1 =
Q

4πϵ0
. (2.116)

Then the electric field can be written as

E(r) = e(α+β) Q

4πϵ0r2
. (2.117)

To find the magnetic field, we have to consider eq.(2.110). Considering the torsion-

free spacetime and the antisymmetric property of Fµν , one obtains
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∇ρFµν +∇µFνρ +∇νFρµ = ∂ρFµν − Γλ
ρµFλν − Γλ

ρνFµλ

+ ∂µFνρ − Γλ
µνFλρ − Γλ

µρFνλ

+ ∂νFρµ − Γλ
νρFλµ − Γλ

νµFρλ

= ∂ρFµν + ∂µFνρ + ∂νFρµ. (2.118)

Next, considering the component ρ = r, µ = θ, and ν = ϕ, eq.(2.118) becomes

∂rFθϕ + ∂θFϕr + ∂ϕFrϕ = ∂rFθϕ,

0 = ∂r[r
2 sin θB(r)]. (2.119)

We obtain

B(r) =
C2

r2
, (2.120)

where C2 is integration constant. Suppose that there exists the magnetic monopole

in the flat spacetime. In the similar way, the integration constant can obtained as

B|r→∞ =
µ0

4π

P

r2
⇒ C2 =

µ0P

4π
, (2.121)

where P is a magnetic charge and µ0 is the magnetic permittivity in vacuum. The

magnetic field can be written as

B(r) =
µ0P

4πr2
. (2.122)

Let us compute a term contributed to energy momentum tensor as follows

FρσF
ρσ = gρρ

′
gσσ

′
Fρ′σ′Fρσ

= 2grrgtt(Frt)
2 + 2gθθgϕϕ(Fθϕ)

2

= 2
[
−e−2(α+β)E2 +B2

]
. (2.123)

Then non-vanishing components of the energy momentum tensor are
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Ttt =
1

µ0

(
gρσFtρFtσ −

1

4
gttF

ρσFρσ

)
=

1

2µ0

e2α
[
e−2(α+β)E2 +B2

]
, (2.124)

Trr =
1

µ0

(
gρσFrρFrσ −

1

4
grrF

ρσFρσ

)
= − 1

2µ0

e2β
[
e−2(α+β)E2 +B2

]
, (2.125)

Tθθ =
1

µ0

(
gρσFθρFθσ −

1

4
gθθF

ρσFρσ

)
=

r2

2µ0

[
e−2(α+β)E2 +B2

]
, (2.126)

Tϕϕ =
1

µ0

(
gρσFϕρFϕσ −

1

4
gϕϕF

ρσFρσ

)
=

r2 sin2 θ

2µ0

[
e−2(α+β)E2 +B2

]
. (2.127)

By using the spherically symmetric metric (2.101). The Ricci scalar can be com-

puted as

R = Rt
t +Rr

r +Rθ
θ +Rϕ

ϕ = −2e−2β

[
α′′ + α′2 − α′β′ +

2

r
(α′ − β′)

+
1

r2
(
1− e2β

)]
. (2.128)

Substituting Ricci scalar into Einstein tensor, we obtain

Gtt = e2(α−β)

[
2β′

r
− 1

r2
(
1− e2β

)]
, (2.129)

Grr =
2α′

r
+

1

r2
(
1− e2β

)
, (2.130)

Gθθ = e−2β
[
r2
(
α′′ + α′2 − α′β′)+ r(α′ − β′)

]
, (2.131)

Gϕϕ = sin2 θGθθ. (2.132)

Then the nonvanishing components of Einstein’s field equation are

(tt) : (2.129) and (2.124) ; e−2β

[
2β′

r
− 1

r2
(
1− e2β

)]
=

4πG

µ0

[
e−2(α+β)E2 +B2

]
, (2.133)

(rr) : (2.130) and (2.125) ; e−2β

[
2α′

r
+

1

r2
(
1− e2β

)]
= −4πG

µ0

[
e−2(α+β)E2 +B2

]
, (2.134)

(θθ) : (2.131) and (2.126) ; e−2β
[
r2
(
α′′ + α′2 − α′β′)+ r(α′ − β′)

]
=

4πGr2

µ0

[
e−2(α+β)E2 +B2

]
. (2.135)
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Combining eq.(2.133) and eq.(2.134) , we obtain

α′ + β′ = 0 ⇒ β = −α. (2.136)

By redefining electric and magnetic charge as follows

4π

µ0

(
Q

4πϵ0r2

)2

≡ q2

r4
and 4π

µ0

(
µ0P

4πr2

)2

≡ p2

r4
. (2.137)

We can obtain the tt component of the metric from eq.(2.134) as follows

e2α
[
2α′

r
+

1

r2
(
1− e−2α

)]
= −

(
q2

r4
+

p2

r4

)
G,

2α′re2α + e2α − 1 = − 1

r2
(
q2 + p2

)
G,

∂r
(
re2α

)
− 1 = − 1

r2
(q2 + p2)G,

re2α =
1

r

(
q2 + p2

)
G+ r + C3,

where C3 is the integration constant. We obtain the component (tt) of the metric

as

−gtt = e2α =
(q2 + p2)G

r2
+ 1 +

C3

r
. (2.138)

Therefore, the metric for the charge solution (2.101), can be written as

ds2 = −
[
1 +

(q2 + p2)G

r2
+

C3

r

]
dt2

+

[
1 +

(q2 + p2)G

r2
+

C3

r

]−1

dr2 + r2dΩ2. (2.139)

If we get rid of the electric and magnetic charges, it should recover the Schwarzschild

metric (2.104). Therefore, the integration constant C3 is

C3 = −2mG. (2.140)

As a result, the charged solution is given by
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ds2 = −
[
1 +

(q2 + p2)G

r2
− 2mG

r

]
dt2

+

[
1 +

(q2 + p2)G

r2
− 2mG

r

]−1

dr2 + r2dΩ2. (2.141)

This is the Reissner-Nordström metric which describes the static and spheri-

cally symmetric spacetime with radial electromagnetic field.

2.1.5.3 Kerr solution

Many objects in our Universe, especially stars, are spinning. Therefore, it

is more useful to find a rotating solution. Since there exists a rotational axis, we

have to relax the spherical symmetry to be an axial symmetry. The rotating one

cannot be treated as a static object. It is useful to consider the spacetime with

stationary instead of one with static.

We assume that the object is rotating around the z-axis and use the spherical

coordinates. By applying the axial symmetry and the stationary condition,

t → −t and ϕ → −ϕ, (2.142)

to eq.(2.81), the metric becomes

ds2 = −gttdt
2 + 2gtϕdtdϕ+ gϕϕdϕ

2 + grrdr
2 + 2grθdrdθ + gθθdθ

2, (2.143)

where gµν does not depend on t and ϕ, gµν = gµν(r, θ). We can conformally trans-

form the last three terms similar to ones in eq.(2.84) as follows

grrdr
2 + 2grθdrdθ + gθθdθ

2 = Ddr2 + Edθ2, (2.144)

where D and E are arbitrary functions. As a result, the metric becomes

ds2 = −Adt2 + 2Bdtdϕ+ Cdϕ2 +Ddr2 + Edθ2, (2.145)

where A, B and C are arbitrary function. It is complicated to find the solution of

Einstein’s field equation directly, like the Schwarzschild and Reissner-Nordström
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solutions. There is a trick to obtain the rotating solution from non-rotating one

called “Newman-Janis trick” [32, 31].

Let us use this trick for the Schwarzschild metric which can be written as

ds2 = −fdt2 + f−1dr2 + r2dΩ2, (2.146)

where f = 1 − 2mG
r

. Next, we transform the coordinates to be the advanced

Eddington-Finkelstein coordinate which is

p = t+ r̃, (2.147)

dp = dt+ f−1dr. (2.148)

The metric becomes

ds2 = −fdp2 + 2dpdr + r2dΩ2. (2.149)

The metric tensor and its inverse are

gµν =



−f 1 0 0

1 0 0 0

0 0 r2 0

0 0 0 r2 sin2 θ


, (2.150)

gµν =



0 1 0 0

1 f 0 0

0 0 1
r2

0

0 0 0 1
r2 sin2 θ


. (2.151)

Next step is finding the null bases, for the first one we can choose

lµ = (0, 1, 0, 0), (2.152)

with

lµlµ = g11l
1l1 = 0. (2.153)
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The second one should satisfy with lµnµ = −1 and nµnµ = 0. As a result, the

second null basis can be written as

nµ =

(
−1,−f

2
, 0, 0

)
. (2.154)

Another two are a pair of complex conjugate which can be obtained as follows

mµ =
1√
2r

(
0, 0, 1,

i

sin θ

)
and m∗µ =

1√
2r

(
0, 0, 1,

−i

sin θ

)
. (2.155)

Next, we have to transform coordinate to be complex as follows

p → p′ = p+ ia cos θ, r → r′ = r + ia cos θ, θ → θ′, ϕ → ϕ′, (2.156)

where a is the rotation parameter. The function f(r) = 1− 2mG
r

can be written in

terms of the complex coordinate as

f(r′) = 1− 2mGr′

ρ2
with rn =

Re[r]n+2

|r|2
, (2.157)

where ρ2 = r′2 + a2 cos2 θ. Accordingly, the null bases are transformed due to the

coordinate transformation as follows

lµ
′
= (0, 1, 0, 0), nµ′

=

(
−1,−f(r′)

2
, 0, 0

)
,

mµ′
=

1√
2(r′ − ia cos θ)

(
−ia sin θ,−ia sin θ, 1,

i

sin θ

)
,

m∗µ′
=

1√
2(r′ + ia cos θ)

(
ia sin θ, ia sin θ, 1,

−i

sin θ

)
. (2.158)

Note that a vector transforms according to general coordinate transformation as

uµ′
= ∂xµ′

∂xµ u
µ. For example, the zeroth component of basis mµ′ can be computed as

m0′ =
∂x0′

∂x2
m2 +

∂x0′

∂x3
m3 =

∂

∂θ
(p+ ia cos θ)(1) = ia sin θ. (2.159)

The inverse metric tensor can be written in terms of the transformed basis as

gµ
′ν′ = −lµ

′
nν′ − lν

′
nµ′

+mµ′
nν′ +mν′nµ′

. (2.160)



46

The explicit form of the inverse metric can be expressed as

gµν =
1

ρ2



a2 sin2 θ a2 + r2 0 −a

a2 + r2 ∆ 0 −a

0 0 1 0

−a −a 0 csc2 θ


. (2.161)

The metric tensor can be written as

gµν =



−∆−a2 sin2 θ
ρ2

1 0 a sin2 θ(r2+a2−∆)
ρ2

1 0 0 a sin2 θ

0 0 ρ2 0

a sin2 θ(r2+a2−∆)
ρ2

a sin2 θ 0 Σ2 sin2 θ
ρ2


, (2.162)

where ∆ = r2 + a2 − 2mGr and Σ2 = (r2 + a2)2 − a2∆ sin2 θ. As a result, the line

element is

ds2 =−
(
∆− a2 sin2 θ

ρ2

)
dp2 + 2dpdr + 2

[
a sin2 θ(r2 + a2 −∆)

ρ2

]
dpdϕ

+ 2a sin2 θdrdp+ ρ2dθ2 +
Σ2 sin2 θ

ρ2
dϕ2. (2.163)

By using the transformation,

dp = dt+

(
r2 + a2

∆

)
dr and dϕ = dϕ′ +

a

∆
dr, (2.164)

the metric becomes

ds2 = −
(
∆− a2 sin2 θ

ρ2

)
dt2−2

[
a sin2 θ(r2 + a2 −∆)

ρ2

]
dtdϕ+

Σ2 sin2 θ

ρ2
dϕ2

+
ρ2

∆
dr2 + ρ2dθ2. (2.165)

Note that the angular coordinate transformation (2.164) is used in order to elim-

inate the cross terms, drdϕ. This is Kerr solution. The Newman-Janis trick

can also be used for the charged rotating solution which is called “Kerr-Newman

solution”.
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Note that, the coordinate is used for Kerr solution (2.165) is called Boyer-

Liquist coordinate. By taking limit m approaches zero, we have

lim
m→0

ds2Kerr = −dt2 +

(
r2 + a2 cos2 θ

r2 + a2

)
dr2 + (r2 + a2 cos2 θ)dθ2

+ (r2 + a2) sin2 θdϕ2. (2.166)

It can be transformed to the flat Minkowski metric

ds2Minkowski = −dt2 + dx2 + dy2 + dz2,

with the transformation as

x =
√
r2 + a2 sin θ cosϕ , y =

√
r2 + a2 sin θ sinϕ , z = r cos θ, (2.167)

where x2+y2

r2+a2
+ z2

r2
= 1 or x2+y2

a2 sin2 θ
− z2

a2 cos2 θ = 1. One can see that these coordinates

are elliptic-like coordinates illustrated in Figure 13.

z

xr = 0

r = 1

r = 2

r = 3

r = 4

−a a

θ = 0

θ = π/6
θ = π/4

θ = π/3

θ = π/2

Figure 13 Boyer-Liquist coordinates system.



48

2.2 CLASSICAL FIELD THEORY

A field is a quantity that depends on every point of spacetime (x⃗, t). The

field can be found in our daily life, viz., the temperature which distributes through

space, the pressure is influenced by the fluid, and etc. The field can be a scalar,

vector, or higher ranked tensor. For example, the temperature and pressure are the

scalar fields, the electric and gravitational field are the vector ones, the Riemann

curvature tensor can be taken into account as the tensor field, and so on.

2.2.1 Classical Field Theory

2.2.1.1 Equation of Motion

The field theory can be categorized to classical and quantum ones, this thesis

focuses only on the classical field. The generalized coordinates q(t) are treated as

dynamical variables of the system, while dynamical variables in field theory can

be treated as a field ϕ(x⃗, t). The behavior of a field is described by the equation

of motion of field which can be derived from the Least Action Principle. A

Lagrangian L depending on fields and their derivatives (with respect to time and

spatial), can be written in the forms of Lagrangian density L as

L =

∫
d3xL(ϕa, ∂µϕa), (2.168)

where the subscript a denotes the field’s species. An action is written as

S =

∫ t2

t1

dt

∫
d3xL =

∫
d4xL. (2.169)

Then, the Least Action principle leads us

δS [ϕa, ∂µϕa] =

∫
d4xδL(ϕa, ∂µϕa)

=

∫
d4x

{
∂L
∂ϕa

δϕa +
∂L

∂ (∂µϕa)
δ (∂µϕa)

}
=

∫
d4x

{[
∂L
∂ϕa

− ∂µ

(
∂L

∂ (∂µϕa)

)]
δϕa + ∂µ

(
∂L

∂ (∂µϕa)
δϕa

)}
.

(2.170)
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Using the divergence theorem, the last term can be expressed by∫
d4x ∂µ

(
∂L

∂ (∂µϕa)
δϕa

)
=

∫
V

d3x

(
∂L

∂ (∂tϕa)
δϕa

)∣∣∣∣t2
t1

+∫ t2

t1

dt

∫
∂V

dSi

(
∂L

∂ (∂iϕa)
δϕa

)∣∣∣∣∞
−∞

. (2.171)

Here, the integration is done over volume V which is bounded by a surface ∂V

where its element is written by dSi. Moreover, the time-boundaries are lower and

upper boundaries as t1 and t2, respectively. The first term vanishes by the same

condition in particle’s mechanics, δϕa(x⃗, t1) = δϕa(x⃗, t2) = 0. We assume that

a dynamical fields ϕa fall off at spatial infinity, then the variations δϕa at infinity

vanish. Finally, approximating δS ≈ 0, we obtain the equation of motion as follows

∂L
∂ϕa

− ∂µ

[
∂L

∂ (∂µϕa)

]
= 0. (2.172)

It is known as the “Euler-Lagrange equation”.

2.2.1.2 Hamiltonian-like Equations

For Euler-Lagrange equation provides (2.172) with the Lagrangian depend-

ing on the first derivative of the field ∂µϕa, it gives rise n second-order differential

equations, where n is the number of the fields. To find the solution of a system, it is

quite hard, because we need to solve second-order differential equations. Actually,

there are equivalent equations of motion which are first-order differential equa-

tions. These known as “Hamilton-like equations”. We will show the conventional

Hamiltonian is a subpart of the Hamiltonian-like.

To obtain the Hamilton-like equation, we consider the variation of the La-

grangian density as follows

δL(ϕa, ∂µϕ
a) =

∂L
∂ϕa

δϕa +
∂L

∂ (∂µϕa)
δ(∂µϕ

a) (2.173)

=

[
∂L
∂ϕa

− ∂µ

(
∂L

∂ (∂µϕa)

)]
δϕa + ∂µ

[
∂L

∂ (∂µϕa)
δϕa

]
. (2.174)

We would denote this boundary term such as

θµ(ϕa, δϕa) ≡
∂L

∂ (∂µϕa)
δϕa. (2.175)
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The canonical momentum is defined by

πµ
a ≡ ∂L

∂ (∂µϕa)
, (2.176)

and then the Euler-Lagrange equation (2.172) implies that

∂µπ
µ
a =

∂L
∂ϕa

. (2.177)

Using these equations, the right-hand side of eq.(2.173) is written as follows

δL = (∂µπ
µ
a ) δϕa + πµ

aδ (∂µϕ
a) . (2.178)

We would use this equation to derive the Hamilton equation. The Hamiltonian-

like density H is given by the Legendre transformation of the Lagrangian as follows

H(ϕa, π
µ
a ) = πµ

a∂µϕ
a − L(ϕa, ∂µϕ

a). (2.179)

Note that this is not conventional Hamiltonian density in classical filed theory,

since such the Hamiltonian is the Legendre transformation which includes partial

derivative on spatial coordinates. To recover such a conventional Hamiltonian, the

Legendre transformation should consider only time derivative. Its variations lead

us the following equation of motion,

δH(ϕa, π
µ
a ) =

∂H
∂ϕa

δϕa +
∂H
∂πµ

a
δπµ

a , (2.180)

and the variation of eq.(2.179) gives

δH(ϕa, π
µ
a ) = (δπµ

a ) ∂µϕ
a + πµ

aδ (∂µϕ
a)− δL,

= (∂µϕ
a) δπµ

a − (∂µπ
µ
a ) δϕa, (2.181)

where eq.(2.178) is used. Then the equations of motion are

−∂µπ
µ
a =

∂H
∂ϕa

, ∂µϕa =
∂H
∂πµ

a
. (2.182)

These are “Hamilton-like equations”. Now, we have the first-order differential equa-

tions of motion, but there are 2n equations rather than n.
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Moreover, there exists the formula for the Hamilton-like equations which are

expressed in terms of a boundary term θµ. We would define the partial derivative

∂µ as the variation along a vector Vµ = (∂t, ∂i),

δV ≡ ∂µ. (2.183)

Substituting eq.(2.176) into eq.(2.175), we have

θµ(ϕa, δϕa) = πµ
aδϕa. (2.184)

After that, the variation of Hamiltonian-like in density eq.(2.181) can be rewritten

as followz

δH = (δπ)(δV ϕ)− (δV π)(δϕ)

= δ [π(δV ϕ)]− δV [π(δϕ)]

= δθ(ϕ, δV ϕ)− δV θ(ϕ, δϕ)

= ω(ϕ, δV ϕ, δϕ), (2.185)

where one has defined

ω(ϕ, δV ϕ, δϕ) ≡ δθ(ϕ, δV ϕ)− δV θ(ϕ, δϕ). (2.186)

For the value of Hamiltonian-like is calculated by integrating Hamiltonian-like den-

sity over spatial volume V ,

H =

∫
V

H. (2.187)

2.2.1.3 Noether’s Theorem

In classical field theory, the Noether’s theorem said that “every continuous

symmetry of the Lagrangian gives a conserved current in which the equation of

motion is satisfied”. Such a conserved current called “Noether’s current”, denoted

by Jµ, satisfies the condition below

∂µJ
µ = 0. (2.188)
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To obtain the expression of the Noether’s current, we would consider the

symmetry of a theory. Let us consider an infinitesimal transformation of the fields,

ϕa(x) → ϕa(x) + δϕa(x). (2.189)

Then the Lagrangian density transforms as follows

L → L+ δϕL, (2.190)

where δϕL is calculated as

δϕL =

[
∂L
∂ϕa

− ∂µ

(
∂L
∂µϕa

)]
δϕa + ∂µ

[
∂L

∂ (∂µϕa)
δϕa

]
= ∂µ

[
∂L

∂ (∂µϕa)
δϕa

]
. (2.191)

Here, we recalled eq.(2.173) and then used eq.(2.172). In fact, the Lagrangian

density in eq.(2.169) is not unique. The equations of motion are invariant under

the transformation [33, 34] such that

L → L+ ∂µF
µ = L+ δFL, (2.192)

where F µ is a function of fields ϕa. Equating eqs.(2.190) and (2.192), one obtains

∂µ

[
∂L

∂ (∂µϕa)
δϕa − F µ

]
= 0. (2.193)

Consequently, the conserved quantity or “Noether’s current” can be defined by

Jµ =
∂L

∂ (∂µϕa)
δϕa − F µ. (2.194)

It obviously satisfies eq.(2.188). To specify the vector F µ, one considers the in-

finitesimal transformation of spacetime coordinates as follows

xµ → xµ − ξµ, (2.195)

where ξµ is a constant vector. By using Taylor’s expansion, the dynamical fields

would change as follows

ϕa(x) → ϕa + ξµ∂µϕa(x). (2.196)



53

Then, the variation of Lagrangian density in eq.(2.191) is expressed by

δϕL(x) = ∂µ

[
∂L

∂ (∂µϕa)
ξν∂νϕa(x)

]
. (2.197)

Under transformation (2.195), the Lagrangian density changes

L(x) → L(x) + δL(x) = L(x) + ξµ∂µL(x). (2.198)

So, we have

δFL(x) = ξµ∂µL(x). (2.199)

Applying eqs.(2.197) and (2.199) to eq.(2.194), the Noether’s current can be ex-

pressed as

Jµ = ξν
∂L

∂ (∂µϕa)
∂νϕa − ξµL. (2.200)

Moreover, the conserved current gives another conserved quantity, that is a “con-

served charge”. To obtain the conserved charge, we would express eq.(2.188) as

follows

∂J0

∂t
+ ∇⃗ · J⃗ = 0. (2.201)

This is nothing but the continuity equation. Integrating this equation over all

spatial volume V and using the divergence theorem, we obtain

∂

∂t

∫
V

d3x
(
J0
)
= −

∫
V

d3x
(
∇⃗ · J⃗

)
= −

∮
∂V

dS⃗ · J⃗

= 0, (2.202)

where ∂V denotes a boundary surface of V , and dS⃗ is the vector surface element.

By choosing the boundary surface that J⃗ can be approximated to zero, e.g., J⃗ is

supposed to be zero at spatial infinity, then the equality is obtained. Thus, we can

define a “globally conserved charge” as follows

Q ≡
∫
V

d3xJ0. (2.203)
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2.2.2 Gravitational Field

2.2.2.1 Einstein-Hilbert Action

The behavior of a system is described by the equation of motion which is

derived from the principle that variation of the action vanishes. We know that the

gravitation, or curvature of spacetime, is explained by the Einstein’s field equation.

So, the variation of the gravitational action must give the Einstein’s field equation.

Such an action is the “Einstein-Hilbert action” which is simply given by the Ricci

scalar R and the metric tensor gµν is treated as a dynamical field [35]. The crucial

feature of this action is that the equation of motion is second-order differential

equation, even if the action contains second-derivative in the metric, ( Γ ∼ ∂g and

then R ∼ ∂Γ ∼ ∂2g.) According to the integration in eq.(2.40), the (vacuum)

Einstein-Hilbert action SEH is written by

SEH [gµν ] =

∫
d4x

√
−gR. (2.204)

The variation of SEH with respect to the inverse metric gµν leads to

δSEH =

∫
d4x

[(
δ
√
−g
)
gµνRµν +

√
−g (δgµν)Rµν +

√
−ggµν (δRµν)

]
. (2.205)

Let us consider the term of variation δ
√
−g. We use the identity of the matrix,

such that, any diagonalizable matrix A satisfies the identity

log [det A] = tr [log A] . (2.206)

After taking variation with respect to A, we obtain

1

det [A]
δ (det [A]) = tr

[
A−1δA

]
. (2.207)

Let A be the metric gµν . From eq.(2.207), the variation of g can be expressed in

terms of δgµν . We can convert the result to be δgµν by varying the identity

gµλgλν = δµν .
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Thereafter, one obtains

(
δgµλ

)
gλν + gµλ (δgλν) = 0. (2.208)

Contracting both sides with gµσ, the following relation is obtained as

δgσν = −gλνgµσδg
µλ. (2.209)

Applying to the variation of √−g, then we attain

δ
√
−g =

1

2

1√
−g

δ(−g),

=
1

2

(−g)√
−g

(
gρλδgρλ

)
,

= −1

2

√
−ggρλgρνgµλ (δg

µν) ,

= −1

2

√
−ggµν (δg

µν) , (2.210)

where eqs.(2.207) and (2.209) are used in the second and third lines, respectively.

Substituting eq.(2.210) into eq.(2.205), we obtain

δSEH =

∫
d4x

√
−g

[(
Rµν −

1

2
Rgµν

)
δgµν − gµν (δRµν)

]
. (2.211)

Actually, the Einstein’s field equation has been achieved in the first term, but

the final term still alive. There are several approaches for manipulating the term

δRµν , for example, the additional term in the Gravitational action, and the Palatini

formalism. In this thesis, one chooses the method that imposing an extra condition,

that is, the first covariant derivative of the dynamical field vanishes at boundary,

∇ρ (δg
µν)|B = 0, (2.212)

where B stands for the boundary surface. Such a condition is reasonable, because

any theory second-derivative of the field needs more than δϕ|B = 0 for obtaining

the equation of motion. The condition ∂µ(δϕ)|B = 0 is applied too [36]. Let us

move to the variation of the Ricci tensor. We found that the variation of the
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Riemann tensor can be written in terms of the covariant derivative of the variation

of the Christoffel symbol as following

δRρ
µλν = δ

(
∂λΓ

ρ
νµ + Γρ

λσΓ
σ
νµ − ∂νΓ

ρ
λµ − Γρ

νσΓ
σ
λµ

)
= ∇λ

(
δΓρ

νµ

)
−∇ν

(
δΓρ

λµ

)
, (2.213)

where one has the relations

∇λ

(
δΓρ

νµ

)
= ∂λ

(
δΓρ

νµ

)
+ Γρ

λσ

(
δΓσ

νµ

)
− Γσ

λν

(
δΓρ

σµ

)
− Γσ

λµ (δΓ
ρ
νσ) ,

∇ν

(
δΓρ

λµ

)
= ∂ν

(
δΓρ

λµ

)
+ Γρ

νσ

(
δΓσ

λµ

)
− Γσ

νλ

(
δΓρ

σµ

)
− Γσ

νµ (δΓ
ρ
λσ) .

After that the quantity gµνδRµν can be written by

gµν (δRµν) = gµν
(
δRλ

µλν

)
= gµν

[
∇λ

(
δΓλ

νµ

)
−∇ν

(
δΓλ

λµ

)]
= ∇λ

[
gµν
(
δΓλ

νµ

)
− gµλ

(
δΓν

νµ

)]
. (2.214)

We can express the Christoffel’s variation δΓρ
µν in terms of the metric’s variation

δgµν . According to references [37, 35], the variation of the Christoffel symbol is

given by

δΓλ
νµ = −1

2

[
gρµ∇ν

(
δgρλ

)
+ gρν∇µ

(
δgρλ

)
− gµαgνβ∇λ

(
δgαβ

)]
, (2.215)

δΓν
νµ = −1

2

[
gρµ∇ν (δg

ρν) + gρν∇µ (δg
ρν)− gµαgνβ∇ν

(
δgαβ

)]
. (2.216)

The first and second terms of eq.(2.214) become

gµν
(
δΓλ

νµ

)
= −1

2

[
∇ρ

(
δgρλ

)
+∇ρ

(
δgρλ

)
− gαβ∇λ

(
δgαβ

)]
, (2.217)

gµλ
(
Γν
νµ

)
= −1

2

[
∇ν

(
δgλν

)
+ gρν∇λ (δgρν)−∇β

(
δgλβ

)]
. (2.218)

Substituting them into eq.(2.214), we obtain

gµν (δRµν) = ∇λ

[
gαβ∇λ

(
δgαβ

)
−∇ρ

(
δgρλ

)]
= ∇λB

λ, (2.219)
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where one defines

Bµ ≡ gαβ∇µ
(
δgαβ

)
−∇ρ (δg

ρµ) .

We would like to consider the expression of ∇µB
µ,

∇νB
ν = ∂νB

ν + Γν
νµB

µ. (2.220)

Then, the expression of Γν
νµ would be found. According to the expression of the

Christoffel symbol in eq.(2.27) and then applying the identity for a diagonalizable

matrix A as follows

tr[log A] = log [det A], (2.221)

the expression Γµ
µν = 1

2
gρµ∂νgρµ = 1

2
tr[g−1∂νg] is written by

Γµ
µν =

1

2
tr[∂ν (log g)]

=
1

2
∂ν (tr[log g])

=
1

2
∂ν (log g)

=
1

2g
∂νg

=
1√
−g

∂ν
√
−g, (2.222)

where g represents gµν . By using the above equation, eq.(2.220) is expressed by

∇νB
ν = ∂νB

ν +

(
1√
−g

∂ν
√
−g

)
Bν

=
1√
−g

∂ν
(√

−gBν
)
. (2.223)

This is known as the “divergence formula”, the same expression in eq.(2.111). Using

the divergence formula, the variation of the action in eq.(2.211) becomes to

δSEH =

∫
d4x

√
−gGµνδg

µν +

∫
d4x

(
∂ν
√
−gBν

)
. (2.224)

By analogy to the divergence theorem, the last term is evaluated at the boundary

as ∫
d4x

(
∂ν
√
−gBν

)
∼

√
−gBν

∣∣
B
.
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Since the additional condition eq.(2.212) is imposed to this variation, and Bµ is

proportional to ∇ν

(
δgαβ

)
, the last term of the variation in eq.(2.224) vanishes,

√
−gBν

∣∣
B
≈ ∇ν

(
δgαβ

)∣∣
B
= 0.

Thus, the first term in eq.(2.224) gives us the equation of motion which is written

as follows

Gµν = Rµν −
1

2
Rgµν = 0, (2.225)

which is the (vacuum) Einstein’s field equation.

In order to include a matter in the theory, we simply add the “matter’s

Lagrangian Lm”. Now, the action is written as

S =
1

κ
SEH + Sm, (2.226)

where κ is arbitrary constant, and the matter’s action Sm is given by

Sm =

∫
d4x

√
−gLm. (2.227)

Then, the variation of Sm with respect to the dynamical field gµν can be expressed

as

δgSm =

∫
d4x

√
−g

[
−1

2
gµνLm +

δLm

δgµν

]
δgµν , (2.228)

where we have used eq.(2.210). We can define the energy-momentum tensor as

follows

Tµν ≡ −2

(
−1

2
gµνLm +

δLm

δgµν

)
. (2.229)

Eventually, the gµν ’s variation of the action (2.226) is given by

δS =

∫
d4x

√
−g

[
1

κ
Gµν −

1

2
Tµν

]
δgµν . (2.230)

This leads to the equation of motion as follows

Gµν =
κ

2
Tµν . (2.231)
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Comparing the above equation to the Einstein’s equation (2.67), the constant κ is

identified by

κ = 16πG.

Therefore, the Einstein-Hilbert action is written by

SEH =

∫
d4x

√
−g

R

16πG
. (2.232)

For example, the Einstein-Maxwell theory, which is coupled between the gravitation

and electromagnetic, is described by the following action

S =

∫
d4x

√
−g

[
R

16πG
− 1

4
FµνF

µν

]
, (2.233)

where Fµν is the field strength tensor and then the energy-momentum tensor is

given by the eq.(2.106).

2.2.3 Equation of Motion

In section 2.1.5, we solved the vacuum-spherically symmetric Einstein’s field

equation by considering Rµν = 0, and then the key equations are that Rθθ = 0 and

Rtr = 0. Actually, we can found these key equations directly from the variation of

the action.

We would derive the key equation of the Schwarzschild metric as an example.

Using the Birkhoff’s theorem, the spherically symmetric metric in eq.(2.89) can be

written by

ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2dΩ2. (2.234)

Then, the Ricci scalar and the metric’s determinant are evaluated as
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R = −2e−2β

[
∂2
rα + (∂rα)

2 − (∂rα) (∂rβ) +
2

r
(∂rα− ∂rβ)

+
1

r2
(
1− e2β

)]
, (2.235)

√
−g = eαeβr2 sin θ. (2.236)

Then, we would treat the arbitrary functions α and β as dynamical fields. The

action can be expressed as follows

SEH =

∫
d4x

{
2 sin θeα−β

[
−r2α′′ + r2

(
−α′2)+ rα′ (rβ′ − 2)

+2rβ′ + e2β − 1
]}

, (2.237)

where α and β are understood as the functions of coordinate r. The equation

of motion would be achieved from the Euler-Lagrange equations. Since it is the

second-order theory, according to reference [36], the Euler-Lagrange’s equation for

the second-order Lagrangian L(ϕ, ∂µϕ, ∂µ∂νϕ) is expressed by

E(ϕ) =
∂L
∂ϕ

− ∂µ

[
∂L

∂ (∂µϕ)

]
+ ∂µ∂ν

[
∂L

∂ (∂µ∂νϕ)

]
, (2.238)

where E(ϕ) = 0. After calculating, the equation of motion with respect to the

dynamical fields are given by

E(α) = 2 sin θeα(r)−β(r)
(
2rβ′(r) + e2β(r) − 1

)
, (2.239)

E(β) = 2 sin θeα(r)−β(r)
(
−2rα′(r) + e2β(r) − 1

)
. (2.240)

Since E(α) = E(β) = 0, the above equations are equivalent to

2rβ′(r) = −e2β(r) + 1, (2.241)

−2rα′(r) = −e2β(r) + 1. (2.242)

The right-hand side of eqs.(2.241) and (2.242) are identical, then this gives the

same result (2.99).
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Another example is the Einstein-Maxwell theory. The field strength tensor

in terms of the four-vector potential is given by

Fµν = ∇µAν −∇νAµ. (2.243)

In this case, we consider only the electric field distributes in spacetime. Such a

situation, the four-vector potential is written by

Aµ = (V (r), 0, 0, 0) , (2.244)

where V (r) is the electric potential. Then the quantity FµνF
µν is calculated by

−1

4
F µνFµν =

1

2
e−2α(r)−2β(r)V ′(r)

2
. (2.245)

The equation of motion for the electric field, is derived by the variation of the

action (2.233),

S =

∫
d4x

[√
−gR (α, β) +

1

2

(
r2 sin θ

)
e−α(r)−β(r)V ′(r)

2

]
, (2.246)

with respect to the dynamical field V (r). Putting this Lagrangian into the Euler-

Lagrange equation in eq.(2.172), we obtain

−∂r
[(
r2 sin θ

)
e−α(r)−β(r)V ′(r)

]
= 0. (2.247)

Since the definition of the electric field is given by

E⃗ = −∇⃗V (r⃗), (2.248)

then eq.(2.247) coincides to the equation of motion (2.113).

Therefore, this kind of method is quite useful and convenient to obtain the

significant equations of motion in the complicated theory.
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2.3 THERMODYNAMICS

The many-body system is described by statistical mechanics in microscopic

scale. For the macroscopic scale of many-body system, the system is described by

thermodynamics. Thermodynamics is related to a concept of heat, work and

temperature, and their relations to energy, radiation and physical properties of

matter, all of this governed by four law of thermodynamics.

2.3.1 Thermodynamic state

In thermodynamic system is the system that contains large number of par-

ticles (or atoms, molecules). Such a system can be described by “thermodynamic

variables” which are “measurable” macroscopic physical quantities including to vol-

ume (V ), pressure (P ), and temperature (T ). In thermodynamic system, the state

can be specified by given values of a set of thermodynamic variables. There always

exist three suitable thermodynamic parameters to specify the state of the system.

2.3.2 Laws of Thermodynamics

2.3.2.1 Temperature

Thermodynamics has many subbranches, each using a different fundamental

model as a theoretical or experimental basis, or applying the principles to various

types of systems. The subbranches include

• Classical thermodynamics is the description of the states of thermody-

namics systems at near-equilibrium by using macroscopic and measurable

properties,

• Statistical mechanics is supplement of classical thermodynamics with an

interpretation of the microscopic interactions between individual particles or

quantum-mechanical states,
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• Chemical thermodynamics is the study about interrelation of energy with

chemical reaction or with a physical change of state within the confines of

the law of thermodynamics,

• Equilibrium thermodynamics is the study of transfers of matter and en-

ergy in systems by agencies in their surroundings. The systems can be driven

from one state of thermodynamic equilibrium to others,

• Non-equilibrium thermodynamics is thermodynamics which deals with

systems that are not in equilibrium. Actually most systems in nature are not

in thermodynamic equilibrium.

For this situation, we use equilibrium thermodynamics for studying black hole

thermodynamics. There are three catagories of equilibrium including

• Mechanical equilibrium,

• Chemical equilibrium,

• Thermal equilibrium.

If the system achieves all types of equilibrium, the system is in “thermodynamic

equilibrium” state.

The zeroth law of thermodynamics is associated with a quantity which can

describe thermal equilibrium. Let us consider two contacted systems as shown in

Figure 14. In the left panel of Figure 14, there are two separated systems. In the

thermal contact
Q

no heat exchange

Figure 14 Thermal equilibrium.

middle panel of Figure 14, the systems thermally contact together. There exists
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heat transfer between them. In the right panel of Figure 14, there is no more

heat transfer. The zeroth law of thermodynamics states that “If objects A

and B are separate in thermal equilibrium with an object C, then A and B are

in thermal equilibrium with each other.” A quantity which is used to represent

thermal equilibrium is temperature. Another definition of the zeroth law is “at

thermodynamic equilibrium state, temperature of entire system is constant”.

2.3.2.2 Transfer variables

In order to describe thermodynamic system, we can use thermodynamic vari-

ables, including pressure, volume, and temperaure. Also, a thermodynamic system

can be described by transfer variables. The transfer variables can be positive or

negative depending on the direction of transfer from the system. Basically, heat,

work and mass action are transfering variables.

Heat is defined as process of transferring energy across the boundary of

a system caused by temperature difference between the system and surrounding

as illustrated in figure 15. In order to determine how the heat transfer is caused

Surrounding

System

Heat

Figure 15 Heat transferring between the system and the surrounding.

by temperature difference of a system, it is important to introduce “heat capac-

ity”. Specifically, heat capacity (C) is the energy that system requires to rise its

temperature up to 1 unit. For example,



65

C can rise temperature up to 1 K,

∆Q can rise temperature up to ∆T =
∆Q

C
K,

where the unit of temperature K is called “Kevin”. Thus, the heat can be written

as

∆Q = C∆T or ∆Q = mc∆T, (2.249)

where c = C
m

is the specific heat or heat capacity per unit of mass. Moreover, if

substance in a system changes phase, i.e., ice becomes to water. The heat can be

expressed by

δQ = L∆m, (2.250)

where L is the latent heat and ∆m is the change of the mass of substance during

the phase changes.

Considering a cylinder of gas which is contained in a piston as shown in

Figure 16, one exertes the force F⃗ on piston and then the height decreases as δr.

By using F⃗ = PA⃗ = PA(−ĵ) and δr⃗ = δr(−ĵ), the work done on the system can

δr

F

Figure 16 Work done by force on the piston.

be written as

δW = F⃗ · δr⃗ = Fdy = PAdy = PdV. (2.251)
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Since the volume of the system decreases dV = −|dV |, the work can be written as

δW = −PdV. (2.252)

This implies that

→ Positive work is the system gains the work from surrounding, it matches with

dV is negative or system is compresses.

→ Negative work is the system loses or do the work to surrounding, it matches

with dV is positive or system expands.

For an open system shown in figure 17, the energy that is associated with exchang-

ing particles between the system and surrounding is mass action. The mass action

Figure 17 Exchanging of particles between the system and the sur-

rounding.

can be written as

δZ = µidN
i, (2.253)

where µi is chemical potential of exchanging of particles and dN i is the number

of change of type-i particles. The chemical potential is the energy that can be

absorbed or released due to the change of number of particles.

In summary, the change of internal energy (U) of the system can be ex-

pressed as follows

∆U = Q+W + Z. (2.254)
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It is called the “first law of thermodynamics”. The system from state 1 to state

2 is independent of how its performing. The infinitesimal change of the internal

energy is written as

dU = δQ+ δW + δZ = δQ− PdV + µidN
i, (2.255)

which is another definition of the first law.

2.3.2.3 Entropy

An important quantity which is widely used in many fields of physics is

entropy. For the thermodynamic case, entropy implies the disorder of a system,

illustrated in Figure 18. The system in the left part of this figure is represented

orderness, while the right one is represented randomness (or disorder). And the

Figure 18 Idea of an entropy through the randomness of particles.

change of entropy is related to heat transfer. In order to show that, we consider

the system of ideal gas which obeys the so-called “ideal gas law” as

PV = NkBT, (2.256)

where N is number of molecules, kB is the Boltzmann constant. The internal

energy of the system is expressed as follows

U =
3

2
NkBT. (2.257)

Considering an isothermal expansion process, the first law becomes ∆U = 0 and

then heat can be written as

δQ = −δW. (2.258)
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According to eqs.(2.252) and (2.256), we obtain

δQ = PdV = NkBT
dV

V
,

δQ

T
∼ dV

V
. (2.259)

The fractional volume change dV
V

implies the increase (or decrease) of disorder, or

randomness, of a system. If the system expands, dV is positive, molecules of the

gas of the system has more freedom to move in the container. It is proportional to

quantity δQ
T

. Thus, the entropy S can be defined by

dS ≡ δQ

T
. (2.260)

Therefore, the first law can be written in terms of the entropy as

dU = TdS − PdV + µidN
i. (2.261)

Moreover, we can use the entropy to classify thermodynamic process. There are

two catagories including to reversible and irreversible process. For the reversible

(irreversible) process of the isolated system, the change of entropy along process is

greater than (or equal to) zero. It is the second law of thermodynamics which

can be expressed as

∆S ≥ 0. (2.262)

The third law of thermodynamics is still related to the entropy. That is “it is

impossible to reduce the entropy to absolute-zero value in finite number of oper-

ations”. In other words, it is impossible to obtain the absolute-zero temperature,

T = 0 K, which can be expressed as

lim
N→∞

T = 0, (2.263)

where N is the number of operations. Thermodynamic entropy must obey the

second and third laws and this is an important feature of the entropy in thermo-

dynamics. Another crucial feature related to the entropy is that a system proceeds

according to maximum entropy called “maximum entropy principle”.
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2.3.3 Thermodynamic Potential

Apart from the internal energy, there are other functions of state which

can describe the system. They are known as thermodynamic potentials. In

order to obtain thermodynamic potentials, let us consider the first law. According

to the first law (2.261), the internal energy can be treated as the function U =

U(S, V,N 1, N 2, ...). The derivative form of the internal energy function is

dU =

(
∂U

∂S

)
dS +

(
∂U

∂V

)
P +

(
∂U

∂N i

)
dN i. (2.264)

By comparing the derivative form of the internal energy to the first law (2.261),

we obtain (
∂U

∂S

)
= T,

(
∂U

∂V

)
= −P,

(
∂U

∂N i

)
= µi. (2.265)

To obtain a thermodynamic function which depends on S, P,N i, the first law

(2.261) can be written as follows

dU = TdS − PdV + µidN
i + (V dP − V dP )

= TdS + V dP + µidN
i − d(PV )

d(U + PV ) = TdS + V dP + µidN
i. (2.266)

As a result, we can define the thermodynamic potential as follows

H ≡ U + PV. (2.267)

This thermodynamic potential is known as enthalpy. Since the enthalpy is defined

as H = H(S, P,N 1, N2, ...), its derivative form can be expressed as dH =
(
∂H
∂S

)
dS+(

∂H
∂P

)
dP +

(
∂H
∂N i

)
dN i. By comparing the derivative form to eq.(2.266), we obtain(

∂H

∂S

)
=

(
∂U

∂S

)
= T,

(
∂H

∂P

)
= V,

(
∂H

∂N i

)
=

(
∂U

∂N i

)
= µi.

Using the same procedure, we can have other thermodynamic potential. The first

law eq.(2.261) can be written as follows
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dU = TdS − PdV + µidN
i + (SdT − SdT )

= SdT + PdV + µidN
i + d(TS)

d(U − TS) = SdT − PdV + µidN
i. (2.268)

We can define a thermodynamic potential as follows

F ≡ U − TS. (2.269)

This thermodynamic potential is known as Helmholtz free energy. Since the

Helmholtz free energy is defined as F = F (T, V,N 1, N2, ...), its derivative form

is dF =
(
∂F
∂T

)
dT +

(
∂F
∂V

)
dV +

(
∂F
∂N i

)
dN i. By comparing the derivative form to

eq.(2.268), we obtain(
∂F

∂T

)
= S,

(
∂F

∂P

)
=

(
∂U

∂V

)
= −P,

(
∂F

∂N i

)
=

(
∂H

∂N i

)
=

(
∂U

∂N i

)
= µi.

There is another important thermodynamic potential called Gibbs free energy.

By using the same procedure, The Gibbs free energy is written by

G ≡ U − TS + PV. (2.270)

Since the Gibbs free energy is defined as G = G(T, P, µ1, µ2, ...), its derivative form

is dG =
(
∂G
∂T

)
dT +

(
∂G
∂P

)
dP +

(
∂G
∂N i

)
dN i. We still obtain the relations as follows(

∂G

∂T

)
=

(
∂F

∂T

)
= S ,

(
∂G

∂P

)
=

(
∂H

∂P

)
= V ,

(
∂G

∂N i

)
= µi.

These thermodynamic potentials can be used to describe the system as well as the

internal energy.

Note that one can obtain the thermodynamic potentials by using the Leg-

endre transformation. The Legendre transformation is another expression of a

function f(x1, x2, ...) in terms of its slope mi =
∂f(x)
∂xi , the transformation is given

by

g(m1,m2, ...) = f(x1, x2, ...)−mix
i. (2.271)
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For example, one can use the Legendre transformation to obtain the Helmholtz free

energy as follows

F = U −
(
∂U

∂S

)
S = U − TS, (2.272)

where we have used ∂U
∂S

= T . It is consistent with the definition of Helholtz free

energy (2.269).

From the maximum entropy principle, it is possible to write this principle

in terms of the thermodynamic potentials. In order to obtain these conditions, we

consider the system which is not isolated. Recalling the second law, the change of

entropy can be written by

δQ < TdS. (2.273)

Adding δW and δZ to both sides of eq.(2.273), we obtain

δQ+ δW + δZ < TdS + δW + δZ. (2.274)

The left hand side of eq.(2.274) is the change of internal energy dU . And then

substituting the definition of work eq.(2.252) and mass action eq.(2.253) into the

above equation, we obtain

dU < TdS − PdV + µidN
i. (2.275)

At thermodynamic equilibrium, S, V and N are fixed or dS = dV = dN = 0, the

change of internal energy satisfies

dU < 0. (2.276)

This implies that the system would proceed the internal energy to its minimum.

Doing the same procedure, the thermodynamic potentials of non-isolated system

satisfy conditions as follows

dH < TdS + V dP + µidN
i, dF < SdT − PdV + µidN

i, dG < SdT + V dP + µidN
i.



72

At thermodynamic equilibrium, the above conditions become

dH < 0, dF < 0, dG < 0.

They are called the “Energy Minimum principle”.

2.3.4 Stability

Thermodynamically stable equilibrium can be divided into two catagories,

namely, global and local stabilities. Thermodynamic stability can be characterized

by thermodynamic quantities. In order to determine a condition for stability, we

consider a system contacted with a reservoir with temperature T0 and pressure P0

as shown in Figure 19. According to the second law of thermodynamics, the entropy

T0, P0

Q,W
Ts, Ps

system

reservior

Figure 19 The system contacted with the reservoir.

increases while the system evolves to the equilibrium state. Thus, the change of

entropy of the entire system is written by

∆St = ∆Ss +∆Sr ≥ 0, (2.277)

where St, Ss and Sr are the entropies with subscript t, s and r denote total sys-

tems, system and reservoir, respectively. The amount of heat transfer, Q, from the

reservoir to the system can be written in terms of entropy’s change as follows

∆Sr =
∆Qr

T0

=
(−Q)

T0

. (2.278)

By using the first law (2.261), the heat transfer can be written in terms of the

change of internal energy and work done as follows

Q = −∆U + P0∆Vs. (2.279)
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Substituting the heat transfer in eq.(2.279) into the change of reservoir’s entropy

in eq.(2.278), and then a change of entropy of the entire system in eq.(2.277) can

be written as

∆St = ∆Ss +

(
∆U + P0∆Vs

T0

)
=

T0∆Ss −∆U − P0∆Vs

T0

= − 1

T0

∆(U − T0Ss + P0Vs). (2.280)

According to the definition of the Gibbs free energy (2.270), we obtain

∆St = −∆Gs

T0

≥ 0. (2.281)

If there are two stable equilibrium states, a thermodynamic system prefers to be

a state with lower Gibbs free energy. Since the system contacts with the heat

reservoir, there exists the minimum Gibbs free energy. Then, the condition for

“global stability” is

Gs = minimum. (2.282)

In order to investigate the condition of the local stability, we consider an

infinitesimal change of Gibbs free energy of the sysytem with fixing volume. Using

the Gibbs free energy of the system which is expressed in eq.(2.280), we have a

infinitesimal change of Gibbs free energy Gs = U − T0Ss + P0Vs as follows

dGs = dU − T0dSs. (2.283)

Let us consider the change of Gs with respect to temperature. From eq.(2.283), we

obtain (
∂Gs

∂Ts

)
V

=

(
∂U

∂Ts

)
V

− T0

(
∂S

∂Ts

)
V

. (2.284)

The change of internal energy of the system is dU = TsdSs. Eq.(2.284) becomes(
∂Gs

∂Ts

)
V

= Ts

(
∂Ss

∂Ts

)
V

− T0

(
∂Ss

∂Ts

)
V

. (2.285)
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At the state with minimum Gibbs free energy, we have(
∂Gs

∂Ts

)
V

= 0. (2.286)

Then the temperature of the system must be equal to one of the reservoir, Ts =

T0, implying the equilibrium state. Taking derivative eq.(2.285) with respect to

temperature T , we obtain(
∂2Gs

∂T 2
s

)
V

=

(
∂Ss

∂Ts

)
V

+ Ts

(
∂2Ss

∂T 2
s

)
V

− T0

(
∂2Ss

∂T 2
s

)
V

. (2.287)

Since the equilibrium state, the Gibbs free energy is minimum, the second derivative

of the Gibbs free energy is greater than zero(
∂2Gs

∂T 2
s

)
V

=

(
∂Ss

∂Ts

)
V

≥ 0. (2.288)

This equation is referred to “local stability” condition. The local stability condi-

tion can be expressed in terms of the heat capacity as follows

C ≡ δQ

δT
= T

(
δS

δT

)
≥ 0. (2.289)

Therefore, the system with positive heat capacity is locally stable under the heat

transfer with fixing volume process.

2.3.5 Statistical Entropy

A thermodynamic system can be described by the view points of both macro-

scopic and microscopic scales. For the microscopic scale, the system is described

by statistical mechanics. In this section, we will derived a formula of entropy which

is used in statistical mechanics.

An isolated system with constant total energy E is divided into N subsys-

tems. Each subsystem is labelled by n = 1, 2, .., N . The total energy of the system

is then written as

E =
N∑

n=1

En = constant. (2.290)
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Microstates of the system can be identified by a set of the energy of subsystems

as microstate = {E1, E2, ..., EN}, and the number of all possible microstates of the

system is ΩN . The energy of subsystems is assumed to be discrete up to ω levels

as follows

En ∈ {ϵ0, ϵ1, ..., ϵω−1} with ϵj = jϵ. (2.291)

The probability of a given subsystems n has energy ϵj is

P(En = ϵj) = pn(ϵj). (2.292)

Considering two given subsystems n and m with energy En and Em, respectively.

The probability that any two subsystems has their combine energy ϵ can be com-

puted as

P(ε) =
ω−1∑
j=0

pn(ϵj)pm(ε− ϵj), (2.293)

For each j, the system is divided into three parts including subsystem n with energy

ϵj, subsystem m with energy ε − ϵj, and the rest with energy E − ε. It is useful

to introduce the fundamental postulate of equilibrium statistical mechanics. This

postulate states that “At the equilibrium, all microstates are equally probable, so

the probabitlity is 1/ΩN where ΩN is the total number of microstates”. By using

the fundamental postulate, the probability of subsystems eq.(2.293) can be written

by

1

ΩN

= pn(ϵj)pm(ε− ϵj)
1

ΩN−2

. (2.294)

We obtain

pn(ϵj)pm(ε− ϵj) =
ΩN−2

ΩN

. (2.295)

As a result, the probability in eq.(2.293) can be written as follows

P(ε) = ω
ΩN−2

ΩN

= ωpn(ϵj)pm(ε− ϵj). (2.296)
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The ϵj = 0 case, P(ε) = ωpn(0)pm(ε), and the ϵj = ε case, P(ε) = ωpn(ε)pm(0), are

equivalent. According to this result, we obtain

pn(ε)

pn(0)
=

pm(ε)

pm(0)
,

and then it infers to

pn = pm = p. (2.297)

This implies that the probabilities of the subsystems with the same energy are

identical. Thus, for subsystem n with energy ϵi and subsystem m with energy ϵj,

we can write the probability as follows

P(ε = ϵi + ϵj) = ωp(ϵi)p(ϵj) = ωp(0)p(ϵi + ϵj),

p(ϵi)p(ϵj) = p(0)p(ϵj + ϵj). (2.298)

From eq.(2.298), we can guess the formula of probability as follows

p(ϵj) ∝ e−Bϵj , (2.299)

where B is a constant. We know that any probability must be normalized. Thus,

the probability should be expressed as

pj ≡ p(ϵj) =
1

Z
e−Bϵj , (2.300)

where Z =
∑ω−1

i=0 e−Bϵj is known as “partition function”. Here, pj stands for the

probability of finding a particle with energy ϵj. Such a probability corresponds

to Boltzmann distribution. This is one of the keys ingredient of Maxwell-

Boltzmann statistics. We would like to apply this Boltzmann distribution to the

internal energy which is expectation value of energy of the system. The internal

energy can be given by

U =
∑
j

pjϵj. (2.301)
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Substituting the probability in eq.(2.300) into the internal energy in eq.(2.301), we

obtain

U =
∑
j

ϵj
eBϵj

Z
= −∂ lnZ

∂B
. (2.302)

Moreover, we have another formula of the internal energy. Substituting S = −∂F
∂T

into F = U − TS, we obtain

U = F + TS = F − T
∂F

∂T
= F +

1

T

∂F

∂(1/T )
=

∂(F/T )

∂(1/T )
. (2.303)

Comparing the internal energy in eqs.(2.302) and (2.303), we get

F = −kBT lnZ and B =
1

kBT
. (2.304)

Note that the Boltzmann constant kB is added in order to give the right unit

of Helmholtz free energy. Thus, the probability and the energy in eq.(2.300) are

written by

pj = exp[ F

kBT
− 1

kBT
ϵj], (2.305)

ϵj = F − kBT ln pj. (2.306)

Substituting the energy in eq.(2.306) into the internal energy in eq.(2.301), we

obtain

U =
ω−1∑
j=1

pj(F − T ln pj) = F − kBT

(
ω−1∑
j=1

pj ln pj

)
. (2.307)

By comparing the internal energy in eq.(2.307) to U = F − TS, the entropy can

be expressed as follows

S = −kB

ω−1∑
j=1

pj ln pj. (2.308)

This is known as Gibbs entropy which denoted by SG [38]. By assigning the

total number of microstates as Ω and applying the fundamental postulate pi =
1
Ω
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to the formula of the Gibbs entropy in eq.(2.308) and summing over all number of

microstates Ω, we obtain

SGB = −kB

Ω∑
i=1

1

Ω
lnΩ−1 = kB lnΩ. (2.309)

This is Gibbs-Boltzmann entropy and denoted by SGB.



CHAPTER III

BLACK HOLE

3.1 BLACK HOLE

Black hole is “A region of space having a gravitational field so intense that

no matter or radiation can escape”. We will show that how objects cannot escape

from the black hole.

3.1.1 Light Cone

The point in spacetime is called “event”. The infinitesimal interval between

two event is metric which written by eq.(2.15). The trajectory of particle that move

in spacetime is called “worldline” as shown in Figure 20. The slope of worldline

ct

x⃗

worldline

event

event

Figure 20 Spacetime diagram.

implies to speed of paricle,

slope m =
c∆t

∆x
=

c

v
. (3.1)

Note that we will show explicitly with speed of light c in this section for convenience.

We classify worldline, or any path in spacetime, by metric as eq.(2.16). Let’s

consider Minkowski spacetime (flat spacetime)

ds2 = ηµνdx
µdxν = −c2dt2 + dx⃗2. (3.2)
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If we set ds2 = 0, we have

0 = −c2dt2 + dx⃗2,

c = ±
∣∣∣∣dx⃗dt

∣∣∣∣ . (3.3)

We call this trajectory as “null path”. This corresponds to trajectory of light or

massless particles. Furthermore, if we plot trajectory of the light, it is just straight

line with slope eqaul to 1,

slope m =
c

vlight
= 1. (3.4)

Then we can classify other two type of trajectory by using the null path as broaden

line, namely,

1. ds2 < 0 : time-like path,

2. ds2 = 0 : null path,

3. ds2 > 0 : space-like path.

Note that we include null path in the second type. Considering an event in space-

time, there exists a light cone at which it is bounded by null trajectory, as shown

in Figure 21. Thus, if we want to consider ligh cone, we just set metric to be zero

and find the relation between time and spatial coordinate. According to special

ct

x⃗

timelike
null

spacelike

future cone

past cone

present

m = 1m = −1

Figure 21 Light cone and worldlines.

relativity, everything in vacuum cannot travel faster than speed of light. Then the
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slope for massive particle trajectory can be written by

mmass =
c

vmass
> 1 = mlight, (3.5)

where vmass < c. So, our trajectory is time-like path. Since the time never decrease,

massive particle trajectory is “time-like path and always go to upper part of light

cone” which is called future light cone, as found in Figure 21. If spacetime is

curved, the structure of light cone is changed. Therefore, structure of light cone

is an important issue in order to investigate particle motion in curved spacetime

around black holes.

3.1.2 Schwarzschild Black Hole

Since the structure of light cone can be investigated by using the null path.

For Schwarzschild metric defined in eq.(2.104), the null path can be obtained by

0 = −
(
1− 2mG

r

)
dt2 +

(
1− 2mG

r

)−1

dr2,

dt

dr
= ±

(
1− 2mG

r

)−1

. (3.6)

Note that we fixed angle coordinates, θ and ϕ. Solving eq.(3.6), we obtain time as

a function of radial coordinate as follows

t = ±
∫

dr

(
1− 2mG

r

)−1

= ± [r + 2mG ln |r − 2mG|+ C] , (3.7)

where C is integration constant. The trajectory of null path can be plotted in

order find the structure of light cone as shown in Figure 22. The region of spacetime

diagram can be divide into two parts as according to the existence of r = 2mG. This

specific radius is called “event horizon”. For the right one the future light cone

is upward. While the left part, the future light cone will flip to be leftward. The

massive particle trajectory in spacetime diagram cannot be outside the light cone.

After it passes the event horizon, it cannot come out to r > 2mG. This feature

corresponds to definition of black hole. Moreover, time and radial coordinate are
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Figure 22 Light-cone structure in Schwarzschild spacetime.

changed their role when passing event horizon. Specifically, r will change to be

time-like coordinate and t will change to be space-like coordinate. Inside the black

hole, there exists a frame reference such that dt = 0. This means that the massive

particle can move from some event to another event with the same time. We called

this object as Schwarzschild black hole and it is one of static black holes.

Notice that, the boundaries of light cone can be identified by 2 null paths,

namely, ingoing and outgoing radial null trajectory. For example, the boundaries

of light cone in flat spacetime with slope m = −1 and m = 1 in the Figure 20 are

ingoing and outgoing null path, respectively. The red and blue lines in the Figure

21 are another example, where the red (blue) is outgoing (ingoing) trajectory.
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3.1.3 Reissner-Nordstorm Black Hole

3.1.3.1 Coordinate singularity

Notice that, at Schwarzschild radius, r = 2mG, the Schwarzschild metric

blow up. If we transform the radial coordinate to be “tortoise coordinate r∗”. This

coordinate is defined as follows

dr∗

dr
≡
(
1− 2mG

r

)−1

, (3.8)

r∗ =

∫ (
1− 2mG

r

)−1

dr = r + 2mG ln
(∣∣∣ r

2mG
− 1
∣∣∣), (3.9)

Thereafter, the Schwarzschild metric in eq.(2.104) becomes

ds2 =

(
1− 2mG

r

)
(−dt2 + dr∗2) + r2dΩ2. (3.10)

Now, at event horizon, the metric is not diverged anymore. Since the singularity,

at event horizon, can be removed by using coordinate transformation, it is called

“coordinate singurarity”. For non-removable singularity or real singularity,

we check it from Kretschmann scalar [37]

K = RµνσρRµνσρ. (3.11)

For Schwarzschild case, the Krestmann scalar can be written as

Ksch =
48m2G2

r6
. (3.12)

Obviously, at event horizon, this quantity is still finite. But this quantity is infinite

at r = 0 which infer to the real singularity. Therefore, the event horizon can be

found by a point that coordinate singularity.

It is interesting to investigate event horizon of Reissner-Nordstorm metric in

eq.(2.141). Firstly, we identify real singularity via the Krestmann scalar as follows

[39]

Krs =
48m2

r6

[
1− 2q2

mr
+

7q4

6m2r2

]
. (3.13)
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One can see that r = 0 is real singularity. Therefore, the coordinte singularity can

be found by solving grr = ∞ as follows

1 +
(q2 + p2)G

r2H
− 2mG

rH
= 0,

r2H − 2mGrH + (q2 + p2)G = 0,

rH =
[
m±

√
m2 − (q2 + p2)

]
G. (3.14)

The event horizon can be classified into three cases as follows

1. m2 > q2 + p2 : there are two event horizons,

2. m2 = q2 + p2 : there is one event horizon which is called “extreme Reissner-

Nordstrom black hole”,

3. m2 < q2 + p2 : there is no event horizon, the real singularity is said to be

“naked singularity”.

The physical quantities can be observed from singularity at which physical quanti-

ties cannot be well defined. Thus, such physical quantities should not be observed

by physical process. As a result, it is a good that describe of singularity cannot

be formed in nature. This leads to the cosmic censorship conjecture stated that

“Singularities that arise in the solutions of Einstein’s equations are typically hidden

within event horizons, and therefore cannot be observed from the rest of spacetime”

[37].

3.1.4 Kerr Black Hole

3.1.4.1 Event horizons as null hypersurface

The metric for Schwarzschild and Reissner-Nordstrom are in the same form

which can be written as

ds2 = −f(r)ft2 + f−1(r)dr2 + r2dΩ2,

Schwarzschild : f(r) = 1− 2mG

r
,

Reissner-Nordstrom : f(r) = 1− 2mG

r
+

(q2 + p2)G

r2
.
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The event horizon for both cases can be found by solving f(rH) = 0. However, Kerr

metric is quite complicated and it is not easy to find event horizon in the same way

as Schwarzschild and Reissner-Nordstrom case. Formally, the event horizon can

be defined as “the hypersurface which its normal vector is null vector everywhere”.

Let’s consider the hypersurface which described by Φ(r) = C where C is constant.

The normal vector is nµ = ∂Φ(r)
∂xµ = ∂µr. From null condition for normal vector, the

component of metric tensor must be satisfied the condition as follows

nµnµ = gµν(∂µr)(∂νr) = grr,

grr(rH) = 0. (3.15)

Notice that this condition still valid for Schwarzschild and Reissner-Nordstrom

case, grr = f(r) = 0. Moreover, if these null normal vectors are Killing vector, the

event horizon can be said as “Killing horizon”.

We will find event horizons from the condition in eq.(3.15). According to

Kerr metric found in eq.(2.167), grr = ∆
ρ2

. Therefore, the event horizon can be

found by

∆(rH) = r2H + a2 − 2mGrH = 0,

rH± =
[
m±

√
m2 − (a/G)2

]
G. (3.16)

There are two event horizons similar to Reissner-Nordstorm black hole. For real

singularity, the Krestmann scalar for Kerr black hole can be expressed as [40]

Kkerr =
48m2

r2 + a2 cos2 θ (r
6 − 15a2r4 cos2 θ + 15a4r2 cos4 θ − a6 cos6 θ). (3.17)

Thus, the real singularity is given by

r20 + a2 cos2 θ0 = 0,

r0 = 0 and θ0 =
π

2
. (3.18)

As a result, from figure 13 the real singularity correspond to circle of radius a and

called “ring singularity”.
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3.1.4.2 Stationary limit and Infinite redshift surface

Stationary limit surface is the surface that the particle cannot stay at rest.

For Schwarzschild black hole, this kind of surface coincides with event horizon. For

Kerr black hole, stationary limit surface and event horizon are not coincided. In

order to see this, let us consider trajectory of photon with fixing r and θ as follows

0 = gttdt
2 + 2gtϕdtdϕ+ gϕϕdϕ

2,

0 = gtt + 2gtϕ
dϕ

dt
+ gϕϕ

(
dϕ

dt

)2

,

dϕ

dt
= − gtϕ

gϕϕ
±

√(
gtϕ
gϕϕ

)2

− gtt
gϕϕ

. (3.19)

The minus(plus) sign corresponds to trjectory of photon in opposite(same) direction

with rotating of source. If gtt = 0, eq.(3.19) becomes

dϕ

dt
= 0 and − 2

gtϕ
gϕϕ

, (3.20)

where dϕ
dt

≡ ω is angular velocity of photon. Thus, the photon moving in opposite

direction will stay at rest at gtt = 0. If gtt < 0, photon will be dragged in the same

direction of the source. The stationary limit surface is defined as follows

gtt(rs) = 0,

∆− a2 sin2 θ = 0,

r2s − 2mGrs + a2 cos2 θ = 0,

r±s =
[
m±

√
m2 − (a/G)2 cos2 θ

]
G. (3.21)

The condition gtt = 0 is also used to define “infinite redshift surface”. Let us

consider the light sending from r1 to r2 > r1 with one pulse. Time interval of a

pulse of observers at r1 and r2 are equal as shown in figure 23. Thus the proper

time interval for these two observer are
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t

r
r1 r2

∆t1

∆t2

Figure 23 Sending a photon from position r1 to position r2.

∆τ 2 =gµν∆xµ∆xν , (3.22)

∆τ1 =
√

−gtt(r1)∆t1 and ∆τ2 =
√

−gtt(r2)∆t2. (3.23)

The ratio of time interval between two observers can be written in terms of fre-

quency and wavelenght of the light as

∆τ1
∆τ2

=
ν2
ν1

=
λ1

λ2

=

√
−gtt(r1)√
−gtt(r2)

. (3.24)

For r1 = rs and r2 = r > rs, the wavelenght observed by observer at r is given by

λr = λs

√
−gtt(r)√
−gtt(rs)

= λs∞, (3.25)

where gtt(rs) = 0. This means that if we send light signal from surface that gtt = 0,

the observer at r > rs will observe the light signal with infinite wavelength. As a

result, all surfaces of Kerr black hole can be illustrated in figure 24.

In order to find characteristic behavior of the black hole via the motion of

light, let us consider angular velocity of photon in dragging frame and let photon

moving in opposite direction. Eq.(3.19) becomes

dϕ

dt
= − gtϕ

gϕϕ
+

√(
gtϕ
gϕϕ

)2

− gtt
gϕϕ

. (3.26)

The maximum angular velocity of the photon can be found by solving equation as

follows
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Figure 24 Structure of Kerr black hole.

(
gtϕ
gϕϕ

)2

− gtt
gϕϕ

= 0,

g2tϕ − gttgϕϕ = 0. (3.27)

The radius that satisfy above equation is found by

rmax = rH+. (3.28)

One found the angular velocity of photon at event horizon can be written as[
dϕ

dt

]
(r = rH+) = − gtϕ(rH+)

gϕϕ(rH+)
= − a

r2H+ + a2
= − a

2mGrH+

. (3.29)

Notice that the angular velocity depends only on black hole’s parameters and does

not depend on type of particles. So, this behavior corresponds to characteristic

quantity of black hole. As a result, it is convenient to define the angular velocity

of the black hole as follows

ΩH ≡ gtϕ(rH+)

gϕϕ(rH+)
=

a

r2H+ + a2
=

a

2mGrH+

. (3.30)
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3.1.5 Maximally Extended Solution

In the case of Schwarzschild spacetime (2.104), the black hole can be de-

termined by the existence of coordinate singularity. There is a coordinates

transformation which gets rid of coordinate singularity. The metric in the tortoise

coordinate, in eq.(2.104), is an example of the metric without coordinate singular-

ity. The light cone of this coordinate is described by(
1− 2mG

r

)(
−dt2 + dr∗2

)
= 0. (3.31)

This implies that the slope of light cone is ±1 at inner and outer horizon’s region,

r < 2mG and r > 2mG. However, the light cone vanishes at r = 2mG. So, it is

possible to find the coordinates of with non-vanishing light cone as follows

v = t+ r∗ and u = t− r∗, (3.32)

where v and u are known as the Eddington-Finkelstein coordinates. The

ingoing null trajectory is characterized by v = constant, meanwhile the outgoing

one satisfies the condition u = constant.

3.1.5.1 Ingoing Eddington-Finkelstein coordinate

We will consider the Schwarzschild metric in the coordinate system of (v, r, θ, ϕ).

Replacing

dt = dv − dr∗ and dr∗ =

(
1− 2mG

r

)
dr

in eq.(2.104), we obtain the metric as following

ds2 = −
(
1− 2mG

r

)
dv2 + 2dvdr + r2dΩ2. (3.33)

This is the Schwarzschild metric in the ingoing Eddington-Finkelstein coordinate.

The light cone is described by setting ds2 = 0 and then we have[
−
(
1− 2mG

r

)
dv + 2dr

]
dv = 0. (3.34)



90

The solutions can be obtained by solving these equations

dv = 0 and dv

dr
= 2

(
1− 2mG

r

)−1

.

As a result, the light cone can be characterized by the ingoing and outgoing null

trajectory as follows

v =


constant ; ingoing

2r + 4mG ln |r − 2mG|+ constant ; outgoing,
(3.35)

where the integration (3.7) is used. We can set the ingoing null trajectory travel

with slope m = −1. One defined a new time coordinate t∗ as follows

t∗ ≡ v − r.

Then the null geodesics in coordinate of (t∗, r) is described by

t∗ =


constant − r ; ingoing,

r + 4mG ln |r − 2mG|+ constant ; outgoing.
(3.36)

The null trajectory in the coordinate (t∗, r) is shown in the Finkelstein diagram

in Figure 25. The red and blue lines represent the ingoing and outgoing null tra-

r

t∗ = v − r r = 2mG

Figure 25 Ingoing Eddington-Finkelstein coordinates.

jectories, respectively. The future light cone is bounded by these null trajectories.

Notice that, the light cone does not vanish at horizon r = 2mG. After passing
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through the event horizon r < 2mG, the light cone tends to r = 0. The light can-

not go back to r > 2mG after passing the event horizon r = 2mG. It corresponds

to an important feature of black hole. Therefore, the ingoing Eddington-Finkelstein

coordinate also manifests the existence of black hole in such spacetime.

3.1.5.2 Outgoing Eddington-Finkelstein coordinate

For the coordinate u, one can do the same procedure in previous section.

Replacing the time coordinate t with

dt = du+ dr∗ = du+

(
1− 2mG

r

)−1

dr, (3.37)

the Schwarzschild metric in the outgoing Eddington-Finkelstein coordinate is ob-

tained by following

ds2 = −
(
1− 2mG

r

)
du2 − 2dudr + r2dΩ2. (3.38)

By setting ds2 = 0, the light cone is described by

du = 0 and du

dr
= −2

(
1− 2mG

r

)−1

.

Then the coordinate u satisfies the following expression,

u =


constant ; outgoing

−(2r + 4mG ln |r − 2mG|) + constant ; ingoing.
(3.39)

By defining a new time coordinate t∗ ≡ u + r, the null path in the coordinates

(t∗, r) is satisfied by

t∗ =


constant + r ; outgoing

−(r + 2mG ln |r − 2mG|) + constant ; ingoing.
(3.40)

The Finkelstein diagram of such coordinates is represented in figure 26. The red

and blue lines are presented the ingoing and outgoing of light trajectory. The

future light cone is bounded by these two lines as shown in Figure 26. In the
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r

t∗ = u+ r

r = 2mG

Figure 26 Outgoing Eddington-Finkelstein coordinates.

horizon’s region r < 2mG, the light cone tends to r = 2mG. This implies that

whether we begin moving at the inner horizon’s region, one can escape from the

event horizon. Meanwhile, we cannot get inside through the event horizon. This is

obviously different feature from a black hole. Thus, the solution (3.33) is a white

hole which pushes everything out from the real singularity r = 0.

Indeed, the white hole’s solution can be obtained by using time reversal

transformation t → −t to the black hole’s one. So, the Finkelstein diagram in

Figure 26 is merely a black hole with the reversal time coordinate t′ = −t. Ac-

cording to the Schwarzschild solution, the size of the source must be smaller than

r < 2mG which emerged by gravitational collapse. Since the white hole acts a

kind of repulsive force, in contrast to gravitational force, the white hole cannot be

formed in nature, even if the white hole is the solution of Einstein’s equation.

3.1.5.3 Kruskal coordinates

So far, the Schwarzschild metrics in the Eddington-Finkelstein coordinates,

eqs.(3.33) and (3.38), are well-defined for all range of r, r ∈ (0,∞). However,

they still be vanished, or degenerated, at the event horizon r = 2mG. In order to

obtain proper coordinates in which the metric is well-defined and non-degenerated

for r ∈ (0,∞), new coordinates should be introduced. The metric with both
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coordinates v = t+ r∗ and u = t− r∗ can be written by

ds2 = −
(
1− 2mG

r

)
dvdu+ r2dΩ2. (3.41)

It also degenerates at horizon radius r = 2mG. We will solve the problem by using

these coodinates

U ≡ − exp
(
− u

4mG

)
and V ≡ exp

( v

4mG

)
. (3.42)

The relations between coordinates (U, V ) and (t, r) are obtained by

UV = − exp
(

r∗

2mG

)
=
(
1− r

2mG

)
exp

( r

2mG

)
, (3.43)

U

V
= − exp

(
− t

2mG

)
, (3.44)

where eq.(3.9) is used. Applying these equations and relations

dU = − U

4mG
du and dV =

V

4mG
dv, (3.45)

to eq.(3.41), one achieves the metric in coordinates of (U, V, θ, ϕ) as follows

ds2 = −32(mG)3

r
e−r/2mGdUdV + r2dΩ2. (3.46)

Thereafter, the metric which is healthy everywhere in region r ∈ (0,∞) is ob-

tained. The spacetime diagram in these coordinates is quite complicated to draw.

Nonetheless, there is a coordinate system in which its spacetime diagram is more

comfortable to understand. That is Kruskal coordinates which are expressed by

T ≡ 1

2
(V + U) and R ≡ 1

2
(V − U). (3.47)

The metric is written as follows

ds2 =
32(mG)3

r
e−r/2mG

(
−dT 2 + dR2

)
+ r2dΩ2, (3.48)

where we substituted for dV = dT + dR and dU = dT − dR. The spacetime

diagram of this coordinates system, so-called Kruskal diagram, is illustrated by
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X = 1
2
(V − U)

T = 1
2
(V + U)

r = constant

t = constant

U V

r = 0r =
2m

G

t = ∞ t = −∞

Figure 27 The Kruskal diagram of Schwarzschild spacetime.

Figure 27. For r = constant > 2mG, eq.(3.43) leads us to UV = constant which

is presented in the orange lines. At the event horizon r = 2mG, eq.(3.43) implies

that U = 0 and V = 0, and then they are shown in the red axes. The blue

curves represent the real singularity that satisfies UV = 1. For t = constant, it is

described by U/V = −constant which obtained by eq.(3.44) and shown in the cyan

lines. Furthermore, the line V = 0 represents t = −∞, since V ≈ 0 when v = −∞.

Consequently, t = ∞ is presented in the line U = 0, because U ≈ 0 while u = ∞.

Lastly, a light trajectory is described by

−dT 2 + dR2 = 0.

It implies the light cones are characterized by the lines with slope m = 1 and

m = −1, and the same everywhere in the diagram.

In this diagram, there are 4 regions which are divided by the axes U and V .

The right region is corresponding to r > 2mG where the future light cone directs

to t = R+, the asymptotic flat spacetime is in this region. The real singularities

are located in the top and bottom regions. One notices the light cone which placed

at the line U = 0, its right-hand boundary coincides to r = 2mG. It implies that

a trajectory cannot escape from r = 2mG, that is the event horizon. So the top

region represents a black hole. The light cone locates at the line V = 0, its left-hand
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boundary lies on r = 2mG. This implies that a trajectory cannot pass through

r = 2mG, and then corresponds to the Figure 26. Thus, the bottom region is

represented a white hole. Finally, the left region satisfies r > 2mG but the future

light cone directs to t = R−. This can be interpreted as another asymptotic flat

region of spacetime. The connection of the right and left region is placed at the

origin of diagram, it is called the Einstein-Rosen bridge, or worm hole.

A black hole, white hole, our universe and parallel universe, they are all

possible solutions of Einstein’s equation with Schwarzschild’s conditions, vacuum,

static and spherical symmetry. The Kruskal coordinates assemble them in one

diagram. Therefore, the Kruskal diagram represents the maximal extended so-

lution of Schwarzschild metric. The maximal extension can be applied in the

Reissner-Nordstrom and Kerr black holes. However, it is quite complicated to

express them here, we would not shown in this thesis. The reader can found in

references [31, 32, 35, 37].

3.1.5.4 Bifurcation sphere and Killing horizon

Each point on the Kruskal diagram is the two sphere S2 with fixing radius

r and time t. The event horizon which is the sphere with radius r = 2mG can

be defined on both of the line U = 0 and V = 0. So the intersected point of the

lines U = 0 and V = 0 is the intersection of 2 spheres with radius r = 2mG. In

other words, the event horizons are intersected in this point. This kind of point

(U = 0, V = 0) is the bifurcation sphere. Since the horizon which represented by

U = 0 (V = 0) is the horizon at t = −∞ (t = ∞), so-called “past (future) horizon”,

the bifurcation sphere is the point that past and future horizons are intersected.

The interested feature of this point is about Killing vector vanishes. Ac-

cording to the timelike Killing vector (2.57), the Killing vector Kµ
(t) = ∂xµ/∂t can

be written in the coordinates (U, V, θ, ϕ) as follows

Kµ
(t) =

∂

∂t
(U, V, θ, ϕ) =

1

4mG
(−U, V, 0, 0) , (3.49)
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where one used eq.(3.45) and ∂u/∂t = ∂v/∂t = 1. This Killing vector vanishes at

the bifurcation sphere, since (U, V ) = (0, 0) there. So, the Killing vector vanishes

at the bifurcation sphere. Moreover, this property also holds in the case of Kerr

black hole [31].

3.2 LAWS OF BLACK HOLE MECHANICS

In thermodynamics, the behavior of a thermal systems are described by the

four laws of thermodynamics. As well as black hole’s system, there exists a

laws of black holes which explain the nature of them. This is called “the laws of

black hole’s mechanics”.

3.2.1 The Zeroth Law

The zeroth law of black hole’s mechanics describes characteristic of black

hole’s quantity, that is “Surface gravity”.

3.2.1.1 Surface gravity

To define the work done at event horizon, we should do the work at event

horizon. The work done around event horizon depends on the position that observer

does the work. However, we should have the same reference. So, it is useful to define

the work done where observer do the work at flat space.

Let’s consider the work done on particle at event horizon with distant δs.,

while we are at spatial infinity, or flat space, and do the work via massless string,

illustrated by Figure 28. The work done per unit mass at event horizon is δWH =

aHδs, while one at spatial infinity is δW∞ = a∞δs. In order to well-define the

work done of the object in curved spacetime, it is useful to facterize the work done

between one in flat spacetime and that curved spacetime. In order to find the

proper factor, let’s imagine that the work done at horizon will be converted to the

radiation and sent to the observer in flat spacetime. Since the energy of radiation
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δs δs

event horizon

massless string
singularity

flat space

δWH δEH δE∞ δW∞

Figure 28 Idea of surface gravity.

is factorized by
√
|gtt| as shown in eq.(3.25), we have

E∞ = hν∞ = h
λ1

λ2

ν1 =
λ1

λ2

EH . (3.50)

The work done from the obeserver at infinity to the object at event horizon will be

factorized by the
√

|gtt| as follows

δE∞ = δW∞ =

[√
gtt(r = rH)

gtt(r = ∞)

]
δWH =

√
−gtt(rH)aHδs = a∞δs, (3.51)

where gtt(r = ∞) ≈ ηtt = −1. As a result, one can define the “surface gravity”

by the required acceleration of the obeserver at infinity to hold particle at event

horizon as follows

κ ≡ a∞ =
√
−gtt(rH)aH . (3.52)

The four-acceleration can be written in terms of four-velocity as follows

aµ ≡ uν∇νu
µ. (3.53)

The four-velocity of stationary particle can be written as

uµ
particle = (ṫ, 0, 0, 0), (3.54)

where ṫ =
√

(−gtt)−1 obtained from condition uµuµ = −1. Eq.(3.53) becomes

aµ = ut∇tu
µ. The nonvanishing component of the acceleration of particle can be

written as
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ar = ut(∂tu
r + Γr

ttu
t)

= −1

2
(−gtt)

−1grr∂rgtt. (3.55)

The Christoffel symbol is Γr
tt = 1

2
grα (∂tgtα + ∂tgαt − ∂αgtt) = −1

2
grr∂rgtt. Then,

norm of aµ is

a =
√

aµaµ = |ar|√grr =
1

2
(−gtt)

−1grr|∂rgtt|
√
grr. (3.56)

The surface gravity in eq.(3.52) is given by

κ =

[
1

2

√
−gttgrrg

rr(−gtt)
−1

]
rH

|∂rgtt|r=rH . (3.57)

For Schwarzschild case with f = 1 − 2mG
r

, then gµν = diag(−f, f−1, r2, r2 sin2 θ)

and gµν = diag(−f−1, f, r−2, (r2 sin2 θ)−1), one obtains

κsch =

[
1

2

√
f−1fff−1

]
rH

|∂r(−f)|r=rH =
1

2

2mG

r2
|r=rH =

1

4mG
, (3.58)

where rH = 2mG. For the earth, the surface gravity can be evaluated by Newton’s

law of universal gravitation which is

F⃗g = G
m1m2

r2
r̂. (3.59)

According to the definition of surface gravity then we obtain

κe = G
mE

r2E
, (3.60)

where mE and rE are mass and radius of the earth, respectively.

Another definition of surface gravity associates with Killing horizon. The

Killing horizon is a hypersurface that normal vector is Killing vector, Kµ = nµ =

∂µΦ where the hypersurface defined by Φ = constant. Recalling the relation of

Killing vector in eq.(2.55), we have
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Kν∇νKµ = −Kν∇µKν

= −1

2
∇µ(K

νKν). (3.61)

Since, we consider the hypersurface Φ = constant, we can choose Φ = −KνKν ,

then

Kν∇νKµ =
1

2
∂µΦ ∝ Kµ,

Kν∇νKµ = κKµ. (3.62)

Note that we have used

∂µΦ = 2κKµ, (3.63)

where κ is the surface gravity. There are proper coordinates for evaluating the sur-

face gravity with eq.(3.63). For example, if we consider Schwarzschild black hole in

the coordinates (t, r, θ, ϕ) with the timelike Killing vector Kµ
(t) =

∂xµ

∂t
, eq,(3.63) gives

nothing because ∂tΦ = ∂t(−gtt) = 0. We try to consider the ingoing Eddington-

Finkelstein coordinates (v, r, θ, ϕ). In this coordinate, the timelike Killing vector is

written as

Kµ =
∂xµ

∂t
=

∂xµ

∂v

∂v

∂t
=

∂xµ

∂v
, (3.64)

where we used ∂v
∂t

= ∂
∂t
(t + r∗) = 1. The dual-vector form of the Killing vector is

written as follows

Kµ = gµνK
ν = gµvK

v. (3.65)

According the metric tensor (3.33), the non-vanishing component is Kv = gvvK
v

and Kr = grvK
v. The left-hand side of eq.(3.63) is evaluated by



100

∂µΦ = ∂µ(−KρKρ)

= ∂µ(−gvv)

= ∂µf(r)

= (∂µr)f
′(r), (3.66)

where gvv = −f(r) = −
(
1− 2mG

r

)
is used. Thus, the non-vanishing component of

eq.(3.63) is only component of µ = r as follows

(∂rr)f
′(r) = 2κgrvK

v.

Applying grv = 1 and Kv = 1, one obtains

κ =
f ′(r)

2
. (3.67)

It is consistent to the surface gravity in eq.(3.58). Actually, we can choose both

ingoing and outgoing Eddingtom-Finkelstein coordinates (3.32).

There is other expression of the surface gravity by employing an auxiliary

vector. Such a vector relates to the Killing vector as follows

NµKµ = −1, (3.68)

where it is evaluated at the event horizon. By contracting eq.(3.62) with auxiliary

null vector, Nµ, the surface gravity can be defined as

κ = −KµN ν∇µKν . (3.69)

For Kerr black hole, the Killing vector is Kµ = (1, 0, 0,ΩH) then the following

surface gravity is

κ =
ΩH

a

√
(mG)2 − a2 =

√
(mG)2 − a2

r2H+ + a2
. (3.70)

The zeroth law of black hole’s mechanics states that “surface gravity con-

stant throughout the event horizon”. By treating the event horizon as Killing
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horizon, the metric can be written in terms of the null bases as {Kµ, Nµ,mµ, m̄µ}

where Kµ is Killing vector, Nµ is axuiliary null vector, mµ is null complex vector

and m̄µ is null complex conjugate. From this setup, mµ and m̄µ lying in event

horizon, Kµ and N ν hypersurface orthogonal to event horizon. By using definition

of surface gravity in eq.(3.69), and considering the change of surface gravity along

the event horizon, we have

mµ∇µκ = −mµ∇µ(K
σN ν∇σKν)

= −(∇µ∇σKν)m
µKσN ν − (∇σKν)(∇µK

σ)mµN ν

− (∇σKν)(∇µN
ν)mµKσ. (3.71)

Considering mµN ν∇µKν and using property KµNν = −1, we obtain

mµN ν∇µKν = ∇µ(m
µN νKν)−N νKν∇µm

µ −mµKν∇µN
ν

= −∇µm
µ +∇µm

µ −mµKν∇µN
ν

= −mµKν∇µN
ν ,

gνρm
µN ν∇µK

ρ = −gνρm
µKρ∇µN

ν ,

mµN ν∇µK
ρ = −mµKρ∇µN

ν . (3.72)

Note that the second and third term of eq.(3.71) are cancelled out. Using the

relation between derivatives of Killing vector and Riemann tensor,

∇µ∇νK
σ = Rσ

νµρK
ρ, (3.73)

together with reuslt from eqs.(3.73) and (3.72), eq.(3.71) becomes

mµ∇µκ = −RνσµρK
ρmµKσN ν . (3.74)

It is shown that deformation tensor vanishes on the event horizon, B̃µν = 0 [41].

Using this agrument together with Raychaudhuri’s equation for null congruence in

eq.(2.78), we obtain

RµνK
µKν = 0. (3.75)
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Since deformation tensor vanishes on event horizon, we obtain

mµm̄νBµν = mµm̄ν∇µKν = 0. (3.76)

By using mσ∇σm
µ = mσ∇σm̄

µ = 0, the relation for the second covariant derivative

of the Killing vector can be expressed as

mσ∇σ(m
µm̄ν∇µKν) = mσmµm̄ν∇σ∇µKν = 0. (3.77)

We substitute eq.(3.73) in eq.(3.77), then one obtains

mσmµm̄νRνµσρK
ρ = 0. (3.78)

Substituting gµν = −KµN ν −NµKν +mµm̄ν + m̄µmν in eq.(3.78), we obtain

mµmσm̄νKρRνµσρ = mµKρRνµσρ(g
σν +KσN ν +NσKν − m̄σmν),

0 = mµKρRµρ +mµKρRνµσρN
σKν ,

mµKρNσKνRσρµν = mµKρRµρ. (3.79)

Note that the third and fourth term are vanished because anti-symmetric and sym-

metric tensor contract together. Substituting eq.(3.79) into eq.(3.74), one obtains

mµ∇µκ = −Rµνm
µKν . (3.80)

Using Einstein’s field equation, eq.(2.67), and Kνmν = Kνm̄ν = 0, one obtains(
Rµν −

1

2
Rgµν

)
mµKν = 8πGTµνm

µKν ,

Rµνm
µKν = 8πGTµνm

µKν . (3.81)

Then eq.(3.80) becomes

mµ∇µκ = −8πGTµνm
µKν . (3.82)

By contracting Einstein’s field equation with KµKν and using the relation in

eq.(3.75), one obtains

TµνK
µKν = 0. (3.83)
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Eq.(3.83) implies that TµνK
ν ∝ Kµ. Then eq.(3.82) can be expressed as

mµ∇µκ = (TµνK
ν)mµ ∝ Kµm

µ = 0. (3.84)

This implies that surface gravity constant in tranverse direction on event horizon

which is refered to the zeroth law of black hole’s mechanics [40, 41].

3.2.2 The First Law

The first law of black hole’s mechanics is the relation between variation of

black hole’s parameters, such as mass, horizon area, and angular momentum.

3.2.2.1 Smarr’s formula

There exists a relation between the mass, m, angular momentum, J ≡ am,

and horizon area of black hole. The outer horizon area of Kerr black hole is given

by

AH =

∮
H

d2θ
√
σ =

∫ 2π

0

dϕ

∫ π

0

dθ(r2H + a2) sin θ = 4π(r2H + a2), (3.85)

where σ is determinant of the metric on two-surface with fixing t = constant and

r = r+ as follows

σABdθ
AdθB = ρ2d2θ +

Σ

ρ2
sin2 θdϕ2.

From eqs.(3.16), (3.29) and (3.70), the mass can be written in terms of event horizon

as follows

m =
r2H + a2

2GrH+

=
rH
2G

+
a2

2GrH

=
κ(r2H + a2)

G
+ 2ΩHJ

= κ
AH

4πG
+ 2ΩHJ. (3.86)

This relation is refered to Smarr’s formula.

From eq.(3.86), the area can be written in terms of mass and angular mo-

mentum as follows

AH

4πG
= m+

√
m2 −

(
J

mG

)2

. (3.87)



104

This correspond to the no-hair theorem which states that “stationary, asymptot-

ically flat black hole are fully described by the parameter of mass, electromagnetic

charge and angular momentum”. As a result, the variation of the area can be

written as

κ

8πG
δAH(m, J) = δm− ΩHδJ, (3.88)

δm =
κ

8πG
δAH + ΩHδJ. (3.89)

This equation is known as the first law of black hole’s mechanics.

3.2.3 The Second Law

The second law of black hole’s mechanics describes the behavior of the black

hole after perturbation is applied.

3.2.3.1 Penrose process

For Kerr black hole, the metric in eq.(2.167) is independent of t and ϕ.

Thus, the Killing vectors can be written as

Kµ
(t) = (1, 0, 0, 0) , Kµ

(ϕ) = (0, 0, 0, 1). (3.90)

It is more convenient to construct the linear combination as follows

Kµ = Kµ
(t) + ΩKµ

(ϕ) = (1, 0, 0,Ω), (3.91)

wherer Ω is angular frequency of a particle. This form of Killing vector is useful

to find the conserved quantities of a particle moving in Kerr geoemtry. Those

conserved quantities of a particle can be expressed as

E = −pνK
ν
(t) and l = pνK

ν
(ϕ), (3.92)

where pµ is four-momentum of particle in spacetime, E and l are energy and angular

momentum, respectively. In rest frame of particle in ergoregion, the conserved

energy can be expressed in terms of Kµ as

−Kνpν = E > 0. (3.93)
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Considering particle A originally outside ergoregion and then moving to the

ergoregion, this particle is spilted to particles B and C. Let’s particle B move out

from the ergoregion, as shown in Figure 29. For this process, we have three step

A BC BC

ergoregion

gtt < 0gtt = 0gtt > 0

Figure 29 Penrose process.

as follows

1. The energy of particle A outside the ergoregion with momentum pµ = m(1, 0, 0, 0)

can be written as

E(A) = −gµνp
µKν

(t) = mgtt|outside > 0, (3.94)

2. The particle A in the ergoregion is splilted into B and C,

3. The particle B moves outside the ergoregion where the particle C still be in

the ergoregion.

Since the ergoregion gtt > 0, the energy of particle C in the ergoregion can be

written as

E(C) = −mgtt|ergoregion < 0. (3.95)

Therefore, the energy of particle B can be obtained from the conservation of energy

as follows
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E(A) = E(C) + E(B),

E(B) = E(A) − E(C),

E(B) > E(A). (3.96)

All of the mentioned procedure is called “Penrose process”.

This implies that we can extract energy from black hole. In other words,

the mass of black hole decreases due to this process. In addition, the angular

momentum of black hole also decrease. Considering the four-momentum of the

particle C at rest frame, pµ = m dt
dτ
(1, 0, 0, ϕ̇), its energy can be expressed as

E(C) − ΩH l
(C) = −Kνp(C)

ν > 0. (3.97)

Note that according to eq.(3.91), this quantity corresponds to energy of particle

observed by observer in the rest frame and then it must be positive. According to

eq.(3.95), the angular momentum of the partilcle in the rest frame is also negative

as follows

0 >
E(C)

ΩH

> l(C). (3.98)

Therefore, the angular momentum part is also extracted from the black hole more

than one from energy part as follows

ΩHδJ < δm < 0. (3.99)

By using this process and applying to the first law of black hole’s mechanics in

eq.(3.89), we obtain

δAH > 0. (3.100)

This inequality corresponds to the second law of black hole’s mechanics which

states that the event horizon area of the black hole is always increased by Penrose
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process. In fact, the second law can be obtained by any process, and can be shown

by using Raychaudhuri’s equation and focusing theorem.

Since the second law associates with the change of area of the event horizon,

the expansion scalar is a useful quantity to determined can be such the change in

terms of geometric description. The evolution of expansion scalar can be deter-

mined by the Raychaudhuri’s equation found in eq.(2.78),

dθ

dλ
= −1

2
θ2 − σµνσµν −Rµνk

µkν ≤ 0. (3.101)

Note that we have considered the null geodesics being hypersurface orthogonal,

therefore the rotation matrix vanishes ωµν = 0. Moreover, the null energy condition

Rµνk
µkν ≥ 0, have been applied. From above equation, eq.(3.101), one found

that the expansion scalar is always decreased and called “focusing theorem”. This

implies that the geodesic congruence will focus to a point. As a result, we obtain

dθ

dλ
≤ −1

2
θ2,

θ−1(λ) ≥ θ−1(λ = 0) +
λ

2
. (3.102)

This implies that if the congruence is initially converging θ(λ = 0) < 0, then

θ(λ) → −∞ with affine parameter λ ≤ 2
|θ(λ=0)| , Raychaudhuri’s equation, eq.2.78,

is not valid. In order to avoid such situation the initial value of expansion scalar

must be not negative, θ(λ = 0) ≥ 0. As a result, we obtain

θ(λ) ≥ 0. (3.103)

From eq.(2.80), the expansion scalar corresponds to the change of the area, there-

fore eq.(3.103) implies

δA ≥ 0.

It is called “area theorem” which corresponds to the second law of black hole’s

mechanics validating for any process [31].
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3.2.4 The Third Law

This law relate to obtaining extremal black hole. For extremal charge black

hole, it obeys the condition m = q2 while for the rotating one obeys mG2 = a2. It

is useful to consider extremal state via surface gravity only for Kerr black hole in

eq.(3.70) as follows

κ =

√
(mG)2 − a2

r2H + a2
=

√
(mG)2 − a2

2mrH
. (3.104)

Note that extremal state is achived when surface gravity vanishes. By substituting

a = J
m

and rH = mG+
√

(mG)2 − a2 into eq.(3.104), and setting G = 1 we obtain

κ =

√
m2 − ( J

m
)2

2m
[
m+

√
m2 − ( J

m
)2
] =

1

2m


√

1− ( J
m2 )2

1 +
√

1− ( J
m2 )2

 . (3.105)

To obtain zero surface gravity, we must increase angluar momentum by throwing in

the particle. Every this process, the mass of black hole is also increased. Thus, if we

keep doing the process, J
m2 ∼ l

m
approaches to zero, where l is angular frequency of

black hole. So, surface gravity depends on the factor 1
2m

. We must do the process

till mass of black hole reach infinite. In other words, it requires infinite times of

process to obtain extremal state. Then the third law of black hole’s mechanics

states that “it is impossible to reduce surface gravity of black hole to zero with

finite sequence operations”[42].



CHAPTER IV

BLACK HOLE’S ENTROPIES

4.1 BLACK HOLE THERMODYNAMICS

If we compare the laws of black hole’s mechanics and thermodynamics, they

are quite similar to each other as shown in table 1.

Table 1 Black hole’s mechanics and thermodynamics law.

Laws Black hole’s mechanics Thermodynamics

Zeroth
Surface gravity is constant

on event horizon entirely.

At equilibrium,

temperature of whole

systems are constant.

First δm = κ
8πG

δAH dU = TdS

Second δAH ≥ 0 dS ≥ 0

Third

It is impossible to reduce

surface gravity to zero with

finite number of operations.

It is impossible to reduce

temperature to zero with

finite number of operations.

Notice that, some quantities of black hole and thermodynamic system have

the similar behavior. For example, surface gravity is equivalent to temperature,

and horizon area is equivalent to entropy. Therefore, it might be worthwhile to

imagine that black hole is thermal object.
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4.2 BEKENSTEIN-HAWKING ENTROPY

4.2.1 Temperature of Black Hole

Stephen Hawking shown that there is radiation from black hole, so called

“Hawking radiation” by using quantum field in curved spacetime. He considered

Klein-Gordon field in a spherically gravitational collapse spacetime [1]. The objec-

tive of [1] is finding the number of particle which is observed at spatial infinity. The

field operator can be expressed by creation and annihilation operator as follows

ϕ̂ =

∫
dω(âωfω + â†ωf̄ω) with âω|0⟩ = 0,

where {fω, f̄ω} is plane wave basis which is solution of Klein-Gordon equation,

ω2 = p⃗2 and |0⟩ is vacuum state. Hawking separated the field operator into two

part, namely, ingoing and outgoing particles. The ingoing means going to the event

horizon and outgoing means going to observer at spatial infinity as follows

ϕ̂ =

∫
dω
[
(b̂ωpω + b̂†ωp̄ω) + (ĉωqω + ĉ†ω q̄ω)

]
, (4.1)

where b̂ is annihilation of ingoing particles and ĉ is annihilation of outgoing parti-

cles. The ground states are defined by

b̂ω|0⟩H = 0, ĉω|0⟩∞ = 0 with ĉω|0⟩H ̸= 0,

where H and ∞ stand for horizon and spatial infinity, respectively. The average

number of particles at horizon which observed at spatial infinity can be written by

H⟨0|ĉ
†
ω ĉω|0⟩H = ⟨N∞

ω ⟩H . (4.2)

By using many complicated mathematical methods [1], Hawking found that the

average number of particle can be expressed as follows

⟨N∞
ω ⟩H =

Γω

e
2π
κ
ω − 1

, (4.3)
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where Γω is absorption coefficient at mode ω and κ is surface gravity. It is similar

to the Planck’s law of black-body radiation as shown in Appendix A. By setting

kB = 1 and h = 1, the average number of radiated particle of the blackbody at

temperature T is expressed by

⟨n⟩bb =
1

e
1
T
ν − 1

. (4.4)

Notice that eqs.(4.3) and (4.4) look similar in the case of Γω = 1. Thus we can

interpret temperature of black hole as

TH =
κ

2π
, (4.5)

is called “Hawking temperature” [1, 43, 44]. Since Hawking radiation matches up

with eq.(A.5), and eq.(A.5) obeys Gibbs-Boltzmann statistics, BH entropy is Gibbs

entropy type.

Moreover, black hole does not behave like black-body, it behaves like grey-

body because it is factorized by Γω which is called “Grey -body factor”. This

quantity can be interpreted as probability of outgoing wave to reach spatial infinity,

or transmission coefficient in quantum mechanics [45].

Recalling the first law of black hole thermodynamics of Schwarzschild space-

time in eq.(3.89), and using eq.(4.5), one obtains

δm =
TH

4G
δAH . (4.6)

Since temperature can be defined on the black hole, we can treat black hole as

thermodynamics object. It is supported by similarity between the mechanic laws

and thermodynamic law. In this sense, mass of black hole, eq.(4.6), can play the

role of internal energy, dU = TdS. Then the entropy of black hole can be written

by

SBH =
AH

4G
, (4.7)
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which is known as “Bekenstein-Hawking entropy”. Since Hawking radiation

matches up with eq.(A.5), and eq.(A.5) obeys Gibbs-Boltzmann statistics, BH

entropy is Gibbs entropy type.

4.2.2 Euler’s Theorem and Smarr’s Formula

By using Euler’s theorem of homogeneous function, we would show that

there is another approach for obtaining Smarr’s formula of black hole. Euler’s

theorem states that if f(x1, · · · , xn) is homogeneous function of kth order then

f(x) satisfies

kf(x1, · · · , xn) =
n∑

i=1

xi
∂f(x1, · · · , xn)

∂xi

, (4.8)

where k satisfies the relation

f(λx1, . . . , λxn) = λkf(x1, . . . , xn). (4.9)

Applying Hawking temperature (4.5) and Bekenstein-Hawking entropy (4.7),

the Smarr’s formula of Schwarzschild black hole found in eq.(3.86) can be reex-

pressed as

m = 2
( κ

2π

) A

4G
= 2THSBH . (4.10)

We will find this formula by using Euler’s theorem as following. From 1− 2mG
rH

= 0,

the mass of the black hole can be written in terms of Bekenstein-Hawking entropy

as function of entropy,

m =
rH
2G

=
1

4G

√
AH

π
=

1

2
√
πG

√
AH

4G
=

1

2

√
SBH

πG
, (4.11)

where AH = 4πr2H . This mass is the homogeneous function of SBH degree 1/2

which can be expressed as follows

m(λSBH) =
1

2

√
λSBH

πG
= λ1/2m(SBH). (4.12)
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Applying Euler’s theorem (4.11), we obtain

1

2
m(SBH) = SBH

∂m(SBH)

∂SBH

. (4.13)

The conjugate variable of entropy can be expressed as ∂m/∂SBH ,

∂

∂SBH

(
1

2

√
SBH

πG

)
=

1

4
√
SBHπG

=
1

2
√
AHπ

=
1

4πrH
=

1

4

1

2mGπ
=

κsch

2π
.

This is exactly the same expression of Hawking temperature. Therefore, the Hawk-

ing temperature can be written in terms of conjugate variable of the entropy

∂m

∂SBH

= TH . (4.14)

As a result, substituting eq.(4.14) into eq.(4.13), we obtain

1

2
m = THSBH .

This is the Smarr’s formula derived from Euler’s theorem which is exactly the

same with eq.(4.10) [26]. Furthermore, the first law of black hole’s mechanics can

be written in terms black hole’s thermodynamic quantities as follows

δm =
∂m

∂SBH

δSBH = THδSBH . (4.15)
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4.3 WALD ENTROPY

In 1913, Bardeen proposed the four laws of black hole’s mechanics [4]. These

laws of black hole is quite similar to the thermodynamic laws. 4 years later,

the black hole’s entropy was proposed by the Bekenstein known as “Bekenstein-

Hawking entropy” [46]. These results are obtained by treating gravitational theory

as General Relativity. Meanwhile, the modification of General Relativity has been

investigated in order to understand nature of Universe. It gives rise many kinds of

theory of gravity. It is possible to find the black hole’s solution for such a theory.

Consequently, the entropy of such a black hole may be modified. In 1993, Wald

proposed the black hole’s entropy which is directly derived from Noether’s con-

served charge. Therefore, it can be used in wide range in the gravitational theory,

even in beyond General Relativity such as the Symmetric Teleparallel Equivalent

of General Relativity (STEGR) [5, 47]. This kind of entropy is known as “Wald

entropy”.

4.3.1 Higher Derivative Theory and Boundary Term

The derivation of the Wald entropy is based on the Wald’s original paper

[30]. According to this method, the differential form is executed whole considera-

tion, the differential n-form is written by

F = Fµ1···µndx
µ1 ∧ · · · ∧ dxµn . (4.16)

In this convention, an underlining motivation refers component of n-form. For the

n-form (4.16), we have

F ≡ Fµ1···µn , (4.17)

where Fµ1···µn = F[µ1···µn]. Then the Lagrangian n-form can be written in terms of

Lagrangian density L as follows

L = εL, (4.18)
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where ε =
√
−gϵµ1µ2···µn is the Levi-Civita tensor. By requiring a theory must be

diffeomorphism invariance, such Lagrangian density is given by

L = L
(
gµν , Rµνρσ,∇µ1Rµνρσ, · · · ,∇(µ1 · · ·∇µk)Rµνρσ,Ψ, · · · ,∇(µ1···µk)Ψ

)
, (4.19)

where Ψ is a extra dynamical field [30]. The variation of Lagrangian (4.19) is

δL = ε

[
∂L
∂gµν

δgµν +
∂L

∂Rµνρσ

δRµνρσ +
∂L

∂(∇µ1Rµνρσ)
δ(∇µ1Rµνρσ) + · · ·

+
∂L

∂(∇(µ1 · · ·∇µk)Rµνρσ)
δ(∇(µ1 · · · ∇µk)Rµνρσ) +

∂L
∂Ψ

δΨ+
∂L

∂(∇µ1Ψ)
δ(∇µ1Ψ)

+ · · ·+ ∂L
∂(∇(µ1 · · · ∇µk)Ψ)

δ(∇(µ1 · · ·∇µk)Ψ)

]
+ Lδε, (4.20)

where δε = 1
2
εgµνδgµν . Let �s consider the term of variation of ith covariant deriva-

tive of Rµνρσ, ε ∂L
∂(∇(µ1

···∇µi)
Rµνρσ)

δ∇(µ1 · · ·∇µi)Rµνρσ. A totally symmetric tensor

Aµν = A(µν) and a tensor Bµν = B(µν) + B[µν], the contraction of them is written

by

A(µν)B
µν = A(µν)B

(µν). (4.21)

By using this equation, one obtains

ε
∂L

∂(∇(µ1 · · · ∇µi)Rµνρσ)
δ∇(µ1 · · ·∇µi)Rµνρσ

= ε
∂L

∂(∇(µ1 · · ·∇µi)Rµνρσ)
δ∇µ1 · · ·∇µi

Rµνρσ. (4.22)

For convenience, one defines

∇µ2 · · · ∇µi
Rµνρσ ≡ Rµ2···µiµνρσ = R˜ 2,··· ,i, (4.23)

Γ̌λ
µ1µ2

R˜ λ,3,··· ,i ≡ Γλ
µ1µ2

Rλµ3···µiµνρσ + · · ·+ Γλ
µ1σ

Rµ2···µiµνρλ, (4.24)

where the undertilde absorbs the indices µνρσ. Then, we obtain
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δ
(
∇µ1R˜ 2,··· ,i

)
= δ

(
∂µ1R˜ 2,··· ,i − Γ̌λ

µ1µ2
R˜ λ,3,··· ,i

)
= ∂µ1

(
δR˜ 2,··· ,i

)
−
(
δΓ̌λ

µ1µ2

)
R˜ λ,3,··· ,i − Γ̌λ

µ1µ2

(
δR˜ λ,3,··· ,i

)
= ∇µ1

(
δR˜ 2,··· ,i

)
−
(
δΓ̌λ

µ1µ2

)
R˜ λ,3,··· ,i, (4.25)

where one defined

(
δΓ̌λ

µ1µ2

)
R˜ λ,3,··· ,i ≡

(
δΓλ

µ1µ2

)
Rλµ3···µiµνρσ + · · ·+

(
δΓλ

µ1σ

)
Rµ2···µiµνρλ,

Γ̌λ
µ1µ2

(
δR˜ λ,3,··· ,i

)
≡ Γλ

µ1µ2
(δRλµ3···µiµνρσ) + · · ·+ Γλ

µ1σ
(δRµ2···µiµνρλ) .

According to eq.(2.215), the term δΓ̌λ
µν ∝ δΓλ

µν is proportional to ∇δgµν , eq.(4.25)

can be rewritten by

δ (∇µ1 · · ·∇µi
Rµνρσ) = ∇µ1

(
δR˜ 2,··· ,i

)
+ ∇δg ; , (4.26)

where ∇δg represents the terms that proportional to covariant derivative of δgµν .

Next step is rewritting the expression of the term ε ∂L
∂(∇(µ1

···∇µi)
Rµνρσ)

δ∇µ1 · · ·∇µi
Rµνρσ.

Using the notation (4.23) and eq.(4.26), one has

∂L
∂(∇µ1R˜ (2,··· ,i))

δ
(
∇µ1R˜ 2,··· ,i

)
=

∂L
∂
(
∇µ1R˜ (2,··· ,i)

)∇µ1

(
δR˜ 2,··· ,i

)
+ ∇δg

= ∇µ1

[
∂L

∂
(
∇µ1R˜ (2,··· ,i)

)δR˜ 2,··· ,i

]

−∇µ1

[
∂L

∂
(
∇µ1R˜ (2,··· ,i)

)] δR˜ 2,··· ,i +∇µ1 δg − δg

= ∇µ1

[
∂L

∂
(
∇µ1R˜ (2,··· ,i)

)δR˜ 2,··· ,i + δg

]

−∇µ1

[
∂L

∂
(
∇µ1R˜ (2,··· ,i)

)] δR˜ 2,··· ,i + δg , (4.27)

where δg is the term which is proportional to δgµν . The first term corresponds

to the boundary term. The third term can contribute to the δgµν ’s equation of

motion. The second term can be rewritten as follows
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∇µ1

[
∂L

∂
(
∇µ1R˜ (2,··· ,i)

)] δR˜ 2,··· ,i

= ∇µ1

[
∂L

∂
(
∇(µ1∇µ2 · · · ∇µi)Rµνρσ

)] δ∇µ2 · · ·∇µi
Rµνρσ

= ∇µi

[
∂L

∂
(
∇(µi

∇µ1 · · ·∇µi−1)Rµνρσ

)] δ∇µ1 · · · ∇µi−1
Rµνρσ, (4.28)

where I relabel indices, 1 → i, 2 → 1, · · · , i−2 → i−1. Then one keeps repeat the

procedure in eq.(4.27) until reaching the δRµνρσ. Thus the equation of motion with

respect to δRµνρσ which derived from the term of ε ∂L
∂(∇(µ1

···∇µi)
Rµνρσ)

δ∇(µ1 · · ·∇µi)Rµνρσ,

is written by

(−1)i∇(µ1 · · · ∇µi)

[
∂L

∂
(
∇(µ1 · · · ∇µi)Rµνρσ

)] δRµνρσ. (4.29)

This process can be visualized by diagram 30. Repeating the same procedure to

DL̃(1,··· ,i)δR˜ (1,··· ,i)

∇1

[
DL̃(1,··· ,i)δR˜ (2,··· ,i) + δg

]
∇i

[
DL̃(i,1,··· ,i−1)

]
δR˜ (1,··· ,i−1)

δg

∇1

[
∇iDL̃(i,1,··· ,i−1)δR˜ (2,··· ,i−1) + δg

]
∇i−1∇i

[
DL̃(i−1,i,1,··· ,i−2)

]
δR˜ (1,··· ,i−2)

δg

∇i−2∇i−1∇i

[
DL̃(i−2,i−1,i,1,··· ,i−3)

]
δR˜ (1,··· ,i−3)∇1 [· · · ]

δg

∇1 [· · · ] δg

∇(1,··· ,i)

[
DL̃(1,··· ,i)

]
δR˜∇1 [· · · ] δg

Boundary Terms Rµνρσ’s EOM

gµν ’s EOM

DL̃(1,··· ,i) ≡ ∂L
∂(∇1···∇iRµνρσ)

R˜ (1,··· ,i) ≡ ∇1 · · ·∇iRµνρσ R˜ = Rµνρσ

Figure 30 Procedure to obtain the equations of motion and boundary

term.
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every terms which multiplying with variation covariant derivative of Rµνρσ and the

extra field Ψ in eq.(4.20), we would obtain

δL = ε
(
Eµν

(g)δgµν + Eµνρσ
(R) δRµνρσ + E(Ψ)δΨ

)
+ ε∇µ1Θ̃

µ1 , (4.30)

where E(Ψ) is the equation of motion with respect to Ψ, Eµν
(g) is the equation of

motion w.r.t. gµν . Here, The equation of motion with respect to Rµνρσ which

written as follows

Eµνρσ
(R) =

[
∂L

∂Rµνρσ

−∇µ1

∂L
∂ (∇µ1Rµνρσ)

+ · · ·

+(−1)k∇(µ1 · · · ∇µk)
∂L

∂
(
∇(µ1 · · · ∇µk)Rµνρσ

)] , (4.31)

The last term in eq.(4.30) is the boundary terms, i.e., the first term in eq.(4.27).

The current associated to the boundary term is explicitly expressed as

Θ̃µ1 = Sµ1µνδgµν +
m−1∑
i=1

T µνρσµ1···µi

(i) δ∇(µ2 · · · ∇µi)Rµνρσ

+
l−1∑
i=1

Uµ1···µi

(i) δ∇(µ2 · · · ∇µi)Ψ, (4.32)

where S, T(i) and U(i) are function of dynamical fields, i.e., gµν , Rµνρσ and Ψ.

In fact, Rµνρσ is not an independent field, it can be expressed in term of δgµν .

According to the reference [30], we have

δRµνρσ = 2∇µ∇σδgνρ +R λ
µνρ δgσλ. (4.33)

Then the variation of Lagrangian (4.30) can be written by

δL = ε
[(

Eµν
(g) + Eσλρµ

(R) R ν
σλρ

)
δgµν +

(
2Eρµνσ

(R) ∇ρ∇σδgµν

)
+ E(Ψ)δΨ

]
+ ε∇µ1Θ̃

µ1

= Ẽ(ϕ)δϕ+ ε∇µ1

[
Θ̃µ1 + 2Eµ1µνσ

(R) ∇σδgµν − 2
(
∇ρE

ρµνµ1

(R)

)
δgµν

]
= Ẽ(ϕ)δϕ+ ε∇µ1Θ

µ1 , (4.34)

where we have used the integration by part twice times on the term 2Eρµνσ
(R) ∇ρ∇σδgµν

in the second line. The dynamical fields are understood as

ϕ = (gµν ,Ψ),
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which its equation of motion is

Ẽ(ϕ)δϕ = ε
[(

Eµν
(g) + Eσλρµ

(R) R ν
σλρ + 2∇ρ∇σE

ρµνσ
(R)

)
δgµν + E(Ψ)δΨ

]
, (4.35)

and a new boundary current is

Θµ1 ≡ Θ̄µ1 + 2Eµ1µνσ
(R) ∇σδgµν , (4.36)

where we have defined

Θ̄µ1 = Θ̃µ1 − 2
(
∇ρE

ρµνµ1

(R)

)
δgµν . (4.37)

In language of differential form, the boundary current Θ is n− 1 form which is

defined by

Θ = εµ1µ2···µnΘ
µ1 . (4.38)

Then the variation of Lagrangian (4.34) can written as follows

δL = Ẽϕδϕ+ dΘ, (4.39)

where d is exterior derivative.

4.3.2 Noether’s Charge

According to a Noether’s current (2.200), we can said that a Noether’s

current comprises from a boundary term and the dot product between a vector ξ

and a Lagrangian. So, the Noether’s current of such a theory in eq.(4.18) can be

given by

Jµ = Θµ (ϕ, δξϕ)− ξµL. (4.40)

It satisfies the condition ∇µJ
µ = 0,
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∇µJ
µ = ∇µΘ

µ −∇µ (ξ
µL)

= δξL − Ẽϕδξϕ− δξL

= −Ẽϕδξϕ, (4.41)

where one has used eq.(4.34). According to eq.(2.198), we can substitute δξL =

∇µ (ξ
µL) into the second term in the first line. The Noether’s current of above is

conserved when the dynamical filed satisfies the equation of motion. The differential

form’s version of the Noether’s current is given by n− 1 form as following

J = εµ1µ2···µnJ
µ1 (4.42)

= Θ(ϕ, δξϕ)− ξ · L, (4.43)

where a centered dot denotes contraction to the first index. We would substitute

the expression of Noether’s current (4.40) into eq.(4.42), we have that

J = ε ·
[(
Θ̄µ(ϕ, δξϕ) + 2Eµνρσ

R ∇σδξgρν
)
− ξµL

]
. (4.44)

Since we were considering conserved quantity under transformation along a vector

ξ, one would replace δξϕ by Lie derivative of dynamical fields L̂ξϕ. According to

the formula of Lie derivative (2.54), the ith derivative terms, δξ∇µ1 · · · ∇µi
ϕµ =

L̂ξ∇µ1 · · ·∇µi
ϕµ, give raise the expression with linear on ξµ and ∇µξ

ν . Thereafter,

the current Θ̄µ can be expressed by

Θ̄µ(ϕ, L̂ξϕ) = V µν (ϕ) ξν +W µρν (ϕ)∇ρξν , (4.45)

where V µν and W µρν are the collection of S, T and U in eq.(4.32). According to

the Lemma 1 in [48], it proved that a closed n form a(i) such that

a(i)µ1···µp
= A(i) ν1···νi

µ1···µp ρ∇(ν1 · · · ∇νi)ϕ
ρ, (4.46)

where A
(i) ν1···νi

µ1···µp ρ = A
(i) (ν1···νi)

[µ1···µp] ρ it can be expressed by

a(i)µ1···µp
= ∇µ1

{(
i

n− p+ i

)
A(i) σν2···νi

σµ2···µp ρ∇ν2 · · ·∇νiϕ
ρ

}
, (4.47)
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when a(i) is closed. This implies that a(i) can be written in term of reducing i− 1

derivative, and a linear term with ϕρ is zero. Thus, the term of Lagrangian ξµL

and V µνξν in eqs.(4.45) and (4.44), respectively, do not contribute to the conserved

charge. The boundary term (4.45) can be written by

ε · Θ̄µ = εµµ2···µnW
µρν∇ρξν

= ∇µ2

{
1

2
ελ1λ2µ3···µnW

λ1λ2νξν

}
. (4.48)

The second term in eq.(4.44) is expressed by

2Eµρνσ
(R) ∇σL̂ξgρν = 2Eµρνσ

(R) ∇σ (∇ρξν +∇νξρ) . (4.49)

We would consider the second term, if we have anti-symmetric tensor T ρσ then

contact it with ∇ρ∇σξ
µ, we have

T ρσ∇ρ∇σξ
µ = T ρσ

(
∇σ∇ρξ

µ +Rµ
νσρξ

ν
)

= T σρ
(
∇ρ∇σξ

µ +Rµ
νρσξ

ν
)

= −T ρσ
(
∇ρ∇σξ

µ +Rµ
νσρξ

ν
)

where the relation (∇µ∇ν −∇ν∇µ)V
ρ = Rρ

σµνV
σ is used. Adding T ρσ∇ρ∇σξ

µ to

both sides, we obtain

T ρσ∇ρ∇σξ
µ =

1

2
Rµ

νσρξ
ν . (4.50)

The above equation implies that the second term in eq.(4.49) is linear on vector

ξµ, then it does not contribute in the conserved charge. Only the first term is a

remainder in eq.(4.49). The following expression

∇σ∇ρξν = ∇(σ∇ρ)ξν +∇[σ∇ρ]ξν

= ∇(σ∇ρ)ξν +
1

2
Rνλσρξ

λ, (4.51)

will be used for manipulating eq.(4.49). Using the above equation, one would

rewrite this term as following
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ε · 2Eµρνσ
(R) ∇σ∇ρξν = 2εµµ2···µnE

νσµρ
(R) ∇σ∇ρξν

= 2εµµ2···µnE
νσµρ
(R)

(
∇(σ∇ρ)ξν +Rνλσρξ

λ
)

= εµµ2···µn

[(
−E(R)

σρµ
ν

− E(R)
ρσµ

ν

)
∇(σ∇ρ)ξ

ν + Eνσµρ
(R) Rνλσρξ

λ
]

= −∇µ2

[
2

3
εµσµ3···µn

(
E(R)

σρµ
ν

+ E(R)
ρσµ

ν

)
∇ρξ

ν

]
, (4.52)

where we applied eq.(4.47) in the third line with i = 2(i = 0) and p = n− 1 for the

first(second) term. The properties of Eµνρσ
R is inherited from Rµνρσ, then following

properties,

Eµνρσ
(R) = Eρσµν

(R) , (4.53)

Eµνρσ
(R) = −Eµνσρ

(R) , (4.54)

are used in the first and second line, respectively. We would continue calculation

of the right-hand side of eq.(4.52), and then denoting this term with Q
R

, we have

Q
(R)

=
2

3
ελ1λ2µ3···µn

(
Eνλ2ρλ1

(R) + Eνρλ2λ1

(R)

)
∇ρξν

=
2

3
ελ1λ2µ3···µn

(
−Eνλ2λ1ρ

(R) + Eνρλ2λ1

(R)

)
∇ρξν

=
2

3
ελ1λ2µ3···µn

(
−Eνλ2λ1ρ

(R) + Eνλ1λ2ρ
(R)

2
+ Eνρλ2λ1

(R)

)
∇ρξν

=
2

3
ελ1λ2µ3···µn

(
−Eνλ2λ1ρ

(R) − Eνρλ1λ2

(R) − Eνλ2ρλ1

(R)

2
+ Eνρλ2λ1

(R)

)
∇ρξν

=
2

3
ελ1λ2µ3···µn

(
Eνλ2ρλ1

(R) − Eνλ2ρλ1

(R)

2
+

1

2
Eνρλ2λ1

(R) + Eνρλ2λ1

(R)

)
∇ρξν

= −ελ1λ2µ3···µnE
νρλ1λ2

(R) ∇ρξν . (4.55)

Bianchi’s identity of Rµνρσ

Eµνρσ
(R) + Eµσνρ

(R) + Eµρσµ
(R) = 0, (4.56)

is used to obtain the fourth line. The antisymmetry of Levi-Civita tensor εµ1···µn is

used in the third line as follows
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ελ1λ2µ3···µnE
νλ2λ1ρ
R = ελ2λ1µ3···µnE

νλ1λ2ρ
R

= −ελ1λ2µ3···µnE
νλ1λ2ρ
R . (4.57)

Finally, the Noether’s current (4.44) is written by

J = ∇µ2

(
1

2
ελ1λ2µ3···µnW

λ1λ2νξν

)
+∇µ2

(
ελ1λ2µ3···µnE

νρλ1λ2

(R) ∇ρξν

)
= ∇µ2

(
W̃

ν
ξν +Xνρ∇ρξν

)
, (4.58)

where one has defined W̃
ν ≡ 1

2
ελ1λ2µ3···µnW

λ1λ2ν , and

Xµν ≡ ελ1λ2µ3···µnE
µνλ1λ2

(R) . (4.59)

According to reference [48], the Noether charge is given by differential n−2 form

as follows

J = dQ. (4.60)

Therefore, the Noether charge which correspond to the current (4.58) can be written

by

Q = W̃
µ
ξµ +Xµν∇νξµ. (4.61)

4.3.3 The First Law of Black Hole’s Mechanics

Let’s consider the variation the Noether’s current J (4.43), we obtain

δJ = δΘ(ϕ, δξϕ)− ξ · δL

= δΘ(ϕ, δξϕ)− ξ · dΘ(ϕ, δϕ)

= δΘ(ϕ, δξϕ)− δξΘ(ϕ, δϕ) + d [ξ ·Θ(ϕ, δϕ)] , (4.62)

where one has used eq.(4.39) and the identity as follows

δξα = L̂ξα
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= ξ · dα + d (ξ · α) , (4.63)

for a differential n form α [5]. Moreover, we used the condition Ēϕ = 0 in the

second line in eq.(4.62), thereby the arbitrary variation δϕ satisfies the equation of

motion. The first two terms in eq.(4.62) correspond to the quantity ω in eq.(2.186),

ω(ϕ, δϕ, δξϕ) = δΘ(ϕ, δξϕ)− δξΘ(ϕ, δϕ). (4.64)

After that, eq.(4.62) can be written by

ω (ϕ, δϕ, δξϕ) = δJ − d (ξ ·Θ) . (4.65)

It is the variation of Hamiltonian-like density δH by the definition in the eq.(2.185).

The value of Hamiltonian-like is obtained by using integral mapping of (n−1)-form

ω to 0-form δH via integral mapping in eq.(2.42) as follows∫
Σ

: ω → δH, (4.66)

where Σ is a hypersurface with fixing time. The we have

δH =

∫
Σ

ω

= δ

∫
Σ

dQ−
∫
Σ

d
(
ξ ·Θ

)
=

∫
∂Σ

(
δQ− ξ ·Θ

)
, (4.67)

where the divergence theorem and the equation J = dQ are used, and ∂Σ is

boundary surface of Σ. We assume that there exists a n− 1 form B such as

Θ = δB, (4.68)

then we obtain ∫
∂Σ

ξ ·Θ = δ

∫
∂Σ

ξ · B. (4.69)

Finally, the Hamiltonian can be expressed as follows

H =

∫
∂Σ

(
Q− ξ · B

)
. (4.70)
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If we choose a vector ξµ generates asymptotic time translation, namely, ξµ

is chosen as the timelike Killing vector Kµ
(t), then the corresponding conserved

quantity is the energy [31]. So that, the canonical energy E can be defined by

the Hamiltonian-value which is written as follows

E =

∫
∂Σ∞

(
Q
[
K(t)

]
−K(t) · B

)
, (4.71)

where the subscript ∞ means evaluation at spatial infinity, or asymptotically flat

surface. Reference [30] prove that the energy E coincides the ADM mass in General

Relativity.

For the angular momentum, the vector ξµ is chosen to be asymptotic

rotation Kµ
(φ) which is tangent to the surface ∂Σ∞ with fixing the coordinates xµ1

and xµ2 . We would consider the term
∫
Σ∞

K(φ) · B. We would use eq.(2.42) and

the expression of n− 2 surface element in reference [31],

dSµ0µ1 = εµ1µ2µ3···µndx
µ3 ∧ · · · ∧ dxµn

= −2n[µ1rµ2]

√
σdn−2θ, (4.72)

where σ is the determinant of the induced metric on ∂Σ, and nµ1 and rµ2 are normal

vectors corresponding to ones with fixing coordinates xµ1 and xµ2 , respectively. One

obtains the result as follows∫
∂Σ∞

K(φ) ·Θ =

∫
∂Σ∞

Kν2
(φ)Θ

ν1εν1ν2µ3···µndx
µ1 ∧ · · · ∧ dxµn

= −2

∫
∂Σ∞

Kν2
(φ)Θ

ν1n[ν1rν2]
√
σdn−2θ

= 0. (4.73)

Note that K(φ) · Θ = Kν2
(φ)Θ

ν1εν1ν2µ3···µndx
µ2 ∧ · · · ∧ dxµn is n − 2 form. The inte-

gration vanishes because the vector Kµ
(φ) is orthogonal to the vectors nµ and rµ.

Consequently, the integration
∫
∂Σ

K(φ) · B is vanished. Therefore, the canonical

angular momentum J is given by the definition as following

J = −
∫
∂Σ∞

Q
[
K(φ)

]
. (4.74)
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References [5, 30] show that above expression of angular momentum coincides to

the Komar’s angular momentum.

Now, the energy and angular momentum are obtained. The first law of

black hole’s mechanics can be achieved by choosing a vector ξµ as a symmetry of

the dynamical fields [47]. Then, the variation of fields along the vector Kµ is

δξϕ = L̂ξϕ = 0. (4.75)

Let’s consider the quantity ω (4.64). The boundary current Θ (4.36) can be written

in terms of linear equation such as

Θ = a(ϕ)δϕ+
∑
i=1

b(i)(ϕ)δ∇(i)ϕ. (4.76)

The variation of higher derivative of ϕ, δ∇(i)ϕ = δ∇(µ1 · · ·∇µi)ϕ, arise from the cur-

rent Θ̃µ. According to eq.(4.25), this implies that the variation of higher derivative

of ϕ can be written in terms of the variation ϕ as follows

δ∇(µ1 · · ·∇µi)ϕ ∼ δϕ. (4.77)

Using this assumption, the current Θ can be expressed by

Θ(ϕ, δϕ) = A(ϕ)δϕ. (4.78)

Recalling the expression of ω (4.64) and analogy to eq.(2.185), one obtains the

result as following

ω(ϕ, δϕ, δξϕ) = δ [A(ϕ)δξϕ]− δξ [A(ϕ)δϕ]

= [A′(ϕ)δϕ] δξϕ− [A′(ϕ)δξϕ] δϕ

= 0, (4.79)

where A′ is the derivative of A. Here, we used eq.(4.75) in the second line. There-

fore, eq.(4.65) becomes

δdQ− d (ξ ·Θ) = 0, (4.80)
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where we have used J = dQ. We would integrate eq.(4.80) over instant time

hypersurface Σ∞, and assign a vector ξ as the Killing vector

Kµ = Kµ
(t) + Ω

(φ)
H Kµ

(φ), (4.81)

where ΩH is angular velocities at event horizon. One obtains the following equation∫
Σ∞

{
dδQ[K]− d

(
K ·Θ

)}
= 0. (4.82)

The formulation obtained above is applicable for the case of spacetime without inner

boundary. However, for spacetime posses a black hole, there are inner boundaries

which is the event horizons of the black hole. We interest the spacetime with black

hole. In this case, one prefers the event horizon which is the bifurcation sphere

ΣB. Therefore, the bifurcation sphere ΣB is included as the inner boundary in the

integration (4.82). One obtains the following equation,∫ Σ∞

ΣB

{
δdQ[K]− d

(
K ·Θ

)}
=

(∫
∂Σ∞

−
∫
∂ΣB

){
δQ[K]−K ·Θ

}
= 0, (4.83)

where the divergence theorem is used and ∂Σ denotes the boundary of Σ. According

to the definitions of mass and angular momentum in eqs.(4.71) and (4.74), the

integration at spatial infinity Σ∞ can be evaluated by∫
∂Σ∞

{
δQ[K]−K ·Θ

}
= δE − Ω

(φi)
H δJ(φi). (4.84)

Since the Killing vector vanishes at the bifurcation sphere, the integration
∫
∂ΣB

K ·

Θ = 0 vanishes here. Thereafter, eq.(4.83) can be written by

δ

∫
∂ΣB

Q [K] = δE − Ω
(φi)
H δJ(φi), (4.85)

where eq.(4.84) is used. This equation is similar to the first law (3.88), then

eq.(4.85) can be said to be the first law of black hole. Comparing to the first

law with Bekenstein-Hawking entropy SBH (4.15), the left-hand side can be read

as

δ

∫
∂ΣB

Q [K] =
κ

2π
δSW , (4.86)
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where κ is surface gravity, and SW is known as the Wald’s entropy. Note that the

temperature in this presentation is still the Hawking temperature TH , because the

derivation of the temperature was done in the theory of quantum field in curved

spacetime [1]. It can be applied for all general theory of gravity.

4.3.4 Wald’s Entropy

In this section, one would find an exact expression of the Wald’s entropy.

Firstly, we would substitute the Noether charge Q (4.61), Q = W̃
µ
Kµ+Xµν∇νKµ,

into
∫
∂ΣB

Q [K]. Then, we have∫
∂ΣB

Q[K] =

∫
∂ΣB

Xµν∇νKµ. (4.87)

The integration
∫
ΣB

W̃
µ
Kµ disappears, since the Killing vector vanishes at ΣB.

Note that the quantity ∇µKν does not necessary to be zero at ΣB. To obtain the

expression of ∇µKν , it would be analogous to the normal vector of a surface. For

the surface Φ = 0, the normal vector nµ is written by

∂µ (Φ = 0) ∝ nµ. (4.88)

Since eq.(4.87) is calculated at the bifurcation sphere where the Killing vector

vanishes there, Kµ = 0, the quantity ∇µ (Kν = 0) can infer to the normal vectors

of the bifurcation sphere as follows

∇µKν ∝ bµν , (4.89)

where bµν is the binormal tensor. Actually, such a tensor is the combination of

2 normal vectors of the bifurcation sphere. Obviously, it is antisymmetric tensor

which is followed by antisymmetry of ∇µKν in eq.(2.55). The crucial property of

bµν is expressed by

bµνbµν = −2. (4.90)
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The proportionality constant in the relation (4.89) can be assigned as the surface

gravity. Thus, eq.(4.87) is expressed as follows∫
B
Q[K] = κ

∫
B
Xµνbνµ, (4.91)

where one relabeled the notation of ∂ΣB to B. The surface gravity can be pulled

out the integrand, since it is constant through the horizon which follows the first

law of black hole’s mechanics. According to reference [5], the quantity
∫
B Q[K] is

the same for all arbitrary horizon cross-section, this means that the choices of bµν

are arbitrary. However, it must satisfy eq.(4.90). Finally, by comparing eq.(4.86)

with eq.(4.91), the Wald’s entropy is written by

SW = −2π

∫
H

Xµνbµν . (4.92)

It is worthwhile to introduce a horizon-surface element, since this will be used to

calculate the exact form of SW . This surface element is written by

dSµν = εµνλ3λ4···λndx
λ3 ∧ dxλ4 ∧ · · · ∧ dxλn

= bµν
√
σdn−2θ, (4.93)

where σ is the determinant of induced metric of n− 2 surface [49, 50].

For example, we would evaluate the Wald’s entropy in the theory of Gen-

eral Relativity in 4 dimensions. This theory is given by the Einstein-Hilbert’s

Lagrangian which is written by

LEH =
R

16π
, (4.94)

where R is the trace of Ricci tensor. Then the quantity Eµνρσ can be evaluated as

following
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Eµνρσ
(GR) =

1

16π

∂R

∂Rµνρσ

=
1

16π

∂

∂Rµνρσ

(
gλ1λ3gλ2λ4Rλ1λ2λ3λ4

)
=

1

16π
gλ1λ3gλ2λ4δµλ1

δνλ2
δρλ3

δσλ4

=
1

16π
gµρgνσ. (4.95)

Substituting this equation into eq.(4.59) and then eq.(4.92) and using the expression

of null hypersurface dSµν in eq.(4.93), we obtain

SW,GR = −2π

∫
H

Xµνbµνdx
µ2 ∧ dxµ3

= −2π

∫
H

X µν
µ2µ3

bµνdx
µ2 ∧ dxµ3

= −2π

∫
H

ελ1λ2µ3µ4E
λ1λ2µν
(GR) bµνdx

µ3 ∧ dxµ4

= −2π

∫
H

bλ1λ2

1

16π
gλ1µgλ2νbµν

√
σd2θ

= −1

8

∫
H

bµνbµν
√
σd2θ

=
1

4

∫
H

√
σd2θ

=
AH

4
, (4.96)

where eq.(4.90) is used. This corresponds to the Bekenstein-Hawking entropy, as

we expected. Note that the quantity XµνN[µKν] = X µν
µ3···µn

N[µKν]dx
µ3 ∧· · ·∧dxn

is n− 2 form.
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4.4 BLACK HOLE’S NONEXTENSIVE ENTROPIES

4.4.1 Non-Extensivity of Bekenstein-Hawking Entropy

Thermodynamic variable is divided into 2 types, viz., intensive and extensive

variable. The extensive variable depends on size of a system, and vice versa. For

the extensive variable X, it satisfies the condition as follows

lim
N→∞

1

N

N∑
i=1

Xi < ∞. (4.97)

Examples of extensive variable are entropy S and volume V . So, it is useful to

investigate the extensivity of Bekenstein-Haking entropy. The entropy and the

mass of the Schwarzschild black hole are related via

m =
rH
2G

=
1

4

√
SBH

πG
⇒ SBH ∝ m2. (4.98)

Suppose that mtotal = m1 +m2, then the entropy of the system can be written in

terms of subsystem as follows

SBH,total ∝ (m1 +m2)
2 = m2

1 +m2
2 + 2m1m2,

SBH,total = SBH,1 + SBH,2 + 2
√
SBH,1SBH,2. (4.99)

Bekenstein-Hawking entropy is a non-extensive entropy, because it does not

satisfies the relation (4.97). Moreover, the black hole’s entropy is a non-additive

entropy, where an additive quantity satisfies the condition

X12 = X1 +X2. (4.100)

Thus, for Gibbs-Bolztmann statistics seems not to be applicable for describing BH’s

entropy with non-extensive property.

4.4.1.1 Zeroth Law Incompatibility

The equilibrium state is related to zeroth law of thermodynamics which

states that temperature of entire system are equal at equilibrium state. If we
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consider a composite system as shown in figure 14, the zeroth law can be written

in terms of mathematics as follows

T1 = T2. (4.101)

The zeroth law in eq.(4.101) requires additive property of internal energy and

entropy. In order to show that, let us consider the composite system as shown in

figure 14 and assume that internal energy and entropy are additive. Since they are

isolated, total internal energy of this system is constant Utotal = U1 + U2. Thus,

infinitesimal change of total internal energy is zero dUtotal = dU1 + dU2 = 0, we

obtain

dU1 = −dU2. (4.102)

For total entropy, it is the same with total internal energy as follows Stotal =

S1 + S2 and dStotal = dS1 + dS2 = 0. According to the fundamental relation of

thermodynamics which is given by

dU = TdS − PdV + µidN
i.

From the fundamental relation of thermodynamics, we can have entropy function

as follows

dS =
1

T
dU +

P

T
dV − µi

T
dN i. (4.103)

This can give us a relation of derivative of entropy with respect to internal energy

as follows

∂S

∂U
=

1

T
. (4.104)

By fixing volume and number of particle, the infinitesimal change of entropy of

such a system figure 14 can be written by

dS =

(
∂S

∂U

)
dU. (4.105)
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Substituting the relation (4.105) into the infinitesimal change of total entropy dS1+

dS2 = 0 and using the relation dU1 = −dU2 and eq.(4.104), we obtain

dS1 = −dS2,(
dS1

dU1

)
dU1 = −

(
dS2

dU2

)
dU2,

1

T1

dU1 = − 1

T2

(−dU1),

T1 = T2. (4.106)

Therefore, the zeroth law of thermodynamics requires additivity of internal energy

and entropy [22].

4.4.2 Black Hole’s Rényi Entropy

In order to investigate the extensivity of Bekenstein-Hawking entropy, we

need to redefine SBH in other statistics. One proposes the Tsallis entropy,

ST =
1

q − 1
(1−

∑
i

pqi ). (4.107)

The composition rule of Tsallis entropy can be expressed as

ST (pi, pj) = ST (pi) + ST (pj) + (q − 1)ST (pi)ST (pj). (4.108)

where pi and pj are independent variables. Tsallis entropy is generalized entropy

from Gibbs-Boltzmann entropy where

lim
q→1

ST = SGB. (4.109)

From The Khinchin axioms for entropy, the “q” parameter must satisfy the range

as follows (0,∞).

To study about non-extensive property of black hole, we should define a

entropy of the black hole as non-extensive entropy. We define the Tsallis entropy

as the area of the black hole as follows

SGB =
A

4G
→ A

4G
≡ ST .



134

For consistence with zeroth law of thermodynamics, such a entropy must be additive

as shown in section 4.4.1.1. The additive form of Tsallis entropy can be obtained

by using logarithm map as follows

add(ST ) ∼ ln [1 + (1− q)ST ].

For recovering Gibbs-Boltzmann entropy, we need to add the factor 1
1−q

. The

additive form of Tsallis entropy is

add(ST ) =
1

1− q
ln [1 + (1− q)ST ], (4.110)

where limq→1 add(ST ) = limq→1 ST = SGB. This known as Rényi entropy given

by

SR =
1

1− q
ln
(∑

i

pqi

)
. (4.111)

The composition rule of the Rényi entropy is

SR(pi, pj) = SR(pi) + SR(pj). (4.112)

For convenient, we redefine the non-extensive parameter as λ ≡ 1−q. Thus,

the entropy of black hole can be written by

Sbh =
1

λ
ln
(
1 + λ

AH

4G

)
, (4.113)

so-called “black hole’s Reńyi entropy”. Note that subscript “bh” refer to black

hole instead of Bekenstein-Hawking which is dented by “BH”. Therefore, mass

function can be written in terms of black hole’s Rényi entropy as follows

m =
rH
2G

=
1

2

√
eλSbh − 1

λπG
, (4.114)

where rH = 1
2

√
AH

π
and AH = 4G

λ
(eλSbh − 1).
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4.4.2.1 Smarr’s formula and First law

To obtain Smarr’s formula, mass function (4.114) should be homogeneous

function. One finds that mass must be function of entropy and λ−1 as follows

m(αSbh, αλ
−1) =

1

2

√
(eλSbh − 1)

πG

α

λ
= α1/2m(Sbh, λ

−1). (4.115)

According to Euler’s theorem found in eq.(4.8), we can write

1

2
m =

(
∂m

∂Sbh

)
Sbh +

(
∂m

∂λ−1

)
λ−1. (4.116)

Since dλ−1 = −λ−2dλ and we define “Rényi temperature” TR ≡ ∂m
∂Sbh

and conjugate

variable of non-extensive parameter ΨR ≡ ∂m
∂λ

, Smarr’s formula becomes

1

2
m =

(
∂m

∂Sbh

)
Sbh −

(
∂m

∂λ

)
λ = TRSbh −ΨRλ. (4.117)

Here, the Rényi temperature is expressed as follows

TR =
1

4πrH

(
1 + λ

πr2H
G

)
. (4.118)

We should consider physical meaning of ΨR. In reference [26], the authors interpret

ΨR as thermodynamic volume since the leading order term of small λ expansion is

proportional to volume as follows

ΨR ≈ πr3H
8G2

− π2r5H
24G3

λ+
π3r7H
48G4

λ2 + .... (4.119)

By defining

VR =
2

3
G2ΨR, (4.120)

we can interpret ΨR as “Rényi volume”. Consequently, non-extensive parameter λ

can be interpreted as “Rényi pressure”

λ =
3

2
G2PR. (4.121)

Now, Smarr’s formula is written by

1

2
m = TRSbh − PRVR. (4.122)
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According to eq.(4.117), the derivative form of mass function is

dm =

(
∂m

∂Sbh

)
dSbh +

(
∂m

∂λ

)
dλ.

By using the definition of Rényi temperature, Rényi volume and Rényi pressure,

one obtains

dm = TRdSbh + VRdPR. (4.123)

The mass of the black hole is found to be the enthalpy in thermodynamics rather

than internal energy.



CHAPTER V

THERMODYNAMIC STABILITY OF
BLACK HOLE IN MODIFIED GRAVITY

5.1 MODIFIED GRAVITY

5.1.1 Modified Gravity: Importance

In 1915, there was a scientific theory that revolutionizes the ordinary in-

stitution of gravity which is discovered by Newton in 1687. It is the “General

Relativity”, so-called GR, which was proposed by Einstein. One of the advantages

of GR is solving the Newton’s unsolvable problem, e.g., the anomalous perihelion

precession of Mercury. There are evidences that support GR, namely, gravitational

redshift, gravitational lensing, and the defection of light by the Sun [51]. Moreover,

people daily use GR via the Global Positioning System, GPS. GR also predicts the

mysterious astronomical objects, for example, the black hole and the gravitational

wave. Nowadays, we have advanced technology to probe the physical phenomena.

For example, the M87 black hole’s image from the EHT [16, 17, 18, 19, 20, 21], and

the gravitational wave from LIGO and VIRGO [52, 53, 54].

Unfortunately, there are still the unsolvable problems with the ordinary

theory, such as the dynamics of the Universe at early and late times, the black hole’s

singularity, the graviton and etc. Fortunately, some problem can be solved, that is

late-time accelerated expansion of the Universe. One of the solutions is to modify

GR, by adding the cosmological constant Λ. Such a theory is so-called the Λ cold

dark matter (ΛCDM) model. Actually, it gives rise to the coincidence problem.

But at least the accelerated expansion had been solved. This implies that the

ordinary theory is not enough and a solution may be obtained by modifying GR



138

in other complicated ways. The research field which is associated with pursuing the

unsolvable problem by modifying GR, is called the “Modified Gravity Theories”[11].

5.1.2 Modified Gravity: Implement

There are several ways to modify GR. In ΛCDM model, we just add the

cosmological constant. One can also treat a function of R, as a Lagrangian instead

of R which is Einstein-Hilbert Lagrangian, known as the f(R) gravity, as well as to

modify the matter sector f(T ) where T is the trace of energy-momentum tensor.

The extension of dimensions is one of the modifications, namely, the “Lovelock’s

theory of gravity” which is the most general metric theory that preserves the second

order equation of motion. Moreover, we can relax some assumption to construct

the new theory, e.g., the “Symmetric Teleparallel Equivalent of General Relativity”,

STEGR, which relax the torsion free condition and metric compatibility in GR.

Alike to the ΛCDM model, one can add scalar field or vector field to be a new

degree of freedom besides the metric. These are a few examples of the modified

gravity.

5.2 VECTOR-TENSOR HORNDESKI THEORY

In references [6, 7, 8, 9, 10], the authors proposed that the acceleration of

Universe’s expansion is affected by a vector field. This might play the role of the

dark energy. One of the proposed theories is “vector-tensor Horndeski theory”

[15]. This theory is the most general theory for U(1) gauge-invariant vector-tensor

theories that provides the second-order differential equation of motion [11, 12, 13,

14]. Since it is the theory with the second-order differential equation of motion,

then it is free from the Ostrogradsky instability [55]. The action of the vector-tensor

Horndeski theory is given by

S =

∫
d4x

√
−g

(
m2

Pl

2
R− 1

4
FµνF

µν + βLµναβFµνFαβ

)
, (5.1)
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where mPl ≡ 1√
8πG

is the reduced Planck’s mass, β is the coupling constant, and

Lµναβ is the double dual Riemann tensor which is defined as follows

Lµναβ =
1

4
ϵµνρσϵαβγδRρσγδ, (5.2)

where the Levi-Civita tensor ϵµναβ is defined in eq.(2.32). The last term in eq.(5.1)

corresponds to the interaction between gravitational and gauge fields, so-called

“vector-tensor Horndeski interaction”.

Absolutely, the dynamical fields are the gauge field Aµ and metric gµν . By

varying the action with respect to Aµ, we obtain the following equations of motion

∇µ

(
F µν − 4βFαβL

αβµν
)
= 0. (5.3)

This is the modification of the equation of motion for the gauge field eq.(2.109).

The variation with respect to gµν gives rise to the modified Einstein’s field equation

as follows

m2
PlGµν − F β

µ Fνβ +
1

4
gµνFαβF

αβ + βHµν = 0, (5.4)

where

Hµν ≡ gµνL
αβγδFαβFγδ + 2F̃µσF̃

γδRσ
νγδ − 4∇σF̃γν∇γF̃µσ

− 4F̃γν

(
RργF̃µρ +Rγ

σρµF̃
ρσ
)
, (5.5)

and the dual strength tensor is defined by

F̃ µν =
1

2
ϵµναβFαβ. (5.6)
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5.3 VECTOR-TENSOR HORNDESKI BLACK HOLES

5.3.1 Spherical Symmetric and Static Spacetime

The first black hole’s solution of the Einstein’s field equation is incorporated

with spherically symmetric and static spacetime. Then the black hole is identified

by the existence of event horizons. This type of black hole is the simplest black hole

solution. Thus, the static and spherically symmetric solution is quite an easiest

one in any theory of gravity.

For the spherically symmetric and static spacetime, the metric in eq.(2.89)

can be reexpressed as

ds2 = −a2(r)f(r)dt2 + f−1(r)dr2 + r2dΩ2, (5.7)

where a(r) and f(r) are arbitrary functions. This form of metric is suitable to find

the temperature of the black hole. The components of the four-vector potential is

read as Aµ = (Φe, Ai) where Φe is the electric potential and Ai is the component

of the magnetic vector potential. For static electromagnetic field, the associated

four-vector potential is given by [15]

Aµ = [Φe(r), 0, 0,−Qm cos θ] , (5.8)

where Qm is a magnetic charge. The electric and magnetic fields are calculated in

eq.(2.107). The equations of motion is obtained by varying the action with respect

to a(r), f(r) and Φe(r) can be written respectively as(
m2

pl + 4β
Q2

m

r4

)
a′(r) + 4β

[
3Q2

m

r4
−
(
Φ′

e(r)

a(r)

)2
]
a(r)

r
= 0, (5.9)

r

(
m2

Pl + 4β
Q2

m

r4

)
f ′(r) +

(
m2

Pl − 4β
6Q2

m

r4

)
f(r)−m2

Pl +
Q2

m

2r2

+
1

2

[
8β (1− f(r)) + r2

a2(r)

]
Φ′2

e (r) = 0, (5.10)[
8β (1− f(r)) + r2

a(r)
Φ′

e(r)

]′
= 0. (5.11)
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The quantity in the square bracket in the last equation is simply a constant, then

one denotes this constant as “Qe”. The Φe(r)’s equation of motion can be rewritten

as

Φ′
e(r) =

a(r)Qe

8β (1− f(r)) + r2
. (5.12)

In the limit β → 0, the solution a(r) of eq.(5.9) is a constant which we can choose

to be 1, a(r) = 1. Then, the electric potential in eq.(5.12) becomes

lim
β→0

Φ′
e(r) =

Qe

r2
. (5.13)

Thus, the constant Qe is interpreted as an electric charge. By substituting eq.(5.12)

into the eqs.(5.9) and (5.10), one obtains(
m2

Pl + 4β
Q2

m

r4

)
a′(r) + 4β

{
3Q2

m

r4
− Q2

e

[8β (1− f(r)) + r2]2

}
a(r)

r
= 0, (5.14)

r

(
m2

Pl + 4β
Q2

m

r4

)
f ′(r) +

(
m2

Pl − 4β
6Q2

m

r4

)
f(r)−m2

Pl +
Q2

m

2r2

+
Q2

e/2

8β (1− f(r)) + r2
= 0. (5.15)

The black hole’s solutions have been investigated and analytical solution can be

found in reference [56]. In this thesis, we will follow [56] by separating consideration

as the purely magnetic and electric black holes.

5.3.2 Magnetic Black hole

The magnetic-Horndeski black hole (MHBH) can be obtained by solving

the eqs.(5.14) and (5.15) in the limit Qe → 0. We impose the value of the Universal

gravitational constant (G = 1) and π = 1/4. Then, the equations of motion for

MHBH are written by

r

(
1 +

8βQ2
m

r4

)
a′(r) +

24Q2
mβ

r4
a(r) = 0, (5.16)

r

(
1 +

8Q2
mβ

r4

)
f ′(r) +

(
1− 48Q2

mβ

r4

)
f(r) +

Q2
m

r2
− 1 = 0. (5.17)
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5.3.2.1 Homogeneous Linear ODE

The equation of motion for the function a(r) is the first-order homogeneous

linear ODE, and it can be rewritten in the form of a′(r) + g(r)a(r) = 0 where

g(r) = 24Q2
mβ/r

5
(
1 + 8βQ2

m

r4

)
. This kind of equation is solved by following step

a′(r) = −g(r)a(r),∫
1

a(r)
da(r) = −

∫
r

y(r′)dr′ + C1,

a(r) = C1 exp
[
−
∫
r

g(r′)dr′
]

(5.18)

=

(
1 +

8Q2
mβ

r4

)3/4

(5.19)

where an arbitrary constant C1 is chosen to be 1.

5.3.2.2 Inhomogeneous Linear ODE

The equation of motion of f(r) is quite complicated. We would define new

variables as follows

z ≡ 8Q2
mβ

r4
, (5.20)

and

p ≡ Qm√
8β

. (5.21)

Eq.(5.17) is written in terms of these variables as

4z(1 + z)f ′(z)− (1− 6z)f(z)− p
√
z + 1 = 0. (5.22)

This is the first-order inhomogeneous linear ODE.

The first-order inhomogeneous linear ODE can be expressed in general form

as

L1(z)f
′(z) + L2(z)f(z) + L3(z) = 0, (5.23)

where Li is an arbitrary function. The ansatz solution can be given by

f(z) = f0(z)u(z). (5.24)



143

The function y0(z), so-called the “complementary solution”, is the solution of the

homogeneous equation as

L1(z)f
′
0(z) + L2(z)y0(z) = 0. (5.25)

This solution can be expressed in the same form as one in eq.(5.18) as

f0(z) = C2 exp
[
−
∫
z

L2(z
′)

L1(z′)
dz′
]
, (5.26)

where C2 is the integration constant. Substituting eq.(5.24) into eq.(5.23) and

using eq.(5.25), one obtains

L1(z)f0(z)u
′(z) + L3(z) = 0. (5.27)

The solution of this equation is simply calculated by

u(z) = −
∫
z

L3(z
′)

L1(z′)f0(z′)
dz′ + C3, (5.28)

where C3 is the integration constant. It is called the “particular solution”.

According to eq.(5.22), L1, L2 and L3 are replaced with

L1 = 4z(1 + z), (5.29)

L2 = −(1− 6z), (5.30)

L3 = −p
√
z + 1. (5.31)

We need to solve the complementary solution of eq.(5.23). Using eq.(5.26), one

reaches the complementary solution as follows

f0(z) = C2 exp
[∫

z

1− 6z′

4z′(1 + z′)
dz′
]

=
z1/4

(1 + z)7/4
, (5.32)

where one has chosen C2 to be 1. Thereafter, the particular solution is calculated

by
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u(z) = −
∫
z

(−p
√
z′ + 1)

4z′(1 + z′)

(1 + z′)7/4

z′1/4
dz′ − µ

=
1

4

∫ [
p(1 + z′)3/4z′−3/4 − (1 + z′)3/4z′−5/4

]
dz′ − µ, (5.33)

where −µ is the integration constant. The integration can be evaluated by using

the identity of Gauss’s hypergeometric function 2F1 as follows∫
z

(1 + z′)αz′βdz′ =
z1+β

1 + β
2F1(−α, β + 1, β + 2,−z). (5.34)

Then, the solution (5.33) can be written in terms of 2F1 as

u(z) = pz1/42F1(−
3

4
,
1

4
,
5

4
,−z) + z−1/4

2F1(−
3

4
,−1

4
,
3

4
,−z)− µ. (5.35)

Combining the complementary and particular solutions, the solution of eq.(5.22) is

achieved by following expression

f(z) =
1

(1 + z)7/4

[
−µz1/4 + p

√
z2F1(−

3

4
,
1

4
,
5

4
,−z) + 2F1(−

3

4
,−1

4
,
3

4
,−z)

]
.

(5.36)

The solution can be written in terms of r, Qm and β as follows

f(r) =

(
1 +

8Q2
mβ

r4

)−7/4 [
−2m

r
+

Q2
m

r2
2F1(−

3

4
,
1

4
,
5

4
,−8Q2

mβ

r4
)

+2F1(−
3

4
,−1

4
,
3

4
,−8Q2

mβ

r4
)

]
, (5.37)

where the ADM mass is determined as follows

2m ≡ µ
√

Qm(8β)
1/4. (5.38)
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5.3.3 Electric Black Hole

The electric-Horndeski black hole (EHBH) is achieved by solving a set of

equations, namely, eqs.(5.12), (5.14) and (5.15) with the limit QM → 0. They are

expressed by

a′(r)− 8Q2
eβ

r {8β [1− f(r)] + r2}2
a(r) = 0, (5.39)

rf ′(r) + f(r)− 1 +
Q2

e

8β [1− f(r)] + r2
= 0, (5.40)

Φ′
e(r)−

Qea(r)

8β [1− f(r)] + r2
= 0. (5.41)

Since eq.(5.40) is a nonlinear ODE and coupled with other equations, it implies

that these equations are difficult to solve for analytic solutions. The numerical

method seems to be an appropriated way to solve these equations. We have chosen

a computing programme, namely, the “Wolfram Mathematica 13.0”.

5.3.3.1 Mathematica’s NDSolve

To solve differential equations with numerical method, we use the command

“NDSolve” in Mathematica. NDSolve requires differential equations, boundary

conditions, and range of variable. This command will be completed when the num-

ber of boundary conditions corresponds to the order of the differential equations.

For example, a second (first)-order DE requires 2 (1) boundary conditions, and so

on. The range of variable is the interval of variable which we are interested in.

Figure 31 shows implement of NDSolve. All of the inputs of the command ND-

Solve are numerics. Moreover, the parameters must be assigned with a number,

then the input differential equations depend only the variable x. In order to obtain

suitable boundary conditions, one needs to find a suitable asymptotic behavior of

the solution. These give the relation between model’s parameter and boundary’s

values of the variables.

Black holes’s solution possess event horizons in which the metric is undefined

at such points of spacetime. One of the asymptotic behaviors of the solution is the
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NDSolveDifferential Equations
F
(
y(n)(x), . . . , y(x)

)
= 0

x ∈ (xmin, xmax)

Range of Variable

y(xmin) = ymin , y(xmax) = ymax

Boundary Conditions

Numerical Solution

y(x)

rmin rmax

Figure 31 The flowchart of the command NDSolve.

condition of the event horizon denoted by

f(r = rH) = 0. (5.42)

Another asymptotic solution is determined by one at asymptotically flat spacetime

which denoted by

lim
r→∞

f(r) = 1, (5.43)

lim
r→∞

a(r) = 1. (5.44)

Thus, the interval of outer horizon to spatial infinity is chosen to be the range

of variable, r ∈ (rH ,∞). This range of r is useful for investigating black hole’s

thermodynamics. The relevant boundary conditions are given by ansatz solutions

at event horizon and asymptotically flat spacetime.

5.3.3.2 Boundary Conditions

In order to find the suitable numeric boundary condition at the horizon, we

can expand the function f(r) around the horizon rH as follows

fH(r) =
∑
i=1

Hi(r − rH)
i, (5.45)

where Hi is constant. The functions a(r) and Φe(r) do not need to vanish at the

horizon. Then, nearby the horizon, they can be expressed as follows
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aH(r) =
∑
i=0

AH,i(r − rH)
i, (5.46)

Φe,H(r) =
∑
i=0

VH,i(r − rH)
i, (5.47)

where AH,i and VH,i are constant. The constants Hi, AH,i, and VH,i are specified by

applying the approximated solutions in the equation of motions. For example, if one

keeps the solutions up to the first-order, we can set approximation ((r − rH)
2) ≈ 0.

Substituting eqs.(5.45), (5.46) and (5.47) into the equations of motion (5.39), (5.40)

and (5.41) and using Taylor’s expansion up to the first-order approximation, we

attain(
H1rH +

Q2
e

r2H + 8β
− 1

)
+ 2

[
rHH2 +H1 −

Q2
e(rH − 4βH1)

(r2H + 8β)2

]
∆ = 0, (5.48)(

AH,1

2
− 4Q2

eβ

rH(r2H + 8β)2
AH,0

)
+ 4

{
AH,2

4

−Q2
eβ [rH(r

2
H + 8β)AH,1 + (16βrHH1 − 5r2H − 8β)AH,0]

r2H(r
2
H + 8β)3

}
∆ = 0, (5.49)(

VH,1 −
QeAH,0

r2H + 8β

)
+

[
2VH,2 +

2Qe(rH − 4βH1)

(r2H + 8β)2
AH,0

− Qe

r2H + 8β
AH,1

]
∆ = 0, (5.50)

where ∆ ≡ r − rH . The constants Hi, aH,i and VH,i are determined by solving the

equations order by order of ∆i as follows

H1 =
r2H + 8β −Q2

e

rH(r2H + 8β)
, H2 =

2Q2
e(r

4
H + 10r2Hβ + 16β2)− (r2H + 8β)3 + 4Q4

eβ

r2H(r
2
H + 8β)3

,

AH,1 =
8Q2

eβ

rH(r2H + 8β)2
AH,0, AH,2 = −4Q2

eβ [5r4H + 32r2Hβ + 8(Q2
e − 8β)β]

r2H(r
2
H + 8β)4

AH,0,

VH,1 =
Qe

r2H + 8β
AH,0, VH,2 = − Qe(r

2
H − 4β)

rH(r2H + 8β)2
AH,0. (5.51)

Substituting them into eqs.(5.45), (5.46) and (5.47), the solutions f(r), a(r), and

V (r) up to the first-order approximation are written by
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fH(r) =
r2H + 8β −Q2

e

rH(r2H + 8β)2
(r − rH), (5.52)

aH(r) = AH,0 +
8Q2

eβAH,0

rH(r2H + 8β)
(r − rH), (5.53)

VH(r) = VH,0 −
QeAH,0

r2H + 8β
(r − rH). (5.54)

Notice that there exists unspecified constants AH,0 and VH,0. If we extend the

solution up to higher order, these constants still unidentify. They are “free param-

eters.”

According to the conditions (5.43) and (5.44), the functions f(r) and a(r),

around the asymptotically flat spacetime, can be expanded as

ff (r) = 1 +
∑
i=1

Fir
−i, (5.55)

af (r) = 1 +
∑
i=1

Af,ir
−i, (5.56)

where Fi and Af,i are constants. The function Φe(r) does not need to vanish at

asymptotically flat spacetime. Its expression can be given by

Φe,f (r) =
∑
i=1

Vf,ir
−i, (5.57)

where Vf,i is a constant. We use the same method as done for the event horizon’s

case in determining the constants Fi, Af,i and Vf,i. For example, one keeps the

solutions up to the fifth order, (r−6) ≈ 0. Substituting eqs.(5.55), (5.56) and (5.57)

into eqs.(5.39), (5.40) and (5.41) and using Taylor’s series up to the fifth order, one

obtains

Q2
e − F2

r2
− 2F3

r3
− 3F4

r4
+

8Q2
eβF1 − 4F5

r5
+O(r−6) = 0, (5.58)

1

2

Af,1

r2
− Af,2

r3
− 3

2

Af,3

r4
− 4Q2

eβ + 2Af,4

r5
+O(r−6) = 0, (5.59)

− Qe + Vf,1

r2
− QeAf,1 + 2Vf,2

r3
− QeAf,2 + 3Vf,3

r4

− Qe(Af,2 + 8βF1) + 4Vf,4

r5
+O(r−6) = 0. (5.60)
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Solving the equations order by order of r−i, one achieves

F2 = Q2
e, F3 = 0, F4 = 0, F5 = 2Q2

eβF1,

Af,1 = 0, Af,2 = 0, Af,3 = 0, Af,4 = −2Q2
eβ,

Vf,1 = −Qe, Vf,2 = −Qe

2
Af,1, Vf,3 =

−Qe

3
Af,2, Vf,4 =

−Qe

4
(Af,3 + 8βF1).

Applying them to the eq.(5.55), (5.56) and (5.57), the solutions are expressed as

ff (r) = 1 +
F1

r
+

Q2
e

r2
+

2Q2
eβ

r5
F1, (5.61)

af (r) = 1− 2Q2
eβ

r4
, (5.62)

Vf (r) = −Qe

r
− 2Qeβ

r4
F1. (5.63)

In this case, the free parameter is only F1 which can be interpreted as the ADM

mass.

5.3.3.3 Outer Horizon

According to section 3.1.3, a charged black hole possesses 2 event horizons

determined by grr = 0. This behavior is shown explicitly in Figure 32. Therefore,

we need to distinguish the inner and outer horizons numerically. From this figure,

one can see that the slope of grr is negative (positive) at the inner (outer) horizon.

As a result, one can specify the outer horizon by determining the positiveness of

0.5 1 1.5 2 2.5

−1

−0.5

0

0.5

1

inner

horizon
outer

horizon

r

grr

m = 1 , q = 0.8

Figure 32 Plot of grr of Reissner-Nordström spacetime.

the slope of grr, or f(r), at event horizon. Since we consider f(r) at the horizon,
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one can use the series’s expansion of f(r) in eq.(5.45) for calculating the slope of

f(r). As a result, the slope of f(r) at the horizon can be determined by the first

coefficient in the expansion as follows

f ′
H(r = rH) = H1. (5.64)

Thus the outer horizon is just given by the condition H1 > 0, or

r2H > Q2
e − 8β, (5.65)

where we used the expression of H1 in eq.(5.51).

5.3.3.4 Calculation

So far, we have 6 boundary conditions, that is, the event horizon solutions

of fH(r), aH(r) and Φe,H(r), and the asymptotically flat solutions of ff (r), af (r)

and Φe,f (r). NDSolve requires the numbers of boundary conditions to be equal to

the numbers of differential equations, but one has 3 differential equations. So, we

have to add other 3 differential equations. Technically, one can construct differ-

ential equations from the free parameters, F1, AH,0 and VH,0. There are 3 free

parameters, the additional differential equations are written by

F ′
1(r) = 0, A′

H,0(r) = 0, V ′
H,0(r) = 0. (5.66)

This technique is useful in numerical calculation when the number of the boundary

conditions exceed that of the differential equations. This still satisfies the original

differential equations, since the solution of above equations still be constant co-

efficients. In the command NDSolve, we have totally 2 free parameters, namely,

Qm and β to specify the numerical calculation. Note that, the parameter rH can

be determined from Qe and β by using eq.(5.65). A process of our calculation is

illustrated in Figure 33.
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NDSolve

β,Qe rH

Differential Equations

a(r) , f(r) , V (r)

F1 , AH,0 , vH,0

Boundary Conditions

fH(r) , ff (r)

(rH ,∞)

Range of Variable

Figure 33 The flowchart of NDSolve with specific value (β,Qe).

5.4 BLACK HOLE’S THERMODYNAMIC STABILITY

In this section, we investigate thermodynamic stability of the vector-tensor

Horndeski black holes through the local and global stabilities. The local stability,

considered in this section, is determined through only heat transfer via the sign of

heat capacity, namely, the heat capacity must be positive which is inferred from

eq.(2.289). For a thermal system undergoes a process with fixing thermodynamic

variables X and Y , the local stability can be written by

CX,Y ∝
(
δSBH

δTH

)
X,Y

> 0. (5.67)

For the global stability, it is obtained by the condition (2.282). This implies a

preferred state of the system, between hot gas and black hole. If the free energy

of hot gas’ state is chosen to be zero, the stability’s condition can be expressed as

∆G = Ghot gas −G black hole > 0, or

G black hole < 0. (5.68)

In general, the global condition can be hold for other type of thermodynamic

potentials. For example, the Helmholtz free energy F and grand potential Φ also

satisfy the above equation for the global stability.
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5.4.1 Black Holes’ Entropy

The vector-Horndeski theory possesses the interaction term between Rie-

mann and field strength tensor. Thus, Wald entropy is more appropriated than

Bekenstein-Hawking entropy for black holes in this theory. Let us determine Wald

entropy by using eq.(4.92). Firstly, the Rµνρσ’s equation of motion must be evalu-

ated. Using eq.(4.31) with the Lagrangian in eq.(5.1), one obtains

Eµνρσ
(H) =

∂

∂Rµνρσ

LH ,

=
∂

∂Rµνρσ

(
m2

Pl

2
R + βLλ1λ2λ3λ4Fλ1λ2Fλ3λ4

)
= Eµνρσ

(GR) +
β

4
ϵλ1λ2α1α2ϵλ3λ4α3α4Fλ1λ2Fλ3λ4

∂Rα1α2α3α4

∂Rµνρσ

,

= Eµνρσ
(GR) +

β

4
ϵλ1λ2α1α2ϵλ3λ4α3α4δµα1

δνα2
δρα3

δσα4
Fλ1λ2Fλ3λ4

= Eµνρσ
(GR) + Eµνρσ

(β) , (5.69)

where Eµνρσ
(GR) =

m−2
Pl

2
gµρgνσ represents Bekenstein-Hawking entropy, and

Eµνρσ
(β) =

β

4
ϵλ1λ2µνϵλ3λ4ρσFλ1λ2Fλ3λ4 (5.70)

represents a part of the Wald entropy resulting from the interaction term. Then,

the tensor Xµν is written as

Xµν = ϵλ1λ2µ3µ4E
µνλ1λ2

(H) , (5.71)

where one used eq.(4.59). Since there are many choice for binormal tensor bµν and

the event horizon is the Killing horizon where Killing vector is the normal vector

[31, 37], we can choose bµν as the combination of the Killing vector Kµ and auxiliary

null vector Nµ as follows

bµν = 2N[µKν]. (5.72)

In this spacetime, it is static one and possesses the timelike Killing vector as follows

Kµ = δµ(t) = (1, 0, 0, 0). (5.73)
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The auxiliary null vector Nµ must satisfy the conditions NµN
µ|rH = 0 and NµKµ|rH =

−1. In order to obtain the exact form of Nµ satisfying such these conditions, one

can choose its form as follows

Nµ = (
1

a2(r)f(r)
,− 1

a(r)
, 0, 0). (5.74)

Substituting them into the Wald formula (4.92), one obtains

SW,H = −2π

∫
rH

ϵα1α2µ3µ4E
α1α2ρσ
(H) bρσdx

µ3 ∧ dxµ4

= −2π

∮
rH

bα1α2E
α1α2ρσ
(H) bρσ

√
σd2θ

= −2π

∮
rH

2N[α1Kα2]

(
Eα1α2ρσ

(GR) + Eα1α2ρσ
(β)

)
2N[ρKσ]

√
σd2θ

= SBH + (−2πβ)

∮
rH

N[α1Kα2]ϵ
λ1λ2α1α2ϵλ3λ4ρσFλ1λ2Fλ3λ4N[ρKσ]

√
σd2θ

= πr2H − 32π2Q2
m

r2H
β, (5.75)

where we used eq.(4.93) in the first line. According to the electric potential in

eq.(5.13), this implies that we are working on the unit π = 1
4

as mentioned earlier.

The Wald entropy in eq.(5.75) in this convention is written by

SW,H =
r2H
4

− 2Q2
mβ

r2H
. (5.76)

Furthermore, the expression of black hole’s entropy in above equation can be cal-

culated by using the other choice of binormal tensor as follows

bµν = 2n[µrν]

where nµ and rµ respectively are normal vectors of fixing time t and radius r which

expressed as

nµ =
1√
nνnν

(−1, 0, 0, 0), and rµ =
1√
rνrν

(0, 1, 0, 0).
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5.4.2 Magnetic Black Hole

5.4.2.1 Thermodynamic system

By using eq.(5.37), the mass function can be obtained by solving f(rH) = 0

as follows

m =
Q2

m

2rH
2F1(−

3

4
,
1

4
,
5

4
,−8Q2

mβ

r4H
) +

rH
2

2F1(−
3

4
,−1

4
,
3

4
,−8Q2

mβ

r4H
). (5.77)

In order to investigate the homogeneous function of mass, the mass of black hole

has to be treated as a function of black hole’s entropy Sbh, magnetic charge Q2
m

and coupling constant β. The black hole’s entropy is represented by Wald entropy

expressed in eq.(5.76), Sbh = SW,H . By using this equation, the horizon radius rH

can be written in terms of Sbh, Q2
m and β as

rH =

√
2Sbh + 2

√
S2
bh + 2Q2

mβ. (5.78)

Applying the above equation to the mass of black hole in eq.(5.77), we obtain

m(Sbh, Q
2
m, β) =

Q2
m

2rH(Sbh, Q2
m, β)

2F1(−
3

4
,
1

4
,
5

4
,− 8Q2

mβ

r4H(Sbh, Q2
m, β)

)

+
rH(Sbh, Q

2
m, β)

2
2F1(−

3

4
,−1

4
,
3

4
,− 8Q2

mβ

r4H(Sbh, Q2
m, β)

), (5.79)

where the horizon function rH(Sbh, Q
2
m, β) is given by eq.(5.78). By rescaling the

variables of mass Sbh, Q2
m and β with a non-zero parameter α, the mass function

can be written as a homogeneous function degree 1/2 as follows

m(αSbh, αQ
2
m, αβ) = α1/2m(Sbh, Q

2
m, β), (5.80)

where we used the relation rH(αSbh, αQ
2
m, αβ) = α1/2rH(Sbh, Q

2
m, β). Applying the

Euler’s theorem (4.8), the Smarr formula can be expressed as
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1

2
m(Sbh, Qm, β) =

(
∂m

∂Sbh

)
Sbh +

(
∂m

∂Q2
M

)
Q2

m +

(
∂m

∂β

)
β

=

(
∂m

∂Sbh

)
Sbh +

1

2

(
∂m

∂Qm

)
Qm +

(
∂m

∂β

)
β

= THSbh +
1

2
ΦmQm +Bββ. (5.81)

Note that, the Hawking temperature TH is assigned as the conjugate variable of

Sbh which can be expressed as

TH(rH , Qm, β) =
∂m(Sbh, Qm, β)

∂Sbh

=
r2H −Q2

m

r3H

(
1 + 8Q2

mβ

r4H

)1/4 . (5.82)

The magnetic potential Φm, a conjugate variable of Qm, is written by

Φm(rH , Qm, β) =
m(Sbh, Qm, β)

∂Qm

=
Qm

16rH

[
92F1(

1

4
,
1

4
,
5

4
,−8Q2

mβ

r4H
)− 32β

r2H
2F1(

1

4
,
3

4
,
7

4
,−8Q2

mβ

r4H
)

+

(
1 +

8Q2
mβ

r4H

)−1/4(
7− 8Q2

mβ

r4H
− 64β

r2H

)]
. (5.83)

The conjugate variable of β denoted by Bβ can be expressed as follows

Bβ(rH , Qm, β) =
∂m(Sbh, Qm, β)

∂β
(5.84)

=
Qm

32rHβ

[
32F1(

1

4
,
3

4
,
7

4
,−8Q2

mβ

r4H
)− 32rHβ

r2H
2F1(

1

4
,
3

4
,
7

4
,−8Q2

mβ

r4H
)

+

(
1 +

8Q2
mβ

r4H

)−1/4(
−3 +

40Q2
mβ

r4H
− 64β

r2H

)]
. (5.85)

By using Smarr formula (5.81), the first law of MHBH is expressed as

δm(Sbh, Qm, β) =

(
∂m

∂Sbh

)
δSbh +

(
∂m

∂Qm

)
δQm +

(
∂m

∂β

)
δβ

= THδSbh + ΦmδQm +Bβδβ. (5.86)

There are 4 possible thermal processes of black hole which are associated

with mass in eq.(5.86). They are heat transferring while 1. fixing (Qm, β), 2.
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fixing (Qm, Bβ), 3. fixing (Φm, β) and 4. fixing (Φm, Bβ). For each process, one can

determine the thermodynamic stability by considering the associated heat capacity

for local stability and associated free energy for global stability of such a process.

However, we do not interest the phase transition of MHBH. We would rather

consider the consistent of linear stability and thermodynamic one.

5.4.2.2 Calculation of Thermodynamic stability

The condition of local stability is positive heat capacity which is given by

eq.(5.67). The heat capacities are evaluated by following procedure. We would

define Xi are an exact variables, i.e., Qm and β, and Yi is a conjugate variable

of Xi. Yi is the function of Xi, i.e., Φm and Bβ. Let us consider a function

f (i)(rH , X1, X2), one assigns f (1) = Sbh(rH , Qm, β) and f (2) = TH(rH , Qm, β). The

variation of the function f (i)(rH , X1, X2) is written as

δf(rH , X1, X2) =

(
∂f

∂rH

)
δrH +

(
∂f

∂X1

)
δX1 +

(
∂f

∂X2

)
δX2

=

[(
∂f

∂rH

)
+

(
∂f

∂X1

)
δX1

δrH
+

(
∂f

∂X2

)
δX2

δrH

]
δrH . (5.87)

There are 3 kinds of evaluable process, namely, 1. fixing variables (X1, X2) and 2.

fixing variable and conjugate variable (Xi, Yj) where i ̸= j, and 3. fixing conjugate

variables (Y1, Y2).

For the first case, fixing (X1, X2), the conditions are certainly obtained by

δX1 = 0, (5.88)

δX2 = 0. (5.89)

Thus, the variation of f(rH , X1, X2) with fixing (X1, X2) is expressed by

δf |X1,X2
=

(
∂f

∂rH

)
δrH . (5.90)

In the case of fixing (Xi, Yj), we would give an example’s calculation by the

process fixing (X1, Y2). The condition of fixing X1 is already obtained by eq.(5.88).
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For the condition of fixing Y2(X1, X2), it is calculated as follows

δY2(rH , X1, X2) =

(
∂Y2

∂rH

)
δrH +

(
∂Y2

∂X1

)
δX1 +

(
∂Y2

∂X2

)
δX2,

0 =

(
∂Y2

∂rH

)
δrH +

(
∂Y2

∂X2

)
δX2, (5.91)

where δX1 = 0 is applied in the second line. As a result, the quantity δX2/δrH is

expressed as

δX2

δrH
= −

(
∂Y2

∂rH

)/(
∂Y2

∂X2

)
. (5.92)

Thus the variation of the function f(rH , X1, X2) with fixing (X1, Y2) is expressed

as

δf |X1,Y2
=

[(
∂f

∂rH

)
+

(
∂f

∂X2

)
δX2

δrH

]
δrH , (5.93)

where δX2/δrH will be replaced by eq.(5.91). The process of fixing (X2, Y1) is

calculated by the same way.

For the process with fixing (Y1, Y2), namely (Φm, Bβ), the conditions are ob-

tained by following. Recalling the first line of eq.(5.91), the relations δY1(X1, X2) =

0 and δY2(X1, X2) = 0 lead us the conditions as follows

δX1

δrH
= −

[(
∂Y1

∂rH

)
+

(
∂Y1

∂X2

)
δX2

δrH

]/(
∂Y1

∂X1

)
, (5.94)

δX1

δrH
= −

[(
∂Y2

∂rH

)
+

(
∂Y2

∂X2

)
δX2

δrH

]/(
∂Y2

∂X1

)
, (5.95)

where the first and second equations are solved by(
∂Y1

∂rH

)
δrH +

(
∂Y1

∂X1

)
δX1 +

(
∂Y1

∂X2

)
δX2 = 0,(

∂Y2

∂rH

)
δrH +

(
∂Y2

∂X1

)
δX1 +

(
∂Y2

∂X2

)
δX2 = 0,

respectively. Equating eqs.(5.94) and (5.95), we would obtain the quantity δX2/δrH

as follows
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[(
∂Y1

∂rH

)
+

(
∂Y1

∂X2

)
δX2

δrH

](
∂Y2

∂X1

)
=

[(
∂Y2

δrH

)
+

(
∂Y2

∂X2

)
δX2

δrH

](
∂Y1

∂X1

)
,[(

∂Y1

∂X2

)(
∂Y2

∂X1

)
−
(
∂Y2

∂X2

)(
∂Y1

∂X1

)]
δX2

δrH
=

(
∂Y2

∂rH

)(
∂Y1

∂X1

)
−
(
∂Y1

∂rH

)(
∂Y2

∂X1

)
,

δX2

δrH
=

(
∂Y2

∂rH

)(
∂Y1

∂X1

)
−
(

∂Y1

∂rH

)(
∂Y2

∂X1

)
(

∂Y1

∂X2

)(
∂Y2

∂X1

)
−
(

∂Y2

∂X2

)(
∂Y1

∂X1

) . (5.96)

Thereafter, the quantity δX1/δrH can be evaluated by substituting δX2/δrH in

eq.(5.96) into the expression of δX1/δrH in either eq.(5.94) or (5.95).

The condition of global stability is negative free energy which is given by

eq.(5.68). There exists the appropriated thermodynamic potential for the process.

This thermodynamic potential has to be a function of temperature TH and fixing

variables. For example the process with fixing (X1, Y2), the proper thermodynamic

potential as the function of (TH , X1, Y2) is calculated by the Legendre transforma-

tion of the mass function as follows

F (TH , X1, Y2) = m(Sbh, X1, X2)− THSbh − Y2X2. (5.97)

We summarize the conditions and proper thermodynamic potentials of various

processes in table 2.

Table 2 Conditions and proper thermodynamic potentials of processes.

Process with fixing Condition Thermodynamic potentials

Qm, β δQm = 0 δβ = 0 F (TH , Qm, β) = m− THSbh

Qm, Bβ δQm = 0 δβ
δrH

= −
(

∂Bβ

∂rH

)/(
∂Bβ

∂β

)
F (TH , Qm, Bβ) = m− THSbh − Bββ

Φm, β
δQm

δrH
= −

(
∂Φm

∂rH

)/(
∂Φm

∂Qm

)
δβ = 0 F (TH ,Φm, β) = m− THSbh − ΦmQm

Φm, Bβ
δQm

δrH
in (5.94) or (5.95) δβ

δrH
in (5.96) F (TH ,Φm, β) = m− THSbh − ΦmQm − Bββ
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5.4.2.3 Thermodynamic stability

We would find the region of magnetic charge Qm and coupling constant

β which corresponds to thermodynamic stability in eqs.(5.67) and (5.68). For

example, Figure 34 shows the region of local and global stabilities along the fixing

(Qm, β) process. The brown (pink) area represents the local (global) stability.

The thermodynamic stability is the region that local and global stability areas are

intersected one. In this case, it locates at the top-left of the plot.

0.0 0.2 0.4 0.6 0.8 1.0

0

5

10

15

20

25

30

Qe /rH

β

rH
2

fixing (Qm ,β)

Local

Global

Figure 34 Stable MHBH in the fixing (Qm, β) process.

In summary, the region of (Qm, β) which agrees with thermodynamic sta-

bility of all calculable processes is presented in Figure 35. The red, green and blue

areas represent the thermodynamic (both local and global) stability, of the process

with fixing (Qm, β), (Qm, Bβ), (Φm, β) and (Φm, Bβ), respectively.

There exists the region in which areas of thermodynamic stability are inter-

sected. Nevertheless, there is no the intersected region of all processes. There are

the regions which 3 processes are coincided, viz., the intersected area of

TS1 ≡ {Area(Qm, β) ∩ Area(Qm, Bβ) ∩ Area(Φm, β)} , (5.98)
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Figure 35 The thermodynamic stability of MHBH for all processes.

TS2 ≡ {Area(Φm, Bβ) ∩ Area(Qm, Bβ) ∩ Area(Φm, β)} . (5.99)

where Area(Xi, Yj) stands for the region of (Qm, β) which is thermodynamically

stable undergoing the process with fixing (Xi, Yj). The region TS1 is greater than

TS2, where TS1 covers value of Qm around 0.6 − 0.85 and β for 18 − 30. For the

region TS2, it covers 0.5−0.6 and 20−30 for Qm and β, respectively. Even if there

is no the set of (Qm, β) in which MHBH is stable undergoing all processes, but

there exists the joint result, that is MHBH is thermodynamically stable with

high-positive value of β for each a process. In other words, the coupling constant

β has to dominate the magnetic charge Qm.
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5.4.2.4 Black hole’s stability

A black hole is said to be stable if it can withstand any perturbations without

being fundamentally altered. For example, the thermodynamic stability is studied

through the thermal perturbation. Another type of disturbance is the metric

perturbation. It is corresponding to linear stability.

The linear stability of MHBH was investigated in reference [15]. The condi-

tions of such stability include with 1. absence of ghost instability and 2. positive

radial and angular speed of gravitational wave. In this thesis, we would not con-

sider the condition of positive angular speed. The mathematical expressions of the

linear stablility condition are given by following

m2
Plr

4 + 4βQ2
m > 0,

m2
Plr

6 + 4βm2
Pl [f(r)− 1] r4 + 6βQ2

mr
2 − 384β2Q2

mf(r) > 0,

m4
Pl [l(l + 1)− 2] r8 + 2m2

PlQ
2
mr

6 + 4m2
PlβQ

2
m [l(l + 1) + 2f(r)− 4] r4

+ 12βQ4
mr

2 − 768β2Q4
mf(r) > 0,

where f(r) is the metric’s component grr and l is a non-negative integer. Moreover,

l is a parameter defining the specific spherical harmonic function Y m
l (θ, ϕ). Evalu-

ating at horizon radius rH where f(rH) = 0, and replacing m2
Pl =

1
2
, we obtain the

following conditions

F1 ≡ r4H + 8βQ2
m > 0, (5.100)

F2 ≡ r6H − 8βm2
Plr

4
H + 12βQ2

mr
2
H > 0, (5.101)

F3 ≡ [l(l + 1)− 2] r8H + 4Q2
mr

6
H + 8βQ2

m [l(l + 1)− 4] r4H + 48βQ4
mr

2
H > 0. (5.102)

We will consider the stability of MHBH where areas of the linear and ther-

modynamic stabilities are intersected.
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Figure 36 Thermodynamic stability and linear stability of MHBH.

Figure36 shows regions of stabilities including the linear and thermodynamic

stabilities. The blue and cyan areas are regions of (Qm, β) which MHBH is ther-

modynamic stable corresponding to TS1 and TS2, respectively. The red, green and

yellow areas satisfy the conditions of the linear stability in eqs.(5.100), (5.101) and

(5.102) with l = 1. We would denote the intersected region of eqs.(5.100), (5.101)

and (5.102) such as

LS ≡ {Area(F1) ∩ Area(F2) ∩ Area(F3)} , (5.103)

which covers the half-right part of the region-plot in figure 36. The region LS

intersects the region TS2 for the interval of 0.55 ≤ Qm ≤ 0.6 and 20 ≤ β ≤ 30. For

the case of the regions TS1, LS totally covers the region TS1. Accordingly, MHBH

is stable for all thermodynamic processes.
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5.4.3 Electric Black Hole

5.4.3.1 Padmanabhan’s method

It is impossible to obtain the first law of EHBH. Since the solution of f(r)

is the numerical one. There is a method for achieving the first law of black hole

through the Einstein’s equation. This is known as “Padmanabhan’s method”. The

idea of such method is the Einstein’s equation is a thermodynamic identity itself

[57, 58]. For example, the first law of Schwarzchild black hole can be obtained

by following steps. Recalling the Einstein’s equation which is the second line of

eq.(2.102) and replacing e2α(r) = f(r), one obtains

f(r) + rf ′(r) = 1. (5.104)

One considers the above equation at horizon radius rH , the term f(r) is zero.

Multiplying eq.(5.104) by drH
2

, we attain the following expression,

drH
2

= rHf
′(rH)

drH
2

,

d
(rH

2

)
=

f ′(rH)

4π
d(πr2),

dE =
( κ

2π

)
d

(
AH

4

)
= THdSBH , (5.105)

where we used the expression of surface gravity of the Schwarzschild black hole in

eq.(3.57), and defined the internal energy as follows

E ≡ rH
2
. (5.106)

In this case, the internal energy is explicitly the mass of black hole. Then, eq.(5.105)

is consistent with the first law of black hole thermodynamics (4.15).

For the electric Reissner-Nordström black hole, the first law can be ob-

tained by the same procedure. Recalling the Einstein’s equation in the third line of

eq.(2.138), replacing e2α(r) = f(r) and then considering at horizon radius rH , one

acquires the following expression

rHf
′(rH)− 1 = − q2

r2H
. (5.107)
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Multiplying the above equation by drH
2

, we have

drH
2

= f ′(rH)
rH
2
drH +

q2

2r2H
drH

=
f ′(rH)

4π
d
(
πr2H

)
− 1

2
qd

(
q

rH

)
,

dE = THdSBH − 1

2
qdΦq, (5.108)

where the electric potential is expressed by Φq = q
r

and the definition of internal

energy in eq.(5.106) is used. This implies that the internal energy is the function

of entropy SBH and electric potential Φq, E = E(SBH ,Φq). According to eq.(35) of

reference [26], the first law of the electric Reissner-Nordström black hole is expressed

as

dm = THdSBH + Φqdq. (5.109)

Thus, the mass does not coincide with the internal energy. Nevertheless, the mass

function can be obtained from Legendre transformation of the internal energy as

follows

m = E +
1

2
Φqq. (5.110)

The derivative of mass is calculated as follows

dm = dE + d

(
1

2
Φqq

)
= THdSBH − 1

2
qdrHΦq +

1

2
dq(Φqq) +

1

2
drH (Φqq)

= THdSBH + Φqdq, (5.111)

where drH and dq are the derivative with respect to rH and q, respectively. Here,

we used the relation,

dq(Φqq) = dq

(
q2

rH

)
=

2q

rH
dq = 2Φqdq,

in the second line of eq.(5.111). Therefore, this kind of Legendre transformation can

be used for defining the mass function of electric black holes. The transformation

of electric charge to potential one has to include the factor 1/2.



165

5.4.3.2 Thermodynamic system

We will use the Padmanabhan’s method and the Legendre transformation

in eq.(5.110) for thermodynamic analysis of EHBH. Firstly, we would determine

the temperature and entropy of EHBH. The entropy is obtained by taking the

limit Qm → 0 of SW,H in eq.(5.75). Thereafter, the EHBH’s entropy is simply the

Bekenstein-Hawking entropy SBH = πr2H . According to the definition of Hawking

temperature TH = κ
2π

and surface gravity in eq.(3.57), the temperature of EHBH

can be expressed by

TH =
1

4π

[√
−gttgrrg

rr(−gtt)
−1
]
rH

|∂rgtt|r=rH

=
1

4πa(rH)

[
2a(r)a′(r)f(r) + a2(r)f ′(r)

]
r=rH

=
a(rH)f

′(rH)

4π
. (5.112)

The Padmanabhan’s method begins with the equation of motion for f(r). Recalling

eq.(5.40), evaluating at outer horizon rH and multiplying it by a(rH)
drH
2

, we achieve

the following expression

a(rH)

2
drH =

a(rH)f
′(rH)

2
rHdrH +

Q2
ea(rH)

2 (8β + r2H)
drH

=
a(rH)f

′(rH)

4π
d(πr2H) +

1

2
QeΦ

′
e(rH)drH ,

dE = THdSBH +
1

2
QedΦe, (5.113)

where we used eq.(5.41) evaluating at rH in the first line. Here, the internal energy

is defined as follows

E ≡
∫ rH a(r′H)

2
dr′H . (5.114)

The mass function can be achieved in the same way as mass of RNBH in eq.(5.110).

Then, the mass of EHBH is written by

m = E − 1

2
ΦeQe. (5.115)
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The first law of EHBH is the derivative form of the mass function which is calculated

as

dm = dE − d

(
1

2
ΦqQe

)
= THdSBH +

1

2
QedrHΦe −

1

2
dQe(ΦeQe)−

1

2
drH (ΦeQe)

= THdSBH − ΦedQe. (5.116)

In the second line, we used the relation,

dQe(ΦeQe) = dQe [Q
2
ev(rH)] = 2Qev(rH)dQe = 2ΦedQe,

where Φe = Qev(rH) = Qea(rH)/(8β + r2H).

5.4.3.3 Functions of rH and Mathematica’s Interpolation

The thermodynamic quantities of black hole, i.e., temperature, entropy,

internal energy and etc., all of them are the functions of the horizon radius rH . Since

the solution of EHBH is numerical, these kinds of functions cannot be obtained

directly.

According to the condition of outer horizon (5.65), there are many values of

rH which satisfy this condition. So we would solve the solutions of a(r) and Φq(r),

of a given (Qe, β) with various rH under the condition (5.65). There are 2 cases,

namely, Q2
e > 8β and Q2

e < 8β. For the case Q2
e > 8β The minimum value of rH is

evaluated by rH,min =
√

Q2
e − 8β + srH where srH is the step of rH . The minimum

value of rH in the case of Q2 < 8β is chosen to be rH,min = srH . The maximum

values of both cases are the same, that is rH,max = rH,min + nrHsrH where nrH is

the number of rH ’s value. After the solutions of every rH are solved, we collect

the value of solutions at each rHi
. Now, we have nrH values of the solution at

the horizon. The horizon’s function is obtained by sewing the solutions at horizon

together. This kind of tool is the Interpolation of Mathematica. The process is

visualized with diagram 37.
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arH,2
(r)

arH,3
(r)

arH,4
(r)

arH,max(r)

evaluated
arH,min(r = rH,min)

arH,2
(r = rH,2)

arH,3
(r = rH,3)

arH,4
(r = rH,4)

arH,max(r = rH,max)

a(rH)
Interpolation

Figure 37 The flowchart of numerical calculating a(rH).

The command Interpolation of Mathematica generates an interpolating func-

tion which corresponds to the set of known data points. The input of this command

is a set of points {(x1, y2), (x2, y2), (x3, y3), . . . }, and then the output is the function

f(x) that satisfies f(x = xi) = yi. For example, the horizon’s function a(rH), its

input is the set expressed as follows

{
(rH,min, arH,min(r = rH,min)), (rH,2, arH,2

(r = rH,2)), (rH,3, arH,3
(r = rH,3)), . . . ,

(rH,max, arH,max(r = rH,max))
}
.

5.4.3.4 Thermodynamic stability

In order to investigate thermodynamic stability in various processes as the

magnetic case, functions of (rH , Qe, β) can be found. Since only a function of

rH can be obtained, a possible calculable process is the one with fixing (Qe, β).

Consequently, all of functions are the function of rH solely.

The local stability is studied through the heat capacity expressed as follows

CQe,β ∝
(
δSBH

δTH

)
Qe,β

∼ 1

δTH

> 0.

Since the variation of SBH is always positive, the sign of above expression depends

only on the variation of temperature δTH . Magnificently, the temperature can be

written as

TH(rH) =
a(rH)

4πrH

(
r2H + 8β −Q2

e

r2H + 8β

)
, (5.117)
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where eq.(5.40) is used with the expression of TH in eq.(5.112). The global stability

is examined by negative value of the proper thermodynamic potential as follows

F (TH , Qe, β) = m− THSBH < 0, (5.118)

where m is defined in eq.(5.115). This free energy is expressed as

F (rH) = E(rH)−
1

2
Φe(rH)Qe − TH(rH)SBH(rH). (5.119)

By choosing Qe = 0.9 and β = −27.5, EHBH is thermodynamically sta-

ble as shown in Figure 38. The blue, cyan and red lines are the plot of temperature

15.0 15.5 16.0 16.5

ne
ga
tiv
e

0

po
si
tiv
e

rH

Qe = 0.9 , β=-27.5

TH δTH F
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rH=15.38

X
TH=0.024

Figure 38 EHBH with β = −27.5 and Qe = 0.9.

TH(rH), variation of temperature δTH(rH) and free energy F (rH), respectively.

There exists an interval of rH in which EHBH possesses positive temperature and

negative free energy. Nevertheless, the variation δTH is positive until the radius

rH = 15.38, the sign of δTH becomes negative. The black hole is divided into 2

parts with the radius that black hole becomes unstable, rH = 15.38. The black

hole which is smaller (bigger) than rH = 15.38 is the small (large) black hole.

Therefore, this EHBH is said to be thermodynamically stable in the small size.

The evaluation of values Qe and β in which EHBH is thermodynamically stable is

shown in appendix C.



CHAPTER VI

THERMODYNAMIC STABILITY OF
SCHWARZSCHILD-DE SITTER BLACK HOLE

6.1 SCHWARZSCHILD-DE SITTER BLACK HOLE

6.1.1 Expanding of Universe

The most successful theory for explaining the expanding of Universe with

acceleration is the “Λ Cold Dark Matter” model, abbreviate with ΛCDM. This

theory corresponds to many observations, e.g., the cosmic microwave back ground,

elementary chemical element in the Universe, and accelerated expansion of the

Universe in late time. The ΛCDM model is given by the action as follows

S =

∫
d4x

√
−g

(
1

16πG
R− 2Λ + Lmatter

)
, (6.1)

where Λ is the cosmological constant. The cosmological constant can be either

negative and positive value where negative one corresponds to “anti de Sitter”,

otherwise, it corresponds to ”de Sitter”. The equation of motion is obtained by

varying with respect to gµν as

Gµν + Λgµν = 8πGTµν . (6.2)

Note that, the expanding Universe is described by positive cosmological constant.
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6.1.2 Schwarzschild-AdS/dS Black Hole

In order to obtain Schwarzschild-like black hole, we solve the vacuum Ein-

stein’s field equation (6.2) with static and spherical symmetry. We use the following

metric in this situation condition

ds2 = −f(r)dt2 + h−1(r)dr2 + r2dΩ2, (6.3)

where f(r) and h(r) are arbitrary functions. Using the same method in section

2.2.3, we obtain the equations of motion as follows

E(f) = rh′(r) +
[
h(r) + Λr2 − 1

]
= 0, (6.4)

E(h) = rh(r)f ′(r) +
[
h(r) + Λr2 − 1

]
f(r) = 0, (6.5)

where one has used the Euler-Lagrange equation (2.238). We subtract E(h) with

f(r)E(f), one obtains

h′(r)

h(r)
=

f ′(r)

f(r)
, (6.6)

then we can infer that

f(r) = h(r). (6.7)

Eq.(2.238) satisfies with the solution as follows

h(r) = 1− 2m

r
− 1

3
Λr2, (6.8)

where one has set G = 1. This solution can recover the Schwarzschild solution

via taking the limit Λ → 0. The horizon structure can be investigated by solving

h(rH) = 0, we will not put the details in here. The black hole is categorized by

the value of the cosmological constant. For the negative (positive) sign of the

cosmological constant, the black hole is called “Schwarzschild-Anti de Sitter (de

Sitter) black hole”. In this thesis, we interest in the Schwarzschild-de Sitter black

hole.
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6.2 THERMODYNAMIC SYSTEM

In this situation, we treat the black hole’s entropy as the black hole’s Rényi

entropy as follows

Sbh =
1

λ
ln (1 + λSBH) =

1

λ
ln
(
1 + λπr2H

)
. (6.9)

The mass of the black hole is obtained by solving h(rH) = 0 and written in terms

of the black hole’s entropy and cosmological constant as follows

m =

√
SBH

6π3/2
(3π − ΛSBH) =

1

6π3/2λ

√
eλSbh − 1

λ

(
3πλ+ Λ− eλSbhΛ

)
, (6.10)

we have used SBH = eλSbh−1
λ

. The Smarr’s formula can be obtained by using prop-

erty of a homogeneous function together with applying Euler’s theorem. Treating

the mass function in eq. (6.10) as the homogeneous function of Sbh,Λ
−1 and λ−1,

m = m(Sbh,Λ
−1, λ−1), we obtain

m
(
αSbh, αΛ

−1, αλ−1
)
=

α1/2

6π3/2λ

√
eλSbh − 1

λ

(
3πλ+ Λ− eλSbhΛ

)
. (6.11)

Thus, the mass function is the homogeneous function of degree 1/2. By applying

the relation in eq.(4.8), one would get

1

2
m =

(
∂m

∂Sbh

)
Sbh +

(
∂m

∂Λ−1

)
Λ−1 +

(
∂m

∂λ−1

)
λ−1,

=

(
∂m

∂Sbh

)
Sbh −

(
∂m

∂Λ

)
Λ−

(
∂m

∂λ

)
λ. (6.12)

According to eq.(4.117), the conjugate variable of the black hole’s entropy is “Rényi

temperature” which is expressed as follows

TR =
∂m

∂Sbh

= − 1

4πrH

(
1 + λπr2H

) (
Λr2H − 1

)
. (6.13)

From eq.(6.12), one can see that the cosmological constant and the non-extensive

parameter play the roles of thermodynamic variables.
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For the cosmological constant, its conjugate variable can be expressed as

follows

∂m

∂Λ
=

1

6π3/2λ

√
eλSbh − 1

λ

(
1− eλSbh

)
. (6.14)

By substituting eλSbh−1
λ

= πr2 in eq.(6.14), one obtains ∂m
∂Λ

= −1
6
r3, which is

proportional to 3-dimensional volume. Therefore, the conjugate variable of Λ can

be interpreted as thermodynamic volume by following expression,

VΛ =
4

3
πr3H = −8π

(
∂m

∂Λ

)
. (6.15)

Thus, the cosmological constant is assigned as thermodynamic pressure: PΛ ≡ − Λ
8π

.

In order to investigate the physical interpretation of the non-extensive parameter

and its conjugate variable, λ and Ψλ ≡ ∂m
∂λ

, we do the Legendre transformation of

the mass function as follows

E = m− PΛVΛ −Ψλλ, (6.16)

where E is a thermodynamic potential. The derivative form of E is written as

dE = TRdSbh − PΛdVΛ − λdΨλ. (6.17)

Since the energy E is a function of Sbh, VΛ,Ψλ, E = E(S, V,Ψλ). It is reasonable

to interpret E as internal energy. Therefore, one can interpret Ψλ as a number of

particles and λ will play the role of chemical potential. In fact, by using Taylor’s

series expansion for small λ, Ψλ can be approximated as

Ψλ ≈ 1

8
πr3H

(
1 + 8πr2HPΛ

)
− 1

24
π2r5H

(
1 + 8πr2HPΛ

)
λ+O

(
λ2
)
. (6.18)

It is seen that the leading order is proportional to r3H . Since the leading order of

Ψλ is scaled by the size, or volume, of the system, Ψλ is an extensive variable. This

is reasonable to interpret Ψλ as the number of particles, Ψλ = Nλ. In this sense,

the non-extensive parameter, λ, measures how the internal energy changes while
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there is a transfer of particles in the system. According to eq.(6.17), the chemical

potential can be defined as

µλ ≡
(
− ∂E

∂Nλ

)
Sbh,VΛ

= λ. (6.19)

As a result, the first law of thermodynamics can be written by

dm = TRdSbh + VΛdPΛ +Nλdµλ. (6.20)

6.3 THERMODYNAMIC STABILITY

There are 2 types of thermodynamic stabilities that we need to concern,

namely, local and global stability. In this work, we investigate the thermodynamic

stability of the Schwarzschild-de Sitter black hole under the isobaric process of a

closed system. According to section 2.3.4, the local stability is evaluation of the

heat capacity along this process, that is isobaric heat capacity,

CPΛ,Nλ
=

(
δQ

δT

)
PΛ,Nλ

> 0. (6.21)

For the global stability, one considers preferred states of black hole between hot gas

and black hole states. The hot gas state is the black hole’s system without horizons.

We can set the Gibbs free energy of hot gas state is zero. As the minimum energy

principle in 2.3.4, the global stability of black hole is given by

Gblack hole < 0. (6.22)

In order to examine the heat capacity and Gibbs free energy, we express

every quantity as a function of horizon radius, cosmological constant(PΛ = Λ), and

non-extensive parameter, f = f(rH ,Λ, λ). The derivative form of such a function

is written by

δf(rH ,Λ, λ) =

(
∂f

∂rH

)
δrH +

(
∂f

∂Λ

)
δΛ +

(
∂f

∂λ

)
δλ
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=

(
∂f

∂rH
+

∂f

∂Λ

δΛ

δrH
+

∂f

∂λ

δλ

δrH

)
δrH . (6.23)

The factors δrH
δλ

and δΛ
δλ

are obtained from conditions of considered process. In this

thesis, we consider the process of fixing pressure and the number of particles. For

fixing pressure, since the thermodynamic quantities can be expressed in terms of

pressure directly via PΛ = −Λ/(8π), it is easy to consider such quantities under

the process by fixing Λ. For fixing the number of particles, one can find such a

condition as follows

δNλ =

(
∂Nλ

∂rH
+

∂Nλ

∂λ

δλ

δrH

)
δrH = 0,

δλ

δrH
= −

(
∂Nλ

∂rH

)/(
∂Nλ

∂λ

)
. (6.24)

By considering the Schwarzschild-de Sitter black hole, the heat capacity and the

Gibbs free energy can be respectively written as

CPΛ,Nλ
= TR

(
δSbh

δTR

)∣∣∣∣
PΛ,Nλ

and Gbh = m− TRSbh − µλNλ. (6.25)

Substituting the expression for the black hole thermodynamic variables into the

above equations and using condition (6.24), the heat capacity and the Gibbs free

energy can be computed explicitly in terms of rH ,Λ, λ. Note that from condition

(6.24), it may not be possible to express λ in terms of Nλ, since the expression

contains the complicated term of logarithmic function. In order to obtain the

thermodynamic quantities with fixing Nλ, we use numerical methods.

6.3.1 Fixing Nλ and Λ

In order to calculations of δSbh and δTR under the fixing variable Nλ, we

need to substitute the relation (6.24) into eq.(6.23). This is not enough because

we need to ensure that the value of Nλ are the same for all value of δf(rH ,Λ, λ).

To do that, we need to assign the values of Nλ and Λ in the expression of Nλ as

follows

Nλ =
∂m

∂λ
=

(1− Λr2H) [−λπr2H + (1 + λπr2H) ln(1 + λπr2H)]

4πrHλ2
, (6.26)
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and then we will solve the value of λ of each rH . For a given horizon radius

rH , there is the value of λ which corresponds to such horizon radius rH through

eq.(6.26). Assigning Nλ and Λ, the values of horizon radius rH,1, rH,2, rH,3 and

Nλ =
(1−Λr2H)[−λπr2H+(1+λπr2H) ln(1+λπr2H)]

4πrHλ2

rH,1 rH,2 rH,3 rH,n· · ·

Nλ Λ

λ1 λ2 λ3 λn· · ·

Figure 39 The flowchart for fixing Nλ and Λ.

rH,n correspond to the values of λ as follows λ1, λ2, λ3 and λn, respectively. This

procedure can be illustrated in Figure 39. Thereafter, we would have the list of

(Λ, rH,i, λi) as follows

{(Λ, rH,1, λ1), (Λ, rH,2, λ2), (Λ, rH,3, λ3), · · · , (Λ, rH,n, λn)} , (6.27)

where the value of Nλ are the same for all member of this list. Thus, the values of

δf(rH ,Λ, λ) is evaluated by applying the value of (rHi
,Λ, λi) in the list (6.27). This

procedure ensures that every values of δf(rH ,Λ, λ) have the same value of Nλ.

6.3.2 Thermodynamic stability

By choosing Λ = 0.2 and Nλ = 0.3, we found that there exists a range of

black hole’s horizon in which the system is locally and globally stable as illustrated

in Figure 40. From this figure, heat capacity and Gibbs free energy are presented

in dark-blue and dark-brown lines. It shows that the heat capacity diverges at

r = 1.486 represented as the dashed grey vertical line. The temperature is plotted

via the dotted-blue line. A small range of horizon radius, in which the black hole is

thermodynamically stable, is represented as the pink highlight. According to the

fact that the horizon radius is known, we can track back to the mass of the black

hole. For example, when a given cosmological constant is Λ = 0.2m2G2

c4
where m
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Figure 40 Gibbs free energy and heat capacity of Sch-dS black hole.

is mass of black hole, the Schwarzschild-de Sitter black hole is thermodynamically

stable with a mass around 140 times the mass of the Earth.

In Figure 41, we show the Gibbs free energy versus temperature under an

isobaric process with fixing the number of particles at given temperature repre-

sented by the green line. The value of the pressure Λ = 0.2 and the number

of particles Nλ = 0.3 are chosen as the same as ones in Figure 40. The dashed

cyan line represents Gibbs free energy of hot gas state. Therefore, there exist the

phase transitions from the hot gas state to the black hole state at the temperature

TR = 0.166 and TR = 0.215. For the hot gas with low temperature TR = 0.166, it

is the first-order phase transition, and then the system evolves to high temperature

until TR = 0.215. At this point, the heat capacity changes its sign corresponding

to the second phase transition. Since the heat capacity of the black hole in this

range TR = 0.166 and TR = 0.215, is negative, the black hole is locally unstable.

The black hole will get higher temperature and smaller radius for this range. Until

TR = 0.215, a cusp of the graph, the heat capacity changes its sign corresponding
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Figure 41 The plot of Gibbs free energy versus temperature of Sch-dS

black hole.

to second-order phase transition. After that the system will evolve to a certain

temperature suppose to be in the range of r = 1.416 to r = 1.486 denoted by the

pink line as shown in Figure 40. In this phase, the black hole can exist in thermal

equilibrium with the environment. In other words, the black hole can always evolve

to the state with the same temperature as that of environment. Note that the pink

line in Figure 41 represents the same range with one in Figure 40, corresponding

to the range of temperature TR = 0.211 to TR = 0.215. The nth order phase tran-

sition is Gibbs free energy diverges at nth order differentiation with respect to the

temperature.

For Gibbs-Boltzmann statistics, the heat capacity and the Gibbs free en-

ergy can be obtained by the taking limit λ → 0 to eq.(6.25). One finds that the

temperature is taken in the form of Hawking temperature,

TH = lim
λ→0

(
∂m

∂SR

)
=

π − ΛSBH

4π3/2
√
SBH

. (6.28)

Since the existence of the black hole horizon is in the range of rh <
√
Λ, or equiv-
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alently SBH < π√
Λ

, the temperature is always positive. By considering an isobaric

process, the heat capacity is written as

CΛ = TH
δSBH

δTH

∣∣∣∣
Λ

=
TH

(∂TH/∂SBH)

∣∣∣∣
Λ

= −TH

(
8π3/2S

3/2
BH

π + ΛSBH

)
< 0. (6.29)

Since CΛ is always negative, the black hole is locally unstable. For global stability,

the Gibbs free energy in Gibbs-Boltzmann statistics is obtained by taking the limit

λ → 0 to the Gibbs free energy in eq.(6.25) as follows

GGB = lim
λ→0

Gbh = m− THSBH =

√
SBH

12π3/2
(3π + ΛSBH) > 0. (6.30)

Since GGB is always positive, the black hole is globally unstable. Therefore, the

Schwarzschild-de Sitter black hole is thermodynamically unstable based on Gibbs-

Boltzmann statistics.



CHAPTER VII

CONCLUSION AND DISCUSSION

So far, we considered 3 types of black holes, viz. magnetic-Horndeski black

hole (MHBH), electric-Horndeski black hole (EHBH) and Schwarzschild-de Sitter

black hole. The black hole’s entropy of these black holes are different, as well as

thermodynamic stability. Since they are in the modified gravity, the entropies of

EHBH and MHBH are presented by the Wald entropy which is expressed as

SW = SBH − 32πQ2
mβ

SBH

.

The entropy of MHBH is exactly the Wald entropy, but EHBH’s one is equivalent

to the Bekenstein-Hawking entropy. For the Schwarzschild-de Sitter black hole,

we prefer to use the Tsallis statistics to serve the zeroth law compatibility. So,

the Rényi entropy would play the role of the black hole’s entropy here, which is

expressed as

Sbh =
1

λ
ln[1 + λSBH ].

The mass of MHBH can be written in terms of function of (Sbh, Qm, β)

where Sbh = SW,H . So the first law of black hole is obtained by Euler’s theorem of

a homogeneous function. It is expressed by

dm = TbhdSbh + ΦmdQm +Bβdβ

where Bβ and Φm are conjugate variables of β and magnetic potential Φm. This

allows us to investigate thermodynamic stability of black hole undergoing the pro-

cesses of fixing (Qm, β), (Qm, Bβ), (Φm, β) and Φm, Bβ. The result is analyzed

by the region plot of (Qm, β) scaled with rH and r2H , respectively. The MHBH is

thermodynamically stable for all processes. There are 2 intersected regions that
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satisfy thermodynamic stability conditions of 3 processes, namely,

TS1 = {Area(Qm, β) ∩ Area(Qm, Bβ) ∩ Area(Φm, β)} ,

TS2 = {Area(Φm, Bβ) ∩ Area(Qm, Bβ) ∩ Area(Φm, β)} .

It is illustrated in Figure 35. Moreover, we included the linear stability. There are

3 linear stability conditions which are expressed in eqs.(5.100), (5.100) and (5.100).

According to Figure 36, the region of linear stability,

LS = {Area(F1) ∩ Area(F2) ∩ Area(F3)} ,

intersects both of thermodynamic stability’s regions TS1 and TS2. Therefore,

MHBH is stable, including to linear and thermodynamic stabilities. Moreover,

the area of TS1 is totally covered by linear stability region. For the case of TS2,

there is a small regime which coincides to LS. This can be interpreted that if

MHBH is observed in nature, it is likely to be the black hole which is characterized

by the values of Qm and β in the region TS1.

The solution of EHBH is the numerical solution. The first law can be ob-

tained in the same way as MHBH. We used the Padmanabhan’s method. Con-

sequently, the Legendre transformation of electric term ΦeQe and internal energy

was reintroduced. The mass and internal energy is related by

m(Sbh, Qe, β) = E(Sbh,Φe, β)−
1

2
ΦeQe, (7.1)

where Qe and Φe are electric charge and potential, respectively. The calculable

thermodynamic process is only fixing electric charge Qe and coupling constant β.

The result is displayed by the output of Mathematica’s command. The EHBH is

globally stable for all values of Qe, negative β and entirely range of rH . For the

local stability, the EHBH is stable for some value of Qe, with any negative β. The

value of horizon radius rH of each (Qe, β) that satisfies local stability condition is

around 25% of total number of the point in space of (Qe, β, rH). Figure 38 shows
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an example of thermodynamically stable black hole with (Qe = 0.9, β = −27.5).

It implies that EHBH does stable in the phase of small black hole. Thus, the

EHBH is thermodynamically stable for small size of black hole.

The both of MHBH and EHBH are thermodynamically stable. The MHBH

is stable on the positive value of β, meanwhile the EHBH does stable on negative

value of β. However, the same thing is that the absolute value of β is greater

than charges Qm and Qe. In other words, the vector-tensor Horndeski black hole

is thermodynamic stable when the coupling constant β dominates over the electric

charge Qe and magnetic charge Qm.

Moreover, the stability of EHBH was investigated (including to the linear

stability). The conclusion of stability of MHBH can lead us to the conclusion that

EHBH is stable for large β in order to dominate over the electric charge Qe. Since

it requires the complicated numerical method, the investigation for EHBH is out

of scope of this thesis.

The first law of the Schwarzschild-de Sitter black hole with Rényi entropy

can be obtained by using Euler’s theorem of homogeneous function. Furthermore,

we extend phase space by treating cosmological constant Λ and non-extensive pa-

rameter λ as thermodynamic pressure PΛ and number of particle Nλ, respectively.

The first law is written as

dm = TbhdSbh + VΛdPΛ +Nλdµλ,

where Sbh = SR. Here, the conjugate variable of λ and Λ are interpreted as the

chemical potential µλ and thermodynamic volume VΛ, respectively. There are 2

acceptable processes, that are fixing (PΛ, Nλ) and (PΛ, µλ) ines. Since undergoing

the thermal process, the change of entropy leads to the change of horizon’s radius,

the process of fixing volume VΛ is incompatible with the thermal perturbation. The

black hole is thermodynamically unstable undergoing the fixing (PΛ, µλ) process

as shown in reference [29]. For the process of fixing (PΛ, Nλ), there exists the
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stable black hole in this process. Figure 40 presents the local and global stability

conditions which are intersected on the short range of rH . The phase transition of

system from the hot gas phase to the black hole phase is shown in Figure 41 .

The Schwarzschild-de Sitter black hole in nature is possibly unstable. If we

can detect the stable black hole, the entropy of the black hole should be described

by Rényi entropy rather than Bekenstein-Hawking one. The closed thermodynamic

system associated with the Schwarzschild-de Sitter black hole will be found to be

stable undergoing an isobaric process.

Furthermore, the heat capacity is a “response function” that describes how

one thermodynamic variable responds to a change of another one under controlled

conditions. Since the first law of Schwarzschild-de Sitter black hole includes the

work term as in found eq.(6.20), the Schwarzschild-de Sitter black hole able to re-

spond with a pressure reservoir. Thus, we should consider another response func-

tion that corresponds to mechanical expansion which is known as “compressibility”.

We leave this investigation for further work.
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APPENDIX A PLANCK’S LAW OF BLACKBODY

The Planck’s law of blackbody radiation set up the lowest radiated energy

of particle of the system with Eν = hν where ν is frequency of radiated particle

and h is the Planck constant. An energy is the multiple of Eν , En = nEν where

n = 1, 2, 3, . . . . According to Boltzmann distribution (2.300), the average energy

is written by

Ēν =
∞∑
n=0

Enp(n) =

∞∑
n=0

(nhν)e−nhν/kBT

∞∑
m=0

e−mhν/kBT

, (A.1)

where one substituted En = nhν. Defining hν
kBT

≡ x, one does the following

calculation

Ēν = hν

∞∑
n=0

ne−nx

∞∑
m=0

e−nx

= hν

d
dx

∞∑
n=0

e−nx

∞∑
n=0

e−nx

= hν
d

dx
ln
[

∞∑
n=0

(
e−x
)n]

,

= hν
d

dx
ln
(

1

1− e−x

)
,

= hν
e−x

1− e−x
,

=
hν

ex − 1
, (A.2)

where we used geometric series
n∑

i=0

air
i = a0(1 − rn)/(1 − r) with |r| < 1. Substi-

tuting x = hν
kBT

back to above equation, the average energy is written by

Ēν =
hν

e
hν

kBT − 1
. (A.3)

Moreover, the average energy can be written in terms of average number as

Ē = ⟨n⟩hν. (A.4)

Equating eq.(A.3) to eq.(A.4), we obtain the average number of radiated particle

as follows

⟨n⟩bb =
1

e
hν

kBT − 1
. (A.5)



APPENDIX B EULER’S THEOREM OF HOMOGENEOUS

FUNCTION
Euler’s theorem is related to a function f(x1, x2, . . . , xn) = f(xi) which

posses the property

f(λx1, λx2, · · · , λxn) = λkf(x1, x2, ..., xn), (B.1)

where λ is non-zero parameter. This kind of function is homogeneous function.

One considers the derivative of f(xi) with respect to λ,

∂

∂λ
f(λx1, · · · , λxn) =

n∑
i=1

∂f(λx1, · · · , λxn)

∂(λxi)

∂(λxi)

∂λ
,

=
n∑

i=1

∂[λkf(x1, · · · , xn)]

λ∂xi

xi∂λ

∂λ
,

=
n∑

i=1

λk

λ

∂f(x1, · · · , xn)

∂xi

xi. (B.2)

On the other hand, we have

∂

∂λ
f(λx1, · · · , λxn) = kλk−1f(x1, · · · , xn). (B.3)

By comparing eq.(B.3) to eq.(B.2), the Euler’s theorem of homogeneous function

is achieved by the following expression

kf(x1, . . . , xi) =
n∑

i=1

∂f(xi)

∂xi

xi. (B.4)

For the derivation of the function f(x1, · · · , xn), it can be written by

df(x1, · · · , xn) =
n∑

i=1

∂f(x1, · · · , xn)

∂xi

dxi. (B.5)



APPENDIX C COMMAND SELECT AND THERMODY-

NAMIC STABILITY OF EHBH
To find the interval of rH which leads the value of δTH(rH) in eq.(5.117)

and F (rH) in eq.(5.119) as positive and negative values, respectively, one use the

command Select in Mathematica. The input of Select is a list and condition, and

then the output is the list in which all of the elements agree with such condition.

We would construct the input list as the list of function f(rH) evaluating at a

specific rH as follows

{f(rH = rH,1), f(rH = rH,2), f(rH = rH,2), . . . , f(rH = rH,200)} .

In this research, one uses the value of β from −30 to 30 in which each value

steps up for sβ = 2.5. For the magnetic charge Qe, it runs from 0 to 1 and step

for sQe = 0.1. We impose the interval of rH with srH = 0.01 and calculate for

nrH = 200 steps. We will obtain the set of ei consisting of β, Qe and number of

points that satisfies the imposed conditions,

ei = {β,Qe, number of F (rH,i) < 0 (or δTH(rH,i) > 0)}.

The result of investigation is presented in Figure 42a. The black hole is global

stable for negative value of β and all of Qe and rH . That can be seen by the

number of 200 in the third member of each element. Note that the case of Qe = 0

is equivalent to Schwarzschild black hole for all value of β. For the local stability,

it is shown in Figure 42b. We found the black hole is still locally stable in the

negative β’s regime. Meanwhile, Qe is not available for all values. The average

number of δTH(rH,i) is around 31.
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(a) The list of negative F (rH) of EHBH

(b) The list of negative δTH(rH) of EHBH

Figure 42 The list of negative F (rH) and δTH(rH) of EHBH.
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