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ABSTRACT

In this thesis, we investigates thermodynamic stability of black holes, including
to the Schwarzschild-de Sitter black hole and Schwarzschild-like black holes in the
Horndeski theory. We study thermodynamics of the vector-tensor Horndeski black
holes by using a proper black hole’s entropy, that is the Wald entropy. The vector-
tensor Horndeski black hole is classified into two types, viz. magnetic-Horndeski
black hole (MHBH) and electric-Horndeski black hole (EHBH). Since the solution
of MHBH is the analytic one, it allows us to investigate thermodynamic stability
together with the linear stability. For the EHBH, the solution is obtained from
numerical method. The thermodynamic stability can be considered solely. MHBH
and EHBH are thermodynamic stable with the similar conditions for value of cou-
pling constant. In case of the Schwarzschild-de Sitter black hole, we consider the
black hole with other statistics’ representation. The Rényi entropy is one that we
have chosen, because it can serve the zeroth law compatibility of thermodynam-
ics. By extending the phase space, the Schwarzschild-de Sitter black hole can be

thermodynamically stable in this representation.
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CHAPTER 1

INTRODUCTION

1.1 OVERVIEW

On the gravity, in the past we would be reminded of Newton’s gravity which
concerns the force between objects that have mass. After Einstein proposed though
experiment such as Einstein’s equivalence principle, it led to a new concept for grav-
ity such that gravitation is caused by curvature of spacetime, then Einstein’s field
equation was formulated. This equation describes the relation between curvature
and matter (including properties of matter e.g. pressure and momentum, etc.) and

is given by

1
w éngj = 87I'GTMV,

R

where R, is the Ricci tensor, R is the Ricci scalar, g, is the metric tensor, T, is

the energy momentum tensor and G is Newton’s universal gravitational constant.

The first solution was proposed by Karl Schwarzschild called the “Schwarzschild
solution”. He applied spherical symmetry and static condition to Einstein’s field
equation. This solution implies mysterious objects which have intensive gravitation

that even the light cannot escape. We call these objects as “black holes”.

There are several investigations on the behavior of black holes. One of the
most simple features is the No-hair theorem which tells us black holes are described
by mass, charge, and angular momentum. Besides, black holes have a specific
behavior obeying the so called “black hole’s mechanical laws”. Coincidentally, the

black hole’s mechanical laws are similar to thermodynamic laws.

Bekenstein and Hawking proposed the temperature and entropy of black

holes based on Gibbs-Boltzmann statistics [1, 2, 3]. Temperature and entropy are



given by

A K
SBH = E and TH = %,

where A is area of event horizon and k is surface gravity. So, we can say that
black hole is thermodynamic objects. To study about existence of black holes via
a thermodynamics point of view, we need to consider on thermodynamic stability
of black holes. The stability analysis can be performed by considering the thermal

properties of a black hole, for example, heat capacity and compressibility, etc.

Nowadays, there are many unsolvable physical problems, such as accelerated
expanding of the Universe, the Inflation, the coincidence problem, etc. These
are not explained by General Relativity. Whereupon, physicists propose the new
theories for solving them, one of those is “modified gravity theories”. There are
several models of the modification theory of GR, and then black hole’s solutions are
possible to be found for a theory. Thereafter, the doubt was arisen, are they (black
hole’s solutions of modified theories of gravity) employ the Bekenstein-Hawking
entropy? The answer is “no”, because the derivation of Sgy is based on only the
General Relativity [2, 4]. The formula of entropy in general theory of gravity might
be derived, and then Wald achieved that purpose [5]. Such entropy is known as

“Wald entropy” and given by

Sw = —QW/HX%W, (1.1)

where b, = 2N, K, is a binormal vector which N, and K, are normal vectors on

surface H. Here, the tensor X*" is defined by
XM = €3, appgon B2 (1.2)

where the equation of motion tensor E% is written by
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(1.3)

where £ is the Lagrangian density and R,,,, is the Riemann tensor. Roughly
speaking, Wald entropy depends on the Riemann tensor which appears in the La-
grangian density. Consequently, Spg and Sy are different in the non-minimal
coupling of gravity theory (there exits the interactions between gravity an others).

For example, the vector-tensor Horndeski theory which is given by following action

1 1
S = /d4]}\/—g (WR —— ZF;LVFHV + ﬁLyyaﬁF/ﬂ,Faﬁ) (14)

where g is the determinant of g,,, F), is the field strength tensor and 8 is the
coupling constant. Here, L/**# is the double dual Riemann tensor,

1
Luuaﬂ 1] _EMVPUGQ/BV‘SR/JUM;‘ (15)

This theory is expected whether it would be done for the cosmological unsolvable
problem [6, 7, 8, 9, 10]. Moreover, it is the most general theory for second-order
equation of motion [11, 12, 13, 14]. According to reference [15], the black hole in
such theory, so-called “vector-tensor Horndeski black hole”, is linearly stabilities.
Combining with thermodynamic stability, we will be able to conclude that the
Horndeski black hole can exist by itself in the nature. Furthermore, the black
hole image from the Event Horizon Telescope [16, 17, 18, 19, 20, 21] might be the
Horndeski black hole. For that reason, the vector-tensor Horndeski theory might

be the proper theory for solving the unsolvable one.

Nevertheless, the Bekenstein-Hawking entropy obeys the Gibbs-Boltzmann

statistics, in other words

SBH ZSGB, (1.6)

where Sgp is the Gibbs-Boltzmann entropy. According to eq.(1.1), black hole’s

entropy depends on the horizon area, and then it is not an additive entropy,

512 7é Sl + SQ. (17)



The consequence is that such an entropy is not the extensive one. Meanwhile,
Gibbs-Boltzmann entropy in thermodynamics is both additivite and extensive.
Furthermore, the zeroth law of thermodynamics requires the property of additivity
[22]. Thus, the entropy Gibbs-Boltzmann statistics is quite not suitable to describe
Bekenstein-Hawking entropy. We need to interpret black hole’s entropy with an-
other type of statistics. One chooses the Tsallis entropy for a representation of the
Bekenstein-Hawking entropy [23, 24, 25, 26, 27]. It is reasonable because both of
them are the non-extensive and non-additive entropy. To recover the zeroth law
of thermodynamics, the Tsallis entropy is not enough. The formal logarithm map
gives us the additive version of the Tsallis entropy, that is “Rényi entropy” [28].

The black hole’s entropy in this representation is defined by
1
Sbh:Sszll’l(1+)\SBH), (]_8)

where ) is the non-extensive parameter. It is called “black hole’s Rényi entropy™
In this representation, the Rényi entropy can stabilize black holes, for example,

Schwarzschild black hole as shown in reference [23].

In the present, the most successful model for explanation of accelerated
expanding Universe is the AC' DM model. The action of this theory is given by

T /d4:c\/—_g (ﬁ}z ~ A) , (1.9)

where A is the cosmological constant. The expansion of Universe is described by the
positive cosmological constant, corresponding to de Sitter spacetime. However, the
Schwarzschild-de Sitter black hole is thermodynamically unstable in Bekenstein-
Hawking entropy [29]. It is possible that the Schwarzschild-de Sitter black hole in

the Rényi’s representation is thermodynamically stable.

According to title of the thesis, entropies and thermodynamic stability of
black holes, it relates to black hole thermodynamics. The background of this area

includes general relativity and thermodynamics, and then they will be presented



in chapter 2. After solving the solutions of Einstein’s field equation in various
situation, a black hole and its mechanical laws would be presented in chapter 3. To
studying thermodynamics of black hole, we will talk about this topic through the
black hole’s entropies in chapter 4. Thermodynamics of black holes in a modified
gravity theory which is the vector-tensor Horndeski theory is presented in chapter
5. Thermodynamics of Schwarzchild-de Sitter black hole with black hole’s Rényi
entropy is studied in chapter 6. In the end of thesis, chapter 7, we will summarize

what we found in this research.

1.2 OBJECTIVE

1. Investigation of thermodynamic stability of the vector-tensor Horndeski black

holes and comparison with linear stability.

2. Investigation of thermodynamic stability in Rényi’s representation of the
Schwarzschild-de Sitter black hole along with formulating the first law of

thermodynamics of such a black hole.



CHAPTER 1II

THEORIES

2.1 GENERAL RELATIVITY

2.1.1 Accelerated Frame

Special Relativity (SR) describes motion of an object in the different frames
where those frames have relatively uniform velocity to each other. From SR, we
found some strange features, for example, length contraction and time dilation.

What about a relatively accelerated frame?

Figure 1 Weak Equivalent Principle.

From Figure 1, the observer in the rocket would see the ball moving down-
ward with acceleration. Incidentally, it is the same as the observer dropping the
ball in a rest frame on the gravitation field. Therefore, the acceleration and gravity
are equivalent. Moreover, when we talk about the rest frame, we cannot distinguish
that we are in the freely falling frame in a gravitational field or absolutely empty

space, as illustrated in Figure 2.

Note that, the above equivalence valids only in small enough regions. For
the case of two particles that are far away enough, they are falling by the influ-
ence of the gravitational field, an observer in this frame will see the particles move

toward each other. This is the effect of tidal force because the direction of gravi-
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Figure 2 Einstein’s elevator thought experiment.

tational force direct to center of mass of source, as shown in figure 3.

\ I global frame
15 U A

Figure 3 The effect of tidal in the global frame.

The above equivalence is called the “Weak Equivalence Principle” or WEP
which states that “The motion of freely-falling particles are the same in a gravita-
tional field and uniformly accelerated frame, in small enough regions of spacetime”.
Another description of WEP is realized by considering dropping particles. A free

falling object described by Newton equation as follows
F= m;a = —mgﬁfb.

where I is the exerted force on the object, m; is inertial mass, @ is the acceleration

of the object, m, is gravitational mass and ® is the gravitational potential. Then,

My

V.

a=—
my



WEP implies that

Therefore, we obtain

m; = My.

This is another definition of WEP. Moreover, the Pisa experiment states that “The
motion of a gravitational test particle in a gravitational field is independent of its

mass and composition”.

Einstein generalized the idea of WEP to be Einstein’s Equivalence Principle
(EEP) which states that “Laws of physics reduce to those of SR since it is impossible
to detect the existence of a gravitational field by means of local experiments”.
According to EEP together with Figure 2, in freely falling frame we cannot claim
that we are in a place with gravitational field or not. We need to redefine the
definition of the inertial frame, that is the inertial frame is an “unaccelerated”
frame where accelerated means free-falling by influence of only gravity. In this

sense, the definition of the initial frame can be generalized as “freely-falling frame”.

T2

,,,,,,,,,,,,,,,,,,,,,,

e ———— - R _Ek R L = 1

Figure 4 Curved trajectory of light.

Moreover, Einstein proposed a new concept of gravity. To show this concept,

let us consider the thought experiment as shown in Figure 5.



Figure 5 Light wave in accelerated frame and gravitational field.

From this figure, the observer in an elevator see the trajectory of light as
curved line. And the outside observer sees the trajectory of the light as a straight
line. We can think that spacetime in the accelerated frame (or gravitation) may be
curved and causes the curved trajectory of light. As the WEP, we cannot measure
a gravity in freely-falling frame even if it exists. Thus, gravity might be described
by the concept of curved spacetime, because everything cannot avoid influence of

gravity which is like the existence of curvature of spacetime.

To visualize gravity as the curvature of spacetime, we will consider the
gravitational redshift as illustrated in Figure 4. From the left panel of Figure 4, the
first rocket sends a photon to the second one where the time for photon travelling
is At = Z where z and c are the distance between rockets and c is the speed of light,
respectively. The second rocket has increasing of velocity as Av = aAt = % where
a is the acceleration of rockets. Thus the photon will be redshifted by Doppler

effect
AN B Av  az

X ¢ &
where )\g is the wavelength of photon which observed by the observer in the first

rocket. The different of the wavelengths which observed by the observers in the
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first and second rockets is denoted by AN\.

The right panel of Figure 4 should have the same phenomena because they

obey WEP (gravity is acceleration locally),

AA_Av_ gz

N ¢ 2
This implies that even the rest frame in gravitational field, there is redshift effect.
From the left panel of Figure 4, if the source emits one photon with a certain
wavelength, the time which is observed by the tower’s observer is At = % We

found that the period of photon which is observed by the tower’s observer is longer

than one in the source as follows

A A
At:—:(%+1)l>m0.
G & C

This implies that the time at a different position in gravitational field are different.
In other words, the spacetime which photon travels through is curved. Therefore,

gravity can be represented by curvature of spacetime.
2.1.2 Manifolds

As previously discussion, the gravity is the curvature of spacetime. In this
section, we would like to find out a mathematical description of curvature of space-
time, that is a “manifold”. An informal concept of a manifold is a space that may
be curved or having complicated topology but in local region looks like Euclidean
space R™. The definition of a manifold is compatible with curved spacetime. Such
a spacetime is curved spacetime but locally flat. Some examples of manifold are
shown in Figure 6. The sphere and the torus is sewing with Euclidean space R2.

Obviously, a flat plane is also a manifold.
2.1.2.1 Objects on the manifold

Since many physical quantities can be defined via vectors, it is important

to investigate how to define the vector and tensor in the manifold. In Euclidean
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(a) Sphere (b) Torus (c) Flat plane

Figure 6 Examples of the manifold.

geometry, the vector is a quantity that has both magnitude and direction. For
curved manifolds, the vector is just an object associated with a single point on
manifold. Let us consider the curve v = ~(A) which is parametrized by A. This
curve passes through a point p in manifold then the vector in this sense is a “tangent
vectors to curve at point p” and a (tangent) vector space is the collection of all
tangent vectors passing through point p. Considering a scalar function f(x), at
point p in some coordinate system ', the change of the function f(x) can be

written as

< g AN
T T ) ¥, S @1

Let us treat % as a basis known as coordinate basis, then we can write the vector

in the form as

oxr*

V=95

8, = V"o, (2.2)

where %L; can be treated as a component (after this we will call it as vector)

and 0, = 8% as a basis. Under general coordinate transformation z# — z*', the

. . /. .
component of vector in a new coordinates z* is written as follows

/

, Oz (x)  Oxt Ozt Ozt

K = =
v O\ Oxr O\ Ox+

v, (2.3)

This is the formula of general coordinate transformation of a (component) vector.
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For the basis in the coordinate z*, it is written by

oz

- Oz

O f () Opf (). (2.4)

Thus a vector in the coordinate z*' can be expressed by
/ Ozt oxt
/ pum l’t Y — —_— M —_— pum
V' =V, (axuv ) (axu,au> v, (2:5)

where one used the eq.(2.2), (2.3) and (2.4). This implies that a vector is invariant
under general coordinate transformation which is the important property of such

a mathematical object.

In order to obtain a product of vector, it is useful to introduce a mapping

as follows
e TH e R, (2.6)

where Tj, is the tangent space at point p. This object is in “cotangent space” T,

and called “dual vector” or covariant vector. A dual vector can be written by
w = w,da*, (2.7)

where dz* is a basis of the dual vector and w,, is a component of the dual vector.
The example of a dual vector is the gradient of a function f(x) which is expressed

as following

of . .
where % is the component of the dual vector df. The transformation law of a

dual vector can be derived by considering the transformation of the gradient of a
function f. Under general coordinate transformation z* — 2, the gradient of a

function f in the new coordinate z* is written by

af = 2@ gt (4 (ax” of ) (ax“/ dx“). (2.9)

OxH OzH OxH O+
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This can infer that the transformation of the component and basis of a dual vector

is written as follows

oz
(JJMI = Wu}u, (210)
! M/
dz" = amud:c”. (2.11)
s

Moreover, the eq.(2.9) implies that a dual vector is also invariant under the general
coordinate transformation. Let us consider the mapping in eq.(2.6) of vector and

dual vector. We obtain

wV) =w,dz(V"0,)
= w,V"dz"(0,)
= w, V"o

=w, V¥ e R,

where dz#(9,) = % = 4.

The generalization of vectors and dual vectors is the “tensor” which can be

written as follows

T= Tl @ Q.05 D ds" Q4 dz”", (2.12)
where ® is the tensor product. This is called tensor rank (n, m) where T#1#2#n
is a component. The transformation law of the tensor is given by

T,u/l,u’Q.,.u% y o or*  Qxtn Ox™*  OJx¥m T2 i (2 13)
/ Vivo...Um ° °

VIVQ"‘V;’VL o axll‘l o 8xun axyi o axl/ﬂb
Moreover, there is a special class of a tensor which is totally antisymmetrized tensor

rank (0,m),
% = 04#1#2"'umdxm ANdx™ N A da:/im’ (2'14)

where A is the wedge product which is the antisymmetrized tensor product. It

is called “differential m—form”, or “m—form”. Vector, dual vector and tensor are
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object on a manifold. In the next section, we will present structure of a manifold

and an operation on a manifold.
2.1.2.2 Structure of manifolds

The gravity can be described by the curvature of spacetime. In order to see
the structure of curved spacetime, it is useful to introduce “metric tensor” , g,.,

via the distance in the manifold or spacetime interval as follows
ds* = 9 datdz”. (2.15)
In flat Minkowski spacetime, the interval for this spacetime can be written by
ds® = ndr'ds” = —(dt)* + (dz)*+ (dy)? + (dz)*. (2.16)
For spherical coordinates, it is given by
ds® = —(dt)* + (dr)* + (rd6)* + (r sin Odo)?. (2.17)

They are metrics for the flat spacetime but difference coordinate systems. For
curved spacetimes, the simplest example is 2-sphere and the metric can be found

by

ds? = (dB)? +(sinddg)>. (2.18)

Furthermore, the metric can be used to define the dot product (or inner

product) as follows
WV =g,WV", (2.19)

where g is the inverse of g,,. We can use the metric for “raising” and “lowering”

index as
W, =g, W" and WY =g"W,k
Another property of the metric tensor is

9009 = 95,9 = 0},
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Moreover, the metric is symmetric tensor,
_ wy o VL
gp,u - gyu and g - g .

2.1.2.3 Derivative

Since many physical quantities are rate of change, for example, acceleration
is the rate of change of velocity with respect to time, the derivative operator must
be properly defined. Let us start with considering the partial derivative of a vector
v,

v _ 0,
orv O

Vv 9,).

The concept of derivative is the comparison between two vectors in different points
in manifold. The basis of such two vectors are in different tangent spaces. Therefore

it is useful to define “connection”, I'f,,, between two bases as follows

0 oVH 0 oV+

Note that this object is not tensor because it does not transform like a tensor which
is given by

/ !
ok, DTl o Dl OF off

'
]._W/ W T o e _ .
AT O’ 9N Ozv - PN Qai daN DxHOx

(2.21)

Then eq.(2.20) can be rearranged

) oV oV
7 (V10,) = (%) 8, + (T2,V") 8, = ( ot rgyw) 9, = (V,.V")0,.

As a result, we can define the “covariant derivative”, V,,,

ovr

oxH

V. V= T 4 Th VP, (2.22)

The covariant derivative is invariant under general coordinate transformation. The

operation V, V" transforms as (1,1) tensor ,

’ ® v/
_ OO0 G (2.23)

- Ozt Qv

vV, VY
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Since this quantity transforms as a tensor, the covariant derivative of a tensor is in-

variant under general coordinate transformation which it is the important property

in GR. Meanwhile, the partial derivative cannot serve such a property. To obtain

the expression of covariant derivative of a dual vector, we consider the covariant

derivative of a scalar, ¢ = A*B,,. One have

Voo = al/¢7
V,(A"By) = 9,(A*B,)

P (O B, A4 OM5,)-
Substituting equation eq.(2.22) into eq.(2.24), we obtained

V,(A“B,) = (8,A")B, + A*(0,B,)

A(V,B,) + (V,A")B, = [A*(8,B,) = T A’ B,] + B,V, A",

A¢(V,B,) = A¥(8,B,) ~ T A°B,

= A"(0,B,) ~ I A“B,.
As a result, we obtain the covariant of dual vector as follows
VB, =0,B,—1%,B,.
We can generalize the covariant derivative to the (k,[) tensor as

AV ALY = §, THiH2-t

Viv2...1) Viv2.../]

H1 AR K2 rop A
+ FU)\T + FU)\T

mrva...v; mua...v;

_F/\ THLH2 A PRIk

ovy Ava...y ova ViA...Y

In GR, there are assumptions for connection and metric tensor following

e Spacetime is “torsion free” : I, =TV .

e The metric obeys “metric compatibility” : V,g,, = 0.

(V,A* = T*" A°)B, +A"8,B,),

(2.24)

(2.25)
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According to metric compatibility, we have

vpguu = apg,uu - g)\ul—‘;\u - gu)\rz,j = O, (226&)
v,ugz/p - a,ugup - g)\prﬁy - gu)\rl),\p = 0, (226b)
V9o = OvGpu — gkurip - gﬂ/\rﬁu =0. (2.26¢)

Considering eq.(2.26a) - eq.(2.26b) - eq.(2.26¢), we obtained
oGy — OuGvp — OuGpu + QQPAF});V =0,

where the torsion-free condition is also used. Then contracting with ¢g#* the con-

nection can be written in terms of metric tensor as

1
L, = égpa (Ouva + OvGap = Oaluw).- (2.27)
This connection is called “Christoffel symbols” which is special kind of connection.
2.1.2.4 Integration

The key issue of the General Relativity is that physics does not change under
general coordinate transformation. The appropriated objects such as tensors and
covariant derivative are well defined in this theory. It is worthwhile to investigate
the proper integral form which is invariant under general coordinate transformation

in this theory.

The volume element d™x which is not invariant under general coordinate

transformation can be expressed by following

Ozt

dn / —
o oz

d"z, (2.28)

where ‘(91'“/ / 83:“} is the determinant of the Jacobian matrix dx* /0z*. In order
to redefine the proper volume element, one can construct the element d"x from a
vector element dz* with using a wedge product. The wedge product can be defined
as antisymmetrized tensor product mapping p—form and g—form to (p + ¢)—form.

For example, the wedge of A,,..,,, and B, ..., is written by

(AN B) :(p—i‘Q)!A[

K1 Hptq p'q'

B

(2.29)

P 2 1 fhpq)
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Figure 7 visualizes the geometrical interpretation of the wedge product of vectors.

For the wedge products of 2 and 3 vectors, they represent an area and a volume,

Figure 7 Examples of the result of the wedge product.

respectively. Then, the volume element can be defined by
d"z=da® Adx* A---Adz" (2.30)

Since the product of wedge operator is antisymmetric, then we can write the volume

element d"x as following

1

0 ey - "
dr” A - Ndx" " = mﬁm-"undmm il AN (2.31)

where €, ..., is the Levi-Civita symbol defined by

(

I if gy - -y is an even permutation of 01--- (n — 1)

€uropn = § =1 if puy ===, is an odd permutation of 01 --- (n — 1) (2.32)

0 otherwise.
\

The factor 1/n! exists for over counting by summation over permutation of the

indices. The Levi-Civita symbol transforms under coordinate transformation as

follows [30]

Ozt

oxH

ozt Oxtn
.. 6 . .
al'ull axufn M1 fn

(2.33)

Cpleepity, =

The €,,..,,, does not transform like a tensor in eq.(2.13), this is a reason why it is

called “symbol”. Then, the coordinate transformation of eq.(2.31) can be written
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by

ox#

ozt

/ /

ozt oxtn

= w1 fin _ =

€pr oo AT A - Ndat = e €l optl,
OxH1 OxHn ™

Ozt Qxkr /
It PUA . M
(8%"1 D dz't A -+ Ndx )
8$“ _ / /
= W E‘u’l...“%dfﬁul VANEEIVAY dl’“”, (234)
where we have used |dz# /ax“‘_l = |0xz#/0x*|. This implies that the volume

element d"z is not invariant under general coordinate transformation. We can con-
struct the proper volume element & which is invariant under coordinate transfor-
mation by introducing the metric’s determinant. Let’s us consider the determinant

of the following equation,

ozt oY’
I = Hra ogv I (2.35)
Then the determinant of metric g,, transforms as
12
oxt
g(x) = ‘ - g(x'). (2.36)

Since the determinant of metric transforms by square of Jacobian, one can use the

square root of metric’s determinant to obtain the proper volume as follows

—g(w’)>

3:17“ / ’
W gufl...'u/ndl’ul A A d:)j“")

At

—g(2)€y e, dTHE N~ N dtm = ( =

(

=V —g(@)euy py da?S Ao Ndatn(2.37)

Indeed, one can define the Levi-Civita tensor from the Levi-Civita symbol by using

square root of the metric’s determinant as follows

€ureepn = V = Y€u1pn (2.38)

Thus, the proper volume element ¢ is defined by
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™
Il
| —

€y AT N e N dh

vV _g~01---n71dl’0 Adzt Ao ANda Tt
V=g

3

€
d"x, (2.39)

where eq,(2.30) and (2.32) are used. The integral I of scalar function ¢(z) is written

= / ()

_ / 6(z)y/—dE (2.40)

as

In the language of differential form, the integral of n—form w = wy,,...,,,, dz** A
-+« A dxt over n—dimensional region > which is a submanifold of manifold M, is

mapping from n—form to (n —m)—form Q = Q... do¥* Ao A dxtnm,

o—
=
1
IS

(2.41)
The integration of wy;...,, over m—dimensional region ¥ is written by
2= (2.42)
22 x
- / Wity i AT A Nl M ™ (2.43)
>

From the integration in eq.(2.40), one can treat the scalar function ¢(x) as the

n—form by absorbing the Levi-Civita tensor as follows

? Qﬁ(x)ul.‘.undgj’“ A Adrhn

A(X) €yt A -+ o A dztr. (2.44)

By using this language, the integrand in eq.(2.40) can be obtained as follows
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o= / Opugeopin AT A -+ - N dhm
= by

= / O(x)€pyep d!™ A -+ - A dahm
b

= / A(x)/—géor.m1dz® Ndx' A - A da™ !
b

= / o(r)v/—gd"x. (2.45)
5

This expression corresponds to the integration in eq.(2.40).
2.1.2.5 Geodesics

Since the covariant derivative is the change of the vector from one point
to other point in curved spacetime, it is useful to define the moving of the vector
between such two points via covariant derivative. If the vector is moved to some
point without a change with respect to the vector at the origin, such moving is

called “parallel transport”, illustrated in Figure 8.

V(p)

‘"’r(p)para‘lle!
V(g)

VV ~ V(q) N V(p)parallel

Figure 8 Difference between the vector and its parallel transport.

The parallel transported is transportation of a vector which keeps the vector
constant, this depends on the path that we move. Since the parallel transport
depends on path parameterized by A, one can define the “directional covariant

derivative” as

D dzt

As a result, the parallel transport can be defined via the directional derivative as
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follows

D dxP
—Vt=—V V¥ =0. 2.47
d\ d\ Vo ( )

Then eq.(2.47) can be rearranged by

dz’ dz? (OVH
Ty = 4 i yo
oV (axp o )
d dx?
0= Ly pn Py 9.48
o ey (2.48)

This is called “equation of parallel transport” In flat spacetime, '/, = 0, eq.(2.48)

reduces to
d
—VH =0. 2.49
) (2.49)
By treating the vector as the tangent vector, V* = %, we have
dy dxt
o L 2.50
d\ d\ ( )

Along a straight line, the tangent vector will unchange, as illustrated in Figure 9,
so that parallel transport of the tangent vector can give us the shortest path in the

flat spacetime. In the same manner, for the curved spacetime, the shortest path

=

/ =

straight line path

Figure 9 Shortest path in flat space.

can be defined as parallel transport of the tangent vector as follows

d dxz* dx? dx°
" et =0. 2.51
ax e 70 (2.51)

This generalization of the shortest path for curved spacetime is called “geodesic”.
Furthermore, The parameter A which satisfies the geodesics equation is called affine

parameter. On other words, the geodesics is parametrized by affine parameter.
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2.1.2.6 Symmetry

It is interesting to investigate the symmetry of spacetime, and it is useful to
consider the Lie derivative of a vector A along the direction of a vector u defined

by
L A" = uPV ,A% — APV . (2.52)

For the dual vector, the Lie derivative is given by

LBy =u*N4Byd- B,V 08, (2.53)
The Lie derivative of the (m,n) tensor T+ #m ~ ~is then
EUT“IM#mulwun — upvam-melmyn o) Tﬂ“ﬂmylmyn V b=
+ THm NV uf e (2.54)

If the Lie derivative of metric tensor g, vanishes, spacetime will admit
symmetry infer from the vector u. We can find the spacetime symmetry via the

metric tenor by using the Lie derivative as follows
-Z/Kg;w — V[LKV + VVK;L =0. (255)

The reference vector K obeyed in eq.(2.55) is called “Killing vector”. The existence
of the Killing vector implies the existence of spacetime symmetry. Moreover, the
Killing vectors can infer the conserved quantities along the geodesic, suppose that

v# is the tangent vector along the curve parametrized by A, then

d 0
a(v”K,,) = V,;(U”Ky)axp = K’V 0" + 070"V K,

For the first term, it corresponds to geodesic equation (2.51). According to eq.(2.55),

V., K, is antisymmetric, the second term vanishes because u*u” is symmetric. Thus

d v _
a(v K,)=0. (2.56)



24

Moreover, the Killing vectors can be refered to conserved quantities of particle in
such spacetime. For example, spacetime which admits the spherical symmetry and

static condition is described by the metric as follows
ds® = —A(r)dt* + B(r)dr* + r*d6® + r*sin® §d¢?,

where A and B are a function of radius r. Obviously, them metric is independent,
so that the Killing vectors which satisfy eq.(2.55) can be written as

ozt ort
o il

As a result, the conserved quantities for such Killing vectors are expressed as
E = —UVK(Vt) and [ =v, Ky, (2.58)

where v* is the tangent vector. If v* is the four-velocity of particle on geodesic,

then E and [ are energy and angular momentum per mass, respectively.

The existence of the timelike Killing vector, K (‘;), is infered from the static
condition corresponding to time translation invariance. For the rotational invari-
ance, there exists the spacelike Killing vector, K f 8); corresponding to spherical

symmetry of spacetime.
2.1.3 Curvature

We are dealing a “curved” manifold, then our next task is to measure the
curvature of the manifold. To visualize, let us consider a vector moving along a
different paths to the same final point as shown in Figure 10. From this figure, one
can see that the initial vector and the final vector are different. Therefore, it is
possible to measure the curvature by measuring the different of the vectors at the
final point. This corresponds to the commutator of the covariant derivative because
the covariant derivative of tensor in certain direction measures how much the vector
changes relative to what it would have been if it had been parallel transported, Then

the commutator measures the difference between parallel transporting the vector



25

Figure 10 Difference between parallel transport vectors along different

paths.

first one way and then the other, versus the opposite ordering. As a result, the

commutator of the covariant derivative to a vector can be written as

IV, V,]VP =V, V,V* -V, V,V°
=0u(V, V?) = [, (VaVE) + 1%, (V. V2)
— 0,(VuVP) +£ T, (VA V) = T4, (VuV?)
= Ou(VV") = 0,(V, Vo) IR, (Vi V) = T8, (V,.V)
= 0,0,V + 0,(T, V) —.8,8,VF 8,15 V)
W STNE RS BV~ d 0 AW TV

L VAT TN A Tl — 15 T2 Ve

Au—ov AVt oop

=0l 0,17, + Lo Poe T 5 ,) V2. (2.59)

Thus the quantity in parentheses can describe the spacetime curvature. It is called

“Riemann tensor” and given by
Rp/\/ux = aﬂriy - al/ré\)u + Fg',urc)\ru - Fff)uriu‘ (26())

Clearly, in flat spacetime, I'; = 0, then Riemann tensor vanishes. Furthermore,
Riemann tensor has properties as follows

1. Ry = —Ropu @ Antisymmetric under first two indices,

2. Rpopp = —Rpoy, + Antisymmetric under last two indices,
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3. Rpopw = Ryupe © Symmetric under first and second pairs of indices,
4. Ryop+Rpvop+Rpue = 0: Cyclic permutations of last three indices vanishes.

These reduce the number of independent components of the Riemann tensor from

n* to &n?(n® — 1), so for four-dimensional spacetime, it has 20 independent com-
ponents. Another important property is the “Bianchi identity” which is written

as
VB ool = 0.

It can be written in another expression as follows

1
v[/\Rp(T];w — 6 (v)\Rpcr,u,l/ N VUR)\p,u,Z/ + vaJ)\uV
_v)\Rap;w - VO'Rp)\ul/ % va)\auu)
1
= g (v)\RpU;w + VUR)\p,u,l/ ai vacr)\;Ll/) )
vauu)\o S= voRuupA + V)\R,uuop = 07 (261>
where we used R, = — Ry, It is possible to define other tensors by contracting

the indices of the Riemann curvature tensor as follows

KX o TR rmipg™ R Holf R4 (2.62)

pov

where R, is a symmetric tensor called “Riceci tensor” and R is called “Ricci

scalar”. Contracting g"* to the Bianchi equation, (2.61), we obtain

gMA (VpR;u/)\a + VUR/M/p)\ + v/\RuVap) = Oa

VoRY s + Vo R\ + ViR, = 0. (2.63)

VAo

Contracting it again with ¢”?, one obtains

9”7 (VoR,, — VoR,, + ViR 0,

vop)

V,R—V"R,,+ V5 (676 Ravey) = 0. (2.64)
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The third term of the above equation can be expressed as
gygg)\av)\Razxop — _g)\av)\Raagp — _vaRap.
Substituting the above equation to eq.(2.64), we obtain

V,R-2V'R,,=V"g,,R—-2V"R,, =0,
1
VU (RVP — §Rgpy) =0. (265)
The term in the bracket is defined as “Einstein tensor”, then we have

1
Gl B §ng, sld | IVEG, W (2.66)

2.1.3.1 Curvature and Matter

As we mentioned before, gravity can be described by the curvature of space-
time, and matter causes gravity. So our equation should manifest the relation of
matter and the curvature of spacetime. The energy-momentum tensor is a tensorial
quantity that sufficiently describes properties of matter. We have many choices to
describe spacetime curvature. The equation can be simply written as an arbitrary

function of R?,,,,, R, R as

ouv>
P —
TN 0 Bt Pl L
Since T}, is symmetric and conserved,

v, T" =0,

the left-hand side should have the same property. Fortunately, the tensor satisfying
such the property is Einstein tensor as defined in eq.(2.66). Therefore, the equation

can be written as

G = KT,

uvs
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where k is a constant. The Einstein gravity must be reduced to Newtonian gravity.

This leads to kK = 87(G. Then we obtain
1
R, — §Rg“” =81GT,,, (2.67)
which is called the “Einstein’s field equations”.
2.1.4 Geodesics Congruences

This section, we will talk about mathematical techiniques to consider the
system of geodesics. The system of geodesics can be viewed as a deformable fluid.
In the view point of fluid [31], we can define a small displacement £* between two
neighborhoods of the fluid elements as shown in Figure 11. From this figure, the

hypersurface

with fixing time

\ﬂuid

Figure 11 Deformation of fluid.

fluid element can evolve with time and then the evolution of the displacement can
generally take the forms as

X~ Byme +o@), (268)

where a and b are indices on the surface and B% is deformation tensor which
describes how the surface changes in time. In general, the deformation tensor can

be written as

1
Bab = 595(11, + Ogp + Wap, (269)
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where
e ( = B? is the expansion scalar or trace part.
® 04 = By — %95,11, is the shear tensor or the symmetric part.
® wap = By is the rotation tensor or antisymmetric part.

In GR, a congruence is a family of curves passing through the cross-section.
We are interested in two cases, namely, timelike and null geodesics. For timelike
case, we want to investigate the deviation vector £* between two neighbouring
geodesics in the congruence as shown in Figure 11. Therefore, each cross-section
can be parametrized by the proper time 7. In this sense, we can introduce the

deformation tensor as
B ity (2.70)

where t# is the tangent vector. It is important to know that the deformation tensor
is purely transverse to the tangent vector. Since the deviation vector £* and the
tangent vector are orthogonal to each other, we have igt” = f}tﬁ“ = 0. This leads

to the relation t*V &' = £V, t"'. By using these properties, we obtain
[V Ee=_RistY (2.71)

This implies that the deformation tensor 5,, measures the failure of £* to be
parallel transported along the congruence. By using the same manner for the fluid,

the deformation tensor can be expressed as
1
By, = gehw + 0 + W, (2.72)

where hy, is a projection defined by h,, = g, + t,t,. Actually, we consider the
change of the deviation vector at each hypersurface of fixing proper time. In other
words, the deformation tensor is a tensor on hypersurface which is orthogonal to

the tangent vector.
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2.1.4.1 Frobenius theorem

This theorem states that if each family of geodesics is orthogonal to ev-
erywhere of hypersurface, so-called the hypersurface orthogonal, then the rotation

tensor w,,, = 0. We would show explicitly for only the case of timelike.

If the congruence is hypersurface orthogonal, then the tangent vector is

proportional to the normal vector which can be expressed as
1, = NV;Q,

where ® is a function of hypersurface and N is a normalization factor. Then we

obtain
1
tuVote) = 5(wtuvyzta L iVl Nt ot X Vel V.1, = 0.

Note that we used V,t, < V,V,® = V,V,®. Using property of rotation tensor,

we obtain

3!t[uvyta] = 2(t[uvy]t@ -+ t[avu]t,, -+ t[,,Vodtu)
= Q(B[,Lw]ta == B[a,u]tu + B[ya]tu)>

O Ut H o2t - (2.73)
Contracting the above equation with ¢t and using w,,t® = w,at® = 0, we have
Wy = 0. (2.74)

Therefore, we have proven the Frobenius’s theorem.
2.1.4.2 Raychaudhuri’s equation

There is an evolution equation for expansion scalar. In order to obtain such
a equation, we begin with the evolution equation of the deformation tensor in a

direction of the tangent vector,
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1N , B,y = 1"V ,V it
= (V. Vot — Rugypt”)t*
=V, (t°V b)) — YV ut"V oty — Rugypt 7t

= BB, — Rup,t°t". (2.75)

Since the tangent vector satisfies geodesic equation, ¢’V ,t, = 0. Contracting the

above equation with ¢g"”, we obtain
LV B S=HVE, AT b

From the relations as follows t# = ‘%‘7 V,.B%, = 0,0,and BBy, = %02 +o" o, —

w*w,,,, the equation for the evolution of expansion scalar can be written as

do if
& —592 —atte, ek W, — R, W (2.76)
This equation is known as “Raychaudhuri’s equation” for the congruence of

timelike geodesics.

For the null case, there is tangent vector k# with "k, = 0, the deformation

tensor can be expressed as

The relation between deviation vector and deformation tensor can be obtbtained

in similar way for timelike case as
(k" ,E"Y = B* €, (2.77)

where (k*V,&4) = h#,(k"V,é"), & = h*,¢” and B,, = h*,h?,B,,. Note that for
the null case, we need to project on the deformation tensor on two the surface which
is orthogonal to both tangent vector £* and auxiliary vector N*. By performing

in the same way as done in the timelike case, we obtain

do

1 3} , ,
a = —592 — gt UNV + wt wﬂ” - Ruykuk 3 (278)
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where the deformation tensor can be expressed as

~ 1
B, = §0hw, + 0 + Wy (2.79)
Another feature of expansion scalar for the timelike case is the fractional rate

of change of the congruence’s cross-sectional volume 6V which can be expressed as

1 d

For the null case, the expansion scalar is the fractional rate of change of the con-

gruence’s cross-sectional area §A as follows

1 d
6= oA (2.80)

2.1.5 Solution of Einstein’s Field Equation

It is very hard to solve the Einstein’s field equation for the general solution
because it composes of coupled nonlinear second-order differential equations as

illustrated in Figure 12. In order to solve for an exact solution, one may need to

L5 %gm (0uGvp + OvGpp — OpGyuw)

v

N 8#F/)]\u b= OVFK/,L > Fgurgy e Fg,/ri“

v

10— %ng, =81GT,,

RP

Apv

Figure 12 Solving the Einstein’s field equation.

impose some conditions. By applying static condition and spherical symmetry, the

first solution was discovered by Karl Schwarzschild in 1916.
2.1.5.1 Schwarzschild solution
Since in our Universe, it composes of stars (and etc.) and shape of mostly

star is spherical, it is useful for solving the curvature around massive spherical

object.
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The first condition that we apply is the spherical symmetry. For a general

metric in coordinates x* = (¢, 7,0, ¢) is given by

ds® = g, dztdz”
= —gudt® + 2g,,dtdr + 2gipdtdd + 2g;4dtdd + g,.dr?

+ 2,0drdl + 2g,4drde + 2gesd0dd + geedt* + gppdd”. (2.81)

For the spherical symmetry, the metric tensor must be a function of radial and

time g, = f(¢,r), and invariant under angular reversion

df ='=df,;~dp — —+do. (2.82)
As a result, some components of metric tensor must be vanished as follows

96 = t6 = Gro = Gr¢ = 0.
By rewritting the components of the metric as
g = A6, 1), gor = B(t, 1), g = C(t, ), goo = D(E,7); 900 = E(t, 1), gsp = F(E,7),
the metric becomes

ds® = —A(t,r)dt* 4+ B(t, r)dtdr + C(t,r)dr?

+ D(t,r)d0dp + E(t,r)d0* + F(t,7)d¢*. (2.83)

For the last three terms, D(t,7)d0d¢ + E(t,r)d0*+ F(t,r)d¢?, is a two-dimensional
spatial metric, and there is a theorem which states that “any two dimensional

Riemannian manifold is conformally flat” or

Gab = V7Jap, (2.84)

where the indices a and b run over 2 to 3, and €2 is a conformal function. Therefore,

we obtain

D(t,r)d0d¢ + E(t,r)d0* + F(t,r)d¢* = H(t,r)(r*d0* + r*sin® 6d¢®).  (2.85)
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By defining a new timelike coordinate as

B
dt' = —A(t, r)dt + (;’ r)dr

and using
dt” = A*(t,r)dt* — A(t,r)B(t,r)dtdr + mdrz,
we obtain
A(t,r)dt? = B(t,r)dtdr = A~ (t,r)dt* — %dr{
=A'(t',r)dt? — B/(t, r)dr®. (2.86)
As a result; the metric can be written as
ds? = =A'(t',r)dt® + B'(t',r)dr® + H(t,r)(r*d0* +r* sin® 0d¢?). (2.87)

By defining the radial coordinate as r2H (t,r) = 1>, we obtain
ds’>= JA(t, ¥dt” + B" (¥ v )dr® 4™ (d6? Fsin’ 0dg?). (2.88)

By rewritting A”(¢/,7) = e22r) | B 1"y = e28t) and dQ? = db? + sin? Od¢?,
and relabelling ' — ¢ and " — r, the metric for the spherical symmetry can be

written as

ds® = —e?nge? 4 et qr? 4 12402, (2.89)

Next, we will solve the Einstein’s field equation for obtaining the solution of e®(t")

and ¢’®"). By considering the spacetime around a spherical object, we have to

solve the vacuum Einstein’s field equation as follows
1
R, — iRg,w = 0. (2.90)
Contracting with ¢g"”, we found that R — %R = (0 and then

R=0. (2.91)
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Substituting this into the vacuum Einstein’s field equation (2.90), we obtain
R, =0. (2.92)
The Ricci tensor can be expressed in terms of the Christoffel symbol as

R =R’,, = 0,0, — 9,4 + 172,19, —T0,19 (2.93)

2 opT pv ovt pp

while the Christoffel symbol can be written in terms of the metric tensor as

1 107
Lfv = 59" (Ougva + Ovfay = Oabuv) -

By substuting the metric from eq.(2.89) into the above equation, the non-vanishing

components of the Christoffel symbol are

ri=d I, =d, IR,
F;t i— a/62(a—[3)7 F:r T ﬂ" F:7 N 5,7
1 1

0 i -2

I8|= s Tod = 5res s, Fﬁb L
cos 0
ny = <ae B sin?9, % = —sinfcosé, ThYE 2.94
66 60 6%~ Gng (2.94)

where the dot denotes time derivative and the prime denotes radial derivative.
Substituting above quantities into eq.(2.93), the nonvanishing components of the

Ricci tensor are
. ) . 2
Rtt _ (6+62 . Ozﬂ) _|_62(a—6)(a// +a/2 . O/ﬁl"f‘ _&/)7
T
2 . )
RM _ —(Oz// —i—O/2 . o/ﬁ/ . _B/) +62(B_a)(5+62 . 0.46)7
T
2.
Rtr = _B?
T
_ . —2p ! !
Rog = e "[r(B' —a') = 1] + 1,
Ryp = Rgpsin®0, (2.95)

For R;, = 0, it corresponds to ﬁ = 0, one gets

B=p(r). (2.96)
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By taking time derivative to Rgy = 0, it corresponds to (d’ ) =0, we get
a = a,(r) + oy (t), (2.97)

where «, and o respectively are the functions of r and ¢ solely. Considering

e 2=AR, + R, =0, it is equivalent to
o = -3 (2.98)
Integrating this equation over r, we obtain

— [l

= o, (1) + au(t) + f(2) (2.99)
Since 5 = B(r), we have ay(t) + f(£) = 0. As a result, and then
B = —a.(r). (2.100)
Now, the metric becomes
ds? = e qt? 4 =20 gr2 4 p2d ()2,
Defining the new time coordinate such as dt’ = e*dt, we obtain
ds?= =22 =2 e | 12002,
Relabeling t — t’ and a,, — «, the spherical symmetric metric is written as follows
ds? = —e*Mat? + 2 qr? 4 12402, (2.101)

Notice that g,, is independent on time and gy; = 0, they correspond to the static
spacetime. Moreover, even if we start with time dependence metric, we still ob-
tain time-independent one. This is Birkhoff’s theorem which states that “Any
spherically symmetric vacuum solution is static”. Now, let us solve eq.(2.92) by

considering Rgg = 0. Applying eq.(2.100), we obtain
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e200) 14 & (2.102)

where C' is an integration constant. Since the theory should be reduced to the

Newtonian theory in the weak field limit, the intregation constant must be
C = 1+2mG, (2.103)

where m is a mass of that object and G is the universal gravitational constant.

Finally, the metric for spherical symmetry can be written as

—1
A <1 = 2mG> s (1 Al sz) dr? +r2dQ2. (2.104)

r T

This metric is known as “Schwarzschild metric”.
2.1.5.2 Reissner-Nordstrom solution

In the previous section, we solved the Einstein’s field equation in vacuum.
The solution of Einstein’s field equation can be solved by relaxing the vacuum
condition. One considers spacetime which possesses electric charge, and then the
electric field would propagate through the spacetime. Such a solution was proposed

by Hans Reissner and Gunnar Nordstrom in 1917.

It is impossible to collect charge particles because the Coulumb force is
much more stronger than the gravitational force, for example the force between

two electrons,

Gm?

= ke? e —71
— T 5.5 x 107", (2.105)

F,=-~23x10% and F,=
r

,
However, the star cannot be formed due to particles with same charges. We will
consider a charged solution as a toy model of the solutions of GR in this section.

Moreover, we will include the magnetic charge for this consideration.
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We start with the static spherical symmetric metric (2.101). The charged
solution differs from the Schwarzschild solution by the existence of the energy
momentum tensor of the gauge field while Schwarzschild one is vacuum solution
(no energy-momentum tensor). The energy-momentum tensor is given by

1 1 .
T = — <FupFup - Zguquon ) 5 (2.106)
Ho

where F),, = V,A, — V, A, is the field stress tensor and A, is the four-vector
potential. The components of field strength tensor can be expressed in terms of
the electric and magnetic fields as follows

1 1
FOi = _Ez and EJ = §€Z‘jkBk = 5\/§€Uk3k, (2107)

where g is the metric’s determinant. By considering the static condition and spher-
ically symmetric metric, we have Ey = E, = By = By, = 0, and E,.(r) = E(r) #

0 and B, (r) = B(r) # 0. The the field strenght tensor can be reexpressed as

0 | —E(r) 0 0
E() 0 0 0
.Y . (2.108)
0 0 0 r? sin 0 B(r)
0 0 —r?sinfB(r) 0

The equations of motion of the gauge field can be written as
V. F' =0, (2.109)
V,Fu +V,F,,+ V,F,, =0. (2.110)

In curved spacetime, the covariant divergence can be written in terms of the partial

derivative as

1
vapljgl/‘g,... — _gap (\/__ngy2V3"') . (2111)

The derivation will be shown in section 2.2.2.1. Hence eq.(2.109) can be written as

v Ly (JgF™
V,F —\/__g@p(\/_gF ). (2.112)
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Considering components v = 0, we have

V,F? =V, F"

- —=0(/gF")

— Wl%mear (eo‘+ﬁr2 sin «9F10)

= Wisme& (eo‘+ﬁr2 sin HgoognFlo)

= ea+—1gr25r (e*TPr?’E) = 0. (2.113)

Integrating it, the electric field is written as

Clelath)
e tilp—c, - FE= ¢

, (2.114)

P
where (' is an integration constant. Since the solution must reduce to one for the
flat spacetime at large 7, or %], o0 = ef |00 ~ 1, the integration constant can be
obtained as

R

Elr_)oo - 4meg ﬁ’

(2.115)

where () is an electric charge and ¢ is the electric permittivity in vacuum. Thus

the integration constant (' is interpreted as

= 47?60. (2.116)
Then the electric field can be written as
N Q
E(r) = ¢ %)W' (2.117)

To find the magnetic field, we have to consider eq.(2.110). Considering the torsion-

free spacetime and the antisymmetric property of F),,, one obtains
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VoFuw + VuFy, + VyFp = 0,F, — T Fy, — ), Fx
+ 0uF,p =T, Fap — T Fon
+ Oy Fp — T, Fay — T Fa
= 0,F, + 0,F,, + 0,F,,. (2.118)

Next, considering the component p = r, u =6, and v = ¢, eq.(2.118) becomes

8TF9¢ —+ (%F@» i 8¢Fr¢ = 87>F9¢,

0 = 9,[r*sin0B(r)). (2.119)
We obtain
Cy
B(r)=—, (2.120)

where (5 is integration constant. Suppose that there exists the magnetic monopole

in the flat spacetime. In the similar way, the integration constant can obtained as

o P

po
Br B = —F AF
lr=s 4dat 12

Cr= 2.121
2 4K ) ( )

where P is a magnetic charge and fiy is the magnetic permittivity in vacuum. The

magnetic field can be written as

Amr2’

B(r) (2.122)

Let us compute a term contributed to energy momentum tensor as follows

FoFP? = g g% F i F oy
=2¢""g" (Fye)? + 29" %% (Fpy)?

=2 [—e g2+ B?]. (2.123)

Then non-vanishing components of the energy momentum tensor are



1 1 1 Cole
T;ft = % (gpaFthta - thtFpUFpa> = Q_lmeQa [6 2 +B)E2 + Bﬂ 5
T = i (ngFr Fra - 1.gTr-FpUF’ o‘) - _LBZﬁ [6_2(a+5)E2 + BQ}
Ho P 4 P 2[&0 !
Tho = & 97 FypFye — lgeeF””F — T_Q [@—Q(O‘JFB)EQ + B?
1o SERAA| 77 ) 2u ’
1/( 1 oo r?sin® 0 ¢ oais) o )
Too = — 9" FopFoo = 7900F" Fpo | = —— [e E® + B,
Ho Ho
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(2.124)
(2.125)
(2.126)

(2.127)

By using the spherically symmetric metric (2.101). The Ricci scalar can be com-

puted as
J)
R:Rtt+Rrr+R99+R¢¢ _ _2672ﬁ |:(XN—|—(X/2—CY/B/+;(O/—5I)
1 2
+§ (1—6'3)

Substituting Rieci scalar into Einstein tensor, we obtain

J= e il
Gtt — @2( A) I:T — ﬁ (1 - 625):| 5
- 2_0/ 1 28
Grr=rs + — (1-¢¥),

oo 6—25 [’I“2 (a// T 04/2 a O/ﬁ,) " T(Oz, - 5/)] ’

G¢¢> = sin2 GGQQ.

Then the nonvanishing components of Einstein’s field equation are

(tt) : (2.129) and (2.124) ; e 2° {2—6/ 1 (1- 625)}
' roor2
= ﬁ [6—2(a+B)E2 + BQ] ’
Ho
20/ 1
(rr) : (2.130) and (2.125) ; e 2° li +-(1- e2ﬂ)]
r T
_ G [e72tAE? + B,
Ho
(00) : (2.131) and (2.126) ; e > [r* (" + % —d/B) +r(a/ — 3')]
_ AnGr?

; [e72et P E? 4+ B
0

(2.128)

(2.129)

(2.130)

(2.131)

(2.132)

(2.133)

(2.134)

(2.135)
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Combining eq.(2.133) and eq.(2.134) , we obtain
d+5 =0 = f=-a (2.136)

By redefining electric and magnetic charge as follows

ir [ Q \*_ ¢ At [ uoP\? _ p?
_( ) =-; and — = (2.137)

o \ 4megr? r fo \ 4mr? r

We can obtain the t¢ component of the metric from eq.(2.134) as follows

2(1/ 1 q2 p2
2a 2

" r
1

20/re** + 2 — 1 = -~ (¢ +p) G,

1

)

2 2
= (¢° +p)G,

O, (reQO‘) —1=-

r@Qa:i(q2+p2)G+T+Cg,

where Cj is the integration constant. We obtain the component (¢£) of the metric

as

2 2
+p)G ¢
—gu = = (e +p)C Tf AT 73 (2.138)

Therefore, the metric for the charge solution (2.101), can be written as

y., 2
ds? = — |11 L2 )G+C3}dt2
Ve T
209G 7
+ |:1 + (q _'7:2]9 ) —|— —rg dTQ ‘l’ TdeQ- (2139)

If we get rid of the electric and magnetic charges, it should recover the Schwarzschild

metric (2.104). Therefore, the integration constant Cj is
C3 = —2mG. (2.140)

As a result, the charged solution is given by
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ds* = — |1+

2 .2

(q +2p )G 2mG1 it
r r

(¢ +p*)G  2mG -
r2 r

+ [1 + dr? +r2dQ?. (2.141)

This is the Reissner-Nordstrom metric which describes the static and spheri-

cally symmetric spacetime with radial electromagnetic field.
2.1.5.3 Kerr solution

Many objects in our Universe, especially stars, are spinning. Therefore, it
is more useful to find a rotating solution. Since there exists a rotational axis, we
have to relax the spherical symmetry to be an axial symmetry. The rotating one
cannot be treated as a static object. It is useful to consider the spacetime with

stationary instead of one with static.

We assume that the object is rotating around the z-axis and use the spherical

coordinates. By applying the axial symmetry and the stationary condition,
t— —t and ¢ = =9, (2.142)
to eq.(2.81), the metric becomes
ds® = —gudt® + 2gi4dtdd + Gpsdd® + grrdi? + 2gradrdf + gaedt?, (2.143)

where g,,, does not depend on t and ¢, g,, = g, (r,0). We can conformally trans-

form the last three terms similar to ones in eq.(2.84) as follows
Grrdr? + 2g,9drdf + geedd® = Ddr* + Ed6?, (2.144)
where D and FE are arbitrary functions. As a result, the metric becomes
ds* = —Adt® + 2Bdtd¢ + Cd¢?® + Ddr* + Ed§?, (2.145)

where A, B and C are arbitrary function. It is complicated to find the solution of

Einstein’s field equation directly, like the Schwarzschild and Reissner-Nordstréom
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solutions. There is a trick to obtain the rotating solution from non-rotating one

called “Newman-Janis trick” [32, 31].

Let us use this trick for the Schwarzschild metric which can be written as

ds® = —fdt* + f dr® + r2dQ?, (2.146)
where f = 1 — % Next, we transform the coordinates to be the advanced
Eddington-Finkelstein coordinate which is

o (2.147)
dp = dt +'f='dr (2.148)
The metric becomes
ds* = — fdp* + 2dpdr + r*dQ>. (2.149)
The metric tensor and its inverse are
—f 10 0
1 0 0 0
Juv = \ (2.150)
050 o 0
\ 000 rsin’
010 0
1 f 0 0
g = (2.151)
00 % 0
00 0 72 siln26
Next step is finding the null bases, for the first one we can choose
*=1(0,1,0,0), (2.152)
with
1, = gnl'l' =0. (2.153)
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The second one should satisfy with I#n, = —1 and n*n, = 0. As a result, the

second null basis can be written as

nt = (—1,—%,0,0). (2.154)

Another two are a pair of complex conjugate which can be obtained as follows

1 ) 1 —1
F=—+10,01, — d H=—10,0,1,— |. 2.155
m \/§T ( s Uy 7sin9) an m \/57” ( » Y ’sin9) ( )

Next, we have to transform coordinate to be complex as follows
p—p =p+iacosf, r—r' =r+iacos, 00, ¢— ¢, (2.156)

where a is the rotation parameter. The function f(r) =1 - % can be written in

terms of the complex coordinate as

92 G/ Re n+2
SEETE, — TS (2.157)
p? r|?

fEy=1

where p? = 2 4 a?cos? . Accordingly, the null bases are transformed due to the

coordinate transformation as follows

/
ML (o, vl B = (—1,—f<r),0,0),

b
m = : —iasinf, —iasinf, 1, o ,
V2(r' —ia.cos ) sin 6
/ 1 —1
m*H — 7307 1 iacosd) <z’a sinf,iasinf, 1, ﬁ) : (2.158)

Note that a vector transforms according to general coordinate transformation as

’ ;/ . /
ut = 689; —u*. For example, the zeroth component of basis m* can be computed as

0/ 0/
0 — %Wf + %m?’ = %(p +tacosf)(1) = iasiné. (2.159)

The inverse metric tensor can be written in terms of the transformed basis as

gM/V, _ —l“ln’/ _ ll/lnl,bl + mulnl/ + mVl,n/H/' (2160)
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The explicit form of the inverse metric can be expressed as

a?sin’d a?+1r* 0 —a

1 | a®+1r? A 0 —a
g == . (2.161)
P 0 0 1 0

—a —a 0 csc?f

The metric tensor can be written as

i asin? 0(r2+a?—
. A—a;sm2 0 1 0 #
1 0 0 asin® 4
G = , (2.162)
0 " 0
asin? 0(7‘:2+a2—A) asin26 0 22 212112 0

where A = r? + a? — 2mGr and ¥* = (r? + a*)? — a*Asin® 0. As a result, the line

element is

A — a2sin2 8 in2 0(r2 200 A
d32=—<—%) dp2+2dpdr+2[asm (r j“ N dpas

p? p
Y2gin? 0

+ 2a sin? Odrdp + p*df? + —d¢®. (2.163)
P

By using the transformation,

2 T
dpi=-dt ¥ (T Za ) dr/ ‘and-/do =d¢" + %dr, (2.164)

the metric becomes

gt — (A — a22sin29> g9 {asin2 O(r* ;— a’? —A) dtdo + 32 5121120d¢2
p p p

2
+ %dﬁ +pRd6?. (2.165)

Note that the angular coordinate transformation (2.164) is used in order to elim-
inate the cross terms, drd¢. This is Kerr solution. The Newman-Janis trick
can also be used for the charged rotating solution which is called “Kerr-Newman

solution”.
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Note that, the coordinate is used for Kerr solution (2.165) is called Boyer-

Liquist coordinate. By taking limit m approaches zero, we have

r? 4+ a2 cos? 6

m—0 2 2

lim ds%,,, = —dt* + < > dr? + (r* 4+ a® cos® 0)d6?

r“4+a

+ (r* 4+ a?)sin® 0d¢?®.  (2.166)
It can be transformed to the flat Minkowski metric
A8} fimpowses = —dt* + da® + dy* + dz*,
with the transformation as

xr=Vr24+a?sinfcos¢ , y=vVr2+a’sinfsing , 2= rcosb, (2.167)

2

x2+y2 22 = a:2—|—y2 e - .
where AN 7= Lo & e s = 1 One can see that these coordinates

are elliptic-like coordinates illustrated in Figure 13.

0=m/6
0 =m/4

0=m/3

0=m/2

Figure 13 Boyer-Liquist coordinates system.
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2.2 CLASSICAL FIELD THEORY

A field is a quantity that depends on every point of spacetime (Z,t). The
field can be found in our daily life, viz., the temperature which distributes through
space, the pressure is influenced by the fluid, and etc. The field can be a scalar,
vector, or higher ranked tensor. For example, the temperature and pressure are the
scalar fields, the electric and gravitational field are the vector ones, the Riemann

curvature tensor can be taken into account as the tensor field, and so on.
2.2.1 Classical Field Theory

2.2.1.1 Equation of Motion

The field theory can be categorized to classical and quantum ones, this thesis
focuses only on the classical field. The generalized coordinates ¢(t) are treated as
dynamical variables of the system, while dynamical variables in field theory can
be treated as a field ¢(Z,t). The behavior of a field is described by the equation
of motion of field which can be derived from the Least Action Principle. A
Lagrangian L depending on fields and their derivatives (with respect to time and

spatial), can be written in the forms of Lagrangian density £ as
= / BPrL(Go, Ouda)s (2.168)
where the subscript a denotes the field’s species. An action is written as

to
S :/ dt/d%ﬁ = /d4x£. (2.169)
t1

Then, the Least Action principle leads us
35 [60:0,62) = [ d'a5L(00,0,0,

[ [OL oL }
/d x{a¢a5¢a+ —8(@%)5(8"‘%)

= [l - (Gma) oo (o) y

(2.170)
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Using the divergence theorem, the last term can be expressed by
oL oL
o (20 - [ e (52
/ g 9 (au¢a) ¢ (at¢a) ¢
dt / ds" ( g )
/ oV 'L¢G«)

Here, the integration is done over volume V which is bounded by a surface oV

)

o0

(2.171)

—0o0

where its element is written by dS®. Moreover, the time-boundaries are lower and
upper boundaries as t; and t,, respectively. The first term vanishes by the same
condition in particle’s mechanics, 0¢,(Z,t;) = 0¢,(Z,t3) = 0. We assume that
a dynamical fields ¢, fall off at spatial infinity, then the variations d¢, at infinity

vanish. Finally, approximating 05 ~ 0, we obtain the equation of motion as follows

oL oL
% = 8# [a(a—u(]ﬁa)} - O (2172)

It is known as the “Euler-Lagrange equation”.
2.2.1.2 Hamiltonian-like Equations

For Euler-Lagrange equation provides (2.172) with the Lagrangian depend-
ing on the first derivative of the field 0,¢,, it gives rise n second-order differential
equations, where n is the number of the fields. To find the solution of a system, it is
quite hard, because we need to solve second-order differential equations. Actually,
there are equivalent equations of motion which are first-order differential equa-
tions. These known as “Hamilton-like equations”. We will show the conventional

Hamiltonian is a subpart of the Hamiltonian-like.

To obtain the Hamilton-like equation, we consider the variation of the La-

grangian density as follows

ay\ __ aﬁ a
0L(pa, 0,0") = a%&ba (8M¢a)6(a“¢ ) (2.173)
oL oL oL
[5G |or gamte] - e
We would denote this boundary term such as
0 (D 060) = =05 (2.175)

9 (9u9°)
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The canonical momentum is defined by

oL
T = 50 50 0,07’ (2.176)

and then the Euler-Lagrange equation (2.172) implies that

oL
0%a

no_
o,mh =

(2.177)
Using these equations, the right-hand side of eq.(2.173) is written as follows
0L = (0,mh) 0pq + 7t (0,0%) - (2.178)

We would use this equation to derive the Hamilton equation. The Hamiltonian-

like density H is given by the Legendre transformation of the Lagrangian as follows
H(Pa, ) = 70,97 — L(¢q, 0,0%). (2.179)

Note that this is not conventional Hamiltonian density in classical filed theory,
since such the Hamiltonian is the Legendre transformation which includes partial
derivative on spatial coordinates. To recover such a conventional Hamiltonian, the
Legendre transformation should consider only time derivative. Its variations lead

us the following equation of motion,

oA
0,

oH
Ogat = o, (2.180)

a

5H(¢a7 71—5)

and the variation of eq.(2.179) gives

5H(¢a> 7#;) = (57r5) au¢a + 7o (au¢a) — 0L,

= (0,0") 0t — (0,7) 0, (2.181)

where eq.(2.178) is used. Then the equations of motion are

oH oH
—8M7Tff = GQS s 8Mgba = W (2182)

These are “Hamilton-like equations”. Now, we have the first-order differential equa-

tions of motion, but there are 2n equations rather than n.
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Moreover, there exists the formula for the Hamilton-like equations which are
expressed in terms of a boundary term 6*. We would define the partial derivative

0, as the variation along a vector V,, = (9;, 9;),
Substituting eq.(2.176) into eq.(2.175), we have

Q“(qﬁm 6¢a) = 755%- (2184)

After that, the variation of Hamiltonian-like in density eq.(2.181) can be rewritten

as followz

OH = (67)(dy ) — (o) (d)
= § [r(0v )] — bv [7(09)]
= 60(¢, 6v @) — ov0(¢, 60)
P 5,00 (2.185)

where one has defined

(6,5 d,60) = 56(3, 6y) — 5v0(/50). (2.186)

For the value of Hamiltonian-like is calculated by integrating Hamiltonian-like den-

sity over spatial volume V/,

H:/V’H. (2.187)

2.2.1.3 Noether’s Theorem

In classical field theory, the Noether’s theorem said that “every continuous
symmetry of the Lagrangian gives a conserved current in which the equation of
motion is satisfied”. Such a conserved current called “Noether’s current”, denoted

by J*#, satisfies the condition below

8" = 0. (2.188)
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To obtain the expression of the Noether’s current, we would consider the

symmetry of a theory. Let us consider an infinitesimal transformation of the fields,
$a(r) = Ga(z) + 6¢a (7). (2.189)

Then the Lagrangian density transforms as follows
L — L+ 0,L, (2.190)

where 04L is calculated as

or oc oL
V7 N A o el

=2, lﬁ(gfqmé%} . (2.191)

Here, we recalled eq.(2.173) and then used eq.(2.172). In fact, the Lagrangian
density in eq.(2.169) is not unique. The equations of motion are invariant under

the transformation [33, 34] such that
£ A Gl 0\ oL (2.192)

where F*is a function of fields ¢,. Equating eqs.(2.190) and (2.192), one obtains

oL
0“ m5¢a = [ = 0. (2193)

Consequently, the conserved quantity or “Noether’s current” can be defined by

oc
Jh= "= b, — F". 2.194

It obviously satisfies eq.(2.188). To specify the vector F*  one considers the in-

finitesimal transformation of spacetime coordinates as follows
at =t =&, (2.195)

where £ is a constant vector. By using Taylor’s expansion, the dynamical fields

would change as follows

Ga() = Pa + E'Oudpa(). (2.196)
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Then, the variation of Lagrangian density in eq.(2.191) is expressed by

oL
5(]5[,(33) = 8M mfyay¢a(x) . (2197)

Under transformation (2.195), the Lagrangian density changes
L(z) — L(z)+dL(x) = L(x)+ £"0,.L(z). (2.198)
So, we have
Opl(z) =¢&"0,L(x). (2.199)

Applying eqs.(2.197) and (2.199) to eq.(2.194), the Noether’s current can be ex-

pressed as

B ¢V aﬁ __
Jh=¢ a(au%)aygba &L, (2.200)

Moreover, the conserved current gives another conserved quantity, that is a “con-
served charge”. To obtain the conserved charge, we would express eq.(2.188) as

follows

0
aa{ﬁ +V-J=0 (2.201)

This is nothing but the continuity equation. Integrating this equation over all

spatial volume V and using the divergence theorem, we obtain
Q/d%(ﬂ) :_/ 2 (V- J)
__ 7{ i3 J
oV

— 0, (2.202)

where OV denotes a boundary surface of V', and dS is the vector surface element.
By choosing the boundary surface that J can be approximated to zero, e.g., J is
supposed to be zero at spatial infinity, then the equality is obtained. Thus, we can

define a “globally conserved charge” as follows

Q= /V dxJ. (2.203)
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2.2.2 Gravitational Field

2.2.2.1 Einstein-Hilbert Action

The behavior of a system is described by the equation of motion which is
derived from the principle that variation of the action vanishes. We know that the
gravitation, or curvature of spacetime, is explained by the Einstein’s field equation.
So, the variation of the gravitational action must give the Einstein’s field equation.
Such an action is the “Einstein-Hilbert action” which is simply given by the Ricci
scalar R and the metric tensor g, is treated as a dynamical field [35]. The crucial
feature of this action is that the equation of motion is second-order differential
equation, even if the action contains second-derivative in the metric, ( I' ~ dg and
then R ~ 9L ~ 9%g.) According to the integration in eq.(2.40), the (vacuum)

Einstein-Hilbert action Sgpy is written by

Seulgu] = / d*z/=gR. (2.204)

The variation of Sgy with respect to the inverse metric g"” leads to

0SEn = / 42 [(05v/=9) 9" Ru +~/—g (0g") R+ v/—99™ (6R,,)] . (2.205)

Let us consider the term of variation §,/—g. We use the identity of the matrix,

such that, any diagonalizable matrix A satisfies the identity
log [det A] = tr[logA] . (2.206)

After taking variation with respect to A, we obtain

1
det [A]

§ (det [A]) = tr[AT'A]. (2.207)

Let A be the metric g,,. From eq.(2.207), the variation of g can be expressed in

terms of dg,,. We can convert the result to be d¢g"” by varying the identity

9" grw = L.
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Thereafter, one obtains

(6") g0 + 9" (8gr) = 0. (2.208)

Contracting both sides with g¢,,, the following relation is obtained as

6901/ = —g,\VQWCSQW\- (2209)

Applying to the variation of \/—g, then we attain

11
0v/—g = 5—/_—95(—9),
i)
2v=g

1 Y2
= —éx/—gg”gpygux (69,

Il

- _5 V _gguu (6glw) ) (2210)

(9"6G,1) +

where egs.(2.207) and (2.209) are used in the second and third lines, respectively.

Substituting eq.(2.210) into eq.(2.205), we obtain

1
0Spn = /d4x\/—g {(Ruv - ZRgW> Sols # o I - (2.211)

Actually, the Einstein’s field equation has been achieved in the first term, but
the final term still alive. There are several approaches for manipulating the term
dR,,, for example, the additional term in the Gravitational action, and the Palatini
formalism. In this thesis, one chooses the method that imposing an extra condition,

that is, the first covariant derivative of the dynamical field vanishes at boundary,
V, (69")| 5 =0, (2.212)

where Z stands for the boundary surface. Such a condition is reasonable, because
any theory second-derivative of the field needs more than d¢|, = 0 for obtaining
the equation of motion. The condition 0,(0¢)|, = 0 is applied too [36]. Let us

move to the variation of the Ricci tensor. We found that the variation of the
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Riemann tensor can be written in terms of the covariant derivative of the variation

of the Christoffel symbol as following

SR’ ,, =8 (0%, + 14,19, — 9,15, — %, I,)

J.N% o™ v

=V (0T%,) =V, (6T%,) (2.213)
where one has the relations

Va (61%,) = 0 (01%,) + 15, (L'g,) — 5, (6T2,) —T%, (6I%,)

V., (01%,) = 0, (01%,,) + T4, (T%,) = Ty (612,) — T7, (0T%,) .

After that the quantity g0 R, can be written by

ng (6R;w> gwj (5R)\u>\u)

# [V (0T3,) — Vo (0T5,)]

g
Va [ (6T3,) = o (6T5,)]: 2.214)

We can express the Christoffel’s variation oI, in terms of the metric’s variation

dguw- According to references [37, 35|, the variation of the Christoffel symbol is

given by
1
0T5, = =5 19n Vv (09°) + 65V, (00") = GuagusV™ (59°°)] (2.215)
1
ory, = ) [gpﬂvl' (09°) + 9,V (09" ) = 94090 V" (59'15)} : (2.216)

The first and second terms of eq.(2.214) become

1
9" (0T3,) = =5 [Vo (09”) 4V, (09™) = 905V (99°%) ], (2.217)

g (I7,)

1
-5 [V (69™) + 9oV (69”) — V5 (69™)] . (2.218)
Substituting them into eq.(2.214), we obtain

9" (ORuw) = Va [9asV* (09°7) =V, (39™)]

= VB, (2.219)
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where one defines
B" = gasV" (09°7) =V, (3g™).
We would like to consider the expression of V,B*,
V,B"=0,B"+ 1, B" (2.220)

Then, the expression of I'y would be found. According to the expression of the
Christoffel symbol in eq.(2.27) and then applying the identity for a diagonalizable

matrix A as follows

tr[log A] = log [det A], (2.221)

the expression 'y, = 2070, 9, = 1tr[g0,g] is written by

1
I, = §tr[8u (logg)]

= 20, (nflog )

1

£ 5@ (logg)

g T
_29yg

1
=0, 4/ g (2.222)
V=
where g represents g,,,. By using the above equation, eq.(2.220) is expressed by
1
V=9

V—9B"). (2.223)

N BY =0, B ( aw/_—g) B

1
=9, (
v—9
This is known as the “divergence formula”, the same expression in eq.(2.111). Using

the divergence formula, the variation of the action in eq.(2.211) becomes to

0Spn = /d4x\/—gGuy5g“” + /d4:v (0,v/—gB") . (2.224)

By analogy to the divergence theorem, the last term is evaluated at the boundary

as

/d% (0,v/=gB") ~ \/=gB"|,, .
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Since the additional condition eq.(2.212) is imposed to this variation, and B* is

proportional to V, (5 g*? ), the last term of the variation in eq.(2.224) vanishes,

V5B~ Y (067, = 0

Thus, the first term in eq.(2.224) gives us the equation of motion which is written

as follows
1
G,uz/ = R;w - §Rg;u/ =0, (2225)

which is the (vacuum) Einstein’s field equation.
In order to include a matter in the theory, we simply add the “matter’s
Lagrangian L,,”. Now, the action is written as

1
s ESEH + S, (2.226)

where k is arbitrary constant, and the matter’s action S,, is given by

A / = (2.227)

Then, the variation of S,, with respect to the dynamical field ¢g** can be expressed
as

1 I
0gSm = / d*z\/—g {—§guy£m+ 59*‘”} 69", (2.228)

where we have used eq.(2.210). We can define the energy-momentum tensor as

follows

B 1 5L
T, = —2 (—§gw,£m + 5gw) : (2.229)

Eventually, the g"’s variation of the action (2.226) is given by

1 1
68 = / d'zy/—g [EG“” - ETW] 5gH . (2.230)
This leads to the equation of motion as follows
GMV = ETNV' (2231)

2
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Comparing the above equation to the Einstein’s equation (2.67), the constant & is

identified by
k = 167G,

Therefore, the Einstein-Hilbert action is written by

For example, the Einstein-Maxwell theory, which is coupled between the gravitation

and electromagnetic, is deseribed by the following action

S = /dm/ { 1F a4

, : 2.233
167G 4% ( )

where [, is the field strength tensor and then the energy-momentum tensor is

given by the eq.(2.106).
2.2.3 Equation of Motion

In section 2.1.5, we solved the vacuum-spherically symmetric Einstein’s field
equation by considering 7, = 0, and then the key equations are that Ry = 0 and
Ry = 0. Actually, we can found these key equations directly from the variation of

the action.

We would derive the key equation of the Schwarzschild metric as an example.
Using the Birkhoff’s theorem, the spherically symmetric metric in eq.(2.89) can be

written by
ds? = =M qt* 1+ 2 ar? 4 r2dQ>. (2.234)

Then, the Ricci scalar and the metric’s determinant are evaluated as
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R= 202+ (0,0)” — (8,a) (0,8) + % (Ora — 0,.9)

+:2 (1—€*)|, (2.235)

V—g = e*e’r?sind. (2.236)

Then, we would treat the arbitrary functions o and § as dynamical fields. The

action can be expressed as follows

Sgn = /d4x {25in0e*? [=r?a” + r* (=) +rd/ (rB — 2)

+2rf +e* —1]}, (2.237)

where a and [ are understood as the functions of coordinate r. The equation
of motion would be achieved from the Euler-Lagrange equations. Since it is the
second-order theory, according to reference [36], the Euler-Lagrange’s equation for

the second-order Lagrangian £(¢,0,¢,0,0,¢) is expressed by

)3 oL oL
g9 o { } .0, [_} , 2.238
00~ 50.0) " 4% 5@.09 (2259
where E®) = (. After calculating, the equation of motion with respect to the

dynamical fields are given by

E@ = 25in PO (205 (r) + 270 — 1) | (2.239)

EW = 25in e A0 (—2ra/(r) + ) — 1) . (2.240)
Since E(® = E®) =, the above equations are equivalent to

2rf'(r) = =™ 41, (2.241)

—2ra/(r) = —e*) 1 1. (2.242)

The right-hand side of eqs.(2.241) and (2.242) are identical, then this gives the

same result (2.99).
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Another example is the Einstein-Maxwell theory. The field strength tensor

in terms of the four-vector potential is given by
F.=V,A -V,A, (2.243)

In this case, we consider only the electric field distributes in spacetime. Such a

situation, the four-vector potential is written by
AN o (V(T)a 07 Oa O) ) (2244)

where V() is the electric potential. Then the quantity F,,, F* is calculated by

1 1
_ZFHVFAW _ 56*20(7)*25(T)V’(7n)2_ (2.245)

The equation of motion for the electric field, is derived by the variation of the

action (2.233),

q = /d4x {J?gR (e, B) + ; (r?sin @) e~ D A0V R)? || (2.246)

with respect to the dynamical field V' (r). Putting this Lagrangian into the Euler-

Lagrange equation in eq.(2.172), we obtain
=0, [(r¥sind) et POy ()] =0 (2.247)

Since the definition of the electric field is given by

—

E=-VV(), (2.248)

then eq.(2.247) coincides to the equation of motion (2.113).

Therefore, this kind of method is quite useful and convenient to obtain the

significant equations of motion in the complicated theory.
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2.3 THERMODYNAMICS

The many-body system is described by statistical mechanics in microscopic
scale. For the macroscopic scale of many-body system, the system is described by
thermodynamics. Thermodynamics is related to a concept of heat, work and
temperature, and their relations to energy, radiation and physical properties of

matter, all of this governed by four law of thermodynamics.
2.3.1 Thermodynamic state

In thermodynamic system is the system that contains large number of par-
ticles (or atoms, molecules). Such a system can be described by “thermodynamic
variables” which are “measurable” macroscopic physical quantities including to vol-
ume (V), pressure (P), and temperature (77). In thermodynamic system, the state
can be specified by given values of a set of thermodynamic variables. There always

exist three suitable thermodynamic parameters to specify the state of the system.
2.3.2 Laws of Thermodynamics

2.3.2.1 Temperature

Thermodynamics has many subbranches, each using a different fundamental
model as a theoretical or experimental basis, or applying the principles to various

types of systems. The subbranches include

e Classical thermodynamics is the description of the states of thermody-
namics systems at near-equilibrium by using macroscopic and measurable
properties,

e Statistical mechanics is supplement of classical thermodynamics with an
interpretation of the microscopic interactions between individual particles or

quantum-mechanical states,
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e Chemical thermodynamics is the study about interrelation of energy with
chemical reaction or with a physical change of state within the confines of

the law of thermodynamics,

e Equilibrium thermodynamics is the study of transfers of matter and en-
ergy in systems by agencies in their surroundings. The systems can be driven

from one state of thermodynamic equilibrium to others,

e Non-equilibrium thermodynamics is thermodynamics which deals with
systems that are not in equilibrium. Actually most systems in nature are not

in thermodynamic equilibrium.

For this situation, we use equilibrium thermodynamics for studying black hole

thermodynamics. There are three catagories of equilibrium including
e Mechanical equilibrium,
e Chemical equilibrium,
e Thermal equilibrium.

If the system achieves all types of equilibrium, the system is in “thermodynamic

equilibrium” state.

The zeroth law of thermodynamics is associated with a quantity which can
describe thermal equilibrium. Let us consider two contacted systems as shown in

Figure 14. In the left panel of Figure 14, there are two separated systems. In the

no heat exchange

e

Figure 14 Thermal equilibrium.

middle panel of Figure 14, the systems thermally contact together. There exists
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heat transfer between them. In the right panel of Figure 14, there is no more
heat transfer. The zeroth law of thermodynamics states that “If objects A
and B are separate in thermal equilibrium with an object C, then A and B are
in thermal equilibrium with each other.”” A quantity which is used to represent
thermal equilibrium is temperature. Another definition of the zeroth law is “at

thermodynamic equilibrium state, temperature of entire system is constant”.
2.3.2.2 Transfer variables

In order to describe thermodynamic system, we can use thermodynamic vari-
ables, including pressure, volume, and temperaure. Also, a thermodynamic system
can be described by transfer variables. The transfer variables can be positive or
negative depending on the direction of transfer from the system. Basically, heat,

work and mass action are transfering variables.

Heat is defined as process of transferring energy across the boundary of
a system caused by temperature difference between the system and surrounding

as illustrated in figure 15. In order to determine how the heat transfer is caused

Figure 15 Heat transferring between the system and the surrounding.

by temperature difference of a system, it is important to introduce “heat capac-
ity”. Specifically, heat capacity (C) is the energy that system requires to rise its

temperature up to 1 unit. For example,
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C can rise temperature up to 1 K,

AQ

A(Q) can rise temperature up to AT = C

where the unit of temperature K is called “Kevin”. Thus, the heat can be written

as

AQ =CAT or AQ = mcAT, (2.249)

where ¢ = % is the specific heat or heat capacity per unit of mass. Moreover, if

substance in a system changes phase, i.e., ice becomes to water. The heat can be

expressed by
0Q) = LAm, (2.250)
where L is the latent heat and Am is the change of the mass of substance during

the phase changes.

Considering ‘a cylinder of gas which is contained in a piston as shown in
Figure 16, one exertes the force F on piston and then the height decreases as dr.

By using F2PA= PA(—3) and 67 = ér(—j), the work done on the system can

—
(@9
3

Figure 16 Work done by force on the piston.

be written as

SW = F .67 = Fdy = PAdy = PdV. (2.251)
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Since the volume of the system decreases dV = —|dV'|, the work can be written as
OW = —PdV. (2.252)

This implies that

— Positive work is the system gains the work from surrounding, it matches with

dV is negative or system is compresses.

— Negative work is the system loses or do the work to surrounding, it matches

with dV is positive or system expands.

For an open system shown in figure 17, the energy that is associated with exchang-

ing particles between the system and surrounding is mass action. The mass action

5

Figure 17 Exchanging of particles between the system and the sur-

rounding.

can be written as
67 = j;dN", (2.253)

where f1; is chemical potential of exchanging of particles and dN? is the number
of change of type-i particles. The chemical potential is the energy that can be

absorbed or released due to the change of number of particles.

In summary, the change of internal energy (U) of the system can be ex-

pressed as follows

AU=Q+W+Z. (2.254)
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It is called the “first law of thermodynamics”. The system from state 1 to state
2 is independent of how its performing. The infinitesimal change of the internal

energy is written as
dU = 6Q + 6W 4+ 6Z = 6Q — PdV + p;dN", (2.255)

which is another definition of the first law.
2.3.2.3 Entropy

An important quantity which is widely used in many fields of physics is
entropy. For the thermodynamic case, entropy implies the disorder of a system,
illustrated in Figure 18. The system in the left part of this figure is represented

orderness, while the right one is represented randommess (or disorder). And the

Figure 18 Idea of an entropy through the randomness of particles.

change of entropy is related to heat transfer. In order to show that, we consider

the system of ideal gas which obeys the so-called “ideal gas law” as
PV = NEkgT, (2.256)

where N is number of molecules, kg is the Boltzmann constant. The internal

energy of the system is expressed as follows

3
U= 5NksT. (2.257)

Considering an isothermal expansion process, the first law becomes AU = 0 and

then heat can be written as

5Q = —W. (2.258)
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According to egs.(2.252) and (2.256), we obtain

6Q = PdV = NkBT%,
5Q  dV

The fractional volume change % implies the increase (or decrease) of disorder, or
randomness, of a system. If the system expands, dV is positive, molecules of the
gas of the system has more freedom to move in the container. It is proportional to

quantity %. Thus, the entropy S can be defined by

0@
ds = —. 2.2
S T (2.260)
Therefore, the first law can be written in terms of the entropy as
dU = TdS — PdV + p;dN". (2.261)

Moreover, we can use the entropy to classify thermodynamic process. There are
two catagories including to reversible and irreversible process. For the reversible
(irreversible) process of the isolated system, the change of entropy along process is
greater than (or equal to) zero. It is the second law of thermodynamics which

can be expressed as
Lot (2.262)

The third law of thermodynamics is still related to the entropy. That is “it is
impossible to reduce the entropy to absolute-zero value in finite number of oper-
ations”. In other words, it is impossible to obtain the absolute-zero temperature,

T =0 K, which can be expressed as

lim T =0, (2.263)

N-—00
where N is the number of operations. Thermodynamic entropy must obey the
second and third laws and this is an important feature of the entropy in thermo-
dynamics. Another crucial feature related to the entropy is that a system proceeds

according to maximum entropy called “maximum entropy principle”.
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2.3.3 Thermodynamic Potential

Apart from the internal energy, there are other functions of state which
can describe the system. They are known as thermodynamic potentials. In
order to obtain thermodynamic potentials, let us consider the first law. According
to the first law (2.261), the internal energy can be treated as the function U =

U(S,V,N' N?% ..). The derivative form of the internal energy function is

oU oU o\ .
dU = (8—5> s + (W) P+ (azw) AN’ (2.264)

By comparing the derivative form of the internal energy to the first law (2.261),

(Zg> N (g_g) | (aajgi) = i (2.265)

To obtain a thermodynamic function which depends on S, P, N%, the first law

we obtain

(2.261) can be written as follows
dU = TdS — PdV + j;dN* + (VdP — VdP)

=TdS.+ VAP +judN' ~ d(RV)

d(U+PV)/=1dS+ VdP+ jdN*: (2.266)
As a result, we can define the thermodynamic potential as follows
H=U+PV. (2.267)

This thermodynamic potential is known as enthalpy. Since the enthalpy is defined
as H = H(S, P,N',N?,...), its derivative form can be expressed as dH = (%4) dS+

(g—g) dP + (%) dN'. By comparing the derivative form to eq.(2.266), we obtain

(#)- (%) () ()%~

Using the same procedure, we can have other thermodynamic potential. The first

law eq.(2.261) can be written as follows
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dU = TdS — PdV + p;dN' + (SdT — SdT)
= SdT + PdV + pdN' +d(TS)

d(U —TS) = SdT — PdV + p;dN". (2.268)
We can define a thermodynamic potential as follows
F=U-TS. (2.269)

This thermodynamic potential is known as Helmholtz free energy. Since the

Helmholtz free energy is defined as F' = F(T,V, N', N? ...), its derivative form

is dF" = (g—g) o (2—5) av + (aF ) dN'. By comparing the derivative form to
eq.(2.268), we obtain

() T () - () -

There is another important thermodynamic potential called Gibbs free energy.

By using the same procedure, The Gibbs free energy is written by
G=U-TSEV. (2.270)

Since the Gibbs free energy is defined as G = G(T, P, uy, pus, ...), its derivative form

is dG = (%) dl + (%) dP -+ (88]5) dN?. We still obtain the relations as follows

() ()T ()

These thermodynamic potentials can be used to describe the system as well as the

internal energy.

Note that one can obtain the thermodynamic potentials by using the Leg-

endre transformation. The Legendre transformation is another expression of a

function f(z!,2?,...) in terms of its slope m; = 8555?),

the transformation is given

by

glmi,my,...) = f(a' 2%, ...) — ma'. (2.271)
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For example, one can use the Legendre transformation to obtain the Helmholtz free

energy as follows

oU
F=U- (2= —U—-T 2.979
( S)S U S, (2.272)

where we have used g—g = T. It is consistent with the definition of Helholtz free

energy (2.269).

From the maximum entropy principle, it is possible to write this principle
in terms of the thermodynamic potentials. In order to obtain these conditions, we
consider the system which is not isolated. Recalling the second law, the change of

entropy can be written by
0G-< TdS. (2.273)
Adding 6W and 67 to both sides of eq.(2.273), we obtain
0Q + W +6Z < TdS + 0W 4+ 6Z. (2.274)

The left hand side of eq.(2.274) is the change of internal energy dU. And then
substituting the definition of work eq.(2.252) and mass action eq.(2.253) into the

above equation, we obtain
dU < TdS ~"PdV + p;dN*. (2.275)

At thermodynamic equilibrium, S,V and N are fixed or dS = dV = dN = 0, the

change of internal energy satisfies
dU < 0. (2.276)

This implies that the system would proceed the internal energy to its minimum.
Doing the same procedure, the thermodynamic potentials of non-isolated system

satisfy conditions as follows

dH < TdS +VdP + ju;dN*, dF < SdT — PdV + p;dN*, dG < SdT + VdP + p;dN".
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At thermodynamic equilibrium, the above conditions become
dH <0, dF < 0, dG < 0.

They are called the “Energy Minimum principle”.

2.3.4 Stability

Thermodynamically stable equilibrium can be divided into two catagories,
namely, global and local stabilities. Thermodynamic stability can be characterized
by thermodynamic quantities. In order to determine a condition for stability, we
consider a system contacted with a reservoir with temperature Ty and pressure P,

as shown in Figure 19. According to the second law of thermodynamics, the entropy

reservior
T07 PU

(

i

15, Py

system

Figure 19 The system contacted with the reservoir.

increases while the system evolves to the equilibrium state. Thus, the change of

entropy of the entire system is written by
AS; ="KS, T AS=a (2.277)

where S;, S; and S, are the entropies with subscript ¢, s and r denote total sys-
tems, system and reservoir, respectively. The amount of heat transfer, (), from the

reservoir to the system can be written in terms of entropy’s change as follows

_ AQT‘ o (_Q)

A _
Sr T To

(2.278)

By using the first law (2.261), the heat transfer can be written in terms of the

change of internal energy and work done as follows

Q = —AU + RAV,. (2.279)
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Substituting the heat transfer in eq.(2.279) into the change of reservoir’s entropy
in eq.(2.278), and then a change of entropy of the entire system in eq.(2.277) can

be written as

AS, = AS. + (AU+POAVS> _ ToAS; — AU — PyAV;

To To

1
0

According to the definition of the Gibbs free energy (2.270), we obtain

ASy= —ATGS > (). (2.281)

0

If there are two stable equilibrium states, a thermodynamic system prefers to be
a state with lower Gibbs free energy. Since the system contacts with the heat
reservoir, there exists the minimum Gibbs free energy.” Then, the condition for

“global stability” is

Gy = minimum. (2.282)

In order to investigate the condition of the local stability, we consider an
infinitesimal change of Gibbs free energy of the sysytem with fixing volume. Using
the Gibbs free energy of the system which is expressed in eq.(2.280), we have a

infinitesimal change of Gibbs free energy G, = U — 1TyS, + PV, as follows
dGy = dU — TydS,. (2.283)

Let us consider the change of G with respect to temperature. From eq.(2.283), we

9G,\  (oU 95
(5), = (5z), = (7)., (228)

The change of internal energy of the system is dU = TdS;. Eq.(2.284) becomes

0G.\ .. (08, a5,
(aTS)V_TS (WS)V_TO(WS)V. (2.285)

obtain
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At the state with minimum Gibbs free energy, we have

G\
(8TS )V = 0. (2.286)

Then the temperature of the system must be equal to one of the reservoir, T =

To, implying the equilibrium state. Taking derivative eq.(2.285) with respect to

temperature T', we obtain

092G, 98, 928, 025,
(aTs)v‘(aTS)V”S<8T3>V‘T°(6T3>V' (2.287)

Since the equilibrium state, the Gibbs free energy is minimum, the second derivative

of the Gibbs free energy is greater than zero

0%G, 05,
= > 0. .
()= (), =" -

This equation is referred to “local stability” condition. The local stability condi-

tion can be expressed in terms of the heat capacity as follows

0Q . (8S
=% = <ﬁ> p i (2.289)

Therefore, the system with positive heat capacity is locally stable under the heat

transfer with fixing volume process.
2.3.5 Statistical Entropy

A thermodynamic system can be described by the view points of both macro-
scopic and microscopic scales. For the microscopic scale, the system is described
by statistical mechanics. In this section, we will derived a formula of entropy which

is used in statistical mechanics.

An isolated system with constant total energy E is divided into N subsys-
tems. Each subsystem is labelled by n = 1,2,.., N. The total energy of the system

is then written as

N
E= Z E,, = constant. (2.290)

n=1
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Microstates of the system can be identified by a set of the energy of subsystems
as microstate = {E4, Es, ..., Ex}, and the number of all possible microstates of the
system is 2. The energy of subsystems is assumed to be discrete up to w levels

as follows
E, € {ep, €1, ..., €1} with ¢; = je. (2.291)
The probability of a given subsystems n has energy ¢; is
Pl il DN (2.292)

Considering two given subsystems n and m with energy F,, and E,,, respectively.
The probability that any two subsystems has their combine energy e can be com-

puted as
w—1
P(e) = pul€)Pmlc — €5), (2.203)
j=0

For each 7, the system is divided into three parts including subsystem n with energy
€j, subsystem m with energy € — ¢;, and the rest with energy £ — . It is useful
to introduce the fundamental postulate of equilibrium statistical mechanics. This
postulate states that “At the equilibrium, all microstates are equally probable, so
the probabitlity is 1/Qx where Qy is the total number of microstates”. By using

the fundamental postulate, the probability of subsystems eq.(2.293) can be written

by
L (€)Pm( ) : (2.294)
QN_pn €)PmiE =€ QN,Q' )
We obtain
Oy
Pol€)Pm(e = &) = —5— (2.295)
N

As a result, the probability in eq.(2.293) can be written as follows

Qn-2

Ple) =w On

= wpu(e)pmle — ). (2.296)
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The €¢; = 0 case, P(e) = wp,(0)p(e), and the €; = € case, P(g) = wp,(€)pm(0), are

equivalent. According to this result, we obtain

Pn(e) _ Pm(e)
Pn(0)  pm(0)
and then it infers to

This implies that the probabilities of the subsystems with the same energy are
identical. Thus, for subsystem n with energy €; and subsystem m with energy e,

we can write the probability as follows
P(c = € + ¢;) = wp(e)p(e;) = wp(0)ple; +¢5),
ple)p(€;) = p(0)p(e; + €;). (2.298)
From eq.(2.298), we can guess the formula of probability as follows
pej) ox e P, (2.299)

where B is a constant. We know that any probability must be normalized. Thus,

the probability should be expressed as
1 —Be;
bi=pE) = e (2.300)

where Z = Zfz_ol e~ P4 is known as “partition function”. Here, p; stands for the
probability of finding a particle with energy €;. Such a probability corresponds
to Boltzmann distribution. This is one of the keys ingredient of Maxwell-
Boltzmann statistics. We would like to apply this Boltzmann distribution to the
internal energy which is expectation value of energy of the system. The internal

energy can be given by

U=> pie;. (2.301)
J
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Substituting the probability in eq.(2.300) into the internal energy in eq.(2.301), we

obtain
Bej ~Oln Z
= 2.302
U= Z 5 5 (2.302)
Moreover, we have another formula of the internal energy. Substituting S = —g—g
into ' =U — TS, we obtain
oF 1 OF O(F/T)
U=F+TS=F—-T—=F+— = . 2.303
* or - " TawT)  o(/T) (2.303)
Comparing the internal energy in eqgs.(2.302) and (2.303), we get
F kT 1n Z d B ! (2.304)
= —kgTIn an =— :
o kgT

Note that the Boltzmann constant kp is added in order to give the right unit

of Helmholtz free energy. Thus, the probability and the energy in eq.(2.300) are

written by
F 1
= — — ; 2.
;= exp[kBT kBTeJ], (2.305)
G — F— k:BTlnpj. (2306)

Substituting the energy in eq.(2.306) into the internal energy in eq.(2.301), we
obtain
-1 w—1
Z (F—Tlnp;) = F — kgT (ij lnpj> : (2.307)
ey =1
By comparing the internal energy in eq.(2.307) to U = F — T'S, the entropy can

be expressed as follows
S=—kp» pjlnp;. (2.308)

This is known as Gibbs entropy which denoted by Sg [38]. By assigning the

total number of microstates as {2 and applying the fundamental postulate p; = é
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to the formula of the Gibbs entropy in eq.(2.308) and summing over all number of

microstates €2, we obtain

Q
1
Sep = —kp » o mQ " = knQ. (2.309)

=1

This is Gibbs-Boltzmann entropy and denoted by Sgg.



CHAPTER III

BLACK HOLE

3.1 BLACK HOLE

Black hole is “A region of space having a gravitational field so intense that
no matter or radiation can escape”. We will show that how objects cannot escape

from the black hole.
3.1.1 Light Cone

The point in spacetime is called “event”. The infinitesimal interval between
two event is metric which written by eq.(2.15). The trajectory of particle that move
in spacetime is called “worldline” as shown in Figure 20. The slope of worldline

ct

A
event

worldline

event

.,
> T

Figure 20 Spacetime diagram.

implies to speed of paricle,

cAt ¢
1 = == 3.1
slope m = —— = (3.1)

Note that we will show explicitly with speed of light ¢ in this section for convenience.
We classify worldline, or any path in spacetime, by metric as eq.(2.16). Let’s

consider Minkowski spacetime (flat spacetime)

ds® = ndatds” = —c2dt* + di®. (3.2)
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If we set ds? = 0, we have

0= —c2dt* + di?,
dz

S
¢ dt

. (3.3)

We call this trajectory as “null path”. This corresponds to trajectory of light or
massless particles. Furthermore, if we plot trajectory of the light, it is just straight
line with slope eqaul to 1,

G

slope m = =N (3.4)

Vlight
Then we can classify other two type of trajectory by using the null path as broaden

line, namely,

1. ds®> < 0 : time-like path,

2. ds? = 0 : null path,

3. ds? >0 : space-like path.
Note that we include null path in the second type. Considering an event in space-
time, there exists a light cone at which it is bounded by null trajectory, as shown

in Figure 21. Thus, if we want to consider ligh cone, we just set metric to be zero

and find the relation between time and spatial coordinate. According to special

ct
A m=—-1 future cone m=1

present

spacelike

null

timelike
past cone

5
> T

Figure 21 Light cone and worldlines.

relativity, everything in vacuum cannot travel faster than speed of light. Then the
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slope for massive particle trajectory can be written by

C

> 1 = Mgy, (3:5)

Mmass =
Umass

where v, < ¢. So, our trajectory is time-like path. Since the time never decrease,
massive particle trajectory is “time-like path and always go to upper part of light
cone” which is called future light cone, as found in Figure 21. If spacetime is
curved, the structure of light cone is changed. Therefore, structure of light cone
is an important issue in order to investigate particle motion in curved spacetime

around black holes.
3.1.2 Schwarzschild Black Hole

Since the structure of light cone can be investigated by using the null path.

For Schwarzschild metric defined in eq.(2.104), the null path can be obtained by

2 2 [ &
0=— (1 a mG) At + (1 | mG) dr?

T T
dt omG\ !

Note that we fixed angle coordinates, # and ¢. Solving eq.(3.6), we obtain time as

a function of radial coordinate as follows

tzi/dr(l—ZWZG)_I::I:[r+2mGln\r—2mG]+C’], (3.7)
where C is integration constant. The trajectory of null path can be plotted in
order find the structure of light cone as shown in Figure 22. The region of spacetime
diagram can be divide into two parts as according to the existence of r = 2mG. This
specific radius is called “event horizon”. For the right one the future light cone
is upward. While the left part, the future light cone will flip to be leftward. The
massive particle trajectory in spacetime diagram cannot be outside the light cone.

After it passes the event horizon, it cannot come out to r > 2m(G. This feature

corresponds to definition of black hole. Moreover, time and radial coordinate are
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2mG

event horizon

r+2mn|r -2

— —r—2In|r-2|

2 2.5 3

Figure 22 Light-cone structure in Schwarzschild spacetime.

changed their role when passing event horizon. Specifically, r will change to be
time-like coordinate and t will change to be space-like coordinate. Inside the black
hole, there exists a frame reference such that dt = 0. This means that the massive
particle can move from some event to another event with the same time. We called

this object as Schwarzschild black hole and it is one of static black holes.

Notice that, the boundaries of light cone can be identified by 2 null paths,
namely, ingoing and outgoing radial null trajectory. For example, the boundaries
of light cone in flat spacetime with slope m = =1 and m = 1 in the Figure 20 are
ingoing and outgoing null path, respectively. The red and blue lines in the Figure

21 are another example, where the red (blue) is outgoing (ingoing) trajectory.
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3.1.3 Reissner-Nordstorm Black Hole

3.1.3.1 Coordinate singularity

Notice that, at Schwarzschild radius, » = 2mG, the Schwarzschild metric
blow up. If we transform the radial coordinate to be “tortoise coordinate r*”. This

coordinate is defined as follows

dr*5<1_2mG)_17 (3.

dr r

o B e (). oo

Thereafter, the Schwarzschild metric in eq.(2.104) becomes

2mG
ds* = (1 — ) (—dt® + dr*?) ¢ 22d0°. (3.10)
2
Now, at event horizon, the metric is not diverged anymore. Since the singularity,
at event horizon, can be removed by using coordinate transformation, it is called

“coordinate singurarity”. For non-removable singularity or real singularity,

we check it from Kretschmann scalar [37]
=R R %, (3.11)

For Schwarzschild case, the Krestmann scalar can be written as

A8m2G?

I sch — 6

(3.12)

Obviously, at event horizon, this quantity is still finite. But this quantity is infinite
at r = 0 which infer to the real singularity. Therefore, the event horizon can be

found by a point that coordinate singularity.

It is interesting to investigate event horizon of Reissner-Nordstorm metric in
eq.(2.141). Firstly, we identify real singularity via the Krestmann scalar as follows
[39]

48m? 2¢> Tq*
A2 Tg
r6 mr  6m?2r?

K’I"S

(3.13)
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One can see that r = 0 is real singularity. Therefore, the coordinte singularity can

be found by solving g, = oo as follows

(¢*+p)G  2mG
5 _

1+

=0,

rir —2mGrg + (¢ +p*)G =0,

ry = [m + /m? — (¢ +p?)| G. (3.14)
The event horizon can be classified into three cases as follows
1. m? > ¢®> + p? : there are two event horizons,

2. m? = ¢® + p? : there is one event horizon which is called “extreme Reissner-

Nordstrom black hole”,

3. m? < ¢®> 4+ p? : there is no event horizon, the real singularity is said to be

“naked singularity”.

The physical quantities can be observed from singularity at which physical quanti-
ties cannot be well defined. Thus, such physical quantities should not be observed
by physical process. As a result, it is a good that describe of singularity cannot
be formed in nature. This leads to the cosmic censorship conjecture stated that
“Singularities that arise in the solutions of Einstein’s equations are typically hidden
within event horizons, and therefore cannot be observed from the rest of spacetime”

[37].
3.1.4 Kerr Black Hole

3.1.4.1 Event horizons as null hypersurface

The metric for Schwarzschild and Reissner-Nordstrom are in the same form

which can be written as

ds® = —f(r) ft* + fH(r)dr® + r*dQ?,

2mG
Schwarzschild :  f(r) =1 — 77; )

2mG (¢ +pHG
— + 5 .
r r

Reissner-Nordstrom :  f(r) =1
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The event horizon for both cases can be found by solving f(ry) = 0. However, Kerr
metric is quite complicated and it is not easy to find event horizon in the same way
as Schwarzschild and Reissner-Nordstrom case. Formally, the event horizon can
be defined as “the hypersurface which its normal vector is null vector everywhere”.

Let’s consider the hypersurface which described by ®(r) = C' where C' is constant.

_ 93(r)

The normal vector is n, = ¥
T

= 0,r. From null condition for normal vector, the

component of metric tensor must be satisfied the condition as follows
ntny, = g (0ur)(0,r) =g,

9" (ru) =0, (3.15)

Notice that this condition still valid for Schwarzschild and Reissner-Nordstrom
case, ¢"" = f(r) = 0. Moreover, if these null normal vectors are Killing vector, the

event horizon can be said as “Killing horizon™

We will find event horizons from the condition in eq.(3.15). According to

Kerr metric found in eq.(2.167), ¢"" = ,%. Therefore, the event horizon can be

found by
Alrg) =15+ 0% —2mGry'= 0,

CH: 7 [m +4/m? — (a/G)Q] G. (3.16)

There are two event horizons similar to Reissner-Nordstorm black hole. For real
singularity, the Krestmann scalar for Kerr black hole can be expressed as [40]

48m?

ORI By (r® — 15a*r* cos® 6 + 15a*r* cos* @ — a® cos® 6). (3.17)
r2 + a? cos

kerr —
Thus, the real singularity is given by
r2 + a®cos? 0y = 0,

o = 0 and 60 = —. (318)

bo | 3

As a result, from figure 13 the real singularity correspond to circle of radius a and

called “ring singularity”.
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3.1.4.2 Stationary limit and Infinite redshift surface

Stationary limit surface is the surface that the particle cannot stay at rest.
For Schwarzschild black hole, this kind of surface coincides with event horizon. For
Kerr black hole, stationary limit surface and event horizon are not coincided. In

order to see this, let us consider trajectory of photon with fixing r and 6 as follows

0 = gudt® + 2g15dtdp + goedd?®,

d do\ 2
0=gu+ 29t¢d—(f + 940 (E) )

2
@:_gﬁi‘“gﬁ) =\ (3.19)
dt 9o 9o 9o

The minus(plus) sign corresponds to trjectory of photon in opposite(same) direction

with rotating of source. If g;; = 0, eq.(3.19) becomes

d
9% _ ) and — 290 (3.20)
dt 9o

where % = w is angular velocity of photon. Thus, the photon moving in opposite

direction will stay at rest at g, = 0. If g, < 0, photon will be dragged in the same

direction of the source. The stationary limit surface is defined as follows
Gt (7’5) =70,
Mg %510~ 0 =0,

rZ —2mGrs + a” cos” 0 = 0,

Tas = [m + v/m? — (a/G)%cos2 6| G. (3.21)

The condition gz = 0 is also used to define “infinite redshift surface”. Let us
consider the light sending from r; to r9 > r; with one pulse. Time interval of a
pulse of observers at r; and 7y are equal as shown in figure 23. Thus the proper

time interval for these two observer are
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Aty

™ T

Figure 23 Sending a photon from position r; to position 7.

AT? =g, AT*ADY, (3.22)

AT \/mAtl and A7y = \/—gu(r2)Ats. (3.23)

The ratio of time interval between two observers can be written in terms of fre-

quency and wavelenght of the light as

ATy vy Al —Jut (7'1)
_ — VAR T W) 3.24
ATQ ( )

#l B Aa J v ‘—gtt(TQ).

For r; = ry and o = r > r,, the wavelenght observed by observer at r is given by

oy M) e (3.25)
—Ju(rs)

where gy (rs) = 0. This means that if we send light signal from surface that g;; = 0,
the observer at r > r, will observe the light signal with infinite wavelength. As a

result, all surfaces of Kerr black hole can be illustrated in figure 24.

In order to find characteristic behavior of the black hole via the motion of
light, let us consider angular velocity of photon in dragging frame and let photon

moving in opposite direction. Eq.(3.19) becomes

d 2
d¢ _ _ 9w + \/(gﬂ) _ 9 (3.26)
dt 9o 9o 9o

The maximum angular velocity of the photon can be found by solving equation as

follows
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Figure 24 Structure of Kerr black hole.

(9_¢) B
oo 9o

9t2¢ — 9t 9es = 0. (3.27)
The radius that satisfy above equation is found by

T (3.28)

One found the angular velocity of photon at event horizon can be written as

do 9ig(Tr ) a a
— | (r=rgs)=— = - S . 3.29
[ dt} (r="ra+) 9o (THY) T, +a? 2mGryy (3:29)

Notice that the angular velocity depends only on black hole’s parameters and does
not depend on type of particles. So, this behavior corresponds to characteristic

quantity of black hole. As a result, it is convenient to define the angular velocity

of the black hole as follows

_ Gip(rmy) a a
Q= = = . 3.30
a 9oo(Try) . +a®  2mGry, ( )
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3.1.5 Maximally Extended Solution

In the case of Schwarzschild spacetime (2.104), the black hole can be de-
termined by the existence of coordinate singularity. There is a coordinates
transformation which gets rid of coordinate singularity. The metric in the tortoise
coordinate, in eq.(2.104), is an example of the metric without coordinate singular-

ity. The light cone of this coordinate is described by

r

(1 - QmG) (=dt*+dr™*) = 0. (3.31)

This implies that the slope of light cone is +1 at inner and outer horizon’s region,
r < 2mG and r > 2mG. However, the light cone vanishes at r = 2mG. So, it is

possible to find the coordinates of with non-vanishing light cone as follows
v=t+r'| and w=1t—r", (3.32)

where v and u are known as the Eddington-Finkelstein coordinates. The
ingoing null trajectory is characterized by v = constant, meanwhile the outgoing

one satisfies the condition uw = constant.
3.1.5.1 Ingoing Eddington-Finkelstein coordinate

We will consider the Schwarzschild metric in the coordinate system of (v, r, 0, ¢).

Replacing

dt = dv — dr* and dr* = (1 _ 2mG> dr

r

in eq.(2.104), we obtain the metric as following

2
ds* = — (1 - mG) dv® + 2dvdr + r*dQ. (3.33)

r

This is the Schwarzschild metric in the ingoing Eddington-Finkelstein coordinate.

The light cone is described by setting ds®> = 0 and then we have

{— <1 - 2mG) dv + QdT] dv = 0. (3.34)

r
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The solutions can be obtained by solving these equations

—1
dv=0 and @:2(1_2mG) .
dr r

As a result, the light cone can be characterized by the ingoing and outgoing null

trajectory as follows

constant ;ingoing
Y (3.35)
2r +4mG In|r — 2mG| + constant  ; outgoing,

where the integration (3.7) is used. We can set the ingoing null trajectory travel
with slope m = —1. One defined a new time coordinate t* as follows

AT
Then the null geodesics in coordinate of (¢*,7) is described by

constant — r ; ingoing,

t = (3.36)
r 4+ 4mGIn|r — 2mG| + constant - ; outgoing.

The null trajectory in the coordinate (¢*,r) is shown in the Finkelstein diagram

in Figure 25. The red and blue lines represent the ingoing and outgoing null tra-

=y —71 T H ARG

SO

Figure 25 Ingoing Eddington-Finkelstein coordinates.

jectories, respectively. The future light cone is bounded by these null trajectories.

Notice that, the light cone does not vanish at horizon r = 2mG. After passing
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through the event horizon r < 2mG, the light cone tends to r = 0. The light can-
not go back to r > 2mG after passing the event horizon r = 2mG. It corresponds
to an important feature of black hole. Therefore, the ingoing Eddington-Finkelstein

coordinate also manifests the existence of black hole in such spacetime.
3.1.5.2 Outgoing Eddington-Finkelstein coordinate

For the coordinate u, one can do the same procedure in previous section.

Replacing the time coordinate ¢ with

” 2mG\
UL du—dryZ dur = 5 dr, (3.37)

the Schwarzschild metric in the outgoing Eddington-Finkelstein coordinate is ob-

tained by following

2
ds? = — (1 1 mG) du® — 2dudr + r*d§¥%. (3.38)

r

By setting ds? = 0, the light cone is described by

%)
du=0 and ;llu:_2<1_2mG) |

r r

Then the coordinate u satisfies the following expression,

constant ;outgoing
U — (3.39)

—(2r + 4mGlun |r — 2mG]|) + constant ;ingoing.
By defining a new time coordinate t, = u + r, the null path in the coordinates
(t*,r) is satisfied by

constant + r ;outgoing
t, = (3.40)

—(r 4+ 2mGln|r — 2mG|) + constant  ;ingoing.
The Finkelstein diagram of such coordinates is represented in figure 26. The red
and blue lines are presented the ingoing and outgoing of light trajectory. The

future light cone is bounded by these two lines as shown in Figure 26. In the
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y f + r
/ r= QmG\ \

Figure 26 Outgoing Eddington-Finkelstein coordinates.
horizon’s region r < 2mG, the light cone tends to r = 2mG. This implies that
whether we begin moving at the inner horizon’s region, one can escape from the
event horizon. Meanwhile, we cannot get inside through the event horizon. This is

obviously different feature from a black hole. Thus, the solution (3.33) is a white

hole which pushes everything out from the real singularity r = 0.

Indeed, the white hole’s solution can be obtained by using time reversal
transformation ¢ — —t to the black hole’s one. So, the Finkelstein diagram in
Figure 26 is merely a black hole with the reversal time coordinate t' = —t. Ac-
cording to the Schwarzschild solution, the size of the source must be smaller than
r < 2mG which emerged by gravitational collapse. Since the white hole acts a
kind of repulsive force, in contrast to gravitational force, the white hole cannot be

formed in nature, even if the white hole is the solution of Einstein’s equation.
3.1.5.3 Kruskal coordinates

So far, the Schwarzschild metrics in the Eddington-Finkelstein coordinates,
eqs.(3.33) and (3.38), are well-defined for all range of r, r € (0,00). However,
they still be vanished, or degenerated, at the event horizon r = 2m(G. In order to
obtain proper coordinates in which the metric is well-defined and non-degenerated

for r € (0,00), new coordinates should be introduced. The metric with both
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coordinates v =t +r* and u =t — r* can be written by

2
ds® = — (1 - WZG> dvdu + r*dQ?. (3.41)

It also degenerates at horizon radius r = 2mG. We will solve the problem by using

these coodinates

u v
= - - = — . 42
v b < 4mG) and V= exp <4mG) (342)
The relations between coordinates (U, V') and (¢,r) are obtained by
< X r
vy 3t <2mG> B (1 = 2mG) P (2mG> ’ (343)
U t
where eq.(3.9) is used. Applying these equations and relations
U 1%
dU = ‘4mGdu and dV = 4mde’ (3.45)
to eq.(3.41), one achieves the metric in coordinates of (U, V8, ¢) as follows
2(mG)?
WshE —We”QmGdUdV +12d)?. (3.46)

Thereafter, the metric which is healthy everywhere in region r € (0,00) is ob-
tained. The spacetime diagram in these coordinates is quite complicated to draw.
Nonetheless, there is a coordinate system in which its spacetime diagram is more

comfortable to understand. That is Kruskal coordinates which are expressed by

1 1
Tzé(V—i—U) and Rzﬁ(V—U). (3.47)
The metric is written as follows
2 3
a5 = SMG) oG (—dT? + dR?) + r?dQ?, (3.48)

r

where we substituted for dV = dT' + dR and dU = dT — dR. The spacetime

diagram of this coordinates system, so-called Kruskal diagram, is illustrated by
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Figure 27 The Kruskal diagram of Schwarzschild spacetime.

Figure 27. For r = constant > 2mG, eq.(3.43) leads us to UV = constant which
is presented in the orange lines. At the event horizon r = 2mG), eq.(3.43) implies
that U = 0 and V = 0, and then they are shown in the red axes. The blue
curves represent the real singularity that satisfies UV = 1. For ¢ = constant, it is
described by U /V = —constant which obtained by eq.(3.44) and shown in the cyan
lines. Furthermore, the line V' =0 represents t = —o0, since V'~ 0 when v = —o0.
Consequently, ¢ = oo is presented in the line U = 0, because U = 0 while u = oo.

Lastly, a light trajectory is described by
—dT? + dR? = 0.

It implies the light cones are characterized by the lines with slope m = 1 and

m = —1, and the same everywhere in the diagram.

In this diagram, there are 4 regions which are divided by the axes U and V.
The right region is corresponding to r > 2mG where the future light cone directs
to t = R, the asymptotic flat spacetime is in this region. The real singularities
are located in the top and bottom regions. One notices the light cone which placed
at the line U = 0, its right-hand boundary coincides to r = 2mG. It implies that
a trajectory cannot escape from r = 2mG, that is the event horizon. So the top

region represents a black hole. The light cone locates at the line V' = 0, its left-hand
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boundary lies on r = 2m(G. This implies that a trajectory cannot pass through
r = 2mG, and then corresponds to the Figure 26. Thus, the bottom region is
represented a white hole. Finally, the left region satisfies » > 2mG but the future
light cone directs to t = R™. This can be interpreted as another asymptotic flat
region of spacetime. The connection of the right and left region is placed at the

origin of diagram, it is called the Einstein-Rosen bridge, or worm hole.

A black hole, white hole, our universe and parallel universe, they are all
possible solutions of Einstein’s equation with Schwarzschild’s conditions, vacuum,
static and spherical symmetry. The Kruskal coordinates assemble them in one
diagram. Therefore, the Kruskal diagram represents the maximal extended so-
lution of Schwarzschild metric. The maximal extension can be applied in the
Reissner-Nordstrom and Kerr black holes. However, it is quite complicated to
express them here, we would not shown in this thesis. The reader can found in

references [31, 32, 35, 37].
3.1.5.4 Bifurcation sphere and Killing horizon

Each point on the Kruskal diagram is the two sphere S? with fixing radius
r and time £. The event horizon which is the sphere with radius r = 2mG can
be defined on both of the line ' = 0 and ¥V = 0. So the intersected point of the
lines U = 0 and V' = 0 is the intersection of 2 spheres with radius r = 2mG. In
other words, the event horizons are intersected in this point. This kind of point
(U =0,V =0) is the bifurcation sphere. Since the horizon which represented by
U =0 (V =0) is the horizon at t = —oo (t = 00), so-called “past (future) horizon”,

the bifurcation sphere is the point that past and future horizons are intersected.

The interested feature of this point is about Killing vector vanishes. Ac-
cording to the timelike Killing vector (2.57), the Killing vector K é) = Jx* /0t can
be written in the coordinates (U, V, 0, ¢) as follows

Kt = 2w v.0.6) =

1

4dm
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where one used eq.(3.45) and du/0t = Ov/0t = 1. This Killing vector vanishes at
the bifurcation sphere, since (U, V) = (0,0) there. So, the Killing vector vanishes

at the bifurcation sphere. Moreover, this property also holds in the case of Kerr

black hole [31].

3.2 LAWS OF BLACK HOLE MECHANICS

In thermodynamics, the behavior of a thermal systems are described by the
four laws of thermodynamics. As well as black hole’s system, there exists a
laws of black holes which explain the nature of them. This is called “the laws of

black hole’s mechanics”.
3.2.1 The Zeroth Law

The zeroth law of black hole’s mechanics describes characteristic of black

hole’s quantity, that is “Surface gravity”.
3.2.1.1 Surface gravity

To define the work done at event horizon, we should do the work at event
horizon. The work done around event horizon depends on the position that observer
does the work. However, we should have the same reference. So, it is useful to define

the work done where observer do the work at flat space.

Let’s consider the work done on particle at event horizon with distant ds.,
while we are at spatial infinity, or flat space, and do the work via massless string,
illustrated by Figure 28. The work done per unit mass at event horizon is éWy =
agds, while one at spatial infinity is W, = as0s. In order to well-define the
work done of the object in curved spacetime, it is useful to facterize the work done
between one in flat spacetime and that curved spacetime. In order to find the
proper factor, let’s imagine that the work done at horizon will be converted to the

radiation and sent to the observer in flat spacetime. Since the energy of radiation
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flat space

event horizon

Figure 28 Idea of surface gravity.

is factorized by \/|gu| as shown in eq.(3.25), we have

A A
Fo=hus, = h)\—;l/l - )\—;EH (3.50)

The work done from the obeserver at infinity to the object at event horizon will be

factorized by the +/]g;| as follows

§Foy = 0W, = [ M] Wi = /—gu(rm)amds = ads,  (3.51)

gur(r = 00)
where gy (r = 00) ~ n;, = —1. As a result, one can define the “surface gravity”
by the required acceleration of the obeserver at infinity to hold particle at event

horizon as follows
. =t — AL = o h O, (3.52)
The four-acceleration can be written in terms of four-velocity as follows
a' =u’'v,ub. (3.53)

The four-velocity of stationary particle can be written as

ugarticle - (tv 07 07 0)7 (354)
where ¢ = \/(—gu)~! obtained from condition uu, = —1. Eq.(3.53) becomes

a’ = u'Vyu”. The nonvanishing component of the acceleration of particle can be

written as
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a” = u' (" + Thu')
1
= —5(—9tt)_1gwargtt- (3-55)

The Christoffel symbol is I}, = %gm (O ta + OtGat — Oast) = —%g” g Then,

norm of a* is

T ]' - Tr
a = \/ara, = |a"|\/gmw = 5(_9#) ‘g |0 Get |/ Grr- (3.56)

The surface gravity in eq.(3.52) is given by

1 4 _
o= |5V (-a0) | 10nhi (357

TH
For Schwarzschild case with f = 1 — 22¢ then g,, = diag(—f, f~",r% r?sin’0)

and g" = diag(—f~1, f,7=2, (r¥sin? #) 1), one obtains

1 12mG Il
Rsch = |:§mff1:|r ’aT(_f)’r:rH — Py K |r:rH 2% Ma (358)

2
H
where ry = 2mG. For the earth, the surface gravity can be evaluated by Newton’s

law of universal gravitation which is

i, (3.59)

According to the definition of surface gravity then we obtain

meg
2 )
D)

ke =G (3.60)

where mg and rg are mass and radius of the earth, respectively.

Another definition of surface gravity associates with Killing horizon. The
Killing horizon is a hypersurface that normal vector is Killing vector, K, = n, =
0,® where the hypersurface defined by ® = constant. Recalling the relation of

Killing vector in eq.(2.55), we have
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K'V,K, = -K"V,K,

_ _%VM(K”KV). (3.61)

Since, we consider the hypersurface & = constant, we can choose & = —K"K,,

then

1
KNk = 50,2 o K,

VK, ST (3.62)
Note that we have used
G o=0rK (3.63)

where x is the surface gravity. There are proper coordinates for evaluating the sur-
face gravity with eq.(3.63). For example, if we consider Schwarzschild black hole in
the coordinates (, r, 6, ¢) with the timelike Killing vector K 8) o %ﬂ, eq,(3.63) gives
nothing because 9;® = 0,(—gy) = 0. We try to consider the ingoing Eddington-

Finkelstein coordinates (v, 7, 6, ¢). In this coordinate, the timelike Killing vector is

written as

0 det v
ot Ov At O’

0

(3.64)

where we used 2 = 2 (¢ + r*) = 1. The dual-vector form of the Killing vector is

written as follows
KM = guuKV = .g,lev- (365)

According the metric tensor (3.33), the non-vanishing component is K, = ¢,, K"

and K, = ¢, K". The left-hand side of eq.(3.63) is evaluated by
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0,8 = 0,(—K*K,)

= Ou(—=9w)

= Ouf(r)

= (0ur) f'(r), (3.66)
where gy, = —f(r) = — (1 — %) is used. Thus, the non-vanishing component of

eq.(3.63) is only component of p1 = r as follows
( Rl d . 7, V)

Applying g, = 1 and K" = 1, one obtains

=)
= e (3.67)

It is consistent to the surface gravity in eq.(3.58). Actually, we can choose both
ingoing and outgoing Eddingtom-Finkelstein coordinates (3.32).
There is other expression of the surface gravity by employing an auxiliary

vector. Such a vector relates to the Killing vector as follows
NUR =], (3.68)

where it is evaluated at the event horizon. By contracting eq.(3.62) with auxiliary

null vector, N*, the surface gravity can be defined as
k=—-K'N"V ,K,. (3.69)

For Kerr black hole, the Killing vector is K* = (1,0,0,Qp) then the following
surface gravity is

Qpy

o — oH (mg)2_a2:M,
a rH, + a?

(3.70)

The zeroth law of black hole’s mechanics states that “surface gravity con-

stant throughout the event horizon”. By treating the event horizon as Killing
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horizon, the metric can be written in terms of the null bases as { K*, N*, m#*, m*}
where K* is Killing vector, N* is axuiliary null vector, m* is null complex vector
and m* is null complex conjugate. From this setup, m* and m* lying in event
horizon, K* and N hypersurface orthogonal to event horizon. By using definition
of surface gravity in eq.(3.69), and considering the change of surface gravity along

the event horizon, we have
m'V k= —m"'V,(K°N"V,K,)
— (VKM KN = (Vo K, ) (VK N
— (VoK )V, N )m'K?. (3.71)
Considering m*N*V K, and using property K*N, = —1, we obtain
mt NV I6, = V,(m*N"K,)) = N'K,V,m*% — m' K,V ,N”
= -V +V,m'-m"K,V, N"
=[SmuG vV, N
G NV, K* = —g,,m"K"V ,N",
AL N T N (3.72)

Note that the second and third term of eq.(3.71) are cancelled out. Using the

relation between derivatives of Killing vector and Riemann tensor,
V.V,K? =R’ K” (3.73)

together with reuslt from eqs.(3.73) and (3.72), eq.(3.71) becomes
m'V k= —RygupKPm' K7 NY. (3.74)

It is shown that deformation tensor vanishes on the event horizon, E;w =0 [41].
Using this agrument together with Raychaudhuri’s equation for null congruence in

eq.(2.78), we obtain

R, K"K" = 0. (3.75)
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Since deformation tensor vanishes on event horizon, we obtain
mtm” B, = m*m"V K, = 0. (3.76)

By using m?V,m#* = m°V,m* = 0, the relation for the second covariant derivative

of the Killing vector can be expressed as
m’V,(m'm"V,K,) =m’m'm”V,V,K, = 0. (3.77)
We substitute eq.(3.73) in eq.(3.77), then one obtains
WL THH RN = s (3.78)
Substituting " = —K*NY — NV KY + mtm” + m#m” in eq.(3.78), we obtain

mfmem KPR, oy =P KPRy 16,(97 + KON H+N2K" = m™m”),

0= mtKPR,, + m"*K’R,,,,N° K",

m*KPN° K" Ry, = mPKPR,,. (3.79)

Note that the third and fourth term are vanished because anti-symmetric and sym-

metric tensor contract together. Substituting eq.(3.79) into eq.(3.74), one obtains
LA kR BRI (3.80)
Using Einstein’s field equation; eq.(2.67), and A”m, = K"m, = 0, one obtains
1 v v
(RW - §Rg,w> mt K" = 8nGT,,m"K",
R,m"K" =8rGT,,m"K". (3.81)
Then eq.(3.80) becomes
m'V,k = =8rGT,,,m'K". (3.82)

By contracting Einstein’s field equation with K*K" and using the relation in

eq.(3.75), one obtains

T, K'K" =0, (3.83)
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Eq.(3.83) implies that 7}, K” oc K. Then eq.(3.82) can be expressed as

mtV k= (T K")m" o« K,m" = 0. (3.84)
This implies that surface gravity constant in tranverse direction on event horizon
which is refered to the zeroth law of black hole’s mechanics [40, 41].

3.2.2 The First Law

The first law of black hole’s mechanics is the relation between variation of

black hole’s parameters, such as mass, horizon area, and angular momentum.
3.2.2.1 Smarr’s formula

There exists a relation between the mass, m, angular momentum, J = am,
and horizon area of black hole. The outer horizon area of Kerr black hole is given
by

2m s
Ag = 7{ d*0\/o = / dq§/ dO(ry + a®)sin 0 = 4x(r + a?), (3.85)
H 0 0

where o is determinant of the metric on two-surface with fixing ¢ = constant and

r =1y as follows
X
oApdf*d6” = p?d*0 + = sin® 0de”.
P

From egs.(3.16), (3.29) and (3.70), the mass can be written in terms of event horizon

as follows
m = T%I i a2 = T—H + a’2
2G7’H+ 2G QGT'H
2 2
= —H(TH +a) +2Q0y5J
G
An

=rk——+204J. 3.86
H47TG + iy ( )

This relation is refered to Smarr’s formula.

From eq.(3.86), the area can be written in terms of mass and angular mo-

Ay , J

mentum as follows
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This correspond to the no-hair theorem which states that “stationary, asymptot-
ically flat black hole are fully described by the parameter of mass, electromagnetic

charge and angular momentum”. As a result, the variation of the area can be

written as
K
K

This equation is known as the first law of black hole’s mechanics.
3.2.3 The Second Law

The second law of black hole’s mechanics deseribes the behavior of the black

hole after perturbation is applied.
3.2.3.1 Penrose process

For Kerr black hole, the metric in eq.(2.167) is independent of ¢ and ¢.

Thus, the Killing vectors can be written as

Kl = (1,0,0,0) , K/ = (0,0.0,1). (3.90)

It is more convenient to construct the linear combination as follows

A g

b+ QET = (1,0,0,Q), (3.91)

wherer €2 is angular frequency of a particle. This form of Killing vector is useful
to find the conserved quantities of a particle moving in Kerr geoemtry. Those

conserved quantities of a particle can be expressed as
E=-pKj and [=p,Kj, (3.92)

where p# is four-momentum of particle in spacetime, E and [ are energy and angular
momentum, respectively. In rest frame of particle in ergoregion, the conserved

energy can be expressed in terms of K* as

—K"p, = E > 0. (3.93)



105

Considering particle A originally outside ergoregion and then moving to the
ergoregion, this particle is spilted to particles B and C. Let’s particle B move out

from the ergoregion, as shown in Figure 29. For this process, we have three step

ergoregion

/ |

T~

git > 0 \gtf,:() gu <0

Figure 29 Penrose process.

as follows

1. The energy of particle A outside the ergoregion with momentum p* = m(1,0,0,0)

can be written as

E(A) - —g,,,;,p“K(Vt) = 'rngtt|outside > 07 (394)

2. The particle A in the ergoregion is splilted into B and C,

3. The particle B moves outside the ergoregion where the particle C still be in

the ergoregion.

Since the ergoregion g > 0, the energy of particle C in the ergoregion can be

written as
E(C) = _mgtt|ergoregion < 0 (395)

Therefore, the energy of particle B can be obtained from the conservation of energy

as follows
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E®W = p© 4 p®)
E® — p@) _ E(C),

E® > W), (3.96)

All of the mentioned procedure is called “Penrose process”.

This implies that we can extract energy from black hole. In other words,
the mass of black hole decreases due to this process. In addition, the angular
momentum of black hole also decrease. Considering the four-momentum of the

particle C at rest frame, p/ = m%(l, 0,0, ¢) its energy can be expressed as
E©@ = Qul© = —K*p© > (3.97)

Note that according to eq.(3.91), this quantity corresponds to energy of particle
observed by observer in the rest frame and then it must be positive. According to
eq.(3.95), the angular momentum of the partilcle in the rest frame is also negative

as follows

E©
0> o> 1o (3.98)

Therefore, the angular momentum part is also extracted from the black hole more

than one from energy part as follows
QpoJ < om < 0. (3.99)

By using this process and applying to the first law of black hole’s mechanics in

eq.(3.89), we obtain
§Ay > 0. (3.100)

This inequality corresponds to the second law of black hole’s mechanics which

states that the event horizon area of the black hole is always increased by Penrose
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process. In fact, the second law can be obtained by any process, and can be shown

by using Raychaudhuri’s equation and focusing theorem.

Since the second law associates with the change of area of the event horizon,
the expansion scalar is a useful quantity to determined can be such the change in
terms of geometric description. The evolution of expansion scalar can be deter-

mined by the Raychaudhuri’s equation found in eq.(2.78),

o1

o 292 — 0" oy, — R, k'E < 0. (3.101)
Note that we have considered the null geodesics being hypersurface orthogonal,
therefore the rotation matrix vanishes w,,, = 0. Moreover, the null energy condition
R, k*EY > 0, have been applied. From above equation, eq.(3.101), one found

that the expansion scalar is always decreased and called “focusing theorem”. This

implies that the geodesic congruence will focus to a point. As a result, we obtain

d_@ < f192
diN- A2
01 (\) >0 (A =0)+ % (3.102)

This implies that if the congruence is initially converging #(A = 0) < 0, then
0(\) — —oo with affine parameter -\ < I9(>\—2:0)|’ Raychaudhuri’s equation, eq.2.78,
is not valid. In order to avoid such situation the initial value of expansion scalar

must be not negative, (A = 0) > 0. As a result, we obtain
()) > 0. (3.103)

From eq.(2.80), the expansion scalar corresponds to the change of the area, there-

fore eq.(3.103) implies
dA > 0.

It is called “area theorem” which corresponds to the second law of black hole’s

mechanics validating for any process [31].
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3.2.4 The Third Law

This law relate to obtaining extremal black hole. For extremal charge black
hole, it obeys the condition m = ¢? while for the rotating one obeys mG? = a%. It
is useful to consider extremal state via surface gravity only for Kerr black hole in

eq.(3.70) as follows

(mG)2—a?  /(mG)? —a?
r3 +a? 2mry

(3.104)

Note that extremal state is achived when surface gravity vanishes. By substituting

a =2 and ry =mG +/(mG)? — a2 into eq.(3.104), and setting G = 1 we obtain

m — (L) [ G

R:2m[m+\/ﬁ(%)2]:% 1+ 4/1=(:%)? ' (310

To obtain zero surface gravity, we must increase angluar momentum by throwing in

the particle. Every this process, the mass of black hole is also increased. Thus, if we

o
m2

keep doing the process, ~ # approaches to zero, where [ is angular frequency of
black hole. So, surface gravity depends on the factor % We must do the process
till mass of black hole reach infinite. In other words, it requires infinite times of
process to obtain extremal state. Then the third law of black hole’s mechanics
states that “it is impossible to reduce surface gravity of black hole to zero with

finite sequence operations”[42].



CHAPTER 1V

BLACK HOLE’S ENTROPIES

4.1 BLACK HOLE THERMODYNAMICS

If we compare the laws of black hole’s mechanics and thermodynamics, they

are quite similar to each other as shown in table 1.

Table 1  Black hole’s mechanics and thermodynamics law.

Laws Black hole’s mechanics Thermodynamics
At equilibrium,
Surface gravity is constant
Zeroth temperature of whole
on event horizon entirely.
systems are constant.
First om = gh=0Apy dU = TdS
Second 0Ar >0 ds >0
It is impossible to reduce It is impossible to reduce
Third | surface gravity to zero with | temperature to zero with
finite number of operations. | finite number of operations.

Notice that, some quantities of black hole and thermodynamic system have
the similar behavior. For example, surface gravity is equivalent to temperature,
and horizon area is equivalent to entropy. Therefore, it might be worthwhile to

imagine that black hole is thermal object.



110

4.2 BEKENSTEIN-HAWKING ENTROPY

4.2.1 Temperature of Black Hole

Stephen Hawking shown that there is radiation from black hole, so called
“Hawking radiation” by using quantum field in curved spacetime. He considered
Klein-Gordon field in a spherically gravitational collapse spacetime [1]. The objec-
tive of [1] is finding the number of particle which is observed at spatial infinity. The

field operator can be expressed by creation and annihilation operator as follows
&iﬁM@@+@h)wm aol0) =0,

where {f,, fo} is plane wave basis which is solution of Klein-Gordon equation,
w? = p? and ]0) is vacuum state. Hawking separated the field operator into two
part, namely, ingoing and outgoing particles. The ingoing means going to the event

horizon and outgoing means going to observer at spatial infinity as follows
o < o [(bp + L) + a4 )] (1.1

where b is annihilation of ingoing particles and ¢ is annihilation of outgoing parti-

cles. The ground states are defined by
bo|0)er = 0, é]0)0e =0 with  &,[0) 5 # 0,

where H and oo stand for horizon and spatial infinity, respectively. The average

number of particles at horizon which observed at spatial infinity can be written by
w(0leLen|0) = (NZ%) . (4.2)

By using many complicated mathematical methods [1], Hawking found that the

average number of particle can be expressed as follows

NSV = (13)

en® —1
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where I',, is absorption coefficient at mode w and k is surface gravity. It is similar
to the Planck’s law of black-body radiation as shown in Appendix A. By setting
kg = 1 and h = 1, the average number of radiated particle of the blackbody at

temperature 7' is expressed by

(4.4)

Notice that eqgs.(4.3) and (4.4) look similar in the case of I, = 1. Thus we can

interpret temperature of black hole as
Ty = — (4.5)

is called “Hawking temperature” [1, 43, 44]. Since Hawking radiation matches up
with eq.(A.5), and eq.(A.5) obeys Gibbs-Boltzmann statistics, BH entropy is Gibbs

entropy type.

Moreover, black hole does not behave like black-body, it behaves like grey-
body because it is factorized by I',, which is called “Grey -body factor”. This
quantity can be interpreted as probability of outgoing wave to reach spatial infinity,

or transmission coefficient in quantum mechanics [45].

Recalling the first law of black hole thermodynamics of Schwarzschild space-

time in eq.(3.89), and using eq.(4.5), one obtains

om = (%0 An. (4.6)

Since temperature can be defined on the black hole, we can treat black hole as
thermodynamics object. It is supported by similarity between the mechanic laws
and thermodynamic law. In this sense, mass of black hole, eq.(4.6), can play the
role of internal energy, dU = T'dS. Then the entropy of black hole can be written
by

An

SBH - Ea
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which is known as “Bekenstein-Hawking entropy”. Since Hawking radiation
matches up with eq.(A.5), and eq.(A.5) obeys Gibbs-Boltzmann statistics, BH

entropy is Gibbs entropy type.
4.2.2 FEuler’s Theorem and Smarr’s Formula

By using Euler’s theorem of homogeneous function, we would show that
there is another approach for obtaining Smarr’s formula of black hole. Euler’s
theorem states that if f(xy,-++,2,) is homogeneous function of ™ order then

f(z) satisfies

kf(xy, -, xn) = Za@af(xléx ,:cn)’ (4.8)

i=1

where k satisfies the relation
Lo Ay, ..., z,)] (4.9)

Applying Hawking temperature (4.5) and Bekenstein-Hawking entropy (4.7),
the Smarr’s formula of Schwarzschild black hole found in eq.(3.86) can be reex-

pressed as

K\ A
m =12 (5) 5= 2Ty San. (4.10)

We will find this formula by using Euler’s theorem as following. From 1 — % =0,
the mass of the black hole can be written in terms of Bekenstein-Hawking entropy

as function of entropy,

_rw L fAn 1 JAn L[S (4.11)
"=og 1w\ T T avaaVae 2V ra '

where Ay = 47rr12q. This mass is the homogeneous function of Spy degree 1/2

which can be expressed as follows

1 /AS
m(ASpn) = 3 W—CB}H = \2m(Spn). (4.12)
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Applying Euler’s theorem (4.11), we obtain

1 8m(SBH)

§m<SBH) = SBH 8SBH (413)

The conjugate variable of entropy can be expressed as Om/dSpy,

8 1 SBH . 1 . 1 . 1 . 1 1 . Rgch
0S5 \ 2V %G | T 4/SuunG  2VAgm  dmrp  42mGr on

This is exactly the same expression of Hawking temperature. Therefore, the Hawk-

ing temperature can be written in terms of conjugate variable of the entropy

om\V,
OSpn

Ty, (4.14)
As a result, substituting eq.(4.14) into eq.(4.13), we obtain

§m = THSBH

This is the Smarr’s formula derived from Euler’s theorem which is exactly the
same with eq.(4.10) [26]. Furthermore, the first law of black hole’s mechanics can

be written in terms black hole’s thermodynamic quantities as follows

1 o P
~ 0Sgu




114

4.3 WALD ENTROPY

In 1913, Bardeen proposed the four laws of black hole’s mechanics [4]. These
laws of black hole is quite similar to the thermodynamic laws. 4 years later,
the black hole’s entropy was proposed by the Bekenstein known as “Bekenstein-
Hawking entropy” [46]. These results are obtained by treating gravitational theory
as General Relativity. Meanwhile, the modification of General Relativity has been
investigated in order to understand nature of Universe. It gives rise many kinds of
theory of gravity. It is pessible to find the black hole’s solution for such a theory.
Consequently, the entropy of such a black hole may be modified. In 1993, Wald
proposed the black hole’s entropy which is directly derived from Noether’s con-
served charge. Therefore, it can be used in wide range in the gravitational theory,
even in beyond General Relativity such as the Symmetric Teleparallel Equivalent
of General Relativity (STEGR) [5, 47]. This kind of entropy is known as “Wald

entropy”.
4.3.1 Higher Derivative Theory and Boundary Term

The derivation of the Wald entropy is based on the Wald’s original paper
[30]. According to this method, the differential form is executed whole considera-

tion, the differential n-form is written by

F=F

RN e ANERAN s (4.16)

In this convention, an underlining motivation refers component of n-form. For the

n-form (4.16), we have

F

Fuyopn (4.17)

where F

pipin = Fluypn)- Then the Lagrangian n-form can be written in terms of

Lagrangian density £ as follows

Iy
I

|

o

(4.18)
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where € = /—g€,, u--, 15 the Levi-Civita tensor. By requiring a theory must be

diffeomorphism invariance, such Lagrangian density is given by
L=L (guw Ruvpos Vi Ruvpos s Vg -+ vuk)Ruvpm USRS 7V(M1"'Nk)\1j) , (4.19)

where U is a extra dynamical field [30]. The variation of Lagrangian (4.19) is

oL oL oL
SL=¢|—09u+———0Rup+ ==V Rupo) + -
aguu : aR/u/pa e a(vulRquO') ( g e )
oL oL oL
+ Vi Vi yRuw) + =0V + ———06(V,,, ¥
8(V(m .. Vuk)Ruupa) ( (1 i) Fpvp ) ow 8(Vm\1f) ( 0 )
oL

o e I (S(V(u1 e VM)\I/) + Lée, (4.20)

OV Vi)

where de = % €g"0g,,. Let s consider the term of variation of ¢th covariant deriva-

oL
3 OV -
_8(V(M1 "'Vui)RWW) (2

tive of Ry, V) Ruvps. A totally symmetric tensor

Ay = Ay and a tensor By, = B, + Bju), the contraction of them is written

iz

by
Ay B" Ay BYD: (4.21)

By using this equation, one obtains

- oL
_5’(V(M T v#i)RﬂVﬂU)

5V(u1 s vui)R/wm

oy k.
a(v(m o Vui)Rqua)

OV -V Rywpo- (4.22)
For convenience, one defines

Vi Vo Ruvpr = Rogopiyips = B i (4.23)

F:Lmég)‘v?’v'“vi = F21M2'@/\M3"'MiMVPU +o 4T Rpiwppps (4.24)

pio

where the undertilde absorbs the indices puvpo. Then, we obtain
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) (szg,...,i) =9 (8#1@27... #WQ%‘H )
= aul (5@27“'7 ) (5F21u2> z%?’f“vi umz (5'%“5 )
=V (6%, i) = (6T, ,) Bz i (4.25)
where one defined
(5F#1#2) Lors,i = (5F21u2) %Aus-"mwpa + - (5F/»>;10) Rpio-pripwps
u1u2 (5‘%)‘ 3y ) = F//)wz (5‘%>\M3-“MI~WPU) L F;/)la (5<%)u2 uzuupk) .

According to eq.(2.215), the term 61", oc 6T, is proportional to Viguw, eq.(4.25)

nv nv

can be rewritten by

5 (v/“ ;00 vyiRuupa) = v,ul (5%2, z) + 7 ) (426)

where represents the terms that proportional to covariant derivative of dg,,.

Next step is rewritting the expression of the term 5%, mgc o )(5VM Vi Ruvpo-
©1 i Vo

Using the notation (4.23) and eq.(4.26), one has

oL oL

o %(2’_“@)5(vm%...,i) = I %(2,.“@)%1 (6%s,...
SV ]
— Vo 8(%16;(2 Z))]&%,. EAMOEO
Vi |5 <vf§@,... PL

oL
v 6P ... i (427
p1 [8 (vm%(zm ,i))] 222, + @ ( )

where is the term which is proportional to dg,,. The first term corresponds
to the boundary term. The third term can contribute to the dg,,’s equation of

motion. The second term can be rewritten as follows
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oL
v %
"o (Vm%(zm,i))] 22
oL
— v 5v oo v R Voo
My (V(MVM e Vm)Ruupo) B2 i Fluwp
oL
:v 5v v Rl/a, 428
i a (V(Mivl—bl e Vﬂi—l)Rquo) M1 i1 uvp ( )
where I relabel indices, 1 — 4,2 — 1, ---,7—2 — ¢ — 1. Then one keeps repeat the

procedure in eq.(4.27) until reaching the 0 R, ,. Thus the equation of motion with

respect to 0 R, o Wwhich derived from the term Oféa(v(m ~-~6Vi,)RWpa) 6V (i Vo) Rywpors

is written by

; oL
(_1)Zv( I v )
- 238 (v(m . Vﬂi)RIWPU)

This process can be visualized by diagram 30. Repeating the same procedure to

) o T

1.4 (4.29)

v \
ViDL +6) v, (DL Do \E@j
v, [ViDZ(ivL“"i*UcS@@ = 1)+@] o [ -1t ]592(1

{ B L - —

E[II | ViaViaV; [DZ(iiQ’Fl’i’l’m’iig)] 0Z (1, i-3)
[¥:l-]]
E[II V(i) [DZUa"wi)] 5R

DL i) = m Ry =V ViRupe B = Rupo

Figure 30 Procedure to obtain the equations of motion and boundary

term.
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every terms which multiplying with variation covariant derivative of R, ,, and the

extra field ¥ in eq.(4.20), we would obtain

3L = & (BL50 + Bl 0 Ruupo + Eydl ) +£7,, 60, (4.30)

where E(y) is the equation of motion with respect to ¥, E?g”) is the equation of

motion w.rt. g¢,. Here, The equation of motion with respect to R,,,, which

written as follows

oL oL
prvee _ | Y% B —
(®) [apra Y (Vo R
oL
+<_1)kv(m o' ) (4.31)

9 (v(ul - Vuk)RWpa) ’
The last term in eq.(4.30) is the boundary terms, i.e., the first term in eq.(4.27).

The current associated to the boundary term is explicitly expressed as

m—1
G S 3 TG R
i=1
-1
o Z U(l;)lmmév(m " vﬂi)\ll7 <4'32)
i=1

where S, T{;y and Upy are function of dynamical fields, i.e., g4, Ry and W.
In fact, R,y is not an independent field, it can be expressed in term of dg,,.

According to the reference [30}, we have
6Rpwps =2VuV 500, +Rys 0o (4.33)
Then the variation of Lagrangian (4.30) can be written by

oL =2 | (Bl + B Bon,”) 09 + (2B0 7V N odg ) + Ewy0¥| + £V,,00

Il
|

= B0 + =¥, [0+ 28507V ~2 (V™) 30

= E(¢)5¢ +£eV,, 0", (4.34)

where we have used the integration by part twice times on the term 2Ef g;’ "V )V 00,

in the second line. The dynamical fields are understood as

¢ = (g,uw \Ij)’
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which its equation of motion is
r- v oA v vo
Byop = ¢ [(Eg; (+ ETNVR,,Y 2V, Y, El ) 3Gy + E@)(Sxy] . (4.35)
and a new boundary current is
0" = QM 4 2B "V 509, (4.36)
where we have defined

O — B =2 (V, ) ig,, (4.37)

In language of differential form, the boundary current © is n — 1 form which is

defined by

B Sle il OF (4.38)
Then the variation of Lagrangian (4.34) can written as follows

5L = E,0¢ + d®, (4.39)
where d is exterior derivative.

4.3.2 Noether’s Charge

According to a Noether’s current (2.200), we can said that a Noether’s
current comprises from a boundary term and the dot product between a vector &
and a Lagrangian. So, the Noether’s current of such a theory in eq.(4.18) can be

given by
JH = 0! (¢, 0:0) — L. (4.40)

It satisfies the condition V,J# = 0,
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V., J'=V,0" ~V, (L)
= 0eL — Eydep — 6L

= —E40c0), (4.41)

where one has used eq.(4.34). According to eq.(2.198), we can substitute 6.£ =
V, (€"L) into the second term in the first line. The Noether’s current of above is
conserved when the dynamical filed satisfies the equation of motion. The differential

form’s version of the Noether’s current is given by n — 1 form as following

J = Epr iz pin JH (4'42)

= 0(¢,0¢0) — € - L, (4.43)

where a centered dot denotes contraction to the first index. We would substitute

the expression of Noether’s current (4.40) into eq.(4.42), we have that

J =¢e:[(0"(¢,0¢0) + 2BV 10¢9,,) —E*L] . (4.44)

Since we were considering conserved quantity under transformation along a vector
&, one would replace d:¢ by Lie derivative of dynamical fields I:§¢. According to
the formula of Lie derivative (2.54), the ith derivative terms, 6V, --- V¢! =
IA@VM1 -V, 0", give raise the expression with linear on £# and V,§”. Thereafter,

the current ©# can be expressed by

0" (¢, Le) = V™ (9) & + W (9) V&, (4.45)

where V# and W#* are the collection of S, T" and U in eq.(4.32). According to

the Lemma 1 in [48], it proved that a closed n form ¥ such that

A= AD G LT, (4.46)

p i i P

vievg o 4(%) (V1)
(11 pp]

% i 7 ovy-;
al) . =V, {(—> A T Ny vyiqsp} , (4.47)

, it can be expressed by

n—p+1i
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when a is closed. This implies that a” can be written in term of reducing i — 1
derivative, and a linear term with ¢” is zero. Thus, the term of Lagrangian £*L
and V#¢, in eqs.(4.45) and (4.44), respectively, do not contribute to the conserved

charge. The boundary term (4.45) can be written by

QM mpv
€ 0" = ey WV 06

1

= V/O {§€A1A2M3"'an)\1)\2y€l/} . (4.48)

The second term in eq.(4.44) is expressed by
2EE IV o Lebpn =2BEEN , (V601 V06, - (4.49)

We would consider the second term, if we have anti-symmetric tensor 777 then

contact it with V,V &, we have
TeENV € = T4 (V, V8t + R, £Y)
=’ (vagﬁ“ -+ R“Vp(,g”)
= —T" (V,V.&¢ + R*,, &)

where the relation (V,V, =V, V,)V? = RV is used. Adding T*7V,V,& to

both SideS, we obtain
TpO' C C = —1 R“ v 4 50
14 0'5 2 yo’p€ N ( * )

The above equation implies that the second term in eq.(4.49) is linear on vector
&*, then it does not contribute in the conserved charge. Only the first term is a

remainder in eq.(4.49). The following expression

VoVl = Ve V& + Ve V&

1
= V(va)£V + §Rv>\ap§>\a (451)

will be used for manipulating eq.(4.49). Using the above equation, one would

rewrite this term as following
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£ 2EZ€;IUV Vobw = 2€ - (VE)“”V \P S

= 25uu2~--unE(Vzg§w (V(UV,))&, + Rw\apf/\)

= Sppz-pn [(_E(R)yapﬂ - E(R)ypw) VieVpe + EE/};)WRv)\UpgA

2 g g v
==V {gguaus---un (E(R)V "+ B, M) V8 ] ) (4.52)

where we applied eq.(4.47) in the third line with ¢ = 2(i = 0) and p = n — 1 for the

first(second) term. The properties of £ is inherited from R*?7, then following

properties,
Bl = Bl (4.53)
By =~Em’ (4.54)

are used in the first and second line, respectively. We would continue calculation

of the right-hand side of eq.(4.52), and then denoting this term with Q & We have

A vA2pA 1/ )\ A

2 14 1%
A T ( E( /\)2)\1/7 + E( p>\2)\1) p{y

3
Lo [ e

z o L )
= §8>\1>\2M3"'M7L 5 + E(R V€
- e : o Lo s E() v.i
= —Exronsin B2V o (4.55)

Bianchi’s identity of RF/*7
Bl + Bl + Bl =0, (4.56)

is used to obtain the fourth line. The antisymmetry of Levi-Civita tensor €, ...,,, is

used in the third line as follows
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vA2A1p VA1 A2p
8/\1>\2u3"-unER - 8>\2/\1,LL:‘>---ALnEIR

VALA
= _5/\1/\2u3"'unER 1h2p, (457)
Finally, the Noether’s current (4.44) is written by

1 u v
J = VW (55’\1’\2%“'%‘/‘//\1/\2 5”) + v/@ (E’\l/\2us~~unE(J%\vaﬂg”)

= Vi (W& + X7V,60 ) (4.58)

T A1 AoV
where one has defined W = ey x,p5-u, W ; and

X“V = E)\l)\QMB""Nn EGLE)AIAZ (459)

According to reference [48], the Noether charge is given by differential n —2 form

as follows

J =dQ. (4.60)

Therefore, the Noether charge which correspond to the current (4.58) can be written

by

Q= W"E, + XNk, (4.61)

4.3.3 The First Law of Black Hole’s Mechanics

Let’s consider the variation the Noether’s current J (4.43), we obtain

0.J

60 (9, 0¢) — € - 0L
50 (¢, 0¢0) — & - dO (9, 60)
50 (9, 8¢0) — 60 (6,80) + d[€ - © (6, 59)] (4.62)

where one has used eq.(4.39) and the identity as follows

o = ig@
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=¢-da+d(€-a), (4.63)

for a differential n form a [5]. Moreover, we used the condition E, = 0 in the
second line in eq.(4.62), thereby the arbitrary variation d¢ satisfies the equation of

motion. The first two terms in eq.(4.62) correspond to the quantity w in eq.(2.186),

w(,0¢,0¢0) = 60(¢, 0cp) — 0:0(9, 09). (4.64)

After that, eq.(4.62) can be written by

W (¢,00,0¢0) =0J —d(£:8). (4.65)

It is the variation of Hamiltonian-like density ¢H by the definition in the eq.(2.185).
The value of Hamiltonian-like is obtained by using integral mapping of (n—1)-form

w to O-form §H via integral mapping in eq.(2.42) as follows

/ Wb ok, (4.66)
i

where X is a hypersurface with fixing time. The we have

= |
zé/dg—/zd(g-g)
:/82 (5@—5-9), (4.67)

where the divergence theorem and the equation J = dQ are used, and 0% is

boundary surface of 3. We assume that there exists a n — 1 form B such as
© =108, (4.68)
then we obtain
§-9=0[ & B (4.69)

0% 0%

Finally, the Hamiltonian can be expressed as follows

H= [ (@-¢-B). (4.70)
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If we choose a vector £* generates asymptotic time translation, namely, &*
is chosen as the timelike Killing vector K (‘;), then the corresponding conserved
quantity is the energy [31]. So that, the canonical energy £ can be defined by

the Hamiltonian-value which is written as follows

£= /8 . (Q K] - Ko - B). (4.71)

where the subscript co means evaluation at spatial infinity, or asymptotically flat
surface. Reference [30] prove that the energy E coincides the ADM mass in General

Relativity.

For the angular momentum, the vector &” is chosen to be asymptotic
rotation K Zp) which is tangent to the surface 0%, with fixing the coordinates z*!
and x#2. We would consider the term [, K, - B. We would use eq.(2.42) and

the expression of n — 2 surface element in reference [31],

as

i) M3 A p
P e W |

= =2, T/ od" 20, (4.72)

where o is the determinant of the induced metric on 9%, and n** and 2 are normal
vectors corresponding to ones with fixing coordinates x#' and z#?, respectively. One

obtains the result as follows

K 8= Ké';)@ylaylyw?,...“ndx“l A Adoh
()30 - [5) 30

= -2 / K (20", 1,V od %0
0%
= 0. (4.73)

Note that K, - © = K2/0" €050, d2* A -+ - A dz™ is n — 2 form. The inte-
gration vanishes because the vector K é:p) is orthogonal to the vectors n* and r*.
Consequently, the integration | o5 K(p) - B is vanished. Therefore, the canonical

angular momentum 7 is given by the definition as following

J = —/a QK- (4.74)

Yoo
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References [5, 30] show that above expression of angular momentum coincides to

the Komar’s angular momentum.

Now, the energy and angular momentum are obtained. The first law of
black hole’s mechanics can be achieved by choosing a vector £ as a symmetry of

the dynamical fields [47]. Then, the variation of fields along the vector K* is
Sep = Letp = 0. (4.75)

Let’s consider the quantity w (4.64). The boundary current © (4.36) can be written

in terms of linear equation such as

0 = a(¢)dp + Y b (0)8V ()o. (4.76)
p=il

The variation of higher derivative of ¢, 0V ;¢ = 0V, - -+ V)@, arise from the cur-
rent ©#. According to eq.(4.25), this implies that the variation of higher derivative

of ¢ can be written in terms of the variation ¢ as follows
OV Vo~ 00. (4.77)
Using this assumption, the current © can be expressed by

©(9,00) = A()de. (4.78)

Recalling the expression of w (4.64) and analogy to eq.(2.185), one obtains the

result as following

w(¢,09,0¢¢) = 0 [A(d)ded] — 0¢ [A($)d¢)]
= [A'(¢)3¢] d¢¢ — [A'(¢)d¢] 6¢

—0, (4.79)

where A’ is the derivative of A. Here, we used eq.(4.75) in the second line. There-

fore, eq.(4.65) becomes

5dQ — d(¢-8) =0, (4.80)
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where we have used J = dQ. We would integrate eq.(4.80) over instant time

hypersurface ¥, and assign a vector ¢ as the Killing vector

K" = Kl + QY K}, (4.81)

)7

where (25 is angular velocities at event horizon. One obtains the following equation

/ {asQIK] -~ d (K- )} =0. (4.82)

oo

The formulation obtained above is applicable for the case of spacetime without inner
boundary. However, for spacetime posses a black hole, there are inner boundaries
which is the event horizons of the black hole. We interest the spacetime with black
hole. In this case, one prefers the event horizon which is the bifurcation sphere
Y. Therefore, the bifurcation sphere Y3 is included as the inner boundary in the

integration (4.82). One obtains the following equation,

/;oo {&Q[K] — d(K-Q)} - (/{Em _/32) {(@K] I K-g} =0, (4.83)

B

where the divergence theorem is used and 0% denotes the boundary of . According
to the definitions of mass and angular momentum in eqs.(4.71) and (4.74), the

integration at spatial infinity 3., can be evaluated by

/ [6QIRY~ 1@} = 58 = 054, (4.84)
% —

Since the Killing vector vanishes at the bifurcation sphere, the integration f o K-

© = 0 vanishes here. Thereafter, eq.(4.83) can be written by

0 | QK] =06 = Q5T ,, (4.85)

9% —
where eq.(4.84) is used. This equation is similar to the first law (3.88), then
eq.(4.85) can be said to be the first law of black hole. Comparing to the first
law with Bekenstein-Hawking entropy Spp (4.15), the left-hand side can be read

as

5 QIK) = %ww, (4.86)



128

where k is surface gravity, and Sy is known as the Wald’s entropy. Note that the
temperature in this presentation is still the Hawking temperature Ty, because the
derivation of the temperature was done in the theory of quantum field in curved

spacetime [1]. Tt can be applied for all general theory of gravity.
4.3.4 Wald’s Entropy

In this section, one would find an exact expression of the Wald’s entropy.
Firstly, we would substitute the Noether charge @ (4.61), Q = E”K# + X"V, K,
into [,y Q[K]. Then, we have

QK= [ X"V, K,. (4.87)

0% — %5
The integration fEB EHK . disappears, since the Killing vector vanishes at Yg.
Note that the quantity VK, does not necessary to be zero at ¥z. To obtain the
expression of VK, , it would be analogous to the normal vector of a surface. For

the surface @ = 0, the normal vector n* is written by
0, (® =0) x ny. (4.88)

Since eq.(4.87) is calculated at the bifurcation sphere where the Killing vector
vanishes there, K* = 0, the quantity V, (K, = 0) can infer to the normal vectors

of the bifurcation sphere as follows
V. K, xb,, (4.89)

where b, is the binormal tensor. Actually, such a tensor is the combination of
2 normal vectors of the bifurcation sphere. Obviously, it is antisymmetric tensor
which is followed by antisymmetry of V, K, in eq.(2.55). The crucial property of

b, is expressed by

Db, = —2. (4.90)
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The proportionality constant in the relation (4.89) can be assigned as the surface

gravity. Thus, eq.(4.87) is expressed as follows

Kl=x [ X"b,,, 491
Qi = [ x (4.91)

where one relabeled the notation of 0¥z to B. The surface gravity can be pulled
out the integrand, since it is constant through the horizon which follows the first
law of black hole’s mechanics. According to reference [5], the quantity [, Q[K] is
the same for all arbitrary horizon cross-section, this means that the choices of b,
are arbitrary. However, it must satisfy eq.(4.90). Finally, by comparing eq.(4.86)

with eq.(4.91), the Wald’s entropy is written by
b el / X", (4.92)
H

It is worthwhile to introduce a horizon-surface element, since this will be used to

calculate the exact form of Sy . This surface element is written by

dSM,]j F— €/LV>\3>\4“‘>\"dx>\3 /\ dxA4 /\ P /\ dx)\n

= bp/od" 20, (4.93)

where o is the determinant of induced metrie of n — 2 surface [49, 50].

For example, we would evaluate the Wald’s entropy in the theory of Gen-
eral Relativity in 4 dimensions. This theory is given by the Einstein-Hilbert’s

Lagrangian which is written by

R
= 4.94
LEH 1671" ( 9 )

where R is the trace of Ricci tensor. Then the quantity E#*7? can be evaluated as

following
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1 _oR
167 OR,0po
10

- A1A3 )\2/\4R
167 OR o (9 g /\1)\2)\3)\4)

By =

1 A1A3 A2 v o
— ﬁg 1 39 2 45§15>\2(5§35>\4

1 vo

Substituting this equation into eq.(4.59) and then eq.(4.92) and using the expression

of null hypersurface dS,, in eq.(4.93), we obtain

T / XD,z A da
H
— —27r/ b dat? N dr'g
H
” _QW/ 8/\1A2u3u4E(/\Cli?zz)lwbwdwm A dzt
H

1 v
= _27/}11)’\1A221(3_7rg/\1#g/\2 buNod*d

1

= / V"b,,,\/od*0
8 Ju

1t
:—/\/EdQQ
1)y

= (4.96)

where eq.(4.90) is used. This corresponds to the Bekenstein-Hawking entropy, as

we expected. Note that the quantity X" N, K,y = X, "N, K, dz"* A\---Adz"

i

is n — 2 form.
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4.4 BLACK HOLE’S NONEXTENSIVE ENTROPIES

4.4.1 Non-Extensivity of Bekenstein-Hawking Entropy

Thermodynamic variable is divided into 2 types, viz., intensive and extensive
variable. The extensive variable depends on size of a system, and vice versa. For

the extensive variable X, it satisfies the condition as follows
S (4.97)
TIPS -

Examples of extensive variable are entropy S and volume V. So, it is useful to
investigate the extensivity of Bekenstein-Haking entropy. The entropy and the
mass of the Schwarzschild black hole are related via

g 1 SBH 2
=_— = 4/= = g 1 4.98
L Zoe=TV G S - (4.98)
Suppose that myg.;.. = m1 + msa, then the entropy of the system can be written in

terms of subsystem as follows
SBH total o< (M1 +Mmy)* = m] +mj + 2myma,
S total = Spr1 + Sema+21/SeH1S8H 2- (4.99)
Bekenstein-Hawking entropy is a non-extensive entropy, because it does not

satisfies the relation (4.97). Moreover, the black hole’s entropy is a non-additive

entropy, where an additive quantity satisfies the condition
X2 = X7 + Xo. (4.100)

Thus, for Gibbs-Bolztmann statistics seems not to be applicable for describing BH’s

entropy with non-extensive property.
4.4.1.1 Zeroth Law Incompatibility

The equilibrium state is related to zeroth law of thermodynamics which

states that temperature of entire system are equal at equilibrium state. If we



132

consider a composite system as shown in figure 14, the zeroth law can be written

in terms of mathematics as follows
T =Ts. (4.101)

The zeroth law in eq.(4.101) requires additive property of internal energy and
entropy. In order to show that, let us consider the composite system as shown in
figure 14 and assume that internal energy and entropy are additive. Since they are
isolated, total internal energy of this system is constant Ui = Uy + Us. Thus,
infinitesimal change of total internal energy is zero dUso. = dU; + dUs = 0, we

obtain
dU; = —dUs. (4.102)

For total entropy, it is the same with total internal energy as follows Sipta =
S1 4+ S5 and dSigta = dS7 + dSy; = 0. According to the fundamental relation of

thermodynamics which is given by
dU = TdS — PdV + u;dN'.

From the fundamental relation of thermodynamics, we can have entropy function

as follows

= = —dV — —dN". 4.1
dS'= =dU + =dv — 2d (4.103)

This can give us a relation of derivative of entropy with respect to internal energy

as follows

oS 1

By fixing volume and number of particle, the infinitesimal change of entropy of

such a system figure 14 can be written by

98
ds = (%> du. (4.105)
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Substituting the relation (4.105) into the infinitesimal change of total entropy d.S; +
dS; = 0 and using the relation dU; = —dU, and eq.(4.104), we obtain

dS, = —dS,,
S, s,
d d
(dUl) Ur = (dUz) Us,
1
ﬁdUl T2< ),
T, = To. (4.106)

Therefore, the zeroth law of thermodynamics requires additivity of internal energy

and entropy [22].
4.4.2 Black Hole’s Rényi Entropy

In order to investigate the extensivity of Bekenstein-Hawking entropy, we

need to redefine Sz in other statistics. One proposes the Tsallis entropy,

g q—l 1—2]71 (4.107)

The composition rule of Tsallis entropy can be expressed as

St(pi, pj)=Sr(pi) + Sr(p;) + (¢ =1)Sr(p:)Sr(p;)- (4.108)

where p; and p; are independent variables. Tsallis entropy is generalized entropy

from Gibbs-Boltzmann entropy where

q—1

13 77

From The Khinchin axioms for entropy, the parameter must satisfy the range

as follows (0, 00).

To study about non-extensive property of black hole, we should define a
entropy of the black hole as non-extensive entropy. We define the Tsallis entropy
as the area of the black hole as follows

A A
SGB:E — E:ST
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For consistence with zeroth law of thermodynamics, such a entropy must be additive
as shown in section 4.4.1.1. The additive form of Tsallis entropy can be obtained

by using logarithm map as follows

add(S7) ~ In[l + (1 —¢)S7].

1

For recovering Gibbs-Boltzmann entropy, we need to add the factor gt The

additive form of Tsallis entropy is

add(S7) = - Ll (1) S, (4.110)

—q
where lim,,; add(Sy) = lim,,; S = S¢p. This known as Rényi entropy given

by

SE =

1iqln (Z;ﬂ) (4.111)

The composition rule of the Rényi entropy is
Sr(pi;p;) = Sr(pi) + Sr(p))- (4.112)

For convenient, we redefine the non-extensive parameter as A = 1 —¢q. Thus,

the entropy of black hole can be written by

1 Ag

so-called “black hole’s Renyi entropy”. Note that subscript “bh” refer to black

hole instead of Bekenstein-Hawking which is dented by “BH”. Therefore, mass

function can be written in terms of black hole’s Rényi entropy as follows

ri 1 JeMwn —1
-4 _ -,/ = 4.114
=50 TN TG (4.114)

where ry = %,/ATH and Ay = 1¢(eMm — 1)
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4.4.2.1 Smarr’s formula and First law

To obtain Smarr’s formula, mass function (4.114) should be homogeneous

function. One finds that mass must be function of entropy and A\~! as follows

m(aSy, aX™) = L e —Da

)=\ gy = @ mS AT, (4115)

According to Euler’s theorem found in eq.(4.8), we can write

L [ 0m om _1
b (20 54 () ano

— Om_
_85

Since dA\™! = —\72dX and we define “Rényi temperature” T and conjugate

variable of non-extensive parameter ¥, = 22 Smarr’s formula becomes

%
1 om om
V= (aSbh> Sph — (EM) A = TSy, — VRA. (4.117)

Here, the Rényi temperature is expressed as follows

2

(1 + AWH) (4.118)

T:
& &

47T
We should consider physical meaning of Wr. In reference [26], the authors interpret
Ui as thermodynamic volume since the leading order term of small \ expansion is

proportional to volume as follows

3 2,.5 3 &7

VIWA i TT e
o \ WO, | i £ {2 4.119
GRS TN VTS AT e (4.119)
By defining
2
Vi = ng‘IfR, (4.120)

we can interpret Ui as “Rényi volume”. Consequently, non-extensive parameter A

can be interpreted as “Rényi pressure”
3 2
A= EG Pr. (4.121)

Now, Smarr’s formula is written by

1
§m = TRSbh — PRVR. (4122)
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According to eq.(4.117), the derivative form of mass function is

om om
dm = (m> dSbh + (3_/\) dA.

By using the definition of Rényi temperature, Rényi volume and Rényi pressure,

one obtains
dm = TRdSbh + VRdPR. (4123)

The mass of the black hole is found to be the enthalpy in thermodynamics rather

than internal energy.



CHAPTER V

THERMODYNAMIC STABILITY OF
BLACK HOLE IN MODIFIED GRAVITY

5.1 MODIFIED GRAVITY

5.1.1 Modified Gravity: Importance

In 1915, there was a scientific theory that revolutionizes the ordinary in-
stitution of gravity which is discovered by Newton in 1687. It is the “General
Relativity”, so-called GR, which was proposed by Einstein. One of the advantages
of GR is solving the Newton’s unsolvable problem, e.g., the anomalous perihelion
precession of Mercury. There are evidences that support GR, namely, gravitational
redshift, gravitational lensing, and the defection of light by the Sun [51]. Moreover,
people daily use GR via the Global Positioning System, GPS. GR also predicts the
mysterious astronomical objects, for example, the black hole and the gravitational
wave. Nowadays, we have advanced technology to probe the physical phenomena.
For example, the M87 black hole’s image from the EHT [16, 17, 18, 19, 20, 21], and
the gravitational wave from LIGO and VIRGO [52, 53, 54].

Unfortunately, there are still the unsolvable problems with the ordinary
theory, such as the dynamics of the Universe at early and late times, the black hole’s
singularity, the graviton and etc. Fortunately, some problem can be solved, that is
late-time accelerated expansion of the Universe. One of the solutions is to modify
GR, by adding the cosmological constant A. Such a theory is so-called the A cold
dark matter (ACDM) model. Actually, it gives rise to the coincidence problem.
But at least the accelerated expansion had been solved. This implies that the

ordinary theory is not enough and a solution may be obtained by modifying GR
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in other complicated ways. The research field which is associated with pursuing the

unsolvable problem by modifying GR,, is called the “Modified Gravity Theories”[11].
5.1.2 Modified Gravity: Implement

There are several ways to modify GR. In ACDM model, we just add the
cosmological constant. One can also treat a function of R, as a Lagrangian instead
of R which is Einstein-Hilbert Lagrangian, known as the f(R) gravity, as well as to
modify the matter sector f(T') where T is the trace of energy-momentum tensor.
The extension of dimensions is one of the modifications, namely, the “Lovelock’s
theory of gravity” which is the most general metric theory that preserves the second
order equation of motion. Moreover, we can relax some assumption to construct
the new theory, e.g., the “Symmetric Teleparallel Equivalent of General Relativity”,
STEGR, which relax the torsion free condition and metric compatibility in GR.
Alike to the ACDM model, one can add scalar field or vector field to be a new
degree of freedom besides the metric. These are a few examples of the modified

gravity.

5.2 VECTOR-TENSOR HORNDESKI THEORY

In references [6, 7, 8,9, 10}, the authors propoesed that the acceleration of
Universe’s expansion is affected by a vector field. This might play the role of the
dark energy. One of the proposed theories is “vector-tensor Horndeski theory”
[15]. This theory is the most general theory for U(1) gauge-invariant vector-tensor
theories that provides the second-order differential equation of motion [11, 12, 13,
14]. Since it is the theory with the second-order differential equation of motion,
then it is free from the Ostrogradsky instability [55]. The action of the vector-tensor

Horndeski theory is given by

2 1
S = /d4xw/—g (%R — ZFWFW + BL“”‘“‘?FWFM) , (5.1)
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where mp; = \/#7 is the reduced Planck’s mass, [ is the coupling constant, and

L6 ig the double dual Riemann tensor which is defined as follows
LHveB — 1 pvpo afyé
= 7€ R 545, (5.2)

where the Levi-Civita tensor €, is defined in eq.(2.32). The last term in eq.(5.1)
corresponds to the interaction between gravitational and gauge fields, so-called

“vector-tensor Horndeski interaction”.

Absolutely, the dynamical fields are the gauge field A* and metric ¢g"”. By

varying the action with respect to A*, we obtain the following equations of motion
V. (F* —4BF,5 L") = 0. (5.3)

This is the modification of the equation of motion for the gauge field eq.(2.109).

The variation with respect to g gives rise to the modified Einstein’s field equation

as follows
2 B 1 af
VG — B, P + 10 For F¥ 4 3H, 50, (54)
where
Huy = Gu L FogFlhs + 2F i F PR, 5 — AVOE, VE,,

~ 4B, (R7Fyp+ R, 7)), (55)

and the dual strength tensor is defined by

- 1
Fro— 56“”0‘5Fa5. (5.6)
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5.3 VECTOR-TENSOR HORNDESKI BLACK HOLES

5.3.1 Spherical Symmetric and Static Spacetime

The first black hole’s solution of the Einstein’s field equation is incorporated
with spherically symmetric and static spacetime. Then the black hole is identified
by the existence of event horizons. This type of black hole is the simplest black hole
solution. Thus, the static and spherically symmetric solution is quite an easiest

one in any theory of gravity.

For the spherically symmetric and statie spacetime, the metric in eq.(2.89)

can be reexpressed as
ds?e= = a? (r)f (r)dt® of 1 (r)dr® 4 m2dQA, (5.7)

where a(r) and f(r) are arbitrary functions. This form of metric is suitable to find
the temperature of the black hole. The components of the four-vector potential is
read as A, = (¢, A;) where @, is the electric potential and A; is the component
of the magnetic vector potential. For static electromagnetic field, the associated

four-vector potential is given by [15]
el [R(r ) AL Ot coslly (5.8)

where @), is a magnetic charge. The electric and magnetic fields are calculated in
eq.(2.107). The equations of motion is obtained by varying the action with respect

to a(r), f(r) and ®.(r) can be written respectively as

2 3 2 P’ 2
(%Yot~ (42)
60,

2
r (it 488 ) £+ (- 16552 ) 100) = i +

1 85(1_f(7"))+7"2 20y —
+ 5 { 2(r) ]CI) (r)y=0, (5.10)

=0, (5.9)

@ (r)}/ ~0. (5.11)
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The quantity in the square bracket in the last equation is simply a constant, then
one denotes this constant as “Q.”. The ®.(r)’s equation of motion can be rewritten

as

Vo a(r)Qe
D (r) = T O T (5.12)

In the limit § — 0, the solution a(r) of eq.(5.9) is a constant which we can choose

to be 1, a(r) = 1. Then, the electric potential in eq.(5.12) becomes

lim @’ (r )—%

B0 r2’

(5.13)

Thus, the constant . is interpreted as an electric charge. By substituting eq.(5.12)

into the eqs.(5.9) and (5.10), one obtains

(i 4058 ) e 4 {334; TR %» +r2]2} o G

2 2 2

r <m%>z 4445 TT) fi(r) + (mPl 45662 )f( ) —mp + %
Q2/2 _

+8ﬂ(1—f(7“))+7“2_0' (5.15)

The black hole’s solutions have been investigated and analytical solution can be
found in reference [56]. In this thesis, we will follow [56] by separating consideration

as the purely magnetic and electric black holes.
5.3.2 Magnetic Black hole

The magnetic-Horndeski black hole (MHBH) can be obtained by solving
the egs.(5.14) and (5.15) in the limit @), — 0. We impose the value of the Universal
gravitational constant (G = 1) and m = 1/4. Then, the equations of motion for

MHBH are written by
8Q? 240>
(1+ FQu, ) a(r) + ?4m5a(r) =0, (5.16)

(1+ Cfaw)f(m(1—48?5’15)]‘( +% -0 )
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5.3.2.1 Homogeneous Linear ODE

The equation of motion for the function a(r) is the first-order homogeneous
linear ODE, and it can be rewritten in the form of da/(r) 4+ g(r)a(r) = 0 where

g(r) = 24Q2% /r° (1 + %) This kind of equation is solved by following step

a'(r) = —g(r)a(r),

a(r) -
a(r)y=Crexp {— /rg(r/)dr'] (5.18)
— (14 5% )3/4 (5.19)

where an arbitrary constant C; is chosen to be 1.
5.3.2.2 Inhomogeneous Linear ODE

The equation of motion of f(r) is quite complicated. We would define new

variables as follows

8.8
2= (5.20)
and
Qm
= ——. 5.21
V&7 o2
Eq.(5.17) is written in terms of these variables as
42(1+2)f'(z) — (1 — 62)f(2) —pv/z + 1= 0. (5.22)

This is the first-order inhomogeneous linear ODE.

The first-order inhomogeneous linear ODE can be expressed in general form

Li(2)f'(2) + La(2) f(2) + Ls(2) = 0, (5.23)

where L; is an arbitrary function. The ansatz solution can be given by

f(z) = folz)u(z). (5.24)
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The function yy(2), so-called the “complementary solution”, is the solution of the

homogeneous equation as
Li(2) f5(2) + La(2)yo(2) = 0. (5.25)

This solution can be expressed in the same form as one in eq.(5.18) as

fo(z) = Caexp [—/Z%dz’] : (5.26)

where C, is the integration constant. Substituting eq.(5.24) into eq.(5.23) and

using eq.(5.25), one obtains
Li(2) fo(2)u'(2) + L3(2) = 0. (5.27)
The solution of this equation is simply calculated by

— L3(2') o ‘
e = /Z—L1(Z')fo(2”)d + Cs, (5.28)

where Cs is the integration constant. It is called the “particular solution”.

According to eq.(5.22), Ly, L and L3 are replaced with

4 F IO r), (5.29)
Ly = —(1—62), (5.30)
Ly=—pyz+1. (5.31)

We need to solve the complementary solution of eq.(5.23). Using eq.(5.26), one

reaches the complementary solution as follows

1-62
fo(Z) = (CQ exp |i/z md2‘|
21/4

= T (5.32)

where one has chosen Cs to be 1. Thereafter, the particular solution is calculated

by
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(V2 +1) 1+ )7,
u(z) = — 42/(1 + 2') S11/4 dz’ —pu
1
= Z/ [p(l + )3 (1 + z')3/4z'_5/4] dz' — pu, (5.33)

where —pu is the integration constant. The integration can be evaluated by using
the identity of Gauss’s hypergeometric function o F; as follows
1+3

/(1 + ) =P, B+ 1.+ 2,—2). (5.34)

z

Then, the solution (5.33) can be written in terms of 5 F as

g L3
\—2) + 2L P (=0 SR — b (5.35)

3
U(Z) :pzl/42F1(—1, 7k

W~ | Ut

1
4 Y
Combining the complementary and particular solutions, the solution of eq.(5.22) is

achieved by following expression

1 1/ 3 1 3101 3
= ——|— Fi(—,-, -, — Fi(——,—,—-,—2)]|.
f(Z) (1+Z)7/4 |: uz +p\/22 1( 474747 Z)+2 1( 4) 4747 Z)
(5.36)
The solution can be written in terms of r, @, and £ as follows
8Q2 8\ T 2m @2 315 8Q28
— (1 m S AN (St
/) ( * g > X - 22 i L448F )
3 13 8Q%*p3
F(—,—, -, —— .
+2 1( 47 4747 T4 ) ) (537)

where the ADM mass is determined as follows

2m = p1n/Qm (88) 4. (5.38)
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5.3.3 Electric Black Hole

The electric-Horndeski black hole (EHBH) is achieved by solving a set of
equations, namely, eqs.(5.12), (5.14) and (5.15) with the limit Qs — 0. They are

expressed by

o 8Q*8 o
M T Rl . o

, Q: _
rf (T‘) + f(?“) -1+ 83 [1 — f(T)] 42 0, (5'40)
(1) Qealr) = 0. (5.41)

8B = (P2
Since eq.(5.40) is a nonlinear ODE and coupled with other equations, it implies
that these equations are difficult to solve for analytic solutions. The numerical
method seems to be an appropriated way to solve these equations. We have chosen

a computing programme, namely, the “Wolfram Mathematica 13.0”.
5.3.3.1 Mathematica’s NDSolve

To solve differential equations with numerical method, we use the command
“NDSolve” in Mathematica. NDSolve requires differential equations, boundary
conditions, and range of variable. This command will be completed when the num-
ber of boundary conditions corresponds to the order of the differential equations.
For example, a second (first)-order DE requires 2 (1) boundary conditions, and so
on. The range of variable is the interval of variable which we are interested in.
Figure 31 shows implement of NDSolve. All of the inputs of the command ND-
Solve are numerics. Moreover, the parameters must be assigned with a number,
then the input differential equations depend only the variable x. In order to obtain
suitable boundary conditions, one needs to find a suitable asymptotic behavior of
the solution. These give the relation between model’s parameter and boundary’s

values of the variables.

Black holes’s solution possess event horizons in which the metric is undefined

at such points of spacetime. One of the asymptotic behaviors of the solution is the
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Range of Variable

T e (l'minaxmax)

Differential Equations { NDSolve | — > | Numerical Solution |
F(y™(@),...,y(x)) =0

y(a)
Boundary Conditions ! :
y(xmin) = Ymin > y(xmax) = Ymax I :

t
Tmin Tmax

Figure 31 The flowchart of the command NDSolve.

3>
>

condition of the event horizon denoted by

flr=ryg)=0. (5.42)

Another asymptotic solution is determined by one at asymptotically flat spacetime

which denoted by

Tli_)rgo Fkk=x1, (5.43)
liﬁm‘a(r) =l (5.44)

Thus, the interval of outer horizon to spatial infinity is chosen to be the range
of variable, r € (ry,o0). This range of = is useful for investigating black hole’s
thermodynamics. The relevant boundary conditions are given by ansatz solutions

at event horizon and asymptotically flat spacetime.
5.3.3.2 Boundary Conditions

In order to find the suitable numeric boundary condition at the horizon, we

can expand the function f(r) around the horizon ry as follows

fu(r) =3 Hi(r = ru)', (5.45)

where H; is constant. The functions a(r) and ®.(r) do not need to vanish at the

horizon. Then, nearby the horizon, they can be expressed as follows
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an(r) =Y _ Aui(r = rn)’ (5.46)
enr(r) = Vira(r =)’ (5.47)

where Ay ; and Vi ; are constant. The constants H;, Ay ;, and Vi ; are specified by
applying the approximated solutions in the equation of motions. For example, if one
keeps the solutions up to the first-order, we can set approximation ((r — rz)?) ~ 0.
Substituting eqs.(5.45), (5.46) and (5.47) into the equations of motion (5.39), (5.40)
and (5.41) and using Taylor’s expansion up to the first-order approximation, we
attain

2

Q
H g ) Hs + H| —
( ITH+T12LI+8,B + 2 |\rgHs +

AH,I 4@% AH,2
( ¥ 7 +8B)2AH’°) +4{ 4

 Q2Blru(ry +88)Ama + (168rg Hy — 51 — 88) Aw]
ra(ri +86)°

QeAHO QQC(TH - 4/5H1)
Vg1 — : 2V, A
( H,1 T?{+85) oy [ H2 T (7'%{4‘8/3)2 H,0
a3

_T?{ + 84

Qi(m B 45H1)
(r +85)?

]A:o, (5.48)

} A=0, (5.49)

AHJ] A=0, (5.50)

where A = r — ry. The constants H;, agy, and Vy; are determined by solving the

equations order by order of A’ as follows

I ry + 86 — Q? o 2Q2(ry + 10ry 5 4 166%) — (17 + 86)° + 4Q.f
L ru(ri +80) 2 r2.(r? + 86)3 ’
o SQB L AQR [ 3B+ 8@ - 89)8]
L A R ]
Qe Qe(T%I - 4ﬁ)
Vg1 = ———-"-A Vo= ——""F—— = Ay,. 5.01
H,1 7"%_14—85 H,0, H,?2 TH(T%_I+85)2 H,0 ( )

Substituting them into eqs.(5.45), (5.46) and (5.47), the solutions f(r), a(r), and

V(r) up to the first-order approximation are written by
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_rE+ 88— QF

fH(T) - TH(T‘?{ + 8/3)2 (T - TH)? (5'52)
8Q2BA

ap(r) = Apo + %o« —ry), (5.53)

Vir(r) = Viro — geﬁfg%w — ). (5.54)
H

Notice that there exists unspecified constants Ago and Vio. If we extend the
solution up to higher order, these constants still unidentify. They are “free param-

eters.”

According to the conditions (5.43) and (5.44), the functions f(r) and a(r),

around the asymptotically flat spacetime, can be expanded as

frry=1+>_Fr, (5.55)
i=1

ag(r) =1+ Apr, (5.56)
=il

where F; and Ay, are constants. The function ®.(r) does not need to vanish at

asymptotically flat spacetime. Its expression can be given by

O (1)=D Vrird, (5.57)
=1

where V; is a constant. We use the same method as done for the event horizon’s
case in determining the constants F;, Ay; and V;,. For example, one keeps the
solutions up to the fifth order, (r~%) & 0. Substituting eqs.(5.55), (5.56) and (5.57)
into egs.(5.39), (5.40) and (5.41) and using Taylor’s series up to the fifth order, one

obtains

Q- F, 2F; 3F;  SQ:BF - AF;

o = +0(r % =0, (5.58)
TApy  Age 3A;3 4Q?B+2A4 _
S T T Ty RO =0, (5.59)
Qe+ Vi1 QeAp1 +2Vio  QcApo+3Vis
B r2 - r3 o 4

_ Qe(Apa + 88 + 4V n

3 O % =o. (5.60)
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Solving the equations order by order of r~%, one achieves

Fy, = Q7 Fy =0, F, =0, Fy = 2Q%8F,
Arq =0, Aso =0, Apg =0, Apy = —2Q28,
Viit=—Q., Via2= _%Af,la Vig = _geAf,z, Via= _fe (Aps +8BFY).

Applying them to the eq.(5.55), (5.56) and (5.57), the solutions are expressed as

B, Q2028

ff(’f’) = 1+7+T—2+ 7“5 F17 (561)
2 2

aflr ik T %, (5.62)

Vi(r) = —% _ 2%6 ! (5.63)

In this case, the free parameter is only F; which can be interpreted as the ADM

mass.
5.3.3.3 Outer Horizon

According to section 3.1.3; a charged black hole possesses 2 event horizons
determined by ¢"" = 0. This behavior is shown explicitly in Figure 32. Therefore,
we need to distinguish the inner and outer horizons numerically. From this figure,
one can see that the slope of ¢'" is negative (positive) at the inner (outer) horizon.

As a result, one can specify the outer horizon by determining the positiveness of

TT

g
1
0.5 .
inner

horizon /

0 r
.5 1 .5 outer 2.5

horizon
-0.5

Figure 32 Plot of ¢" of Reissner-Nordstréom spacetime.

the slope of ¢"", or f(r), at event horizon. Since we consider f(r) at the horizon,
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one can use the series’s expansion of f(r) in eq.(5.45) for calculating the slope of
f(r). As a result, the slope of f(r) at the horizon can be determined by the first

coefficient in the expansion as follows
fu(r=ru) = Hi. (5.64)
Thus the outer horizon is just given by the condition H; > 0, or
2 2
rg > Qe — 86, (5.65)

where we used the expression of H; in eq.(5.51).
5.3.3.4 Calculation

So far, we have 6 boundary conditions, that is; the event horizon solutions
of fu(r), au(r) and @,y (r), and the asymptotically flat solutions of f(r), as(r)
and ®. ¢(r). NDSolve requires the numbers of boundary conditions to be equal to
the numbers of differential equations, but one has 3 differential equations. So, we
have to add other 3 differential equations. Technically, one can construct differ-
ential equations from the free parameters, Fi, Ay, and V. There are 3 free

parameters, the additional differential equations are written by
BN H0(T) 50, Vi o(r)= 0. (5.66)

This technique is useful in numerical calculation when the number of the boundary
conditions exceed that of the differential equations. This still satisfies the original
differential equations, since the solution of above equations still be constant co-
efficients. In the command NDSolve, we have totally 2 free parameters, namely,
Q,, and [ to specify the numerical calculation. Note that, the parameter rgy can
be determined from ). and 3 by using eq.(5.65). A process of our calculation is

illustrated in Figure 33.
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B, Qe TH ‘ Range of Variable

A
—ﬂ Boundary Conditions
1
:_ fH(r) ) ff(r)

Figure 33 The flowchart of NDSolve with specific value (5, Q.).

5.4 BLACK HOLE’S THERMODYNAMIC STABILITY

In this section, we investigate thermodynamic stability of the vector-tensor
Horndeski black holes through the local and global stabilities. The local stability,
considered in this section, is determined through only heat transfer via the sign of
heat capacity, namely, the heat capacity must be positive which is inferred from
eq.(2.289). For a thermal system undergoes a process with fixing thermodynamic

variables X and Y, the local stability can be written by

0SBH
CX,Y X ( (STH )X,Y > 0. (567)

For the global stability, it is obtained by the condition (2.282). This implies a
preferred state of the system, between hot gas and black hole. If the free energy
of hot gas’ state is chosen to be zero, the stability’s condition can be expressed as

AG = Ghot gas G black hole = 07 or
G black hole < 0. (5.68)

In general, the global condition can be hold for other type of thermodynamic
potentials. For example, the Helmholtz free energy F' and grand potential ® also

satisfy the above equation for the global stability.
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5.4.1 Black Holes’ Entropy

The vector-Horndeski theory possesses the interaction term between Rie-
mann and field strength tensor. Thus, Wald entropy is more appropriated than
Bekenstein-Hawking entropy for black holes in this theory. Let us determine Wald
entropy by using eq.(4.92). Firstly, the R, ,’s equation of motion must be evalu-

ated. Using eq.(4.31) with the Lagrangian in eq.(5.1), one obtains

0
pvpo _
E(H) - 8ijpg LH7
0 My ==
” O0R ¥ ifhF 6L F)‘l/\QF)\sM
LV po
6 P p K : aRa a3
1B D ol + 7€>\1>\zmaz€>\3/\4a3a4F>\ N F)\ | 1003004
G b
(GR) 4 1A2 5 A3 aRWpU
= Eég]@g 42 §€A1)\2a1a2€)\3)\4a3a4551 552523554}7)\1)\2 F)\3/\4
=Ecr * By (5.69)
—2
where Eé‘g;‘; o % g"*g*° represents Bekenstein-Hawking entropy, and

Eélﬁy)pa _ iE/\1/\2/1,VE>\3>\4PUF>\1/\2FA3A4 (570)

represents a part of the Wald entropy resulting from the interaction term. Then,

the tensor X" is written as
v VAL A
K“ = 6/\1)\2#3N4EéLH)1 2, (571)

where one used eq.(4.59). Since there are many choice for binormal tensor b, and
the event horizon is the Killing horizon where Killing vector is the normal vector
(31, 37], we can choose b, as the combination of the Killing vector K* and auxiliary

null vector N* as follows
b = 2N, K. (5.72)
In this spacetime, it is static one and possesses the timelike Killing vector as follows

K" =) = (1,0,0,0). (5.73)
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The auxiliary null vector N* must satisfy the conditions NV, /N “|TH = 0and N*K, u|rH =
—1. In order to obtain the exact form of N* satisfying such these conditions, one

can choose its form as follows

NF = (5 ——,0,0). (5.74)
Substituting them into the Wald formula (4.92), one obtains
Sw.a = —27r/ ealawgwE?&?w"bpadx“B A dxtt
rH
= 27 7{ I i N
TH
— j’{ 2Njar Koy (B + By ™) 2N K /g0
rH

— SBH I (_271—5) % N[Oq Kaz]€A1A2a1a2E)\IS/\4ng)\1)\2F)\3/\4N[PKU} \/EdQG
TH

3272Q2,
=k —in g (5.75)
ia

where we used eq.(4.93) in the first line. According to the electric potential in
eq.(5.13), this implies that we are working on the unit 7 = }1 as mentioned earlier.

The Wald entropy in eq.(5.75). in this convention is written by

2 2 2
Sirprm L 2nil. (5.76)

2
4 T

Furthermore, the expression of black hole’s entropy in above equation can be cal-

culated by using the other choice of binormal tensor as follows
b = 2npuy)

where n* and r* respectively are normal vectors of fixing time ¢ and radius r which

expressed as

1 1
-1 d rt= 1 .
Z("10,0,0), and 1 =—2=(0,1,0,0)

nt =




154

5.4.2 Magnetic Black Hole

5.4.2.1 Thermodynamic system

By using eq.(5.37), the mass function can be obtained by solving f(ry) =0

as follows
Q? 315 8Q*p rH 3 13 8Q%8
— “m p(_°2 — Z _“%m — S F(—=, —= — — =My, 5.77
m QTHQ 1 ( YAVAIL " )+ 52 1 ( TRAE =y ) ( )

In order to investigate the homogeneous function of mass, the mass of black hole
has to be treated as a function of black hole’s entropy Sy, magnetic charge Q?,
and coupling constant 5. The black hole’s entropy is represented by Wald entropy
expressed in eq.(5.76), Sy, = Sw.. By using this equation, the horizon radius rpy

can be written in terms of Sy, Q2 and £ as

ry = \/ZSbh +24/92 +2Q2,5. (5.78)

Applying the above equation to the mass of black hole in eq.(5.77), we obtain

B 315 8Q2.53
S 2 L m (=2 = & s m
S AN R WP U et )
r1(Sons Qs ) ge A2 8Q5.5
TILLGTICN AP P i 5.79
= 2 G 71 (Seh, ?naﬂ))’ (5:79)
where the horizon function 7z (S, Q2,, 3) is given by eq.(5.78). By rescaling the

variables of mass Sy, @2, and 3 with a non-zero parameter «, the mass function

can be written as a homogeneous function degree 1/2 as follows

m(cSyh, ann, aB) = CVl/Qm(Sbh, ng B), (5.80)

where we used the relation 7y (aSy,, aQ?,, af8) = a'/?ry (S, Q2,, 5). Applying the

Euler’s theorem (4.8), the Smarr formula can be expressed as
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1m(Sbh, Qm, B) = (;g:) Son + (8@2 ) O (({;Tg) ’
om om om
(asbh> Son + ((%Qm) Qo (85) ’

1
= TSy, + §(I)QO + Bﬁ,@. (5.81)

Note that, the Hawking temperature Ty is assigned as the conjugate variable of

Spr, which can be expressed as

[ S o i — Qr,

0
Ter (%55 Q3] = A . 5.82
H( H Q B) aSbh T3 (1+ 8anﬁ>1/4 ( )
The magnetic potential ®,,, a conjugate variable of @Q,,, is written by
m(Sphs Qm, B)
® MR ol ian
Qm 115 8@ 32/ 137 8Q*p
F — o af - & m = F A% IR m
= Ton |20 G 2w e ) r2 Sviribt i )
—1/4 2
8 4
( i ) <7— sl _Q)] . (5.83)
n o
The conjugate variable of 5 denoted by Bj can be expressed as follows
om(S ) MY
Bs(ris, Qu, B)'m 27 "gﬂQ 2) (5.84)
b PG B2 32r 137 8@
= Q 2F1(_7_7_> Q4 ﬂ) o QHBQFl(_a VR EEE Q4 ﬁ)
32ryls Vi i e Ty 444 Ty
8Q2,3\ 10Q%8 64
+ <1+ Q;”ﬁ) (—3+ Ol _ f) . (5.85)
"n Tl TH
By using Smarr formula (5.81), the first law of MHBH is expressed as
om om om
(5, 8) = () 05+ (5 ) 6@+ (575 ) 66

There are 4 possible thermal processes of black hole which are associated

with mass in eq.(5.86). They are heat transferring while 1. fixing (Q, ), 2
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fixing (Qm, Bg), 3. fixing (®,,, ) and 4. fixing (®,,, Bs). For each process, one can
determine the thermodynamic stability by considering the associated heat capacity

for local stability and associated free energy for global stability of such a process.

However, we do not interest the phase transition of MHBH. We would rather

consider the consistent of linear stability and thermodynamic one.
5.4.2.2 Calculation of Thermodynamic stability

The condition of local stability is positive heat capacity which is given by
eq.(5.67). The heat capacities are evaluated by following procedure. We would
define X; are an exact variables, i.e., @, and (3, and Y; is a conjugate variable
of X;. Y, is the function of X;, ie., ®,, and Bg. Let us consider a function
fO(rg, X1, Xy), one assigns fN = Sy, (re, Qm, B) and £ = Ty(rg, Qm, ). The

variation of the function f (@) (rg, X1, Xo) is written as

0f(rm, X1, X) = <a%> or + <;—)€> 5X1 + <e%](;> 56Xy

- l(%) - (8X1> o i (8X2> 5T’H:| Ory. (587)

There are 3 kinds of evaluable process, namely, 1. fixing variables (X7, X5) and 2.

fixing variable and conjugate variable (X;,Y;) where i # j, and 3. fixing conjugate

variables (Y7, Y53).

For the first case, fixing (X, X3), the conditions are certainly obtained by

§X; =0, (5.88)

5X5 = 0. (5.89)
Thus, the variation of f(ry, Xy, Xy) with fixing (X, X3) is expressed by

0
6f|X1,X2 = (%) 5TH‘ (590)

In the case of fixing (X;,Y;), we would give an example’s calculation by the

process fixing (X1, Ys). The condition of fixing X is already obtained by eq.(5.88).
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For the condition of fixing Y5(X7, X3), it is calculated as follows

0Y; Y; aY;
5}/2(TH7X17X2) - (87’;) 5TH + <3X21> 5X1 + <3X22> 6X2,

(O, Y,

where 6.X; = 0 is applied in the second line. As a result, the quantity 60X, /dry is

05X, (0%, / (Y
— (aﬂ)/ (aXQ)' (5:92)

Thus the variation of the function f(rg, X:, Xo) with fixing (X, Ys) is expressed

expressed as

as

= [O0F af '\ 0X3
5f‘X1,Y2 = {(%> el <a‘)(2> H:| 57“H, (593)

where §X5/0ry will be replaced by eq.(5.91). The process of fixing (Xo,Y)) is
calculated by the same way.

For the process with fixing (Y7, Y5), namely (®,,, Bg), the conditions are ob-
tained by following. Recalling the first line of eq.(5.91), the relations 6Y; (X7, X3) =

0 and §Y5( X7, X5) = 0 lead us the conditions as follows

o N LN oY\ 6X5] / [ OY:
s ez ol (ox ) 594
0X) oY, Yo\ 5X, oYy
oru K(?TH) N (3X2) 57“H}/ (3X1> ’ (595)

where the first and second equations are solved by
oY, oY, oY,
X1+ X5 =
(arH) ori ¥ (axl) Xt (aXQ) X2 =0,
dY; Yy JYs
— X1+ X
(am) ori ¥ (axl)é o (axz)é 2=

respectively. Equating egs.(5.94) and (5.95), we would obtain the quantity 6 Xy /dr g

as follows
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()~ () 5l (5%) = 1 (5e) + () ) (52
(260 () -3 ()] - (32) () () ()
s _ () (8)- (82) (%) -

o () () - (22) (2) |

Thereafter, the quantity dX;/0ry can be evaluated by substituting 6.X,/dry in
eq.(5.96) into the expression of 0.X;/éry in either eq.(5.94) or (5.95).

The condition of global stability is negative free energy which is given by
eq.(5.68). There exists the appropriated thermodynamic potential for the process.
This thermodynamic potential has to be a function of temperature T and fixing
variables. For example the process with fixing (X7, Y5), the proper thermodynamic
potential as the function of (Ty, X1, Y3) is calculated by the Legendre transforma-

tion of the mass function as follows

F(I'y, X1,Y2) = m(Sen, X1, Xa)— TuSpn, — Y2 Xo. (5.97)

We summarize the conditions and proper thermodynamic potentials of various

processes in table 2.

Table 2 Conditions and proper thermodynamic potentials of processes.

Process with fixing Condition Thermodynamic potentials
Qums 5Qum =0 68=0 F(Ta,Qum, ) = m — TS
Q. By 5Qm =0 22— (52)/ (%) | F(T.Qu. Bs) = m — TS — Bas
o, O — _ (g“)H) / (g%) §8=0 F(Ti, @, B) = m — Ti1 Sy — ®aQum
®,,, Bs B in (5.94) or (5.95) 2 in (5.96) F(Ty, ®pm, 8) = m — Ty Spn — ®1nQum — Bsf
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5.4.2.3 Thermodynamic stability

We would find the region of magnetic charge (),, and coupling constant
B which corresponds to thermodynamic stability in eqgs.(5.67) and (5.68). For
example, Figure 34 shows the region of local and global stabilities along the fixing
(Qm, B) process. The brown (pink) area represents the local (global) stability.
The thermodynamic stability is the region that local and global stability areas are

intersected one. In this case, it locates at the top-left of the plot.

30"
\
\
25k
20} \ i
\L =
\ T
] - \
15
rf, {
\
10 \
=1
N
5k |fixing (Qm.B) g
== Local \ N
= Global \\
~—
0 L L L L "]
0.0 0.2 0.4 0.6 0.8 1.0
Qeer

Figure 34 Stable MHBH in the fixing (Q),,, ) process.

In summary, the region of (Q,,, ) which agrees with thermodynamic sta-
bility of all calculable processes is presented in Figure 35. The red, green and blue

areas represent the thermodynamic (both local and global) stability, of the process
with fixing (Qm, ), (Qm, Bg), (P, 8) and (P, Bj), respectively.

There exists the region in which areas of thermodynamic stability are inter-
sected. Nevertheless, there is no the intersected region of all processes. There are

the regions which 3 processes are coincided, viz., the intersected area of

TSy = {Area(Qpm, 5) N Area(Qy,, Bg) N Area(®,,, 5)}, (5.98)
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Figure 35 The thermodynamic stability of MHBH for all processes.

TS; = {Area(®,,,, Bg) N Area(Qy, Bs) N Area(P®n, 5)} - (5.99)

where Area(X;,Y;) stands for the region of (Q,,, ) which is thermodynamically
stable undergoing the process with fixing (X;, Y;). The region TS, is greater than
TS,, where TS, covers value of (), around 0.6 —0.85 and [ for 18 — 30. For the
region TS,, it covers 0.5 — 0.6 -and 20 — 30 for @,, and (3, respectively. Even if there
is no the set of (Qm, ) in which MHBH is stable undergoing all processes, but
there exists the joint result, that is MHBH is thermodynamically stable with
high-positive value of 3 for each a process. In other words, the coupling constant

[ has to dominate the magnetic charge @Q,,.
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5.4.2.4 Black hole’s stability

A black hole is said to be stable if it can withstand any perturbations without
being fundamentally altered. For example, the thermodynamic stability is studied
through the thermal perturbation. Another type of disturbance is the metric

perturbation. It is corresponding to linear stability.

The linear stability of MHBH was investigated in reference [15]. The condi-
tions of such stability include with 1. absence of ghost instability and 2. positive
radial and angular speed of gravitational wave. In this thesis, we would not con-
sider the condition of positive angular speed. The mathematical expressions of the

linear stablility condition are given by following

m?gﬂ“4 + 45@7271 > 0,
m%lrﬁ + 4ﬁm%l [f(r) — 1] rt + 68Q2 1" = 38462627271]”(7") >0,
mipy [[(1+ 1) = 2] r° + 2mp Q1 + 4mp BQ7, [1(1 + 1) + 2f(r) = 4] r*

+ 128Q51* = 7685°Q;, f(r) > 0,

where f(r) is the metric’s component g, and [ is a non-negative integer. Moreover,
[ is a parameter defining the specific spherical harmonic function Y;™ (0, ¢). Evalu-
ating at horizon radius rg where f(rg) = 0, and replacing m?%, = %, we obtain the

following conditions

FiL =1y +8BQ% >0, (5.100)

Fy =1y = 8pmpyry +128Q%rf > 0, (5.101)

Fo=[I(1+1) = 2] vy +4Q% 5 +88Q%, [I(1 + 1) — 4] ry + 486Qy,r5 > 0. (5.102)

We will consider the stability of MHBH where areas of the linear and ther-

modynamic stabilities are intersected.
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Figure 36 Thermodynamic stability and linear stability of MHBH.

Figure36 shows regions of stabilities including the linear and thermodynamic
stabilities. The blue and cyan areas are regions of (@,,,3) which MHBH is ther-
modynamic stable corresponding to TS, and TS, respectively. The red, green and
yellow areas satisfy the conditions of the linear stability in eqs.(5.100), (5.101) and
(5.102) with I = 1. We would denote the intersected region of eqs.(5.100), (5.101)
and (5.102) such as

LS = {Area(Fy) nArea(Fy) N Area(F3)}, (5.103)

which covers the half-right part of the region-plot in figure 36. The region LS
intersects the region TS, for the interval of 0.55 < @),,, < 0.6 and 20 < g < 30. For
the case of the regions TSy, LS totally covers the region TS;. Accordingly, MHBH

is stable for all thermodynamic processes.
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5.4.3 Electric Black Hole

5.4.3.1 Padmanabhan’s method

It is impossible to obtain the first law of EHBH. Since the solution of f(r)
is the numerical one. There is a method for achieving the first law of black hole
through the Einstein’s equation. This is known as “Padmanabhan’s method”. The
idea of such method is the Einstein’s equation is a thermodynamic identity itself
[57, 58]. For example, the first law of Schwarzchild black hole can be obtained
by following steps. Recalling the Finstein’s equation which is the second line of

eq.(2.102) and replacing 2> = f(r), one obtains
fry+rf(r)=1 (5.104)

One considers the above equation at horizon radius rg, the term f(r) is zero.

Multiplying eq.(5.104) by dTTH, we attain the following expression,

dr / dr
TH = /er (TH)TH7
o,
d(2>_ 4 d(mr),
dE = (%) d (T) 7 AT (5.105)

where we used the expression of surface gravity of the Schwarzschild black hole in

eq.(3.57), and defined the internal energy as follows

E

%H_ (5.106)
In this case, the internal energy is explicitly the mass of black hole. Then, eq.(5.105)

is consistent with the first law of black hole thermodynamics (4.15).

For the electric Reissner-Nordstrom black hole, the first law can be ob-
tained by the same procedure. Recalling the Einstein’s equation in the third line of
eq.(2.138), replacing ¢>*") = f(r) and then considering at horizon radius 75, one

acquires the following expression

q2

THfI(TH) —1= —— (5107)

T
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Multiplying the above equation by dTTH, we have

drg rH ¢
T = f/(TH)TdTH + EdTH
f'(rw) 2 1 q
= d — —qgd | =—
1 ) —ged (-
1

where the electric potential is expressed by ®, = ¢ and the definition of internal
energy in eq.(5.106) is used. This implies that the internal energy is the function
of entropy Spy and electric potential ®,, E = E(Spg, ®,). According to eq.(35) of
reference [26], the first law of the electric Reissner-Nordstrém black hole is expressed

as
dm = TydSpg + qudq. (5.109)

Thus, the mass does not coincide with the internal energy. Nevertheless, the mass
function can be obtained from Legendre transformation of the internal energy as

follows
1
m=F+ §<I>qq. (5.110)

The derivative of mass is calculated as follows

1
dm=dE +d <§(I>qq>

1 1 1
= TydSpy — éqdm‘qu == §dq(q>qQ) + §dTH((DQQ>

where d,,, and d, are the derivative with respect to ry and g, respectively. Here,

we used the relation,

2
2
dy(P4q) = d, (q_) = _qdq = 20,dq,

rg rg
in the second line of eq.(5.111). Therefore, this kind of Legendre transformation can
be used for defining the mass function of electric black holes. The transformation

of electric charge to potential one has to include the factor 1/2.
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5.4.3.2 Thermodynamic system

We will use the Padmanabhan’s method and the Legendre transformation
in eq.(5.110) for thermodynamic analysis of EHBH. Firstly, we would determine
the temperature and entropy of EHBH. The entropy is obtained by taking the
limit @, = 0 of Sw.g in eq.(5.75). Thereafter, the EHBH’s entropy is simply the
Bekenstein-Hawking entropy Spy = 7r%. According to the definition of Hawking
temperature Ty = 5= and surface gravity in eq.(3.57), the temperature of EHBH

can be expressed by

Py = ﬁ [\/Wgw(*gtt)_l]m Wiy
1 4 2 !
> ol [2a(r)d (r) f(r) + a*(@)f (T)LZTH
2 %{T(TH) (5.112)

The Padmanabhan’s method begins with the equation of motion for f(r). Recalling
eq.(5.40), evaluating at outer horizon ry; and multiplying it by a(rg )%, we achieve

the following expression

a(ra), . alre)f(ra) Qa(rw)
5 dTH— 5 errH+2(8ﬁ+T12q)dTH
alrg)f (r 1
= (Hzl—ﬂ_(H)d(ﬂ'T%I) = §Qe@é(TH)dTH,
dE = TrdSgg + %Qedq)e, (5.113)

where we used eq.(5.41) evaluating at 7 in the first line. Here, the internal energy

is defined as follows

TH /
EE/ a(gH)dr;I. (5.114)

The mass function can be achieved in the same way as mass of RNBH in eq.(5.110).

Then, the mass of EHBH is written by

1
m=E— Q.. (5.115)
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The first law of EHBH is the derivative form of the mass function which is calculated

as

1
dm = dE — d <§q>che)

1 1

QdQe (qDeQe) - §d7"H ((I)eQe)

= TydSpy — .dQ.. (5.116)

1
=TydSpy + §QedrH(I)e —

In the second line, we used the relation,
dQe(q)€Q€> = dQe [ng(rH)] Ty QQeU<TH)dQe e Zq)ede

where ®, = Q.v(ry) = Q.a(ry)/ (88 +r%).
5.4.3.3 Functions of ry and Mathematica’s Interpolation

The thermodynamic quantities of black hole, i.e., temperature, entropy,
internal energy and etc., all of them are the functions of the horizon radius r. Since
the solution of EHBH is numerical, these kinds of functions cannot be obtained

directly.

According to the condition of outer horizon (5.65), there are many values of
ri which satisfy this condition. So we would solve the solutions of a(r) and ®,(r),
of a given (Q., §) with various ry under the condition (5.65). There are 2 cases,
namely, Q? > 83 and Q? < 843. For the case @* > 83 The minimum value of rg is
evaluated by 7y min = \/m + s,,, where s, is the step of ry. The minimum
value of 75 in the case of Q? < 83 is chosen to be THmin = Sry- 1he maximum
values of both cases are the same, that is 7y max = THmin + My Sy Where n,, is
the number of ry’s value. After the solutions of every ry are solved, we collect
the value of solutions at each ry,. Now, we have n,, values of the solution at
the horizon. The horizon’s function is obtained by sewing the solutions at horizon
together. This kind of tool is the Interpolation of Mathematica. The process is

visualized with diagram 37.



167

—)-,
g
=+
—) G’THS(T) Ay 3(T =TH 3) 5
s >lalre)
_) ”‘TH4(T) U‘TH4(T = TH, 4) g’
1 1 9
=1

Figure 37 The flowchart of numerical calculating a(rg).

The command Interpolation of Mathematica generates an interpolating func-
tion which corresponds to the set of known data points. The input of this command

is a set of points {(x1, y2), (x2,y2), (x3,y3), ... }, and then the output is the function

f(z) that satisfies f(z = z;) = y;. For example, the horizon’s function a(rg), its

input is the set expressed as follows

{(TH,min, Ay g min (7“ = 7‘H.,min)), (TH,2, a'rH72<7n o TH,Q))7 (TH,37 Qryr s (7’ — 7"H,3)); ce

(TH,maxv Qg max (’l“ — TH,max))} .

5.4.3.4 Thermodynamic stability

In order to investigate thermodynamic stability in various processes as the
magnetic case, functions of (ry,@., ) can be found. Since only a function of
rg can be obtained, a possible calculable process is the one with fixing (Q., 3).

Consequently, all of functions are the function of ry solely.

The local stability is studied through the heat capacity expressed as follows

5SBH 1
CQE,B 0.8 ( (5TH )QE’B ~ m > 0.

Since the variation of Sgy is always positive, the sign of above expression depends

only on the variation of temperature 07y. Magnificently, the temperature can be

written as

_a(ry) (v +88 - Q2
Tu(ry) = pr— < 8 > : (5.117)



168

where eq.(5.40) is used with the expression of Ty in eq.(5.112). The global stability

is examined by negative value of the proper thermodynamic potential as follows
F(Ty,Q.,B) =m —TySpy <0, (5.118)
where m is defined in eq.(5.115). This free energy is expressed as
F(ry)=E(rg) — %(I)e(TH)Qe —Tu(ru)Seu(r). (5.119)

By choosing ). = 0.9 and g = —27.5, EHBH is thermodynamically sta-

ble as shown in Figure 38. The blue, cyan and red lines are the plot of temperature

‘ — T r
Qe =09, p=-275 ] .
Lo

[

r=15.38 [— TH ST
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Figure 38 EHBH with g =-27.5 and (). = 0.9.

Ty(ry), variation of temperature 07y (ry) and free energy F(ry), respectively.
There exists an interval of ry in which EHBH possesses positive temperature and
negative free energy. Nevertheless, the variation 07Ty is positive until the radius
rg = 15.38, the sign of 0Ty becomes negative. The black hole is divided into 2
parts with the radius that black hole becomes unstable, rg = 15.38. The black
hole which is smaller (bigger) than ry = 15.38 is the small (large) black hole.
Therefore, this EHBH is said to be thermodynamically stable in the small size.
The evaluation of values (). and S in which EHBH is thermodynamically stable is

shown in appendix C.



CHAPTER VI

THERMODYNAMIC STABILITY OF
SCHWARZSCHILD-DE SITTER BLACK HOLE

6.1 SCHWARZSCHILD-DE SITTER BLACK HOLE

6.1.1 Expanding of Universe

The most successful theory for explaining the expanding of Universe with
acceleration is the “A Cold Dark Matter” model, abbreviate with ACDM. This
theory corresponds to many observations, e.g., the cosmic microwave back ground,
elementary chemical element in the Universe, and accelerated expansion of the

Universe in late time. The ACDM model is given by the action as follows

1
S = /d4x\/ —g (WR —2A = Lmattcr) y (61)

where A is the cosmological constant. The cosmological constant can be either
negative and positive value where negative one corresponds to “anti de Sitter”,
otherwise, it corresponds to "de Sitter”. The equation of motion is obtained by

varying with respect to g"” as
G+ Agy = 87GT,. (6.2)

Note that, the expanding Universe is described by positive cosmological constant.
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6.1.2 Schwarzschild-AdS/dS Black Hole

In order to obtain Schwarzschild-like black hole, we solve the vacuum Ein-
stein’s field equation (6.2) with static and spherical symmetry. We use the following

metric in this situation condition
ds® = —f(r)dt* + b= (r)dr? 4+ r?dQ°, (6.3)

where f(r) and h(r) are arbitrary functions. Using the same method in section

2.2.3, we obtain the equations of motion as follows

EY = ph/(r)y + [h(r) + Ar* = 1] =0, (6.4)
BMY=rh(r)f'(r) + [A(r) + Ar? —1] f(r) =0, (6.5)

where one has used the Euler-Lagrange equation (2.238). We subtract £ with

f(r)EY), one obtains

— 3 6.6
ORI o0
then we can infer that
f(r) = h(r). (6.7)
Eq.(2.238) satisfies with the solution as follows
2m 1
h(r)=1-"— — —Ar? .
) =1-2" A, (6.9

where one has set G = 1. This solution can recover the Schwarzschild solution
via taking the limit A — 0. The horizon structure can be investigated by solving
h(rg) = 0, we will not put the details in here. The black hole is categorized by
the value of the cosmological constant. For the negative (positive) sign of the
cosmological constant, the black hole is called “Schwarzschild-Anti de Sitter (de
Sitter) black hole”. In this thesis, we interest in the Schwarzschild-de Sitter black

hole.
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6.2 THERMODYNAMIC SYSTEM

In this situation, we treat the black hole’s entropy as the black hole’s Rényi

entropy as follows

1 1

Sy = 3 In(1+ASgy) = ~In(1+ Anry) . (6.9)

The mass of the black hole is obtained by solving h(rg) = 0 and written in terms

of the black hole’s entropy and cosmological constant as follows

V SBH L e AN ASph
m= (3 = ASpr)= T 5 (BTA+A —e™"A),  (6.10)

eASbh 1
A

we have used Sy = . The Smarr’s formula can be obtained by using prop-
erty of a homogeneous function together with applying Euler’s theorem. Treating
the mass function in eq. (6.10) as the homogeneous function of Sy, A™' and A7,

m = m(Spn, A1, A7), we obtain

1/2 ASph — 1
m (S, aATH aA ™) = 6043/2/\ \/ ‘ bi\ (3TA+ A — PnA). (6.11)
T

Thus, the mass function is the homogeneous function of degree 1/2. By applying

the relation in eq.(4.8), one would get
1 om om om
- e A—l -1
2™ (asbh) s (aAl) i (aw) A

(o) e () a- G o

According to eq.(4.117), the conjugate variable of the black hole’s entropy is “Rényi

temperature” which is expressed as follows

om

T _= e
r 8Sbh 47TTH

(1+Mrrgy) (Arg — 1) (6.13)

From eq.(6.12), one can see that the cosmological constant and the non-extensive

parameter play the roles of thermodynamic variables.
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For the cosmological constant, its conjugate variable can be expressed as

om 1 eMon — 1 S,
a_A:67r3/2A‘/ 3 (1— ety (6.14)

= 7r% in eq.(6.14), one obtains 2% = —1r3 which is

follows

eMSbh 1
A

By substituting
proportional to 3-dimensional volume. Therefore, the conjugate variable of A can

be interpreted as thermodynamic volume by following expression,

4 om
Vi ng = =8 <6—A) , (6.15)
Thus, the cosmological constant is assigned as thermodynamic pressure: Py = —%.

In order to investigate the physical interpretation of the non-extensive parameter

— Om

= 5y, we do the Legendre transformation of

and its conjugate variable, A and W

the mass function as follows
EF=m — P\Va —\V) N\ (6.16)
where F is a thermodynamic potential. The derivative form of E is written as
dPF-= Trd Sy, — PrdVK —=AdVy, (6.17)

Since the energy E is a function of Sy, Vo, Wy, E = E(S,V,V,). It is reasonable
to interpret E as internal energy. Therefore, one can interpret ¥, as a number of
particles and A\ will play the role of chemical potential. In fact, by using Taylor’s

series expansion for small A\, ¥, can be approximated as

iw%?{ (14 8arg Pa) A+ O (X?). (6.18)

1
Uy~ gm‘?{ (14 8mry Py) — o0

It is seen that the leading order is proportional to 7. Since the leading order of
W, is scaled by the size, or volume, of the system, ¥, is an extensive variable. This
is reasonable to interpret W, as the number of particles, ¥, = N,. In this sense,

the non-extensive parameter, A\, measures how the internal energy changes while
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there is a transfer of particles in the system. According to eq.(6.17), the chemical

potential can be defined as

oE
ON Sbh,Va

As a result, the first law of thermodynamics can be written by

dm = TrdSy, + VAdPy + Nyduy. (620)

6.3 THERMODYNAMIC STABILITY

There are 2 types of thermodynamic stabilities that we need to concern,
namely, local and global stability. In this work, we investigate the thermodynamic
stability of the Schwarzschild-de Sitter black hole under the isobaric process of a
closed system. According to section 2.3.4, the local stability is evaluation of the

heat capacity along this process, that is isobaric heat capacity,

0Q
CPA,N)\ = (H)PMN)\ (] (621)

For the global stability, one considers preferred states of black hole between hot gas
and black hole states. The hot gas state is the black hole’s system without horizons.
We can set the Gibbs free energy of hot gas state is zero. As the minimum energy

principle in 2.3.4, the global stability of black hole is given by

Ghlack hole < 0. (6.22)

In order to examine the heat capacity and Gibbs free energy, we express
every quantity as a function of horizon radius, cosmological constant(Py, = A), and
non-extensive parameter, f = f(rg, A, \). The derivative form of such a function

is written by

stem = (2 )ora s () on e ()
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_ (a_f L OF oA O oA > Sri. (6.23)

“\ory  9ANdry  INory
The factors ‘Sg—f and % are obtained from conditions of considered process. In this
thesis, we consider the process of fixing pressure and the number of particles. For
fixing pressure, since the thermodynamic quantities can be expressed in terms of
pressure directly via Py = —A/(87), it is easy to consider such quantities under

the process by fixing A. For fixing the number of particles, one can find such a

condition as follows

~ [Ny N, 3 B
= (arH YT 5rH) AR

oA ON, aN,
o _ (22 - (6.24)
5’!" H 8r H @)\

By considering the Schwarzschild-de Sitter black hole; the heat capacity and the

Gibbs free energy can be respectively written as

0.5,
CPA,N)\ = Tg (bh) and Gy, = m — TrSn — VA (6.25)

TR

Pp,Ny

Substituting the expression for the black hole thermodynamic variables into the
above equations and using condition (6.24), the heat capacity and the Gibbs free
energy can be computed explicitly in terms of ry, A, A. Note that from condition
(6.24), it may not be possible to express A in terms of Ny, since the expression
contains the complicated term of logarithmic function. In order to obtain the

thermodynamic quantities with fixing V), we use numerical methods.
6.3.1 Fixing N, and A

In order to calculations of §Sy, and 0Tk under the fixing variable N, we
need to substitute the relation (6.24) into eq.(6.23). This is not enough because
we need to ensure that the value of N, are the same for all value of §f(ry, A, A).
To do that, we need to assign the values of Ny and A in the expression of N, as

follows

N, — om _ (1 — Ar%) [=Amrd + (1 4 ArZ) In(1 + /\m"?{)]’ (6.26)
oA 4mr g N2
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and then we will solve the value of X of each ry. For a given horizon radius
ry, there is the value of A which corresponds to such horizon radius ry through

eq.(6.26). Assigning N, and A, the values of horizon radius 7y 1, rge, s and

|7"H,1| |7"H,2| |7“H,3| |T’H,n|

Y Y Y Y

Ny = (bl (e el ]
4 y A \
|)‘1| |)\2| |)\3| Ij\_:l

Figure 39 The flowchart for fixing N, and A.

Try, correspond to the values of A as follows Aj, Xy, A3 and A, respectively. This
procedure can be illustrated in Figure 39. Thereafter, we would have the list of

(A, 7m4, Ai) as follows
{<A7 TH1, >\1)7 (A7 TH,27 )\2)7 (A7 TH,37 )\3)7 Tty (A7 T'Hn, An)} ) (627>

where the value of N, are the same for all member of this list. Thus, the values of
df(ra, A, A) is evaluated by applying the valueof (rg,, A, \;) in the list (6.27). This

procedure ensures that every values of 0 f(ry, A, \) have the same value of N,.
6.3.2 Thermodynamic stability

By choosing A = 0.2 and Ny = 0.3, we found that there exists a range of
black hole’s horizon in which the system is locally and globally stable as illustrated
in Figure 40. From this figure, heat capacity and Gibbs free energy are presented
in dark-blue and dark-brown lines. It shows that the heat capacity diverges at
r = 1.486 represented as the dashed grey vertical line. The temperature is plotted
via the dotted-blue line. A small range of horizon radius, in which the black hole is
thermodynamically stable, is represented as the pink highlight. According to the
fact that the horizon radius is known, we can track back to the mass of the black
2miG

hole. For example, when a given cosmological constant is A = 0 where m



176

3 Divergent line
of

05fF 3 Heat capacity

I

(NEEERRRRERRNATEN]
oy [
e i

Ty
h o gy i
1 n
nm [T,

0.0

Stable SdS BH

= Heat capacity

= Gibbs energy

_15} = Temperature

1.0 1.2 14 1.6 1.8 2.0

Horizon radius

Figure 40 Gibbs free energy and heat capacity of Sch-dS black hole.

is mass of black hole, the Schwarzschild-de Sitter black hole is thermodynamically

stable with a mass around 140 times the mass of the Earth.

In Figure 41, we show the Gibbs free energy versus temperature under an
isobaric process with fixing the number of particles at given temperature repre-
sented by the green line. The value of the pressure A = 0.2 and the number
of particles N, = 0.3 are chosen as the same as ones in Figure 40. The dashed
cyan line represents Gibbs free energy of hot gas state. Therefore, there exist the
phase transitions from the hot gas state to the black hole state at the temperature
Tr = 0.166 and T = 0.215. For the hot gas with low temperature Tz = 0.166, it
is the first-order phase transition, and then the system evolves to high temperature
until T = 0.215. At this point, the heat capacity changes its sign corresponding
to the second phase transition. Since the heat capacity of the black hole in this
range Tr = 0.166 and T = 0.215, is negative, the black hole is locally unstable.
The black hole will get higher temperature and smaller radius for this range. Until

Tr = 0.215, a cusp of the graph, the heat capacity changes its sign corresponding
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Figure 41 The plot of Gibbs free energy versus temperature of Sch-dS
black hole.

to second-order phase transition. After that the system will evolve to a certain
temperature suppose to be in the range of = 1.416 to » = 1.486 denoted by the
pink line as shown in Figure 40. In this phase, the black hole can exist in thermal
equilibrium with the environment. In other words, the black hole can always evolve
to the state with the same temperature as that of environment. Note that the pink
line in Figure 41 represents the same range with one in Figure 40, corresponding
to the range of temperature Tr = 0.211 to T = 0.215. The nth order phase tran-
sition is Gibbs free energy diverges at nth order differentiation with respect to the

temperature.

For Gibbs-Boltzmann statistics, the heat capacity and the Gibbs free en-
ergy can be obtained by the taking limit A — 0 to eq.(6.25). One finds that the

temperature is taken in the form of Hawking temperature,

. (9m W—ASBH
Ty =1 | =2 6.28
a )\lif[l) (85}3) 471'3/2\/531-[ ( )

Since the existence of the black hole horizon is in the range of r, < V/A, or equiv-
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alently Spy < \/LK’ the temperature is always positive. By considering an isobaric

process, the heat capacity is written as

5SBH TH 871'3/252/}2[
Chn=Th——| = 77— =TIy | ——="] <0. 6.29
A a 0Ty A (8TH/C’)SBH) A " <7T + ASgn ( )

Since C is always negative, the black hole is locally unstable. For global stability,
the Gibbs free energy in Gibbs-Boltzmann statistics is obtained by taking the limit

A — 0 to the Gibbs free energy in eq.(6.25) as follows

. V SBH
GGB = }\1:% th =m—"TygSpy = W (37T + ASBH) > 0. (630)

Since Ggp is always positive, the black hole is globally unstable. Therefore, the
Schwarzschild-de Sitter black hole is thermodynamically unstable based on Gibbs-

Boltzmann statistics.



CHAPTER VII

CONCLUSION AND DISCUSSION

So far, we considered 3 types of black holes, viz. magnetic-Horndeski black
hole (MHBH), electric-Horndeski black hole (EHBH) and Schwarzschild-de Sitter
black hole. The black hole’s entropy of these black holes are different, as well as
thermodynamic stability. Since they are in the modified gravity, the entropies of

EHBH and MHBH are presented by the Wald entropy which is expressed as

3950)”
S = Spi — y
BH

The entropy of MHBH is exactly the Wald entropy, but EHBH’s one is equivalent
to the Bekenstein-Hawking entropy. For the Schwarzschild-de Sitter black hole,
we prefer to use the Tsallis statistics to serve the zeroth law compatibility. So,
the Rényi entropy would play the role of the black hele’s entropy here, which is

expressed as

1
Sbh = Xh’l[]_ &l )\SBH]-

The mass of MHBH can be written in terms of function of (Syn, Qm, )
where Sy, = Sw.. So the first law of black hole is obtained by Euler’s theorem of

a homogeneous function. It is expressed by
dm = TbhdSbh + (I)mde + Bﬁdﬁ

where Bz and @, are conjugate variables of 8 and magnetic potential ®,,. This
allows us to investigate thermodynamic stability of black hole undergoing the pro-
cesses of fixing (Qm, ), (Qm,Bs), (Pn, ) and @,,, Bg. The result is analyzed
by the region plot of (Q,,,3) scaled with rz and r%, respectively. The MHBH is

thermodynamically stable for all processes. There are 2 intersected regions that
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satisfy thermodynamic stability conditions of 3 processes, namely,

TSy = {Area(Qum, 8) N Area(Q,, Bg) N Area(d,,, 5)},

TSy = {Area(®,,, Bs) N Area(Qy,, Bs) N Area(®,,, 5)} .

It is illustrated in Figure 35. Moreover, we included the linear stability. There are
3 linear stability conditions which are expressed in egs.(5.100), (5.100) and (5.100).

According to Figure 36, the region of linear stability,
LS = {Area(Fy) N Area(Fy) N Area(F3)},

intersects both of thermodynamic stability’s regions TS; and TS;. Therefore,
MHBH is stable, including to linear and thermodynamic stabilities. Moreover,
the area of TS; is totally covered by linear stability region. For the case of TS,,
there is a small regime which coincides to LS. This can be interpreted that if
MHBH is observed in nature, it is likely to be the black hole which is characterized

by the values of @,, and [ in the region TS;.

The solution of EHBH is the numerical solution. The first law can be ob-
tained in the same way as MHBH. We used the Padmanabhan’s method. Con-
sequently, the Legendre transformation of electric term ®.0). and internal energy

was reintroduced. The mass and internal energy is related by

m(Sbh;Qe;ﬁ) = E(Sbhuq)eyﬁ) - %¢6Q67 (71)

where (). and ®, are electric charge and potential, respectively. The calculable
thermodynamic process is only fixing electric charge (). and coupling constant .
The result is displayed by the output of Mathematica’s command. The EHBH is
globally stable for all values of )., negative 8 and entirely range of ry. For the
local stability, the EHBH is stable for some value of ()., with any negative 5. The
value of horizon radius ry of each (Q., ) that satisfies local stability condition is

around 25% of total number of the point in space of (Q., 3,7y). Figure 38 shows
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an example of thermodynamically stable black hole with (Q. = 0.9,5 = —27.5).
It implies that EHBH does stable in the phase of small black hole. Thus, the

EHBH is thermodynamically stable for small size of black hole.

The both of MHBH and EHBH are thermodynamically stable. The MHBH
is stable on the positive value of 5, meanwhile the EHBH does stable on negative
value of 5. However, the same thing is that the absolute value of g is greater
than charges @),, and .. In other words, the vector-tensor Horndeski black hole
is thermodynamic stable when the coupling constant S dominates over the electric

charge (). and magnetic charge Q,,.

Moreover, the stability of EHBH was investigated (including to the linear
stability). The conclusion of stability of MHBH can lead us to the conclusion that
EHBH is stable for large  in order to dominate over the electric charge (.. Since
it requires the complicated numerical method, the investigation for EHBH is out

of scope of this thesis.

The first law of the Schwarzschild-de Sitter black hole with Rényi entropy
can be obtained by using Euler’s theorem of homogeneous function. Furthermore,
we extend phase space by treating cosmological constant A and non-extensive pa-
rameter A\ as thermodynamic pressure P, and number of particle Ny, respectively.

The first law is written as
dm = TbhdSbh + VAdPA + ]\/V)\d/ub)\7

where Sy, = Si. Here, the conjugate variable of A and A are interpreted as the
chemical potential u) and thermodynamic volume V), respectively. There are 2
acceptable processes, that are fixing (Py, Vy) and (Pj, iy) ines. Since undergoing
the thermal process, the change of entropy leads to the change of horizon’s radius,
the process of fixing volume V) is incompatible with the thermal perturbation. The
black hole is thermodynamically unstable undergoing the fixing (P, j)) process

as shown in reference [29]. For the process of fixing (Py, Ny), there exists the
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stable black hole in this process. Figure 40 presents the local and global stability
conditions which are intersected on the short range of ry. The phase transition of

system from the hot gas phase to the black hole phase is shown in Figure 41 .

The Schwarzschild-de Sitter black hole in nature is possibly unstable. If we
can detect the stable black hole, the entropy of the black hole should be described
by Rényi entropy rather than Bekenstein-Hawking one. The closed thermodynamic
system associated with the Schwarzschild-de Sitter black hole will be found to be

stable undergoing an isobaric process.

Furthermore, the heat capacity is a “response function” that describes how
one thermodynamic variable responds to a change of another one under controlled
conditions. Since the first law of Schwarzschild-de Sitter black hole includes the
work term as in found eq.(6.20), the Schwarzschild-de Sitter black hole able to re-
spond with a pressure reservoir. Thus, we should consider another response func-
tion that corresponds to mechanical expansion which is known as “compressibility”.

We leave this investigation for further work.
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APPENDIX A PLANCK’S LAW OF BLACKBODY

The Planck’s law of blackbody radiation set up the lowest radiated energy
of particle of the system with F, = hrv where v is frequency of radiated particle
and h is the Planck constant. An energy is the multiple of E,, E,, = nE, where
n =1,2,3,.... According to Boltzmann distribution (2.300), the average energy

is written by

= Z (nhl/)efnhu/kBT
E, = E.p(n) =" , (A1)
p— Z e—mhv/kgT
m=0
where one substituted F,, = nhv. Defining kf;”T = x, one does the following
calculation
Z ne-"e % Z e~ N p o
= hunjg == OZZO = }WI In [Z (e;m)n] ,
E e—n Z e~ L =0
m=0 n=0
d 1
= hy-=—1
Y (1 — e—x> ’
e-l‘
4230
F AV
hv
- A2
S (4.2)

where we used geometric series > a;r" = ag(1 —r")/(1 — r) with |r| < 1. Substi-

=
tuting x = k’;”T back to above equation, the average energy is written by
_ hv
ersT — 1

Moreover, the average energy can be written in terms of average number as
E = (n)hv. (A.4)

Equating eq.(A.3) to eq.(A.4), we obtain the average number of radiated particle

as follows

(nop = ——— (A.5)




APPENDIX B EULER’S THEOREM OF HOMOGENEOUS
FUNCTION

Euler’s theorem is related to a function f(zy,s,...,2,) = f(x;) which

posses the property
FOzy, Ao, - Azn) = Nof (21, 2o, .0y ), (B.1)

where A is non-zero parameter. This kind of function is homogeneous function.

One considers the derivative of f(z;) with respect to A,

) "L 0f &g, AT y) B\
5](.()\1'17"")\%”):2 f( Ly, y x) (‘T>

Z )\kf l’l, g n)] l’la)\
I )\(?ml ON
= )\k Of (x1, - ,.’L‘n)
On the other hand, we have
a k—1
By (Aziy -, Axy) = kAT fzy, ooy i) (B.3)

By comparing eq.(B.3) to eq.(B.2), the Euler’'s theorem of homogeneous function

is achieved by the following expression

5 8f Z;
=1 Li
For the derivation of the function f(xy,--- ,x,), it can be written by
df(xl’ ’,’L'n) :Zaf(xh 7xn)dl'z (B5)

8@-



APPENDIX C COMMAND SELECT AND THERMODY-

NAMIC STABILITY OF EHBH
To find the interval of ry which leads the value of Ty (rg) in eq.(5.117)

and F(ry) in eq.(5.119) as positive and negative values, respectively, one use the
command Select in Mathematica. The input of Select is a list and condition, and
then the output is the list in which all of the elements agree with such condition.
We would construct the input list as the list of function f(ry) evaluating at a

specific ry as follows
e =rur), flra =ru2), f(ru =7m2); - f("w = TH200) } -

In this research, one uses the value of g from —30 to 30 in which each value
steps up for sg = 2.5. For the magnetic charge ()., it runs from 0 to 1 and step
for sg, = 0.1. We impose the interval of rg with s,, = 0.01 and calculate for
n,, = 200 steps. We will obtain the set of e; consisting of 3., Q). and number of

points that satisfies the imposed conditions,
e; = {8, Qe, number of F(rg,;) <0 (or 6Tg(rm:) > 0)}.

The result of investigation is presented in Figure 42a. The black hole is global
stable for negative value of g and all of ). and ry. That can be seen by the
number of 200 in the third member of each element. Note that the case of (), = 0
is equivalent to Schwarzschild black hole for all value of 3. For the local stability,
it is shown in Figure 42b. We found the black hole is still locally stable in the
negative (3’s regime. Meanwhile, (). is not available for all values. The average

number of 67Ty (rpy;) is around 31.
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{{-30., 0., 200}, {-30., 0.1, 200}, {-30., 0.2, 200}, {-30., 0.3, 200}, {-30., 0.4, 200}, {-30., 0.5, 200},
{-30., 0.6, 200}, {-30., 0.7, 200}, {-30., 0.8, 200}, {-30., 0.9, 200}, {-30., 1., 200}, {-27.5, 0., 200},
{-27.5, 0.1, 200}, {-27.5, 0.2, 200}, {-27.5, 0.3, 200}, {-27.5, 0.4, 200}, {-27.5, 0.5, 200},

{-27.5, 0.6, 200}, {-27.5, 0.7, 200}, {-27.5, 0.8, 200}, {-27.5, 0.9, 200}, {-27.5, 1., 200},

{-25., 0., 200}, {-25., 0.1, 200}, {-25., 0.2, 200}, {-25., 0.3, 200}, {-25., 0.4, 200}, {-25., 0.5, 200},
{-25., 0.6, 200}, {-25., 0.7, 200}, {-25., 0.8, 200}, {-25., 0.9, 200}, {-25., 1., 200}, {-22.5, 0., 200},
{-22.5, 0.1, 200}, {-22.5, 0.2, 200}, {-22.5, 0.3, 200}, {-22.5, 0.4, 200}, {-22.5, 0.5, 200},

{-22.5, 0.6, 200}, {-22.5, 0.7, 200}, {-22.5, 0.8, 200}, {-22.5, 0.9, 200}, {-22.5, 1., 200},

{-20., 0., 200}, {-20., 0.1, 200}, {-20., 0.2, 200}, {-20., 0.3, 200}, {-20., 0.4, 200}, {-20., 0.5, 200},
{-20., 0.6, 200}, {-20., 0.7, 200}, {-20., 0.8, 200}, {-20., 0.9, 200}, {-20., 1., 200}, {-17.5, 0., 200},
(-17.5, 0.1, 200}, {-17.5, 0.2, 200}, {-17.5, 0.3, 200}, {-17.5, 0.4, 200}, {(-17.5, 0.5, 200},

{-17.5, 0.6, 200}, {-17.5, 0.7, 200}, {-17.5, 0.8, 200}, {-17.5, 0.9, 200}, {-17.5, 1., 200},

{-15., 0., 200}, {-15., 0.1, 200}, {-15., 0.2, 200}, {-15., 0.3, 200}, {-15., 0.4, 200}, {-15., 0.5, 200},
{-15., 0.6, 200}, {-15., 0.7, 200}, {-15., 0.8, 200}, {-15., 0.9, 200}, {-15., 1., 200}, {-12.5, 0., 200},
{-12.5, 0.1, 200}, {-12.5, 0.2, 200}, {-12.5, 0.3, 200}, {-12.5, 0.4, 200}, {-12.5, 0.5, 200},

{-12.5, 0.6, 200}, {-12.5, 0.7, 200}, {-12.5, 0.8, 200}, {-12.5, 0.9, 200}, {-12.5, 1., 200}, {-10., 0., 200},
{-10., 0.1, 200}, {-16., 0.2, 200}, {-10., 0.3, 200}, {-10., 0.4, 200}, {-10., 0.5, 200}, {-10., 0.6, 200},
-10., 0.7, 200}, {-10., 0.8, 200}, {-10., 0.9, 200}, {-16., 1., 200}, {-7.5, 0., 200}, {-7.5, 0.1, 200},

.5, 0.2, 200}, {-7.5, 0.3, 200}, {-7.5, 0.4, 200}, {-7.5, 0.5, 200}, {-7.5, 0.6, 200}, {-7.5, 0.7, 200},
.5, 0.8, 200}, {-7.5, 0.9, 200}, {-7.5, 1., 200}, {-5., 0., 200}, {-5., 0.1, 200}, {-5., 0.2, 200},

., 0.3, 200}, {-5., 0.4, 200}, {-5., 0.5, 200}, {-5., 0.6, 200}, {-5., 0.7, 200}, {-5., 0.8, 200},

., 0.9, 200}, {-5., 1., 200}, {-2.5, 0., 200}, {-2.5, 0.1, 200}, {-2.5, 0.2, 200}, {-2.5, 0.3, 200},

.5, 0.4, 200}, {~2.5, 0.5, 200}, {-2.5, 0.6, 200}, {-2.5, 0.7, 200}, {-2.5, 0.8, 200}, {-2.5, 0.9, 199},
.5, 1., 199}, (0., 0., 3}, {2.5, 0., 3}, {5., 0., 3}, {7.5, 0., 3}, {10., 0., 3}, {12.5, 0., 3},

., 0., 3}, {17.5, 0.5 3}, {20., 0., 3}, {22.5, 0., 3}, {25., 0., 3}, {27.5, 0., 3}, {30., 0., 3}}

(a) The list of negative F(ry) of EHBH

({-30., 0.1, 5}, {-30., 0.2, 11}, {-30., 0.3, 16}, {(-30., 0.4, 22}, {-30., 0.5, 28}, {-30., 0.6, 34},

(-30., 0.7, 40}, {-30., 0.8, 45}, {-30., 0.9, 51}, {-30., 1., 57}, {-27.5, 0.1, 5}, {-27.5, 0.2, 11},
{-27.5, 0.3, 16}, {-27.5, 0.4, 22}, {(-27.5, 0.5, 28}, {-27.5, 0.6, 34}, {-27.5, 0.7, 40}, {-27.5, 0.8, 45},
(-27.5, 0.9, 51}, {-27.5, 1., 57}, {-25., 0.1, 5}, {-25., 0.2, 11}, {-25., 0.3, 16}, {-25., 0.4, 22},
{-25., 0.5, 28}, {-25., 0.6, 34}, {-25., 0.7, 40}, {-25., 0.8, 46}, {-25., 0.9, 51}, {-25., 1., 57},
{-22.5, 0.1, 5}, {-22.5, 0.2, 11}, {-22.5, 0.3, 16}, {-22.5, 0.4, 22}, {-22.5; 0.5, 28}, {-22.5, 0.6, 34},
{-22.5, 0.7, 40}, {-22.5, 0.8, 46}, {-22.5, 0.9, 51}, {-22.5, 1., 57}, {-20., 0.1, 5}, {-20., 0.2, 11},
{-20., 0.3, 16}, {-20., 0.4, 22}, {-20., 0.5, 28}, {-20., 0.6, 34}, {-20., 0.7, 40}, {-20., 0.8, 46},
{-20., 0.9, 51}, {-20., 1., 57}, {-17.5, 0.1, 5}, {-17.5, 0.2, 11}, {-17.5, 0.3, 16}, {-17.5, 0.4, 22},
{-17.5, 0.5, 28}, {-17.5, 0.6, 34}, {-17.5, 0.7, 40}, {-17.5, 0.8, 46}, {-17.5, 0.9, 51}, {-17.5, 1., 57},
{-15., 0.1, 5}, {-15., 0.2, 11}, {-15., 0.3, 16}, {-15., 0.4, 22}, {-15., 0.5, 28}, {-15., 0.6, 34},

{-15., 0.7, 40}, {-15., 0.8, 46}, {-15., 0.9, 52}, {=15., 1., 57}, {-12.5, 0.1, 5}, {-12.5, 0.2, 11},
{-12.5, 0.3, 16}, {-12.5, 0.4, 22}, {-12.5, 0.5, 28}, {-12.5, 0.6, 34}, {-12.5, 0.7, 40}, {-12.5, 0.8, 46},
{-12.5, 0.9, 52}, {-12.5, 1., 58}, {-10., 0.1, 5}, {-10., 0.2, 11}, {-10., 0.3, 16}, {-10., 0.4, 22},

-10., 0.5, 28}, {-10., 0.6, 34}, {-10., 0.7, 40}, {-10., 0.8, 46}, {-10., 0.9, 52}, {-10., 1., 58},

.5, 0.1, 5}, {-7.5, 0.2, 11}, {-7.5, 0.3, 16}, {-7.5, 0.4, 22}, {-7.5, 0.5, 28}, {-7.5, 0.6, 34},
.5, 0.7, 40}, {-7.5, 0.8, 46}, {-7.5, 0.9, 52}, {-7.5, 1., 58}, {-5., 0.1, 5}, {-5., 6.2, 11},

., 0.3, 16}, {-5., 0.4, 22}, {=5., 0.5, 28}, {-5., 0.6, 34}, {-5., 0.7, 40}, {-5., 0.8, 46},

., 0.9, 52}, {-5., 1., 58}, {-2.5, 0.1, 5}, {-2.5, 0.2, 11}, {-2.5, 0.3, 16}, {-2.5, 0.4, 22},
.5, 0.5, 28}, {-2.5, 0.6, 34}, {-2.5, 0.7, 40}, {-2.5, 0.8, 47}, {-2.5, 0.9, 53}, {-2.5, 1., 59}}

(b) The list of negative 674 (ry) of EHBH
Figure 42 The list of negative F(ry) and 67y (ry) of EHBH.
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