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We ‘introduce a new generalized system of nonlinear variational inequality
problem (GSNVIP) by using the generalized projection method. Moreover, we introduce
an iterative scheme for finding a solution to this problem. Moreover, some existence and
strong convergence theorems are established in uniformly smooth and strictly convex

Banach spaces under suitable conditions.

Keywords: generalized projection mappings, generalized system of nonlinear

variational inequalities, uniformly smooth Banach spaces, normalized duality mappings.



unAnsa

SUAIATING :  R2557R49
Falasanis : noufunqasieaitiienuuyiasrdmiuieiiiuinivnna
FoUnddt :  Aransansd as.anod WaLTE
MAITIALINAENT ACUEANENAYARS
HUNINENAENTANT

TEUsLIRITATINIG 1 (TUEIBU 2556 - 1 nanAN 2657

= ar Y

fitlAwsiszuunisnaioinlglun mivesdymwesunisnsulsdidliGa

Wulaeld3n1raanivanaievall Selundniusass WU LWHUN T U BN TRE7

dwiunisdmeuresdywil nasinnsyuaunisiangtg vinlifildinqufjunnas flag

sruazneguinlufpiinuanuGeuengliduseudndlaowine idelsd i1z

AdrAny: nsdaniwanannaiasialyl, szuunzaisa lluaseaunisnswlsiuly G adu

AligivmnanGauengy, nsdagiulng

ii



CHAPTER I
EXECUTIVE SUMMARY

Let E be a real Banach space with dual space E*, (-,-) be the dual pair
between E and E* | K a nonempty closed convex subset of E. The norinalized
duality mapping J : E — 2Z° is defined by

J@)={f"eE" : (z,f*) = 2f* = I£1%Y, for all z e E.

A Banach space E is said to be strictly convex if ﬂ%y” <lforallz,y e U =
{z€ B : ||zl =1} with 2 £ y. E is said to be uniformly convex if for each
e € (0,2], there exists § > 0 such that ﬂz%y_ﬂ < 1-4 for all z,y € U with
llz — yll > €. E is said to be smooth if the limit

g 2 201~ Izl
t—0 t

exists for all z,y € U. E is said to be uniformly smooth if the above limit exists
uniformly in 2,y € U.

Assume that F is a smooth, strictly convex and reflexive Banach space
and K is a noncmpty closed convex subset of B, ¢: ExE— Rt :=[0,00) to
denote the Lyapunov functional defined by

#(z,y) = |=]|® - 2(z, Jy) + |ly|I?, for all z,y€ k.

Following Alber, the generalized projection [[, : E — K is defined by
- & =z, where z is the unique solution to the minimization roblem
K P

#(z,z) = min ¢(y, z).

The existence and uniqueness of the mapping [], follow from the property of
the function ¢(z,y) and the strict monotonicity of the mapping J.
Let F' : K x K — R be a bifunction. The equilibriuin problem is to find
z € K such that
F(z,y) >0 forall y € K. (1)

The set of solutions of (1) is denoted by EP(F).
Let A : K — E* be a mapping. The classical variational inequality,
denoted by VI(A, K), is to find z* € K such that

(Az*,v—2*) > 0 for all v € K.
Let IV : K x K — R be a bifunction, ¥ : K — R be a real-valued function,
and A : K — E* be a nonlincar mapping. The generalized mixed equilibrium

problem is to find u € K such that

Fu,y) + (Aw,y — u) +9(y) —(u) 2 0, Vy € K. ()



The set of solutions of (2) is denoted by GM EP(F, A, ¥)).

Variational inequality theory has become a very effective and powerful
tool for studying a wide range of problems arising in pure and applied sciences
which include work on differential equations, general equilibrium problems in
economics, mechanics, control problems and transportation. In 2005, Verma
introduced a general model for two-step projection methods and applied it to
the approximation solvability of a system of nonlinear variational inequality
problems in a Hilbert space. Based on the convergence of projection methods,
Chang et al. introduced and studied the approximate solvability of a gencr-
alized system for relaxed cocoercive nonlinear variational inequality in Hilbert
spaces. Recently, Chang et al. introduced a system of generalized nonlinear
variational inequality and an iterative scheme for finding a solution to a system
of generalized nonlinear variational inequality problem by using the generalized
projection method. Moreover, they proved some existence and strong conver-
gence theorems in uniformly smooth and strictly convex Banach spaces.

In this work, we introduce a generalized system of nonlinear variational
inequality problem (GSNVIP) by using the generalized projection approach to
introduce an iterative scheme for finding a solution to this problem. Finally,
we prove some existence and strong convergence theorems in uniformly smooth
and strictly convex Banach spaces under suitable conditions.



CHAPTER II
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We assume that E is a real Banach space with dual space E*, K is a
nonempty closed convex subset of E. Let Ty,...,Txn : KN — E* be
nonlincar mappings and f: K — E a mapping. The generalized systemn
of nonlinear variational inequality problem (GSNVIP) is to find =3, ... Ty
such that for all z € K,

(f(lt) = f(.LD, Tl(fl.‘;,:l::;, ¥ 13".:.H:r:)) 20
(F@) = £(u3), Talag, . wly, i, 28)) > 0

(1)
((2) = £ In (2,25, ., ooy ) 2 0.

IEN =8 f =T and T}, 75, T35 : K35 E*are ndnlineas mappings, then the
generalized system of nonlinear variational inequality problem (GSNVIP)
reduces to the following problem: is to find ay, a3, x5 such that for all
ze K,

o —a7, Ty(23, w5, 21)) =M

(z ~ x5, To(x3, 21, 23)) > 0 (2)

(z - z3, Ta(atad7xs)) SY9.

(a) Lemma : Let E be a smooth, strictly convex and reflexive Banach
space, K be a nonempty closed convex subset of E. Let Tyl 8 Ty :
el Do mappings, f : I{ = K be a bijective mapping and
P, --.,pn be any positive real numbers. Then (w3 g y) € KN
is a solution to problem (1) if and only if (z3,4 y8%) € KN isa



(b)

()

solution to the following system of operator equations:

( 17{ = le HI( J—I(Jf(-""{) -mT (-"35»35:;: see ::E;V!:EI))!
x; = f_l l_.[[( Jﬁl(']f(ﬂ';) = P2112(1:§:'T';:' L0 !mj\h 3:;»175)),

) :
Ty =" HK J%I(Jf(m;\r-l)

- pNulTN—l(l‘Rniﬂf,i'E, vy B2, Ty 1)),
sy =M T I (IS () ~ PNTN (21,235, .2)).

(3)
Algorithm : For any given initial points :1:‘(,1),3:,(32), B ,:c'()N) € K,
compute the sequences {;r;,(ll)},{:uf.2 )},. . .,{:L‘S,N)} by the iterative processes

2t = I = ol T ()
+ ol I I f @) = o (D, 22, V),

Zt ) = I = oI ) 4 ol DT 5T @)
N pNﬁITN—l(:Ef:i)hwﬁl)a :rsaz): s 4. :'T'SIN—”? If&NUl))))))s

2 = A1 - o) £ (=2) %
2 — 4 1 2
+ ol I ([T I (@) paTa(@®, 28, 2™ 20 4@y
Zdy = £ - of) T () §
+ “r(l”J(HK J_](Jf(ﬂ»'snl)) = leTl(‘ﬂﬁI,iE,(ﬂl, &7 ,JJEI+)1,I511)))))). n>0,
(4)

where [] . is the generalized projection and {a,(f)}, {aff) Yo {a,&m}
are sequences in [0, 1).

\

Theorem : Let E be a rcal uniformly smooth and strictly convex
Banach space with Kadec-Klee property, K be a nonempty closed
and convex subset of B with @ € K. Let f: /i — K be an isom-
etry mapping, T\,..., Ty : KN — E* Le continuous mappings and
{ag)},{a.(f)},. o {af™} be the sequences in (a,b) with0 <a < b < 1
satisfying the following conditions:

(a) there exist a compact subset C'c E* and coustants m>0,p >
0,...,p~ > 0 such that

(U —pnTn (K )OI (K )—pn 1 T -1 (KU UJ(K)-pTh(KY)) C C,



where J(z1,23,...,2n8) = Jan, Y(z1,22,...,25) € KN and

(i(zr, 22, 2n), T M (Jan — mTi(21, 22, - . - zN))) > 0,
(Ta(21,%2,. .., 28), T (Jxy — poTa(z1, 22, . . - v ZN))) =0,

(TN(.’EI,IQ, — ,.I.‘N), J_I(JIN — pNTN(Il,JTQ, —_— ,.EN))) >0,
(5)
forall 1,29,..., 2y € K.

(b) lim,,Hwafll) = d € (a,b), lim,_ as,z) = dy € (a,b), ...,
liny oo e = dy € (a,b). Let {:cﬁ.l)},{m.({z)},...,{:cr(lN)} be the
sequences defined by (4).

Then the problem (1) has a solution (7, %3,...,7x) € KV and the

sequences {3;51”},{1:512)},. ofzl

respectively.

J} converge strongly to THRLS % S

(d) Corollary : Let E be a real uniformly smooth and strictly convex
Banach space with Kadec-Klee property, X be a nonempty closed
and convex subset of E with § € K. Let 71,73, Ts : K* — E* be
continuous nappings and {cr,(;])}.{ag)},{asg)} be the sequences in
(a,b) with0 <a<b<1 satisfying the following conditions:

(a) there exist a compact subset C C E* and constants p; > 0,p3 >
0, p3 > 0 such that

(J(K)“ﬂsTs(Ka))U(J(K)—P'sz(Ka))U(J(K)—fJ1T1(K3)) /T,
where J(x1, 29, 23) = Jaj, V(z),22,23) € K2 and
(Ti(21, 22, 23), W Jx N — piTa(21, 22, 23))) > 0,

(T2(-T']= Ta, 2:3)3 ']gl('I‘rN - p2T2($11 T2, :?—:3))) 2 05 (6)
(T (1, 22, 73), J Y (Jz Ny — paTs(x1, w2, 23))) > 0,

for all 21,29, 235 € K.

(b) lim, .. R dy € (a,b), lin, oo aS?’ =d3 € (a,b), lim, o o =
ds € (11, b)
Let {1,5.”},{1512)},{3,9)} be the sequences defined by
(= = I - o) p ()

+ad J(LHA IR - paTa(xD, 2P, =),
ziny = JH(1 =) J1(z2)

+ QSlZ)J(l_.[I{ Lld®) P;’.T2(‘E$:3—i)-!' zh, 7"(‘2)))))’
Zar = I (1L - o) f ()

+an ([T TN I f @) = T (@®, 29, 20)))),

n > 0.

(7)



Then the problem (2) has a solution (z},3,z3) € K? and the se-
quences {1‘(1)} {'1,(2)} and {{ )} converge strongly to =i, z3 and 23,
respectively.

(e) Corollary : Let H be a real Hilbert space, K be a nonempty
closed and convex subset of H. Let f : K — K be an isometry
mapping and Ti,...,Tx : K¥ — H be continuous mappings and
{crm} {a(z)} e} are sequences in (a,0) with0 < a < b < 1
satisfying the following conditions:

(a) there exist a compact subset C' C H and constants p; > 0, p; >
0,...,p~n > 0 such that

(I(I()—pNTN(I(N))U(I(I(-')—pN_,TNul(KN))U. SUI(K)-p Ti(KM)) €

where (z1,22,...,2n8) = 2N, Y(21,%2,-..,75) € KN and

(T\(z1, 22, ... VEN), TN — mTi(xy,ze,...,2N8)) 20,
(Ta(w1, 22,...,zN), o8 — g2 To (21,22, . .y TN)) 20,

(T (21,23, ... vEn)en — pnTn (w22, . .. ,ZN)) 20
(8)
for all xy,29,...,2n5 € K.
(b)Y lan, 1.5 oM = dy € (e,b), lim,_,00 aslz) = dy € (a,b),
hmnﬁw alV) = dif (a b).

Let {x 1}} (=2}, Al )} be the sequences defined by
T = 0 - a-ff")f(z.‘.“)
+ a%MPK(f(;vSlN ) = \TTN(L:: ,-E’(“Z), .. all:J(IN))))s

zher L= L - o ) D 1 PN )

_PN—ITNul(lflri)l»a‘g)v (2)| -';:ESINkz)1:E$:V7I)))):

Zray = 7(1 = al) [(@8?) + o Prc(f (o
3 N
= p2Ta(z SH)-DTEL?-II"'!11(1+)1l'7$!1): 512))))-

2= 111 - o) @) + ol P (£

I 2 3 N 1 :
lefl(lf]ll"l(l-l)-l""‘ Sl'l-)l’ ()))) 12201

L
(9)

where Py is a metric projection on H to K.

Then the problem (1) has a solution (27,z3,...,2%) € KV and the

e

sequences {;a, )} {z .,{mf,m} converge strongly to =}, 23,...,zx,

respectively.

C,
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We introduce a new generalized system of nonlinear variational inequality problems (GSNVIP) by using the generalized projection
method. Moreover, we introduce an iterative scheme for finding a solution to this problem. Moreover, some existence and strong
convergence theoremsare established in uniformly smooth and strictly convex Banach spaces under suitable conditions. The results

presented in the paper improve and extend some recent results.

1. Introduction

Variational inequality theory has become a very effective and
powerful tool for studying a wide range of problems arising in
pure and applied sciences which include work on differential
equations, general equilibrium problems in economics and
mechanics, control problems, and transportation. In 2005,
Verma [1] introduced a general model for two-step projection
methods and applied it to the approximation solvability of
a system of nonlinear variational inequality problems in a
Hilbert space. Based on the convergence of projection meth-
ods, Chang et al. [2] introduced and studied the approximate
solvability of a generalized system for relaxed cocoercive
nonlinear variational inequalities in Hilbert spaces (see, for
instance, [3-5] and the references therein). Recently, Chang
et al. (6] introduced a system of generalized nonlinear
variational inequalities and an iterative scheme for finding
a solution to a system of generalized nonlinear variational
inequality problems by using the generalized projection
method. Moreover, they proved some existence and strong
convergence theorems in uniformly smooth and strictly
convex Banach spaces.

In this papef, we introduce a generalized system of non-
linear variational inequality problems (GSNVIP) by using
the generalized projection approach to introduce an iterative
scheme for finding a solution to this problem. Finally, we

prove some existence and strong convergence theorems in
uniformly smooth and strictly convex Banach spaces under
suitable conditions.

2. Preliminaries

Let E be a real Banach space with dual space E*, (-,-) the
dual pair between E and E*, and K a nonempty closed convex
subset of E. The normalized duality mapping | : E — 2% s
defined by

Jy={f e (x Y= Ix’=|f|"}. vxeE
m

A Banach space E is said to be strictly convexii x + yJl/2 < 1
forall x,y e U = {z € E: ||z|| = 1} with x # y. E is said to be
uniformly convex if for each € € (0, 2] there exists § > 0 such
that [x + yll/2 < 1 =S forallx,y e Uwith [x—y]| > €. Eis
said to be smooth if the limit

A @)
t—0 f

exists for all x, y € U. E is said to be uniformly smooth if the
above limit exists uniformly in x, y € U.



Remark I (see [7]). (i) If E is a uniformly smooth Banach
space, then the normalized duality mapping J is uniformly
continuous on each bounded subset of E.

(it) If E is a smooth, strictly convex and reflexive Banach
space, then the normalized duality mapping J : E — 2% s
a single valued bijective mapping.

(iii) If E is a smooth, strictly convex and reflexive Banach
space and J* : E* — E is the duality mapping in E*, then
J'=1 0 = I, and J'] = I

(iv) If E is a strictly convex and reflexive Banach space,
then /™' is hemicontinuous; that is, J-' is norm-weak-
continuous.

(v) E is uniformly smooth if and only if E* is uniformly
convex.

(vi) If E is a uniformly smooth and strictly convex Banach
space with the Kadec-Klee property (i.e., for any sequence
{x,} ¢ E,ifx, = x € Eand |lx,]| — |, thenx, — x),
then both the normalized duality mappings J : E — E’ and
J* =J]' . E* — E are continuous.

(vii) Each uniformly convex Banach space E has the
Kadec-Klee property.

Assume that E is a smooth, strictly convex and reflexive
Banach space and K is a nonempty closed convex subset of E;
¢: ExE — R := [0, 00) to denote the Lyapunov functional
defined by

¢ (e ) =k - 2{x. Jy) + ]Iy, VxyeE @)

Following Alber [8], the generalized projection [[i :
E — K is defined by [[gx = z, where z is the unique
solution to the minimization problem

$lz.x) Synindly.x) . (4)

The existence and uniqueness of the mapping [, follow
from the property of the function ¢(x, y) and the strict
monotonicity of the mapping J.

Lemma 2 (see [8]). Lef E be a smooth, strictly convex and

reflexive Banach space and K a nonempty closed convex subset
of E. Then the following conclusions hold:

(a) ifx € Eand z € K, then

z=nx4=> (y—zJz—-Jx) =20, VyeKk; (5)
K

(b) [ is a continuous mapping from E onto K.

Remark 3. If E is a real Hilbert space, then ] = I (identity
mapping), ¢(x, y) = lx — yI?, and [] is the metric projec-
tion Py from E onto K.

Lemma 4 (see [9, 10]). Let E be a uniformly convex Banach
space, r > 0 a positive number, and B.(0) = {x € E :

Abstract and Applied Analysis

lxll < r} a closed ball of E. Then, for any given finite subset
{x1,x5,..., x5} € B,(0) and for any given positive numbers
AL Ay, Ay with Zil A, = L, there exists a continuous,
strictly increasing, and convex function g : [0,2r) — [0,00)
with g(0) = 0 such that forany i, j € {1,2,...,N} withi < j
the following holds:

N
ZAn’tu

2 N
< Z"u”"’n”l - Aidjg (”\, - X’J”) (6)
n=|

Lemma 5 (see [11]). Let E be a real reflexive, smooth, and
strictly convex Banach space. Then the following inequality
holds:

lf+gl’ <l +2(a.7 (F+9)). ViigeE'. ()

Lemma 6 (see (6]). Let E be a real Banach space, K a
nonempty closed convex subset of E with 0 € K, and [ :
E — K the generalized projection. Then for each x € E, one
has | Tl < lx].

3. Main Results

In this section, we assume that E is a real Banach space with
dual space E* and K is a nonempty closed convex subset
of E. LetiTy, ..., Ty ¢ KV E® be nonlinear mappings
and f : K — E a mapping. The generalized system of
nonlinear variational inequality problems (GSNVIP) is to

find x],...,x} such that forall x € K
(%) 3 FIEDLi (] ., - A e B >0,
(f) = fx3)0T5 (5,500 X3 10 X3)) 20,
(8)
{ AL Ll TR, o6, A 1 X)) 2 0.
N =3, f = Land 1,15, T, : K> — E* are

nonlinear mappings, then the generalized system of nonlin-
ear variational inequality problems (GSNVIP) reduces to the
following problem (see [6]) to find x}, x;, x; such that, for
allx e K,

(e~ x0T (6 20,
{2, T (%55, 33 ) 20 (9)

(x—x;,T_‘ (x:,x;,x;)) 2 0.

IfFN =2and T,,T, : K* — E" are nonlinear mappings
and f: K — Eisa mapping, then the generalized system of
nonlinear variational inequality problems (GSNVIP) reduces
to the following problem to find x|, x; such that, forall x €
K,

(PG =1 (x0) T x)) 20,
()~ f(x3).Ts (x]::3)) 20.

(10)
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IfT,S : K* — E* are nonlinear mappings and g, f :
K — E are two mappings. Define T,,T, : K° — E' by
TG, 53) = pT(xthx3) + g(x3) - gt and Ty(xx3) =
p2S(x1, ;) + g(x3) — g(x;). Then the generalized system of
nonlinear variational inequality problems (GSNVIP) reduces
to the following problem to find x;, x; € K such that, for all
x €K,

(fO)=f ()T (s3x0) + 9 (x3) - g (7)) 20,

F = £ (538 () x3) + g (x8) = g ) =0,

where p, and p, are two positive constants.

Lemma 7. Let E be a smooth, strictly convex, and reflexive
Banach space and K a nonempty closed convex subset of E.
Let Ty,.... Tl i ol be mappings, f : K — Ka
bijective mapping, and p,, ..., py any positive real numbers.
Then (x;, 8 K7 ) K™ is a solution to problem (8) if and
only if (x{,...,x%) € KV is a solution to the following system
of operator equations:

= ST UF () = AT (3, Kok x)))s
K

x; B f'lH]‘l (Jf (x3) — p T, 3 X s Ko X e el s
K

.
XN-1

=TT Uf Gt
K

e Ty, (B et X0y)
Xy = f_ll—[rl (I e ) = o T x 353 0x)) -
K
(12)

Proof. By Lemma 2, we have that (x;,...,,\';l) e KV isa
solution of problem (8),

(f)-f(x),
PTG 2 i 2 ) B0,
(f(x)- f(x3).
P (63, X, o X3 41, 33)) 2 0,
() — e s
P Ty (x;.,,xl'.x;,. .. 'x;\hzvx.;'q )) >0,
(f) = f(xp)s

PNTN (X %5000 x%)) 2 0,

forall x € K,

3
(S = f(x7)s I () = Tf (x7)
+oi T4 (350550000 Xpm X)) 20,
(f )= F (). Jf (3) = If (x3)
K Ty (8 s s By 25 505 ) 22 0,
(f) = f ) IS (-‘-.:\!—:) = Jf (x31)
oo Toeet (K X0 X550 X350 %004 ) ) 20,
(fOI=f(xn), If (x3)
~If (R T (%], %5:....x0) ) 2 0
(f G = f(x0). If ()
=17 Of ()
-y (,t;,x;,...,x;,,x:)))) =0,
(f ()= £ (x3):TF (3)
=107 0F (3)
=T (X35 X, oo X3 1;’*;;))» 20,
(f ) = f (e If ()
"[(rl (If (-‘-':\rui) —Pno1Ta
x (x50 61+ Xy X)) 2.0,
(f ) = £(x3) If (x3)
=17 Uf (<3) ‘
=pnTy (\f\z‘”ﬁ:\r))» >0, |
(13)
f(x)
=3 nrl (r (x;) -pT (xz',x;,....x;,,x:)).
K
f(x3)
=l (/ (3)
K
P T (X TR e X 215 %2 ) )5
Flxy)
= Hrl (If (x3-1)
K
= Pn-1 Ty
s (5f 7 K )
F(x3)
=177 UF (x3) = T (72 %500 6R)),
K
(14)



foranyp, >0,...,py >0,

fxlt
= Of )
K
=Ty (5, x5 X X)),
X
=TI s
K
—pT, ("3‘ K » Xps X %5)) 5
& 1 .
XN-1 -y
= f l_[r Uf Geet) = Preoi Ty
K
(5 X0 6002 K X))
XN
=705 (<)
K
T (6t )
(15)
|
Algorithm 8. For any given initial points x( ) \((,2), ..... X gN) €
K, compute the sequences [xf,”}. [x,(f)}. o i y A by the

iterative processes
X = f7!

) ("[(( a " )If () +y

(Hrl (I () - enT

wWN-1

n+l .f =
% (II ((l (N l])}rf( AN- l]) i a(Nﬁl)]

(H] (]f N”) Prn-1Tny

% (A(N) m

u+l’xu » X ) 2t

#0500 ).
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@ _ f—l

an

x(]— (( (2’)If(x‘2’)+au)f

(s

>, (\,(3) (4) (N)

nlr Xpggae e o ‘CHH'

£.4))))-

::zlk)i f“l
e

(D Orta

X(\.(z) @) “aen

Hel? ‘MH‘

) ).

where [] is the generalized projection and {af,”}, {a,(f)}. I
{a!™} are sequences in [0, 1].

Theorem 9. Let E be a real uniformly smooth and strictly
convex Banach space with Kadec-Klee property and K a
nonetnpty closed and convex subset of E with 0 ¢ K. Let
f o+ K = K be an isometry mapping, T,,....Ty :
KN = E* continuous mappings, and {a(”} {e (’)} '[O:(N)}
the sequences in (a,b) with0 < a < b < 1 sarrsfymg the
following conditions:

(0) there exist a compact subset C € E* and constants p, >
0,p, > 0,...,pn > 0such that

(7.6 = Ty (K™)) U (7 (K) = pye Ty (KN))

u(J(K) - p T, (&) cc,
(17)
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where J(x;, x5,..., xn) = Jxp, for all (x,,x,,...,
xy) € KN, and

7' Uxy—p Ty (x,,xz,...,xN))) =0,

(Tz (xpxp...s )
I Uxn = paTa (31,50 x)) ) 20, (19)
(TN (7., . roeny)
]_t U-""N‘PNTN(XN-"':L ------ X N))) =0,
oy all 385, .. 8, Xy €K;
(ii) hm.,HDO =d, € (a,b), hm”_ﬂ‘O " =d, € (a,b),
hm,Hmn’(N) = dy € (a.b). Let/{x"},1x'9},
...,[x,(,m} be the sequences defined by (16) Then the
problem (8) has a solution (x:..\z ,,,,,, xy) € KN and

the sequences {xf,” |3 {x,(f)}, - {xfrm} converge strongly

to x1,x;,..., Xy, respectively.

Proof.
Step 1. We first show that the sequences {xf,l)}.{xff’},...,

[x,(,N)} are bounded in K. It follows from Lemma 5 where J
is bijective and condition (18) that

[17 (<62) = i (x2S
< s (SO0
<3y { Ty (12D el
I () - it (42,597 x)
< Jir () = 1 (<)

(19)

Similarly, we note that

D (<252) =T (422

<7 ()
7 (=)
—PN'AzTV,Z (.\'(N;”,.'{N:,, (1)I o
< s (=)
"]j( X ) P1T2(\,(:.)l -\}l.:]l ......
||f (z) " '
Jr (=50) = oo (5820 20
"f (l) “

By Lemma 6, we obtain that
&
o

x(]l(( (M)U( M)

g orf,N]I (I—[I'
x (If (")
= PnTn

% (x(l} x(l)’

n *"n

AVICHY

= I]“ ((
+oc,(,~)}’ (Hf_l
K

]f (t(N)

(1) (2)
~ PN T (“n » X

(N Z) (N 1))"

(N 3) (N-—Zl)"
G

L) m) 2

1 X ntl’

(20)
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+af‘mI(HII

< (1f (0

-t (52t )|
< (1) ()]

(e
x (JF (=

s (1-a") 7 ()]
(N)"”‘l(] ( (N)) (\(1)) (Z)’ - (N)))”
o) ( N ||
+a‘”’||lf ¥O0) Ty (50,10,
(=) (4" um‘”’ﬂf(\wuu
=] )]

(N)

MY oy (2,52, ..., EJN)))) u

(21)

it ; . - N N

Since f is an isometry mapping, we have ]{x,(H_:lI < ||xf, r)Ij.

By the same argument method as given above, we have
N-1 N-1 1 1

| N s =, ] ||’C,(,+)| I < {Ix( . Therefore, we

(n (‘-’)

“_,m"x I.. | exist and hence

note that lim - il
the sequences {x")}, {'cm} ..... {x®™} are bounded in K.

Step 2. By Lemmas 4 and 6, where f is an isometry mapping
and (19), it follows that there exists a continuous strictly

increasing and convex function g : [0,2r) — [0,00) with
g(0) = 0 such that
llf(xf,’fi)u’
< (1- ™) 17 () "
o b1 G )
2
- T (0.0
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( 1 - a(m) (-'C(N)g

x (Jor ()
I 7 (5)
K
T EoE )
<(1=a™) |7 (1
(m”U tN) A (m,lm ,,,,,, i (N))z

- (1) el

<o ()
T O (4°)

— Ty (2@, )

< (L= G+ el G
k (1 _ a(”’) o™
callpr (4"
+fﬂf (17 (=)
K
- T ()
-1 G =0 )
X g “][( U\}
LD 0 ()
"PNT;\'( D el (N) "
(22)
This implies that
(1) e g (7 (5
L O (67)
K
LY
(0,505

< GO - s Gl

(23)
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Since {ﬁxmll} converges forallk = 1,2,..., N, it follows by u ( ;(:?1) If “))"
letting n — co in (23), condition (ii), and the property of g
that =
(])Njf(\(l) ]I_[}' 1
K
I (x2) - pT
If(A§NJ ( ( ) Pty
(s )| o
i (V? - PN T “):",(|2) ..... '(IN) — 0
[ ¢ ) .
(24)
asn — 09.
S-tep 3. Since {x1}, {x),. .., {x'™} are bounded and there

as n — ©o. By (16) and (24), we have

77 (=830) = 16 (=)
= o™ ||ff <N)

- IHJ" (Jf (™)

_PNT\' ( “)’A'u )' e ’x!(lN)))H =0,
(25)
asn — ©o. Similarly, we can prove that
Pr )= a7 (0
a-D ]f( (N- n ]I‘II—I
K
(1 (1)
= Prn-1 Ty
x ( ”"f:lJ ¥ "'r(ll)‘
SR ) -
f () = ar (52

= if () - ’,Hrn
x(1f (")

-l

3) .4 AN) (1) (2J
X (xufl’tm-l’ X Xy Xy, )ll il

exists a compact subset C ¢ E' such that (J(K) -
pnTn(KM)) € C, there exists a subsequence {19‘3 } of{x(m}
such that

AN 2 (N) .
U( ”"") Pl ( e’ '\",im"""“rl‘(m) — b €E.

Since E is uniformly smooth and strictly convex, it follows by
Lemma 2 (b) and Remark 1 that [], and /™" are continuous.
Thus

n] ( ("m) “PNTn

X (xf,:i._},x,(;)\q ...... o | )) H] L) =f (x3),
(28)
I O (=)
mPN'IN( '(,'(Lq,x,(;)m, > ,.\:1(‘?2] )) = Jf (2h).
(29)

From (24) and (29), we get

I (dm) = T (5) (s o — o). @0)

1

By (25) and (30), we have

]j ( ’(}':Erjﬂ) 7 ]j (\;\') (as iy — 00) - (31)

Since E is smr.tly convex and reflexive, it follows by Remark 1
(iv) that J7' is norm-weak-continuous. Theretore, from (30)
and (31), we note that

Flemm) =16 F( )= f) 6
and

"f( "(m)" - Ilf(".\r)u
7 (5800 — s Gl (3)

(as ey — CO) 5



By the Kadec-Klee property, we have
FE)— 1620, () —

(as mgn — 00).

S (xy) (34)

Since f ~ is continuous, it implies that {z(m } is a subse-
(N) .

quence of [.xf, )} such that Yoy XN
/) [}
XN asn — 00. So, it follows from (16), (30), (34),

Jl

and condition (ji) that

€ E. Therefore

.
— 'tN

If ()
= "]lll'l ]f( r|+l
=l (1)1 () + T

(35)
x(If () =T (5 257 )

= (1 —=dy) If (xx)

S U GACORT N CHERER
K
Since f is a bijective mapping, we obtain that
= S UF ()= o (xfixiae o).
[

(36)

Similarly, we can prove that for every subsequence {x U‘)] of

{.\m there exist a subsequence {\(kj ) of {\(“

s and .\k € E

such that

SR )— 76 (s nw — ),

(37)

Vk=12,....N-1

Since f~' is a continuous mapping, we note that
B x| (as e — o). (38)

M)

Hence x,(ik) — xp € E, forallk = 1,2,..., N - 1. Therefore,

we have

P i D i
K

) * * * *
= Pn-1Tn1 (-‘N*-"'l e -"‘N—z’-‘.\r-l))

x5 = f“];[f“ Uf (x})

Ty (5, 25, X5 X1 ) -
(39)
By Lemma?7, we can conclude that (x},x],....x)) is a
solution of (8) and xf,” - x:.xff) - xz',...,xfim =y

308 a
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Setting N = 3 and f = I in Theorem 9, we immediately
obtain the following result.

Corollary 10 (see [6]). Let E be a real uniformly smooth and
strictly convex Banach space with Kadec-Klee property and K
a nonempty closed and convex subset of E with 0 € K. Let

T, T, T; : K> — E* be continuous mappings and {am}
{a,{f’l, and {ctfl”} the sequences in (a,b) with0 < a < b < 1
satisfying the following conditions.

(i) There exista compact subset C ¢ E* and constants py >
0, py > 0, and p, > 0 such that

(1K) = p, T3 (K2))u (J (K) - p,T, (K))
u(J(K) - pT, (k%)) cc,
where J(x,, x5, x3) = Jx3, forall (x,, x,, x;) € K3, and

(Tl x[..\’z.x}),]— (Jxs = p T, (-"p-‘-’z”‘;))) 20,

(40)

(Tz (xn-xz:-’-'z-)’]_l (Jx; — psTs ("51"‘:2'-‘"3))) 20, (41)

(Ts (%10 %20 %3) T (IR =piT; (%1, %0 x:))) 20,
forall x|, x;, x; € K.

(i) lilll,,_,mcxf"J =d € (a b), lim,,_, o o = d, € (a,b),
and lim,,_, o) UJ d; € (a,b). Let {.\E,”}. {x ff)}. and
{xff')} be the sequences defined by

(3)

“nfl

-1 () () 1
< (T1 Or () <ot (82,582,587 ) )

xf:-)i
:IUI(( ) If (x7) v T

(LI 07 () - 1, (2058 ).
x1(11+)1

-1 ((=a)ar )l

(T 0 () - s (2 52587)) )

n=0.
(42)

Then the problem (9) has a solution (x{,x;,x;) €
K> and the sequences {\m} {xP} and {xP} converge
strongly to xy, x5, and X, respedwely
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Setting E as a real Hilbert space in Theorem 9, we have
the following result.

Corollary 1. Let H be a real Hilbert space and K a nonempty
closed and convex subset of H. Let f : K — K be an isometry
mapping and T\, .. 'N : KN - H continuous mappings
and {oV), (o}, {a Ny are sequences in (a,b) with 0 <
a < b < 1 satisfying the_fo!lowmg conditions.

(i) There exist a compact subset C ¢ H and constants p, >
0,p, > 0,..., py > 0such that

pT (K™))
U (I (K) = py1 T (KN)) (43)

u (1K) - p 1 (KY)) cC,

(1(K)-

where (x1, x5, ..., %) = xp forall (x|, x5,...,xy) €
KN, and
(Ty (%1, %2, -1 Xn) s 3 — Ty (R Xps. - x0)) 20,
(Tyxs x4 X)Xy = P Ta (X Xy, xy)) 2 0,
(TE(E ) A T . xor — P T (H1 A - N %)) = OF
(44)
forall x,x,,..., x5y € K.
(ii) ]im"__.waf]” = d] € (ab), li'n]nﬁtuafrz) -

d, € (ab),...,lim o™ - dy € (a,b). Let

N—03""n
(”} {1.,(,2)} { .,(1N)} be the sequences defined by

{Nz
“nt
= (1= ™) £ (557) + alMPg
< (8) - i 0 58):
(N-1)
""nﬂ

_ f-l ((l _ a,(:v'”)f(%(fq_”) ‘L“.(;N””PK
X(f( ,(;N l))_PN—ITN—l

X(J;{N) x(l),l(n B x(t\’*-’-).x(n\“l)))),

el n | DR A n

(2)
“'n-l—l

=H((1-a?) £ (67) + PPy
X (f (xff’) -pT;

x(x(-"! X ,xf::-'i‘ (l],A(I) ))'

n+l* “n+l?

(1)

n+l

- (=) £

(pr (

()
(t(”) (45)
(

X

@) 3 AN) (1)
Xprlr Xnpro o0 Xy p Xy ))’

nxzq,

where Py is a melric projection on H to K. Then the
problem (8) has a solution (x},x;,...,xx) € KN and
stequemes {).“)} [\(2)} . .,{_\:,(

M} converge strongly
0 X[, X5, ..» Xy tespectively.
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