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FINITE ELEMENT ANALYSIS OF LOSSLESS WAVEGUIDES

USING TANGENTIAL AND AXTAL ELECTRIC FIELD COMPONENTS
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Abstract

A Finite element method for waveguides with uniform cross-section is
proposed. In the analysis, the wave equation of electric field for lossless media is
initiated to find functional by means of Rayleigh-Ritz method. The electric field is
decomposed into fransverse and axial field components. The cross-section of
waveguide is subdivided into triangle elements where constructed from the
tangential components of a triangle element is transverse field and from nodal based
element is the axial one. The minimum point of the functional derived is determined,
yielding the system of Eigenvalue matrix equations with the field components and
normalized phase constants as the solution. Under consideration is a partial filled-
dielectric waveguide of lossless media with rectangular cross-section. The finite
element analysis shows the relation between wave number and normalized phase
constant of LSE and LSM modes owning good agreement with analytical solution.
When dielectric constant of material filled in a waveguide is increased while its
dimension is fixed, the cut-off frequency of fundamental mode is reduced. When the
size of dielectric material is increased, while fixing its dielectric constant, the cut-off
frequency is also reduced as before and the normalized phasc constant has faster
convergence to refractive index of material. The number of elements used on the
cross-section of waveguide is varied, showing that if number of elements increases,
the error of normalized phase constant is decreased. This method is then further
applied to a circular cross-section hollow waveguide. The result shows TE and TM
modes having good agreement with exact solutions. Matlab program is developed for
the finite element analysis of waveguide filled with lossless media and can be
extended further to include waveguides with arbitrary cross section.
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dio E foqun i uFeoania spatial  field) Taohi E=E(x,p,z)  aun'ldfes

EY o A [ dy
ﬁﬂﬂﬂﬁﬂﬁﬂﬂlﬂﬂu‘lﬁlﬂﬂuwﬂ AU

axE=0 on I’ (2.35)
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(Y 1 o
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anuny e, dunsovns Taomsldifadsunslszinaa Tugasvea Tuan iy &k

H

er =Y Neet = (vl fer b= e ved (2.43)

i=l
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B¢ |= H;HL{N}{VN}’ dQ (2.47)
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o o 4 = d v o !
Tilsunsy MATLAB 185 unisWwaunde1dlunisiinsizdviahnauild
9 LY I3 o 1 o A a e A ¥ 1 ad -
auw I lusndudaues husnuou dmfoiehedugamaouivssgaieiasidnen

1 a A A ar o
wagnmibnaunaenimadaunathiglenay

Tansunaasmsiuuavinavsaieihnauglimisufivssgdwladidnnin

%‘!r*********-k-k**-k***************************i****************

Froe#dudhrwr full model of partial loaded waveguide ***kkxdkix

%‘k*****************************-)r***'#************************

t=1;

xscale=t*[0,1.0,2.0];
yscale=t*[0,1.0];

xnum=[8, 8]
ynum=[8];

locate=[1:4];

zone (1, locate)=t*[0.0,1.0
zone (2, locate)=t*[1.0,2.0

clear t;

%*********************** domain flag dkhkkk Rk kA kb hk bk fododkk ko k ok kokow ok
g*** 1if domain is optical waveguide domain flag (dofg) equal 1 **x

§*** if domain is normal waveguide domain flag (dofg) equal 2 **+x
%**********‘k*‘k‘Jl“ll"Jr************************‘k************************

dofg=2;

%*********‘k************dispersive flag‘k'k'k***************************
if media loaded in waveguide is dispersive flag (disfg) equal 1 **

Q
°
% if media loaded in waveguide is non-dispersive flag (disfg)equal 2
%*-k*****-Jr-k-.&--A-*'Jr***-k*-k*****-Jr-Jr****-k-k-k-k-k-A--!c*'k***-k-k-k**********************

disfg=2;



ehtnfg=2;
mhtnfg=2;
cwig=2;
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Thsunsunmasmasmuadnaavesisthaaujimntuniivssqiaeladidnnin

media=2;
locate=[1:3];

epln{permit (1), locate)=(2.25,0,0;0,2.25,0;0,0,2.25};
epln(permit (2), locate)=(1,0,0;0,1,0;0,0,11;

mu (permea{l),locate)=[1,
mu{permea{2), locate)=[1,

oo

clear locate;

Tdsunssnraamsiimuavinavesehndunarsiilinndinvgglenay

Ghdkkkdd kb kb hhbhkkhdbibhdhbbdhhbbdhhhkhbhdhikhdbdhkhhrhikhkikdrrkkk

grred* quarter model of circular cross-section waveguide ***+*

%*‘k**************************************************‘k********

t=1;
tscale=t*[0,1.0];

tnum=[6] ;
sector=7;
media=1;

clear t;

%**************************dgmain flag********************-}r*****

3

$** if domain is optical waveguide domain flag {dofg) equal 1 **

$** 1f domain is normal waveguide domain flag (dofg) equal 2 ***
%'k********-}r-k-k-k-A--Jr-k****i’******************************************

dofg=2;

%*‘k*****‘:\r****************dispersive flag*************i—**********‘ki’*‘k

%if media loaded in waveguide is dispersive flag (disfg) equal 1 ***

$if media loaded in waveguide is non-dispersive flag (disfg) equal 2
%***************'k'):**************************************************

disfg=2;
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%************************************

%*********** hermitial flag ko hk ok ok ok ok ok
%***-k-k-)r-k-k*-Ir*-)r************************

ehtnfg=2;
mhtnfg=2;

%********************************************‘k************

Ghbxkxkksdkdt cjrcular cross—section waveguide flag ***#kkk*
%*********************************************************

cwfg=1;

Tsunsuumasmsmmuadnmsvestethadunalefiimadaunagileno
locate=[1:3]:
epln{permit (1), locate)=(1,0,0;0,1,0;0,0,11:
mu (permea (1}, locate)=(1,0,0;0,1,0;0,0,1];

clear locate:

Tsunsunaasmaaiaunsphunindvesds I luas o iMFommd il
mniuraaslunufitim beta (8) diuAnoizes
tic

GhIhhkkdhhdddhdhdbhhhdhbhdehbhhkdrdddhkhk

% *
% Function of this program are *
% 1. form stiffness *
% 2. form mass matrix *
% with z reflection rectangular *
% waveguide *
% where beta is eigenvalue *
g *
%*****‘k******************************

format short
cnt=0;
comp={cnt/ne) *100;

kO0=temp98;

clc
home



fprintf{' kO = %g\n’', k0)
fprintf({' total complete %g percent\n’,acomp)
fprintf{' complete %g percenti\n', comp)

%*************************‘k**********

Exkhkkdkkhdhkk initialization do ok ke ook ok ok ok ok ok ke

%***************************‘k********

%***************
%***** ga Thk*kk*k
%‘k‘k****‘k********

ga=sparse (ed+nd, ed+nd) ;

%‘k*‘k‘k***********
%***** me * ok k ok ko
%***************

mc=sparse {(ed+nd, ed+nd) ;
btwe=2*col;

for loopd=lirow

ofbtwe= (loopi-1) *btwe;

for leoop5=l:col

for loop6=0:1
loopl=ofbtwe+2*loop5+loop6-1;
cnt=cnt+1;

%************************************

FrrkFrE 05]1) for trial function ****+*
%************************************

s_shape

%***********************************

Fr*** assemble to global matrix **%*
%*-k-k-a\--k-k*****************************

for loop2=1:3

ir2=ed+nl (loopl, loop2);
gr=edg(loopl, loop2) ;
for loop3=1:3

ic2=ed+nl (loopl, loop3);
gc=edg (loopl, loop3};

YrFhkkdbhhhhkbhhrdkrhddhhhdhhdhdhhhkdhrbhhrahkhdkk

$****determine each element in k matrix **+*%*
%**-k**-k*********-k-i—-k-k-k-;l—**********************

%****************

%** ga (skall) =**

Gk Aok ko ke kokdok ohokkok ok

templ=a33(loopl}* (vxvxt{loop2, loop3) -vxuyt (loop2, loop3) -

uyvxt (loop2, loop3) tuyuyt (loop2, loop3} )

48
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temp2=(k0~2) * (b1l (loopl) *uut {loop2, loop3)+b22 (loopl) *vvt {loop2, 1
oop3) ) ;
ga{gr, gc)=ga(gr,gc)+templ-temp2;

%**********
FrE & me * &k
%**********

%***********

%** skbll **

Gk koo ke e koo d o

templ=all (loopl} *vvt {loop2, loop3)+a22 (loopl} *uut {loop2, loop3} ;
mc (gr, gc) =mc (gr, gc} +templ;

%‘k‘k*********

g** skblz **

%***********

templ=all{loopl) *vnyt (loop2, loop3) ta22 {lecopl) *unxt (loop2, loop3};
me{gr,ic2)=mc{gr,ic2})+templ;

%**i********

F** skb2l **

%***********

templ=alil (lcopl)*nyvt (loop2, loop3)+a22 (loopl) *nxut (loop2, loop3);
mc(ir2, ge)=mc (ir2, gc)+tenpl;

%***********

$*% skb22 **

%***********

templ=all{loopl) *nynyt (loop2, loop3) +a22{loopl) *nxnxt (loop2, loop3

temp2={k0"2) *b33(loopl} *nnt (loop2, loop3):
mc(ir2,ic2)=mc({ir2, ic2)+templ-temp2;

end %loop3
end %loop2

end %loopb6
end %loopb

comp={cnt/ne}*100;

home

fprintf (' k0 = %g\n', k0}

fprintf(' total complete %g percent\n',acomp)
fprintf (' complete %g percent\n', comp)

end S%$loop4d

clear cnt comp beta kO x1 yl aae ae 1 m n;
clear loopl loopZ2 loop3



clear
clear
clear

clear
clear
clear
clear

time2=

templ temp2 temp3 tempd temphH tempé temp? temp8 temp9;
templl templZ templ3 templd templb;
a b c leg i0 i1 i2 J0 j1 42 ir2 ic2 gr qc;

nnt nxnxt nynyt nxnyt nynxt;

uut vvt uvt vut unxt nxut unyt nyut vnxt nxvt vnyt nyvt;

vxvxt vxuyt uyvxt uyuyt unt nut;
lecopd loop5 loop6 loop7? ofbtwe btwe;

toc;

Tsunsuaasiantugilhanzdufinfaranfugilig

%**************************‘k**‘k**‘k*****‘k**

grxLvdrFEform simplex coordinate**xkwkdhdkw

Gk ok Aok ke ko ke ok ok ke ok ke kb e ok ok ke ok ek ook ok ke ok b ke ok ok ok W ok Rk R

for loop2=1:3

temp9=nl (loopl, loop2}:
x1{loop2)=x(temp9);
y1l{loop2)=y{temp9):

end

aae=({1,1,1;x1(1),x1(2),x1(3);y1{1),yl{2),vy1(3)]");
ae=0,5*det (aae) ;

for loop2=1:3
l=rem(locp2,3)+1;
m=rem(locp2+1,3}+1;
b{loop2)=yl(1l)-yl(m);
c(loop2)=x1{m)—x1(1);

end

50
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$* form shape function and their derivative of nodal based element *
%***-k-}r'k*******-k-k*-k*-k*-ﬁr****-k-k***-k********-k*************‘k*************

for loop2=1:3
for loop3=1:3

%$form nnt matrix
if loop2==loop3
nnt (loop2, loop3)=ae/6;

else

nnt {loop2, loop3)=ae/12;

end

$form nxnxt matrix
nxnxt (loop2, loop3)=b(loop2) *b (loop3) / (4*ae) ;

$form nynyt matrix



nynyt (loop2, loop3)=c(loop2) *c{loop3)/{d*ae);

$form nxnyt matrix
nxnyt (loop2, loop3)=b(loop2) *c(loop3) /(4*ae);

end
end

%****************

Q.

g** form nynxt **
%****************

nynxt=nxnyt"':

Fhhkhkhhkhhkhhdkhkhddbhdrhhhhhddbbhdrddhhhdhdidt

$** find length of each triangle's side **
%*****************************************

if {cwfg==2}) Srectangular waveguide

for loopi=1:3
leg({loop7)=1;
if loop6t==0 %upper element
leg(loop7)=—leg(loop7);
end
end %$loop7

tempZ=rem{loop4+looph,2); S%type B
if (mhfg==2)é&{temp2==1)

if loop6== $upper element
legi(l)y=-leg(1);

else
leg(3)=-leg(3);

end

end

else %circular cross-section waveguide

for loop7=1:3
leg{loopT7)=1;
end

if {(loopb==1)&(loop6==0}) %inner element
leg(3)=-1leg(3}):
else

if loop6== Bupper element of type A and type B
for loop2=1:3
leg{loop2)=—leg(locp2);
end %loopZ
end %loopé6

templ={loopl0-1)*sector;
tempZ=rem(loop4+loopb+templ,2); %type B
if {mhfg==2)& (temp2==0)

if loop6==0 S%upper element

leg(l)=-leg(l);

else

leg(3)=-leg(3);



—

end
end

end % (loop5==1)&(loop6==0)
end Scwfg==

GhErokdkhkdddhdhdhdrhhkhhdbbddhbdbdbdhbbbdbhbbbhbdddhhddbdhdhibhdrhdbhdrrdds

%** form shape function and their derivative of edge element **
%**-ﬂr*****‘i'**'ﬁr*i"ir***ir*******************************************

for loop2=1:3
for loop3=1:3

i0=loopZ;
j0=loop3;
il=rem{i0, 3)+1;
jl=rem(j0, 3)+1;
i2=rem(i0+1,3)+1;
j2=rem(jO+1,3)+1;

templ=leg (10)*1leg{j0)/ (4*ae);

%*********************

** form uubt matrix **
%*********************

if loop2==loop3

uut {(loop2, loop3)={(b(i1)"2)-b(il}*b (i0)+{(b(i0)"2))*templ/6;
else

temp2=b (i1)*b(j1l)+b{i0)*b(j0)-2*b{j2)*b(i2);
temp3=i0+30;

tempd=rem (temp3+2, 3);

temp5=fix (temp3/4);

temnpb6=£fix (temp3/5) ;

temp7=tempd+tempS+tenps;
tempB=- (b (temp?}"2);

uut (loop2, loop3)=(temp2+tempd) *templ /12;

end %loopZ2==loop3

Gohodkokokokokok ok kok ok kok ok ok ok ok ok ok

$** form vvit matrix **
%***k*****************

if loopZ==loop3

vvt(loopZ, loop3d)=({(c(il)"2)-c{il) *c{i0) +{c(i0)"2) ) *templ/6;
else

temp2=c{il}*c(jl)+c(i0)*c(j0)-2*c(j2)*c(i2);
tempB=-{c{tenp?)"2);

vvt{loop2, loop3)=(temp2+temp8) *templ/12;

end %loopZ2==loop3

ok ek ok ke d bk ok ok ok ok ok ok ok ok ok ok ke ok

g** form uvt matrix **
%*********************

if loop2==loop3
uvt (loop2, loop3)={(2*b(i1) *c(il)-b(il)*c (i0)~b{i0) *c(il)+...
2*p (10)*c(10) ) *templ/12;

52



else

temp2=b(il)*c(jl)+b(i0}*c(jJO})-2*b(j2)*c(i2);

temp8=-b(temp7) *c{temp7);
uvt (loop2, loop3)=(temp2+temps) *templ/12;
end %loopZ==loop3

temp9=leg{(il)/{12*ae);

%**********************

$** form unxt matrix **
%**********************

unxt {loop2, loop3)=(b(il)~b(i0))*b(J0) *temp9;

%**********************

o

$** form unyt matrix **
G Feok ok ok heok ok ok ok ok kok w ok ok ke o ok ok ok

unyt {leop2, loop3d)=(b(il)-b(i0} )} *c (j0} *tenp9:
Gk ok ok ko ok ok ok kR kR Rk ok

$** form vnxt matrix **
%**********************

vnxt (loop2, loop3d)={c(il)-c(i0))*b(j0) *temp9:
%**********************

$** form vnyt matrix **
%************‘k*********

vnyt (loop2, loop3}={c{il)-c(i0))*c(j0) *tenp9;
templl=leg(i0})*leg{j0)/(16* {ac"3});

templ2=b{i0} *c(i1)-b(il)*c (10} ;
templ3=c{(i0}*b(il)-c (i1} *b{(i0);

templd=b{j0)*c({j1l)-b(I1) *c(30);
templ5=c{j0) *b(J1)-c (1) *b(F0) ;

GrAok ok ohdkock ohddok ko kokok ok deok ok ok

$** forin vikvxib matrix **
%***********************

vxvxt (loop2, loop3)=templi*templ2*templd;

FrhkEhkdhhkrkhhkdhhhhkrhkdhkhkk

a

%** form vxuyt matrix **
%***********************

vxuyt {loop2, loop3d)=templl*templ2*templs;
%***********************

$** form uyuyt matrix **
%***********************

uyuyt (loop2, loop3d)=templl*templ3*templs;

33



if (mhtnfg==1) %eg. ferrite loaded waveguide

templ=leg{i0) *leg(jO)* (c{il)-c(i0) )/ (24* (ae"2));

%**i’*******************

%** form vvxt matrix **
%**********************

vvxt (loopZ, loop3)=templ*templd;

GhrkkEkddhhhhohhkhhidhhhk

[

F*¥* form vuyt matrix **
%**********************

vuyt (loop2, loop3) =templ*templ’;

temp2=c(i0)*leg(j0)/{(8* (ae™2));
%***********************

$** form nyvit matrix **
%***********************

nyvxt (loop2, loop3)=temp2*templd;
%***************i—*****‘k*_

g** form nyuyt matrix **
%***********************

nyuyt (loop2, loop3) =temp2*templ5;
end

end
end

%*********************

$** form wut matrix **
%*********************

vut=uvt';

%**********************

o

%** form nxut matrix **
%************‘k*********

nxut=unxt’';
%**********************

8** form nyut matrix **
%**********************

nyut=unyt’';
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%**********************

$** form nxvt matriyx **
%**********************

nxvt=vnxt';

%**********************

$** form nyvt matrix *=*
%**********************

nyvt=vnyt';
AhkkikhkErhhkEdhkhkrkdrtrdtrrhtrth
%

§** form uyvxt matrix **
%***********************

uyvxt=vxuyt';
if mhtnfg==
%**********************

$** form vxvt matrix **
%**********************

vvt=vyxi';
%****‘k*****************

%** form uyvt matrix **
%**********************

uyvt=vuyt';

%***********************

g** form vxnyt matrix **

RS EEE LR ST LR

vinyt=nyvxt';
%***********************

%** form uynyt matrix **
%***********************

uynyc=nyuyt';

end
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